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TECHNICAL MEMORANDUM 1324 

STEADY VIBRATIONS OF WING OF CIRCULAR PLAN FORM* 

By N. E. Köchin 

The nonvortical motion of an ideal incompressible fluid has been 
«jj      ßolved (reference l) for the case of untfora rectilinear motion of a 
N     wing of circular plan form. The method developed in reference 1 may 

also be generalized to the case of the nonsteady motion of such wing. 
The problem of the steady vibrations of e circular wing ±3  solved 
herein. The results will be frequently r^rerred to herein. The prob- 
lem of the steady vibrations of a c:,..:cula? wing was solved by another 
mx Miod by Th. Schade (reference 2). 

1. Fundamental equations 

The wing, the motion of which is under consideration, is assumed, 
as in reference 1, to be thin and slightly curved; its projection on 
the xy-plane has the shape of a circle ABCD of radius a with cen- 
ter at the origin of coordinates. The principal motion of the wing is 
assumed to be a rectilinear translations^, motion with constant velocity 
c parallel to the x-axis. The coordinate axes are assumed as displaced 
with the same velocity. On the principal motion of the wing is super- 
posed its additional harmonic vibration of frequency o>, where the pos- 
sibility of deformation of the wing is not excluded. The equation of 
the surface of the wing may then be represented in the form: 

z(x,y,t) -- £0(x,y) + ^(x,y) cos cuit + £2(x,y) 
sin «*    (l»l) 

where the ratios L/a   as well as the derivatives bL/bx   and bL/by, 

where k « 0,1,2, are assumed small magnitudes. 

The fluid is assumed incompressible and the motion is assumed non- 
vortical and occurring in the absence of external forces. The velocity 

*"0b ustanovivshikhsya kolebaniyakh kryla krugovoi formy v plane!' 
Prikladnaya Matematika i Mekhanika, Vol. VI, 1942, pp. 287-316. 
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« 

potential will be denoted ay $(x,y,z,t) and steady vibrations of the 
fluid will be assumed; that is, the velocity potential is represented 
in the form: % 

<p(x,y,z,t) « <j>0(x,y,z) + <j>1(x,y,z) cos o>t + <P2(x,y,z) sin art 

It is evident that the functions <PQ, ^ and C2 satisfy the 
equations of Laplace 

b\     h\     o2<Pk | 
-^♦-rr*-^ = 0    (k- 0,1,2) 
bxc       öy"  dz2 

The velocity of the particles of the fluid near the leading edge 
of the wing DAB is assumed to approach infinity as 6"1' , where 6 
is the distance of the particle from the leading edge, but the velocity 
of the fluid particles near the trailing edge of the ving BCD is 
assumed as finite. From this edge a surface of discontinuity passes 
off on which the function <p undergoes a discontinuity. As in refer- 
ence 1, the problem will be linearized. Since the values of the functions 
cp,  and their derivatives are assumed to be small quantities of the first 

order, their squares and products are rejected. The functions * 
tfc (x,y,z) are further assumed to have discontinuities on the infinite 

half-strip S situated in the xy-plane in the direction of the nega- 
tive x-axis from the rear semi circumference BCD of the circle S to 
infinity. The boundary conditions on the surface of the wing avs 
replaced by the conditions on the circle S located in the xy-plane. 
Everywhere outside the half-strip 3 and the circle S the functions 
<Pk(x,y,z) are thus regular functions. 

The boundary conditions which these functions satisfy are now set 
up. On the surface of discontinuity S, the kinematic condition 
expressing the continuity of the normal component of the velocity must 
first of all be satisfied: 

=+0  ^z=-C 3z' z=+0 

from which is obtained the conditions 

feL-feL  »s 
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The djnamical conditions expressing the continuity of the pressure 
in passing through the surface of discontinuity S are now stated. 

If a stationary system of coordinates x^yj^ is employed, con- 

nected with the coordinates xyz of the moving system of coordinates 
by the relations 

x - x^ - ct^   y = yi   * ■ z.^   t = t± 

then the pressure may be determined by the following formula: 

pas " p"5tT \ - i M * &y * feS • *» M 

Since 

d<p       d(p d<p     d<p       öf     d©       c*a     c>< jt.a.cfl  4± = 45P  4±«4*  4i = of       (1.4) 
ot1  dt   ox  dx,  ox  oy,  oy  oz^  dz        ' 

the following equation will apply in the movable xyz system: 

dip bo     p p - " p M + pc S " I [#♦&*♦ $]♦«•> (1-5) 

When small quantities of the second order are rejected and the 
magnitude F(t) is not dependent on the coordinates, 

d<P    o^P 

or,  on account of equation (1.2), 

d<p0      /      d©i ^ f     ^2 \ 
p(x,y,z,t) - pc ^- + I pc ^— püxp2y cos cot + Ipc ^- + poxp^J  sin cot 

(1.6) 

For briefness, the following notation is introduced: 

üo/c = k (1.7) 

The cc.idition of continuity of the pressure on   S    then leads to the 
three equations: 
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z=+0      Nox ' z=-0 

(^-^Lo-fe-^Lo °ns   (i-e) 

The condition on the circle S is now written. Equation (l.l) in 
the stationary system of coordinates has the form: 

zl ■ to(xrctl^l) + tiC^i-ctjL^i) cos (DtjL + £2(x1-ct1,y1) sin ast1 

Hence, for the normal component of the velocity of the fluid parti- 
c.13s adjacent to the surface of the wing, 

dzl *k *1 *£2 -TT- ■ - c "g c T— cos cut - o>£i sin ü)t - c -g-- sin cut + o^g cos «t 

The notations 

~c sr = Mx>y)   - c\$~r - ^2/ - Zi(^y)   * c^- + kt^ »z,2(x,y) 
yield the boundary condition 

\5z)   " ^)(x*y) f zl(x>y) cos «* + 22(x,y) sin cot 

which must be satisfied on both the upper and the lower sides of the 
circle S and which breaks own into the three conditions: 

VST/ _ = Mx>y)   on s   (* rs °A,2) (i.9) 

The presence of conditions (1.2) and (1.9) permits consideration of 
the functions cpjt(x,y,z) as odd functions of Z: 

Vk(x,y,-z) - - <Pk(x,y,z) (l.lO) 
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If it is assumed, in particular, that z = 0, 

<^(x,y,0)  = 0 (1.11) 

in the entire xy-plane with the exception of the circle S and the 
^      half striTj S on which $u undergoes a discontinuity. r\ 
** The conditions (1.8), because of equation (1.10), assume the formt 

o^n      "^i o<p*> /   \ 
3x = °  Sc  k^a0  3ST + kq>i s °  on s    O"12) 

Finally, the absence of a disturbance of the fluid far ahead of the 
wing leads to the evident conditions at infinity: 

otp^       <fcp 
lim 

x 
lim ^ - lim <xr - lim ^ - 0 (1.13) 
+•«   x++-**• x-+-dz 

The problem of determining the function <pQ(x,y,z) satisfying all 

obtained conditions for this function.was considered in reference 1. 

The following equality is set up: 

*(x,y,z) = ^(xtffZ)  + iq>2(x,y,z) (1.14) 

so that 

• (x^z.t) = *0(x,y,*) + Re^(x,y,z)e"
iü)tj        (l.lS) 

Also, 

^(x,y) + i£2(x,y) = £(x,y) 

Zx(x,y) + iZ2(x,y) = Z(x,y) = - cß| + ikfy        (1.16) 

The shape of the wing will be determined by the equation 

z(x,y,t) = E0(x,y) + Reifoyje-*
1*! (1.17) 

The functions <i>(x,y,z) will then be a harmonic function, regular 
in the entire half-space z> 0 and satisfying the conditions; 
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(1.18) 

(1.19) 

following from equations (1.9) and (1.12). In the entire remaining 
part of the plane xy the following condition must be satisfied: 

*(x,y,0) » 0 (1.20) 

Moreover, the following conditions must be satisfied at infinity: 

(1.21) lim S-_U» & VliW 5J Urn 
X-*+»v",r   X-* + » 

lim ^ = 0 

which are the boundary conditions pt the first derivatives of the func- 
tion $(x,y,z) near the rear semicircumference BCD of the circle S 
and the condition that near the fortrard semi circumference DAB these 
derivatives may become infinite to the order of Ö"1/ . 

2. Fundamental formulas 

In reference 1 an expression was constructed, whic1! depended on an 
arbitrary function f0(x,y), which determined a harmonic function 
<p0(x,y,z) satisfying all the conditions imposed in the preceding section 

<P 0(x,y,z)'|; JJ f0fc,il) \*l*»7,*,to)  + 

/•x 

n2^2 

ran 
2 

(2.1) 

oKx^z/rWa2 - C2 - n2 cos r 
T  (£2 + T)2 + a2 - 2a£ cos r - 2aTj 

- dr dx I 

i sin r)j 
d*dT) 

2* 

The functions K(x,y,z,£,Tj) and G(x;y,z,r) for z>0 are given by 

,       .   2       Va2 - g2 - Ti2 Na2  - x2 - y2 - z2 + R 
K(x,y,z, .,TJ) = —arc tan ' m^rT *  nr 72 ar 

G(x,y,z,r) = 
A/a2 - x2 - y2 - z2 + 

(2.2) 
R 

x2 + y2 + zc  + a2 - 2ax cos y - 2ay sin y 
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which are harmonic functions of x,y,z where 

r * A/(x - £)2 + (y - I)}2 + s2 

R * ^/T«£ - x2 - y2 - z2)2 + 4a2z2 
(2.3) 

CD 
to 

In order to satisfy boundary condition (l»9) 

^ = Zc(x,y)   on S (2.4) 

it is necessary to take 

where &>(y) is determined from a Fredhoim integral equation of the 

second kind. 

The solution of the more general problem of cteady vibrations may 
be presented in a similar form. 

Thus, fj(x,y) and f9(x,y) denote two arbitrary real functions, 

continuous, together with their partial derivatives of the first and 
second order, in the entire circle S; 

tx(x,v)  + if2(x,y) - f(x,y) (2.6) 

It will now be shown that the function 

*(x,y,z) «*~ JJ      f(^,il)<K(x,y,z^,T1) + 

1  p-ikx| 

3 
P2 

G(x;y;Z;T) e"ac *lj  - jjj r^r»  , ( dT dxl ^ ^ 

1     (£2 + T)2 + a2 - 2a£ COE r - 2ay sin r)  f 

2" (2.7) 

satisfies all the conditions of the preceding section except 
condition (1.18). 
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The function G(x,y,s,r)> ao shown by equation (2.2), is harmonic; 
hence the function 

L(x,y,z) - e-ik3Cj       e1** G(x,y,s) dx 

will he a harmonic function.    In fact, 

ox2     oy2     oz2     * j+. [oy2     cz2 J 

J*.    vox2    ; 
|5 - ikG - e"lkx |       f-^j 51H + k^G] cLx 

When this expression is integrated by parts, it is easily shown 
that AL - Of  sJnce both G and dG/ox approach zero for x~» •. 

It then follows that the function *(x,y,z) likewise satisfies the 
Laplace equation 

A4> = 0 (2.8) 

where from the form of equation (2.7) it is tseen that <ä>(x,y,z) is 
regular everywhere outside the circle S and half strip 3« In 
exactly the isame way it is shown that the conditions at infinity (.1.21) 
and condition (1.20) are satisfied. 

Furthermore, 

^ + ik* = -a-      II      f U.nM ^ + ikK + 

^2 * 

iM2 
g(x;7;z;r) (£?. I *2 - £ CQS UZ_1 dr dr        (2.9) 

(^2 + T]2 + a2 - La£  cos Y' -  2aT] Bin f) f 
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It Is clear that if x2 + y2>a2 then 

a* 
3* + ik* - 0   for z « 0 (2.10) 

BO that condition (1.19) is likewise satisfied. 

It thus remains to check the finiteness of the derivatives of the 
function *(x,y,z) at the points of the semicircumference BCD of the 
circle S and to establish the behavior of these derivatives near the 
forward semicircumference DAB. But near the forward semicircumference, 
the inside integral in formula (2.7) evidently remains bounded, as do 
its partial derivatives; since the first derivatives of the integral 

$ 
f(«#n) &(x,y,£,M) <H dl 

as established in reference 1, and a3 will aaain be proven, have near 
the contour of the circle S the order o'1/2 (where 6 is the dis- 
tance of a point to the contour ABCD of the circle s),  it is clear 
that the first derivatives of the function *(x,y,z) also have the 
order &-1/2 near the forward semicircumference DkB   of the circle S. 

For determining the behavior of the function *(x,y,z) n^r the 
rear semicircumference BCD, the right side of equation (2.9) is trans- 
formed. Denoting it by M(x,y,z) and making use of formula (2.1l) of 
reference 1 and the formula of integration by parts (2.14) of 
reference 1, 

3 

1 

1 

M(x,y,z) -A     JJ     f(£,T))i IkK - 

0(x,y,z,r) Va2-g2-n2 cos y dr^ te   i     n p §f K 

(4 +n J+a2-2a£ COB r*2^ sin r) pdn ^ Jj ^Ka?dn 

(2.11) 
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It is evident that this function remains finite near the rear 
semi circumference BCD. But when the following equation is integrated, 

Ü + ik* - M(x,y,z) (2.12) 

there i3 obtained 

*(x,y,z) = e-itot|      eikx M(x,y,z) dx + *(0,y,z) e'ikx (2.13) te|  eikx M( 

whence it is clear that both the function * and its derivative with 
respect to x remain finite near the rear semicircumference BCD. The 
derivatives of M with respect to y and z will be of the 
order o"1/2 near BCD, as follows from a consideration analogous to 
that which was adduced previously for determining the behavior of the 
function«-* (x,y,z) near the forward edge of the wing DAB. Since 

. >x 
x|  eikx |M ta + M°jYtzl e-ikx 

it is clear that the derivative d«f>/dy, and similarly d$/dz, remain 
finite near the rear edge of the wing ECD. 

The function (2.7) thus satisfies all the imposed ccnditons. The 
only condition not utilized was condition (1.18) 

f04>\ 

z-C 
^J ^   = Z(x,y)   on S (2.14) 

When the following formulas are employed: 
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lim      Jj   g fU,tl) d£ dt* * - 2nf(x,y) 
z->+0 

CM 

O" V" lim   £v\/a2 - x2 - y2 - z2 + R 
z-*+0 

iVT 
Yx2 + y2 - a2 

for    x2 + y2< R2 

9 9 ° for    x^ + y^>at' 

it is found without difficulty that on S 

(Co - - f(x'y) + 6(y) a-ikx (2.15) 

where 

s(y) 
Z*> 

■^2^2"   3 
r>2 

glta (,.2 + ^ . a2)-l/2 (a2 . e2 . n2)l/2 CQB y f(c>n) & dx d4 dn 

(x2 + y2 + a2 - 2ax coo r - 2ay Bin r)(t2 + r)2 + a2 - 2a£ cos r - 2a?) sin ») 
(2.16) 

The following equation is thus obtained: 

-*(x,y) + g(y) e"ikx = Z(x,y) 

whence 

f(x,y) = - Z(x,y) * g(y) e-ikx 

(2.17) 

(2.13) 

Substitution of this value of the function f(x,y) in equa- 
tion (2.16) yields, for the determination of the function g(y), an 
integral equation of .fr'redholm 

where 

g(y) = N(y) + /  H(y,Tj) g(T)) dT) (2.19) 

H(y) = - 
2«3 

> 6-y-•§" 

^.^- F-2 - T'2 Q(x>y>z>r) COB r z(g.n) <Jr dx d^ du        (JJ ^ 
^x2 + y2 . B?(,c2 + TJ2 + a2 _  2a£ coe y  _ 2a.    ßln rj 

S +•       i « 
2 
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with G(x,y,z,r) according to equations (2.2) and 

H(y,n) 

i? 

£ZA 

W°   *-°iw 

y2   |Ä 

f ,1k (« - l,(x2 + y2 . .a)"1/2 (,2     c?. . n2xV2 co, r dy d, dt 

(x2 ♦ y2 ♦ »2 - tag co» T - Say »in r)tt2 ♦ I2 ♦ a2 - 2*4 eot r - 2»ij ■in r) 
(2.?1) 

3. Computation of forces 

The pressure p may be determined from formula (1.6), which with 
the notation'(1-14) may be written in the following form: 

p - pc {S2 * »[(i * -) H} (5.1) 

For the computation of the forces acting on the wing, it is neces- 
sary to know the pressure on the circle S. 

Because of equation (l.io), the pressures above and below the wing 
differ only in sign: 

P. - - P+ (3.2) 

For clarity, the signs of the functions on the wing will henceforth 
be assumed to be the limiting values in approaching the wing from 
above, that is, for z«*+ 0. 

For the lift force P the following expression is obtained 

I/*- - p+) dx dy *= - 2    [ |  p+ dx dy = 

-  2pc SSI d*0 

sp 
[(s - «*) *-ia]\ dx dy (3,3) 
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But by formulas (2.9} and (2.1l), the following equation applies 
on the unr>er side of the circle   S: 

*feg<Ol + i k#(x,y,0) . £ JTÜ K(x,y,0,M) d« dn 

3 L 

x,y,o,e,n) - (3.*) 

a- 
if  Va2 - x2 - y2 Va2 - C2 - q2 co» r &r  
ir\ (x2 + y2 + a2 - 2ax COB r - 2ay »in r)(C* ♦ n2 ♦ »2 - 2*4 cos r - 2arj sin r) 

Hi, 

dC dn 

Thi? expression is integrated over the entire area of the cir- 
cle S. The order of integration is interchanged and the two integrals 
must he computed first of all by formula (4.13) of reference 1 

rr  
J J x2 + y2 + 

A/JT" ,2 _ „2 
- y  dx dy - 2*a   (3.5) 

yd + a^j _ 2ax cos r - 2ay öin r 

It will be proven further that 

Jj K(x,y,0,*,T|) - 4^2 - C2 - I2 (3.6) 
S 

For this proof, the following function is considered: 

F(x,y,z) = ff K(x,y,z,«,T|) d£ dt) (3.7) 

Because of the definition of the function K, the function 
F(x,y,z) is a harmonic function over the entire space outside the cir- 
cle *S. By formula (2.35) of reference 1, the following condition is 
satisfied on the surface of this circle: 

|E - - 2JI    on S (3.8) 
dz 
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and therefore the function (o.7) is the potential of the nonvrortical 
motion of a fluid corresponding to the translational motion of a cir- 
cular disk with velocity +2« along the negative z-axis normal to the 
plane of the disk. This motion,, however, belongs to those that have 
been studied in classical hydrodynamics, from which can be taken the 
corresponding expression of the function. 

F(x,y,z) » / / K(x,y,z,£,T)) d£ dt) 

= Zhjitslz + a2 - x2 - y2 - z2Jl - 

/ R + x2 + y2 + z2 - a2 .      /R + x2 + y2 + z2 - ? ! 
A/ £? "" ctn^r & ] 

(3.9) 

Passing to the limit z-»+ 0 yields the formula 

SJ K(x,y,0,C,Tj) d£ dt) = 4 f\fa2 -  x2 - y2  on S 

which is equivalent to equation (3.6), since K(x,y,0,£,TJ) is a symmet- 
rical function with respect to the points M(x,y) and N(£,TJ). 

The»following formula is thus obtained: 

II [**(*^ + i K*(x,y,0)l dx dy.f   My.*-«*-,* Af ♦ ikf] dC dr. - 

Va2 - 52 - n2 f(5,n)   / -3 5 §      C0Brdr <* dr, (3.10J 
1 tr + T]6 + BT - 2a 4 coe r - üarj sin r 
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If this expression and similar expressions are substituted for the 
function <P0, obtained from equation (3.10) for k = 0, the final 
expression of the lift force acting on the wing is obuined: 

* Jjjtt-^t ♦ - [•- (I * -)] - 
^, 

t[**»(**)ifx    WT^^^^-r^^y dT]     (3.11) 

By integration by parts and with the aid of the following formula 

2 it 

ft cos r for 2«C  
i /   £2 + TI

2
 + a2 - 2a£ cos r - 2an sin r "" &(a2 - £2 - I2) 

(3.12) 

equation (3.1l) may be rewritten in the form: 

= - *££   P P/Va2 - S2 - T)2JEe( lkfe-tot) + 

i" 
A [f0 + Mfe-^jT     g ; n2 ; a2 - gxA - 2an - -^ a, 

2* (3.13) 

In a similar manner, the formulas for the moments of the forces 
about the x- ard y-axes are obtained. 

For the moment of «he pressure forces about the x-axis 

Mx = j   I  y(?- - P+) dx dy = - 2    i  Typ+ dx dy     (3.14) 
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there iß obtained 

^ = - 2pc PfA^ + ReUg + i k *) e-^T|dbc dy  (3.15) 

The order of Integration is interchanged by use of equation (3.4). 
It is here necessary to compute two integrals. By formula (4.44) of 
reference 1, 

n    itjfjfTftoy    g|ffa3Blnr (3.i6) 
KJ <J X^ + y* + a<= - 2ax cos r - 2ay sin r  ö 

s 

It will now be shown that 

J   Ty K(x,y,0,Cil) dx dy = § Wa2 - S2 - n2      (3.17) 

For this derivation, the following function is considered:' 

Fl(x,y,z) * / Ml K(x,y,z,£,Ti) i£ dT) 

By formula (2.35) of reference 1, the following equation applies 
on the circle S: 

oTi 
5J* - - 2ny (3.18) 

ard therefore Fi_(x,y,z) is the potential of the motirn of a fluid cor- 

responding to the rotation of a disk about the »axis with angular 
velocity -2JT, a case studied in classical hydrodynamics: 
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4 

F±(x,y,z)  = / l\ K(x,y,z,£,Tj) d£ dn 

2>ß y*h + a2 - 3 - y2 - s2J 1 - — g §§- g— 
L  3(R + x* + y* + zc  + a2) 

2   2   2   2 
-t» + y ♦ » - » arc ctn 

2a2 

/„   2   2   2   2*1 

V     *L" "aj (3-19) 

PassiM to the limit z-*+ 0 yields the formula 

It- TJ K(x,y,0,*,n) d^ dij = | yVa2 - x2 - y2      on   S 

equivalent to equation (3.17). 

As a result, the following formula is obtained 

♦Jdxdy.A V*2 - *2 - n2 {*♦«}* dn - 

is! I La2-«2--,2 fft.i) A    -5—.—*»ryr«r ;—r- « "I 3n J J / *   + n   +      *   ** C0B r *    ^       r 
S ^"m —   R 

(3.20) 

Hence, for the moment of the pressure forces about the x-axis, 
the following expression is obtained: 

% ■ • *//v a2 - e2 - n2<n 

in 

äf0 

ST + Re J".-** (. + ikf 

a 
2* 

cos r dy 
2a£ cos r - 2aTj sin 

(3.21) 
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or, on account of the formula 

P       sin r cos r dr   m 2n$Tj  
J        K2,  + r\2 + a2 - 2a£ cos r - 2an sin r  a2(a2 - K?'  - T)2) 

(3.22) 

the equivalent expression 

Jl * 

2 "1 
sin r cos r dT   _ I d, dTj     (3>2?) 

K2  + T]2 + a2 - 2a£ cos r - 2atj sin 

In the same way for the moment of the pressure forces about the 
y-axis 

My = - / I x(p_ - p+) dx dy = - 2 / / xp+ dx dy     (3.24) 

S 

there is* obtained 

My = 2pcJJx ^ + Re g + i k ♦) e-i^ L dy   (3.25) 

S 

It is here necessary to employ the formulas 

/ / -g 5 1—ao   ——^—  dx dy = i na2 cos y 
\j o x + y + a  " 2ax cos if* ■ 2ay sin TT 3 

S (3.26) 
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<7> 

\    CM 

/      x K(x,y,0,C,n) dx dy - | ^a2 - K2 - V (3.27) 

As before, there is obtained 

«r-S? //v a2 - $2 - n2 S« 
ht0 

+ Re {•■^ (i 35 + ikf 

fjj L + Re L-« f)   f    -=—g—   C082r^r U dn 
^n  L \ /J   / 4    + M    + a2 - 2e$ cos r - 2ari sin r( 

^2 * (3.28) 

Integration by parts and use of the formula yields 

2 n 
fl       __   cos** X dy  

ij        K2 + T]2 + a1      ?a£ cos r - 2at) sin r a2(a2 - K2 - n2)      a2 

(3.29) 

also 

«/ ■ip A a2 - S2 - I2 <- § f0 - Re ^t (| f - 1H f 

3* 

*[■ f0 + Re(e'*:UA>t f) 

%, {2*<2* 

cos^ r dy 
a^ - 2a£ coß x - 2arj sin fj 

. d 5 dn 

(3.30) 

The value can now be computed for the frontal resistance W, which 
is composed of two parts. First, the normal force (p_ - p+) dx dy 

acting on an element of th*- wing dx dy will have a component in the 
direction of the x-axis: 
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(P. - P+) || dx dy - (P. - P+) U^ ♦ Re&L e^l d* dy 

if 

*(x,y,t) « t0U,y)  + R*|t(*,y) e-to>tj 

is the equation of t^e surface of the ving. Integration of this 
expression gives the first part of the frontal resistance in the form: 

«i -JJ (P- - P.) [s2 + **(! «^I ta * 

- 2pc 

In fact, the frontal resistance W will be less than W,, since 

a suction force W2 appears because of the presence of the sharp 

leading edge of the ving DAB; therefore, 

W B Wx - W2 (3.32) 

The suction force Vg is connected with the presence of a strong 

rarefaction near the edge of the wing. This rarefaction is taken into 
account principally by the square terms of the fundamental formulas (1.3) 
or (1.5) for the pressure and it is therefore unnecessary to employ 
these formulas here. 

The suction force W2 is computed from the lav of conservation of 

momentum applied to a thin filament-lifce close region T containing 
the forward semicircuaference DAB cf the circle S; region x  is 
bounded outside by surface o and inside by part S1 of the \ipper side 
of circle S adjacent to the semi.circumference DAB and the part S* ■ 
of the lover side of the circle S. Figure 1 shovs a section of these 
surfaces obtained by a passing plane through the z-cucis. 

Tike equation expressing the momentum lav is projected on the 
x-axis: 

- *» - / i j co*0*,x) «IS -/ / h <%- dtr + p / / vn*x dS + pJ       I  »n»x d£        (3.35) 
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to i 

The left-hand side is the sum of the projections on the x-axis of 
all the forces acting on the volume of fluid considered, and on the 
rigjit-hand side is the total derivative with respect to time of the 
component on the x-axis of the momentum of this volume; this derivative 
consists of two parts, a volume integral connected with the local change 
of velocity and a surface integral expressing the transfer of the momen- 
tum of the particles of the fluid through the bounding surfaces of the 
volume T. 

Equation (3.33) may be written both for the stationary system of 
coordinates OjLx1y1z1 and for the moving system of coordinates Oxys. 

For the stationary system of coordinates, expression (1.3) is used 
for the quantity p; moreover, 

*-fc 
(3.34) 

By the theorem of Gauss 

p £~ cos(n,x) dS p ~ oos(n,x) dS    (3.35) 

From equation (1.3) and the equation just derived, the following 
expression is obtained from equation (3.33) after a number of simple 
transformations J 

cos(n,x)dS-p / /§*|*dS- 

J  J JL COs(n,x) dS - J    Jll* 
S'+S" S'+S1» 

dS (3.36) 

Since dcp/dti aid d«p/dx near the leading edge of the wing are of 

the order 5"1/2 and d^/dn and co£s(n,x) are finite on the surface of 
the wing, the last integrals drop out when region t is extended to the 
line DAB. The following limiting equation is therefore applicable: 
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W2 n lim < 
V* 0 y/IKr * ii)2 * (f)2]-""' - • 'jjjtfi -I 
For confutation of the suction force W2> the egressions must be 

found for the components of the velocity near the leading edge of the 
?6 nee 
5-1/2 

win« DAB. The velocity of the fluid particles near the leading edge 
of the wing are shown to be of the order of B'V2 if 6 is the dis- 
tance of the particle to the contour C of the circle S. From equa- 
tions (1.15) and (2.7) it is evident that 

$(x,y,z,t) * ji   / / <fo(&i|) + Ito[ffotOe-^ U(x,y,z,^Ti) d£ 

X(x,y,z,t) 

dT) + 

(3.38) 

vhere the function x(x,y,z,t) and its derivatives remain finite near 
the leading edge. 

The behavior of the function is now examined more closely 

U(x,y,z) = / lt(K,r\) K(x,y,z,S,i\) d£ di] 

near the contour C of the circle S. Therefore, 

r. 

(3.39) 

du H f(5,n) d5 dn 

Since on C the function K becomes zero, the following equation 
results 

K || d£ dtj |f fU,IJ) d£ dt) = - 

showing the liniteness of this integral. Therefore 



NACA TM 1324 23 

o> 

«//(H+S)ffr*)d*d,j + o(i) du 
3x 

"'s 

where 0(l) denotes a magnitude which remains finite when 6 
approaches 0. Put 

dK  ÖK gV2* a Va2 - x2 - y2 - z2 + R 
S        « + «■ - - S 5 = * ,^V + (a

2 . «2 . n
2)(a2 - x2 - y2 - z2 + RJ 

>^a2 - £2 - T)2 

hence 

|2 - - •StfS aVa2-x2-y2-z2+R / / £i^ 
s    „  ay a x y z +K J J 2a2r2 + (a2.?2.n2)(a (a2.<2-n2)(R2-x2-y2-z2+R) 

S- 

r^y-l2. f <  1« dn + o(i)      (3.40) 

The coordinates 6, Ö, and a are introduced 

x = (a + 5 cos a) cos 0  y = (a + 5 cos a) sin 0  z = b  sin a 

(3.41) 

Then 

a2 - x2 - y2 - z2 = - 2a6 cos a - 62 

R = b'S/la2  + 4a5 cos a + ö2 = 2a& + . . . 
(3.42) 

Va2 - x2 - y2 - z2 + R = 2 sin | /^a6 + . . . 

>YR - a2 + x2 + y2 + z2 = 2 cos ^ /^o5 + . . . 
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The point with coordinate.? (x,y,z) is brought into correspondence 
with the point of the circumference C vith the coordinates 

x0 ■ a cos 0   y0 
a a sin 0    ZQ ■ 0 

and 

r0* ■ (XQ - £)2 + (y0 - t\)?' m £2 + Tj2 + a2 - 2a£ cos 6 - 2aij sin 0 

(3.43) 

Near the contour C, the principal part of the integral 

r (x      7s        I   |      2a2 ^Va2 - g2 - Ti2 f(gtn) d£ dn    
J^x,/,z,   //a*« + (a2 - ^2 - n2)(a2 . x2 . y2 . z2 + R) 

(3.44) 

is 

N(0) = JJ t(K,n) '\ßr7JT7tf*LM 

m ff *{%n)^*2-&7tf***n    (3.45) 
JJ   £2 + TJ2 + QZ - 2a^ cos 0 - 2aT) sin 0 

For this purpose, the following difference is estimated t 

A = Jx(x,y,z) - N(0) 

The circle S is divided into two parts: the circle S]^ 
of radius a - c; and the ring S2 lying between the circumferences of 
radii a - e and a. 

*i - / / «CM) -V^2 - ? - ^>g<—a 8  ,2 3—gfrz—1—r   a  a - ^s)« dT' J vj jZa'r« + (a* - ^ - TJ)(» - x^ - y* - z*  + R)  ro^f 

/T~FT"Tg-g»V - 2a2f2 - Ua; *2 - n2)(a2 - x2 ■ y2 - s2 + R)  . 
"a   '   '   r02 {2a

2r2 + (a
2 - *2 - r,2)(a2 - x2 - y2 - z2 I R)}  * ^ 

sl 
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ro2 - r2 - £2 + TJ
2
 + a2 - 2a£ cos 0 - 2e^ sin ö - (x-£)2 - (y-T))2 - z2 

■ 26 cos a(£ cos 0 ^ TJ sin 0 - a) - 62 

2a2(r0
2 - r2) - (a2 - *2 - n

2)(a2 - x2 - y2 - z2 + R) 

- - 2a6r0
2 cos a - (a2 + £2 + TJ

2
) &2 - (a2 - £2 - r\2)  R 

en 
S Since 
w 

r0
2 ^ 4a2 R 3. 2a5 + B2 

therefore 

|2a2(r0
2 - r2) -  (a2 - K2 •• n2)(a2 - x2 - y2 - z2 + R)|<2a6r0

2 + 2a2B2 + 

(a2 - <2 - TJ2) R 

Hence if    |f($,q)j<M    in ttos circle    S    then 

(a2 - $2 . T|2)(a2 . x2 . y2 .  z2 + P) 

2R2    /   / Vä^- S2 - n2 <U öLn  
J J   rc2[2a2r2 + (a2 - $2 . T|2)(a2 _ x2 I y2 .  z2 + R)]   

+ 

Sl 

™jj 
Mi*2 - 42 : n2)3 dc dn 

. w r0
2 [ja2r2 + (a2 - £2 - T)2)(a2 - x2 - y2 - z2 + RJ] 

sl 

But by equation (2.24) of reference 1 

'Va2 - g2 - n3 d£ dn 
2a2r2 + (a2 - £2 - T)2)(a2 - x2 - y2 - z2 + R) 

« 1 

Since 

2a2r2 + (a2 - g2 - T)2)(a2 - x2 - y2 - z2 + Rj 

= 2a2r0
2 + 2a8r0

2 cos a + (a2 + g2 + TJ
2
) 62 + (a2 - £2 - ^,2) R 
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hence for    5<a/2 

2a2r2 + (a2 - $2 - n2)(a2 - x2 - y2 - z2 + R) > aV        (3.46) 

and 

ff a^a2-^2 dC a _«   M    1 Va2-*2-n2 d* dn 

3i Si 

The last integral evidtntly does not depend on 0; hence it may be 
assumed that 0=0 and therefore 

2*   a-r f a-» 

JsiJ   r0* Jo  Jo       (p2 - 2ap cos * ♦ a2)2   ^ ^ <*2 - P2)5 

p"*"c P ^ 

[s^C»2 - P2)3       ^2 I p2j - - /T^I       3   <      , /^!       -       3a 2)3      ^2 - p2jpB0 3y(2ae -  «2)3     <^2a« -  e?      3a     3A/«3 

Similarly 

and 

f   r-i.A/(ft^.£2.T12)3dCdT1 ,/*V        Mrf-P«)8p4pd#_/»   ' 2n(a2 + p2) p dp 

As a result, the following inequality is obtained 

u,|«8llÄ + aE2bCä + «!(2B&iSa 
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9 
00 

The difference Is estimated 

|J .  / I 2a* tU*)TlF^~?H an .   ffi    ,    , ^f2      2      2 
•     *   J    2a2r2 ♦ (.2 - |i - n2)(*2 - x2 - y2 - z2 «. R)     J J ^2 '«'I' >   *?   * 1   d^ dT> 

■? S2 

On account of equation (3.46) 

Kl« 3M 
//^ 

a2 - £2 - T)2 d£ d7) 

But 

U**rrT*"<-fl#3**~l#h~*:T> 
and therefore 

Thus for 

A = A^ + Ag 

the estimate is obtained 

|A|<2«M^6+i^3LS + 4B 
VT7 >Vt+* + 3 A/2ae 

Assuming 

e= 5 

yields 

Thus 

|A|<24nM/)/ä5 

2a2/Va2 - 42 - ^ f(S,H) *t dT| 

2a2r2 + (a2 - £2 - n2)(a2 - x2 - y2 - z2 + R) ny■ N(0) + ° W 
(3.47) 
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where 0(a) denotes a magnitude, whose ratio to a remains finite 
when 6 approaches zero. 

An estimate of the second integral entering equation (3.40) is 
given:. 

Jz(x>y>*) s / / ' 
gr&aj d* dn  

^a2-^2.n2 J2a2r2+(a2-42.n2) (a2.x2-y2-z2+R)|] 

(3.48) 

Again assuming    o < a/2    yields 

I r |    M  / f dgdn     M A r pdpdl  
2       ^V^-^-VW + ^'^J)      ^2-P2(a2-2«pco8*+p2 + *2) 

a 2rtl/* P <*P 
a   /     ^a2 - P2^(a2 + p2 J 62)2 . 4a2p2 

but 

a~e 
P dp 

a-e 

Va^^T^^a2 + p2 + o2)2 - 4a2p2 

YTTT^ 
^ - P' 

p=a-6 

p=0 

1 .i<    1 
Y2ae - ez     a      Vae 

/* 
Ja-1 

P «fr 
/\ya2 "  P2^(a2 -i- p2 + &2)2 . 4a2p2     /        2a6^2 . p2 

a 

Ja-6 

P dp 

^a2 - p2 

2a6 

p=a 

p-a-c 

^ae - e2 < VT 
2a6 6^25 
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to 
s 

hence 

and for e = 6 

.T2I 
4*M 

(3.49) 

From equation (3.40) and equation (3.42}, the following is obtained 
on account of the estimates (3.47) and (3.49): 

dU    V? N(e) x^i2 - x2 - y2 - z2 + R 
^ = —  + 

jtaR 

In exactly the same way, there is obtained 

0(1) (3.50) 

dU m     V^Hte) yVa2 -x2 ■ y2 ■ z2 ^ R t  Q 

öy 

Finally, 

*aR 

g -       I ftt.0 « *n 

(1) (3.51) 

But 

» - - -2z arc tan A + §*_ 
dz          JUC3 jt(i + A2) 

where 

JL. +   z(ag 

r3      rR(a2 
+ x2 + y2 t z2 • R)| 
- x2 - y2 .  z2 + R)J 

>\/"*2      12 2 A AT 
A =   Va    zJk    1J1    Va-x    - y    -  z    + R 

2        2 

arV2* 

Assuming    z > 0, 

^ d£ dT| £ 2* 
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hence 

Jj(ß^ ^ A+ \ TTTz $ f(«'"1 de d" * 2(* + 1) M 

and therefore 

du    2 
3i 

VT««U2 + x2 + y2 * »2 - R) / / *fc,l)^2 - <* - I2** ft + o(i) 
<RJJ - x* - y* - »^ + R    JJ üeV + (a2 - *2 - 7j2)(a2 - x2 - y- - r2 * R) ' 

Again use is made of equations (3.47) and (3.42) and the fact that 
for    z>0 

= ±^J1^1^ + x2 + y2 + z2 

■ytr - x2 - y2 - z2 + R 

without difficulty: 

|H m a2+x2+y2+z2-R N(e)^/7TJ+ x2 + y2 + z2 + 0(l) 
rtRa^YF 

(3.52) 

From what has been said previously about equation (3.38) it is 
evident that if 

F(*,T),t) = f0(^T|) + t&rt) cos (JDt +  f2U,Ti) sin (Dt (3.53) 

N(e,t)  FK^tlVa2 - C2 - TI2 d4 dn 
£2 + TJ2 + a2 - 2a£ cos & - 2aT) sin 0 (3.54) 

the following results 
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to 

CVJ 

<Va2 - xz - yb - z2 + R 

V2V11R 
N(0,t) + 0(1) 

^ ■ - Wa2 - x2 - y2 - 
y yS" n2aR 

z^ + R 

35 ~ ^f2 *2a2R 

H(e,t) + 0(1) 

^2 Jt2aR 

(a2 + x2 + y2 + z2 » R) x 

(3.55) 

^R - a2 + x2 + y2 + z2 N(0,t) + 0(l) 

or, in the coordinates 6, 0, a 

öq>   N(0,t) cos 0 sin(| a) 

s 2^a6 
+ 0(1) 

(3.56) 
ä©   N(0,t) sin 0 sind a) 

The computation of the suction force Wg by equation (3.37) is 

considered. An arc DfAB! of the circumference C iü taken symmetrical 
with respect to the x-axis with subtending angle 20Q<JT. For the sur- 

face a, the part OQ   is taken of the surface determined by <?qua- 

tions (3.41) for constant BQ, where 0 changes fron -0Q to + 0Q and 

a from -n to +n   and two bases,- one of which, c^, corresponds to 

0 = 0Q and the other, cjg, corresponds to 0 = -0Q, where on these 

bases 5 varies from 0 to 6Q and a from -n to +jt. 

On the toroidal surface: 

cos(n,x) a cos a cos 0  cos(n,y) ~ cos a sin 0  cos(n,z) ■ sin a 

3n = "5x cos(n>x) + ^ cos(r.,y) + ^ cos(n,z) =  | — + 0(l) 
n2-j/2a6 
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Hence simple computation shows th*-t 

1    f       /*   — H2(«»t) cot a cot 6 de to ♦   I /A H2**»*) cot e tin2 ± a de to* 

oC^ö) "hl     ■*<•**) cot e de ♦ o(^) 

In the same manner, the Integrals taken over the bases a1 and a2 

have the order 0(6Q). Hence if 80 approaches zero, for the suction 

force developed along the arc D'AB1, the following expression is 
obtained 

0, 

3/ " -^ /  N2(0,t) cos 0 d0 

Now when 0Q approaches n/Z,  the required expression for the 

suction force W2 is obtained in the following form: 

*■ 

P       N2(0,t) W2 = -^ /   N2(0,t) cos 0 d0 (3.57) 

The mean value of the frontal resistance is found. Equation (3.3l) 
shows that for the mean value of W^ 

*-:*/Jfe&*ifc--.)£♦*£♦»} &] dx dy 
(3.58) 
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CM 

In the same way, for the mean value of the suction force 

*2" A /     ["°2(9) + iNl*(e) + i H22(eil C08 e M   (3,59) 

«J-5 ■ 

where 

*•> -J!7F7^ 
JTTT ,2 46 - y\c d$ d^ 

2a£ cos 6 -  2ai) sin 0 

For the mean value of the frontal resistance 

W - Wl " W2 

(k - 0,1,2) 

(3.60) 

(3.61) 

4. Example 

If a plane wing varies its angle of attack periodically according 
to the harmonic law so that the equation of its surface is 

z ■ (ßQ + ßj^ cos ü)t) x (4»l) 

in the notation of section 1, the following is obtained 

£o(x>y) a hx        tl(x,y) = ßjx   £2(x,y) = 0 

and therefore 

Z0(x,y) » - cß0   Zx(x,y) - - cßx   Z2(x,y) = - ckßjj 

Z(x,y) - Zx + 1Z2 = - cßx(l + i x) 

The function f(x,y) corresponding to this value of the function 
Z(x,y) is determined by equation (2.18) where g(y) is the solution 
of integral equation (2.19). 

Consideration is restricted to the solution of the inverse problem 
by assuming that 

fo(*,y)  = A0    f(x,y) = A + Bx 

(4.2) 
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vhere A and B are constant complex numbers and AQ is a constant 

real number and the shape of the ving Is determined corresponding to 
this function. By such a method it is possible to obtain aleo an 
approximate solution of the direct problem of the nonsteady motion of 
a ving according to the law (4.1) for the case of small frequencies of 
vibration. 

The  forces acting on the ving are determined. For determination of 
the lift force P, use is made of equation (3.13). The following rela- 
tions are used 

f /V»2 - «2 • iz«di =! **3     f t&R - c2 - nz *« dn - o 

as Are equations (3.5) and (3.26), yielding without difficulty 

<Re f| ijdta3 Ae-iu>tj P = . «jj£ ^Re (| 1>to3 Ae-tot)  + 

3 3 
3* 2 " 

i2 JAQ + Re(Ae"lfl)lt]|  / cos r dr + | a3 Re(Be_:Uüt)j        cos2 r dr> 

or 

P 

2 n 2« 

8£2£ ^ + 8££a£ RXe-tot  A  . ikaj   _ 4ßc£ ^^-lojtj 

(4.4) 

The moment of the pressure forces about the x-axis equals zero on 
account of symmetry: 

H* - o (4.5) 

If the moment of the pressure forces about the y-axis is determined 
by equation (3.28) and, in addition to ti?e previously mentioned formulas, 
use is made alBO of the formula 

rr^v-17«2"7^"«4-»-^ na5 
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S5 
3 

My - §££ M »5 Re(UtBe-^)  - 

1 x . 
2 * ^2 

i3 TAQ ♦ RetAe*^   / cos2 r dr - | a* RefBe"101*) j cos3 r dTi 

or 

(4.6) 

The frontal resistance is computed. First the suction force is 
computed: 

If 

A = A-L + iA2     B = Bi + iB2 

according to equation (3.53) 

F^jfht) s Ao + (Al + V) c°s art + (A2 + B20 sin cut 

If equation (3.54) is applied and use is made of equations (3.5) 
end (3.26), 

4 
N(0,t) = 2jta(A0+A1 cos cüt+ A2 sin cut) + j na2 cos 6 (B^ cos a>t+B2 sin o>t) 

Eo^tion (3.57)  yields tfithout difficulty the expression for the 
suction force: 

W2 « -£=< 8n2 a2(AQ + A! cos tut + A2 sin cot)2 + 

Q 

■= n3 a3(AQ + A1 cos a>t + A2 sin cot)^ cos cut + B2 sin cot) + 

■— Jt2 a4(B1 cos cot + B2 sin cot)2 V 
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or 

sin ait 4 

V2 . -taf^Ao2 ♦ \ kX
i + | A22 ♦ | rtiBi + | rt2B2 + A ,2Bl2 + £ ,2B22 , 

KAoAl + | «AoBJ  COS <Dt +  (zAo*2 + 3 «AoBa 

(i Ai2 - \ *■' +1 -A -1 -A ♦ * • V -1? -V) cot 2u>t + 

Bin ä0t] (4.7) 

The total frontal resistance is obtained by the equation 

vhere Wj^ is determined by equation (3.31/ 

Wi « - 2pc jtf(?HM a-iCOt 

(4.8) 

For the mean value of the frontal resistance the following is 
obtained: 

V - Wi - w2 (4.9) 

where 

-'(AO
2
 +i AX2 + j A22 +| aAlBl +| aA^ + ± a V - £ »V) 

*0 *5()      l.J/o 
sr 5T+ 2Re ra V?2 a -  2pc 

For determination of the functions \,o(x,y)  and £(x,y) character- 

izing the shepe of the wing, equation (1.16) is used. 

d£o 
' ,: ST " ^'^   - c(|£ + lkC) = z(x'y) 

<) 
(4.12) 
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where by equation (2.17) in this case 

Mx,y) - - AQ + go(y)    Z(x,y) « - A - Bx + g(y)e-i*x (<,.13) 

and the functions go(y) &nd ß(y) in this case according to equa- 

tion (2.16) have tN* form! 

O) 

«o(*> ■ 13   - 

I   f    I        l         (x* + y2 - ft2)    2 u2 .  62      n2)2 CQ> y Ar dx ^ dn 

III I U2 «• y2 + a2 -  2&x coo r  -  2ay ein r)(t"   ^ n2 + a2 -   2<  con r - 2**1 sin r) 

g(y) - -^ * 

. «""(x2 + y2 - a2)    2 (a2 - c2 - n2)2 (A + Bg) cos r dr dx dg dn 
(x2 + y2 + »2 - 2ax cos r - 2ay aln r)U2 + rj2 + *2 - 2aC COB r - 2aij tin r) 

Equations  (3.5) and  (3.26) yield 

so(y) 2       / L        /s/x2 + y2 - e2  (x* ♦ y2 + , 
dr dx 

a«*' - 2ax cos r - 2ay sin r) 

g(y) 

Ä2^2 |, 
>   (4.14) 

j£,     f       I. elluc(A ♦ 2/3 aB cos r)  cos r dr dx  
*2     / /,       A/XZ + y2 - a2 (x2 -t y2 + a2 - 2ax COB r - 2ay sl»i r) 

Integration of equations (4.12) yields 
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£o(x>y) " T x " c ■öM x 4 M?) 

- e*1**  iBx  I  ...x .„-ikx A u/„\ o-ikx 

where hQ(y) and h(y) are arbitrary functions of y 

(4.15) 

ke " I *(y) Ä   + h(y) e' 

The function go(y) was obtained in reference 1, where, however, 

errors slipped into the computations. Letting 

2 
y ■ - a cos 0   Ho(e) - ~ sin 0 g0(- a cos 0)   (0< 0< JI) 

(4.16) 

gives in place of equation (4.22) of reference 1 

P / 1 + sin i <A / 1 - cos i ©\ 
Ho(0) - 4- sin 0 + ^ sin 0 [in j— I + ^ sin 0 In j- ] + 

V 1 - sin TO/ V  1 + cos -g 0 

.     1 - sin -s 0     ,     1 - cos •= 0 
cos 7 9  In r— + sin ^ 0 In r—      U-17) 

1 + sin 7 Ö     "    1 + cos •= 0 

Hence setting hQ(y) » 0 and AQ « ac in place of equation (4.23) 

of reference 1 yields 

2it2 >ya + y       A^2a + ^jaTy      2it2 *^a - y       "V2* + A>'a + y 
r(4.18) 

In particular for y = 0 and y = + a/2 the following values are 
obtained in place cf those given in reference 1: 
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0) 

£(x,0) « ax   I - i lx.?{*JT+l) + ^L2 in(^T+ l)I-  0.9263 cue 

tf. i) ■ 
ax|—^ ln2(2 -»Y^) --i ln23 + -~=, ln(2+V?)+ i In 3 - 0.9146 ax 

I  2jt 8JI      ii   if 3 jt     f 

In the same way, the expansion given in reference 1 of the function 
HQ(0) in a trigonometric series in the interval O^e^n should be 

replaced by the following: 

u 'ö\   4    af*Z     \      V^ sin(2k + 1) 0 (l     1 ,        1 \ 
Ho,9) = sin 0{^ - j   + > •  ig ; ij - (x3 

+ 5 + ' ' * + 4kTTj 

(4.19) 

that is, 

H0(ö) = ) ß2k--l ***(** i* l) Ö 

fed 

where 

ßx - 0.9348     ß5 a 0.1312     ß9 = 0.0504 
ß3 = 0.2667     ß7 = Ü.0796       

I.u connection with this, corrections should also be applied to 
the numerical values, which are given in reference 1, of the coef- 
ficients Bn of one trigonometric series for the circulation obtained 
by the usual theory 

B±  = 2.2125 aca     65 = -0,0296 ace     B9 = -0.0067 aca 

B3 a -0>0S34 oca     3? = -0.0133 aca     ....... . 

Hence for the lift force in place of equation (4.29) ofirefer- 
ence 1, the following is obtained: 

P0 = | jtpca    BJL = 3.4755 pc2a2a 
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vhich exceeds the accurate value by 36 percent. For the induced drag, 
In place of equation (4.30) of reference 1, the following iß obtained 

V0» 1.9350 pc
2a2a2 

which exceeds the accurate value by 87 percent. 

Corrections are made in the third example given in reference 1. N 

The value of the definite integral is: ft 

;. 

^^dy-f -|ln2(VT+l) 

Hence in equation (4.52) of reference 1 the coefficient of 
sin 9  cos 0 is simplified and assumes the value -3n2/®. In equa- 
tion (4.53) the coefficient of sin 29 was incorrectly computed; 
its correct value is 

ö2 = " TT + T = -°-14555 

In this connection, the value of the coefficient B2 should also 
b3 corrected: 

B2 = -0.7436 aca
2 

For the induced drag and the moment of the forces about the x-axis, 
in place of the values of equation (4.55) of reference 1, the following 
is obtained: 

W = 0.4343 pa2c2a4     My ■ Ö.5640 pa2c?ti- 

the first gives an error of 140 percent; the second of 55 percent. 

The shape of the wing obtained 

a(x,y,t) - -~ x - i go(y) x + 

'■w^f)4r-f-hwH} (4.20) 

depends on the frequency of the vibrations and is deformed daring the 
vibrations. The rigid wing is of greater interest. 

It is possible with the aid cf the results obtained to obtain an 
approximate solution of the problem of the vibrations of a plane cir- 
cular wing for small frequencies of vibration. 
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CO 

The case is new considered of a wing varying its angle of attack 
periodically according to the harmonic law (4.1), so that equation (4.2) 
holds- 

If 
f0(x,y) - Ao    f(x,y) = A + Bx 

equation (4.2) yields 

Zo(x,y) - - Ao + g(y)     Z(x,y) » - A - Bx + g(y) e~ikx (4.2l) 

If 

Go(y)=^   /      /'    _ cos r *r a«. 

Oi(y) - 3 

G2(y) - A 

Then 

A/X
2
 + y2 - a2 (x2+ y2 + a2 - 2ax cos y - 2ay sin y) 

eikx cos y gj- ax 

"Vx2 + y2 - a2 (x2 + y2 + a2 - 2ax cos y - 2ay sin y) 

elkX  cos2  y  fly  ^ 

A/x2 + y2 -a2 (x2 + y2 + a2 - 2ax cos r - 2*y sin yI 

(4.22) 

g0(y) = A0G0(y) g(y) = AGx(y) + BG2(y) (4.23) 

In place of Gfc(y), their mean values are taken over the area of 
the wing: 

>a 

°kc W My) V*2 - y2 ^}i} / Y*2 - y2 dy 

(k - 0,1,2} 

'rÄ/ My)-Vlr:ry2"dy 

J     ,J-a 

(4.24) 
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If the frequency of the vibrations is assumed small, or more 
accurately, the magnitude ka is assumed small, the expansion 

e-itac . 1 - 1« - i k2x2 .... 
2 

may be limited to the first two terms. 

From eqvation (4.2l), the following approximate expressions were 
obtained 

Zo(x,y) - - Ao + AoGj) 

Z(x,y) »-A-Bx+(1- ikx)(AG^ + BG2) 

Comparison with equation (4.2) results in: 

- cßo " " -V) + k0% 

- cßj^ = - A + AG^ + BG2 

- cßxik - - B - ik(Aj£ + BG2) 

(4.25) 

whence 

Ai-j =  sar-     A =  -^ »-.     B «  xs zs-       ^4.26) 
^  1 - G0 1 - &L + ikG2 1 - Gi  + ikG2 

The following is computed 

-/    — G0 * -^ j    G0(y) Va2 - y2 dy = \ I Go(- a cos ö)8in2 e de 

U-a JO 

But by equation (4.16) 

,       ,       «OV" a cos e)  x 
sin 9 G0(- a COB 6) = sin 0  j-  * -g HQ(0) 

hence, expansion (4*19) is used, yielding 
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n 

^v»)-»«-j(*-*)i-i-i 50 = ^ /' Ho(ff) em 0 

and therefore 

g Go « | -0.4053 - 0.094^     AO = 1.105cß0        (4.27) 

Equations (4.26) show that in computing G, it iß sufficient to 

use the Jerms of first-order smallness relative to ka, while in com- 
puting Gg it ie sufficient to use the principal term not depending 

on k. For small ka the following results 

Gx -  Go + ikGii + 0(k2a2 In rA &2 •  G?0 + 0(ka2)        (4.28) o(.Vmi) 

where G^ and G2Q are the mean values over the area of the circle S 

of the functions 

Vp J« 
iuW-JJ   /    /     / i   t   2lz

x7'\irT ^-r-^        (4-29) 
nc       I I A/X2 -( y2 - a2 (x2 + yz + a2 - 2ax cos r - 2ay sin r) 

Ya2-y2      - „ 

ü2o(y) = 2 a5     /* T       __^  cos* T *T fe (4.30) 
5 nd    / / */x2 + y2 - a2 (x2 + y2 + a2 - 2ax cos r - ?ay si., r) 

In fact, 

j. 
Gx - G0 - ikGn = ^  |     /      /    G*(x,y,r) dr dx dy 

a   ^-    • /i n (4.31) 2 

where 

G*(x,y,r) =        (eikx -i  . m) cos £\£g - yc  

/yx2 + y2 - a2 (x? + y2 + a2 - 2ax COB r - 2ay sin r) 
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The Interval of integration with respect to x is divided into twu 
parts: from«/ a2 - y2 to 2a and from 2a to •. Since for a>0 

|eia - l - ia|<a
2 

in the interval   Va2 - y2<x<2a,   |eikx - 1 - ikx|* (2ka)2    and 
therefore 

*3 

a       Ja2-y2 

Ja J2a Jk 
G*(x,y,r) dr dx dy <(2ka)2 Go<O.S8k2a2 

(4.32) 

On the other hand, for    x£2a,    |y) <a,  jt/2<T<3ir/2    the inequal- 
ity holds 

x2  r y2 - a2>7 x2 (x - a cos r)2 + (y - a sin r)2> x2 

As 

f 
3 

cos r dr = -2 

J|n 
a 

/  <^? - y2 dy = ^r eikx - 1 - ikx = cos kx - 1 + i(sin kx - kx) 

the following inequalities are obtained when, for clarity, ka is 
assumed <1, 

a     2a    , n 

G*(x,y,r) *T dx dy 1 - COB kx <      4a2 

2a 

dx + kx - ein kx 

2a 
*} 

.458*2 

^4J2ak U3 Jo U3 / 

A l     2   .      «1     4a2k2  Jl ,11«^ du r   I     —- du + - > a ——-—< r ln-7+7+7) 
/      u3 *J    V3*n2\d        ak     4      4J 

< 0.25a2k2 + 0.12a2k2 In -~ an (4.33) 
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to 

i 3 

Combining inequalities (4,32) and (4.33) yields, on account of 
equation (4.31), 

I &L - C0 - ik5Li|< 0.63a2k2 + 0.12a2k2 In ~ ak 

from which the first of the estimates (4.30) follows. 

In an entirely analogous manner, 6ince, for a>0 

eia - 11< a 

from the inequality 

J        J J1       V»2 + * - a2 (x2 + y2 ♦ »2 - 2ax cos r - 2ay sin r) 

the inequality is obtained 

l°2-°20l<f«? S80|< ^   f   T'      • V^^dyd« , 2k.   /♦'  />"     dydt     . 2ta2 

which proves the correctness of the second estimate (4.28). 

The integral (4.30) was considered in reference 1.    The function 
H^e) of-reference 1 is obtained if 

7£- sin 0 G2(J -a cos 0) = ^(0) (O^0^n) 

For this function the expression was obtained (equation (4.36) 
of reference 1 with the correction of the error appearing therein) 

tanr +T1ü -j r~r/ r~vi 
/l - coe I d)(l + sin I e)| 

sin 0 cos 0 
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The expansion of this function in the interval O<0<* in a trigo- 
nometric series has the form 

Hi(6) - >  r2k+1 Bin(2k + I) 9 

k»0 

where 

-1 
1 
2* 

Tx  = n - -y - f   In tan| dx « -0.69314 

'0 

Hence 

ft re 

^20 - |   /     °2o(-a C08 6) Bln2 9 de " ^S   I     8in 0 Hl(6) de " ^3 T"i ■ -0.0468a (4.35) 
4) 3nH 3* 

The mean value Gl:L is computed. Integrating (4.29) with respect 

to r yields 

r    (v)     1     f ^      '     _x  J nx y x2 4  (y - a)2 

"n2 4-     Vx2 + yS ■** V2(x2 + y2) 2(x2 + y2)  x2 + (y + a)2 

. jc(a2 + x2 + y2) arc tanx2 + y2- »Hd* (4.36) 
(X2 + y2)(x2 +y2 - aZ) 2ax        J 

If 

2 
x = at y = -a cos 0 --- sin 0 Gn(-a cos 0) ■ H(0) 

then 
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rfin *                        ( 
Fro) - I i   'in * i    iJ =-£■ 

I ^- sinM    2(t? + o co«2 0)      2(t2 ♦ cos2 9)        t2 + 4 sin« f 0 

t2(t2 f 1 + COB2 8) .     t2 - sin2 el,, ■7-3 *■—5—     9 1—- arc tan T^T—— > dt 
(t2 ♦ cos* e)(t2 - sin2 e) fct 

C7> 

3 Confutation of this integral results in 

H(e) 
(/              g             fl\      ,                   (l + cos | o)(l + sin I &) 

•in ell - «in I - cos 11 + i sin e ln ^ f-44 f-f ♦ 
\                          y     4                 ^-cosieVl-sinie) 

1 0 1 ♦ «Ini • 
f sin 2$   in tan| - ln f— 

I " 1 + cos I e 
U.37) 

Further, 

n 

^11 s I   /    Gilt"* cos &) sin2  0 d0 = ~   r   H(0)  sin 0 d0 

The computation of the last integral leads to the result 

I* 

V.                         ^0                       J (4.38) 

Thus for small   ka 

Gj  * 0.Ü947 + 0.1556ika            G2 ■ -0.0468a (4.39) 

Substituting these values in (4.26) gives 

A ~ OR        1 - 0-0956ika                     nR    ik(0.8106 - 0.511ika) (A   .M 
A " Cßl 0.9053 - 0.202ika          B = cßl      0.9053 - O.loSlET (4'40' 
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Thus for small frequencies of vibration, to a first approximation: 

A0 = 1.105cß0      A - (1.105 + 0.144ika) cßx 

B = 0.8951^3! (4.41) 

For the periodic vibrations with small frequency, in accordance 
with the law (4.1) of a plane circular wing, the previously derived for- 
mulas may be used for the forces where the values AQ,  A, and B have 

the values Just given. For the lift force, the approximate expression 
is obtained from equation (4.4) 

5* 2 pc-a* \2.813ß0 + ßi(2.813 cosüJt -1.766ka sin cat)>   (4.42) 

The fluctuation in the lift force due to the vibrations of the 
winj thus leads the latter in phase, the maximum value of the lift 
force being greater than the value which was obtained in the computa- 
tion for the steady motion. 

In the same way, equation (4.6) leads to the following expression 
for the moment of the pressure forces about the y-axis: 

My - - pc2a3 llA75^Q  + ßi(l.473 cos art + 0.867 ka sin a:t)> (4. 

The component of the frontal resistance W^ is determined in the 

given case by the evident formula 

43) 

WX * P(ß0 + ßl COS (Dt) 

that is, 

Wx = pc
2a2 <2.813ß0

2 + 1.406ß-L2 + 3(^(5.626 cos o>t -1.766ka sin cot) + 

l.AOöß-L2 cos 2ü)t -O^SSß-L2 ta sin 2o)t> (4.44) 

The suction force is obtained from equation (4.7), restricted to 
the first powers of ka, 

W2 ™ pc2a2 <1.554ßo2 + 0.777ßi2 + ßoßl(3.107 cos (i>t + l,S88ka sin art) + 

0.777ß1
2 cos 2cot + 0.944ka ßL

2 sin 2ü)t> (4.45) 

The following expression is obtained for the total frontal 
resistance: 
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N 

W = Wn - W2 = p-2a2 n.259ßQ2 + 0.6303^ + ^Q^Z.519 cos cut - 

3.653ka Bin ttt) + O.e^Oßi^ cos 2i>t -1.827ß-2 ka sin 2u>t>       (4.46) 
J 

For the mean value of the frontal resistance 

^ W = pc2a2 <1.259ßQ2 + O.ßSOß^l (4.47) 

The flapping wing is considered such that 

z *= 3QX + ß-L cos aye (4.4n) 

In this case 

Zo(x,y) « - cß0      Z(x,y) = - ikcß1        (4.49) 

Comparison of these expressions with equation (4.25) shows that 
in the case considered it is necessary to take 

cß0        ikcßjU + ikGp] k2cßx Si  ,   . 
An = -X-    A =  =s ==--     B =  »     ~ (4.50 
°1-G0        1 - GL + ikS2        1 - Öx + ikG2 

that is, 

1-ika 0.0468      k2cß1(Q.0947 + 0.1561ka) 
AQ = 1.105cß0  A = ikcßx o.9053-0.202ika  

B =   Ö".S053 - 0.202ika 

(4.51) 

or, by restriction to small terms of the second order with respect to k, 

A0 « 1.105cß0    A = ikcß1(l.l05 + 0.195ika)    B =• O.lOSk^! 

(4.52) 

?or the lift force 

P s pc2a2< 2.81330 + 2.813kß1 sin a)t + O.SOli^aß-L cos 0)tV     (4.53) 

and for the moment of the pressure forces about the y-axis 

My = - pc2a2 il.473ß0 + 1.473kßx sin oTffe -O.lSlkSpßj^ coc uA   (4.54) 
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The component of the frontal resistance 

Wi » Pß0 » pc
2a2<2.813ß0

2 + 2.813kßoßl sin cut + 0.301k2aßoßl cos ü>t> 

(4.55) 

The suction force will be, with an accuracy up to terms of the 
second order with respect to ka: 

W2 » ca
2c2 <1.554ß0

2 + 0.777k2ßx
2 -O^ßßoß^a COS cot + 

3.3/^-«^ sin cot -0.777k2ß1
2 cos 2u)tV (4.56) 

For the total frontal resistance 

W - pa2c *.2 <1.259ß0
2a -O.m*2^2 -0.2941^^ sin tot + 

0.677k2aß0ß1 cos cat ^ Q.m*2^2 cos 2tot> (4.57) 

<1.259ß0
2 -O.llDaHii (4.58) 

Its mean value will be 

W = pa2c2 

so that a decrease is obtained in the frontal resistance as compared 
with the wine which does not execute a flapping motion. 
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