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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL MEMORANDUM 1324
STEADY VIBRATIONS OF WING OF CIRCULAR PLAN FORM*
By N. E. Kochin

. The nonvortical motion of an i1deal incomprecsible fluid has been
b solved (reference 1) for the case of uniform rectilinear motion of a
N wing of circular plan form. The method developed in reference 1 may

also be generalized to the case of the nonsteady motion of such wing.
The problem of the steady vibrations of s circular wirg i3 solved
herein. The resuits will be frequently rolerred to herein. 7The prob-
lem of the steady vibrations of a c’.:cular wing was solved by another
m*hod by Th. Schade (reference 2).

l. Fundamental equations

The wing, the motion of which is under consideration, is assumed,
as in reference 1, to be thin and slightly curved; its projection on
the xy-plane has the shape of a circle ABCD of radius a wlth cen-
ter at the origin of coordinates. The principal motion of the wing is
assumed to be a rectilinear translationsl motion with constant velocity
¢ parallel to the x-axis. The coordinate axes are assumed as displaced
with the same velocity. On the principal motion of the wing is super-
posed its additional harmonic vibration of frequency w, where the pos-
sibility of deformation of the wing is not excluded. The equation of
the surface of the wing may then be represented in the form:

2(x,y,t) = ;o(x:y) + ’;l(x}y) cos wt + gz(x:y) sin wt (1.1)

where the ratios gk/a as vwell as the derivatives ng/ax and ng/ay,
where k = 0,1,2, are asswuned small magnitudes.

_ The fluid is assumed incompressible and the motion is assumed non-
vortical and cccurring in the absence of external forces. The velocity

*"0b ustanovivshikhsya kolebaniyskh kryle krugovoi formy v plane!
Prikladneya Matematika i Mekhanike, Vol. VI, 1942, pp. 287-316.
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potertial will be denoted oy ¢(x,v,z,t) and steady vibrations of the
fluid will be assumed; that is, the velocity potential is represented
in {he form:

o(x,y,2,t) = @O(x,y,z) + Ql(x,y,z) cos at + wz(x,y,z) sin wt

It is evident that the functions ¢,, ®,, and %, satisfy the
0’ "l 2
equations of Laplace

2 2
¢ O
aztk . s 2k (x = 0,1,2)

[235% 474

[2]

dx° dy“ dz°

The velocity of the particles of the fluid near thel}gading edge
of the wing DAB is assumed to approach infinity as & /%, where &

is the distance of the particle from the leading edge, but the velocity

of the fluld particles near the trailing edge »f the wing BCD 1is

assumed as finite. From this edge a surface of discontiruity passes

off on which the function ¢ undergoes a discontinuity. As in refer-
ence 1, the problem will be linearized. Since the values of the functions
% and their derivatives are assumed to be small quantities of the first

order, their squares and products are réJected. The functions v
¢k(x,y,z) are further assumed tc have discontinuities on the infinite

half-strip & situated in the xy-plane in the direction of the negu-
b tive x-axis from the rear semicircumference BCD of the circle S to
infinity. The boundary conditions on the surface of the wing aio
replaced by the conditions on the circle S 1located in the xy-plane,
Everywhere outside the half-strip E and the circle S the functions
wk(x,y,z) are thus regular functions.

The boundary conditions which these functions satisfy are now set
up. On the surface of discontinuity ¥, the kinematic condition
expressing the continuity of the normal component of the velocity must
first of all be satisfied:

(%Z) 2=+0 ) (g%) z==0

from which is obtained the conditions

aok) (acpk)
= IO 1.2
(EE— z=+0 9z 4 z==0 o : d)
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The dynamical conditions expressing the continuity of the pressure
in pussing through the surface of discontinuity £ are now stated.

If a atationary system of coordinates xlylél is employed, con-

nected with the coordinates xyz of the moving eystem of coordinates
by the relations

2 X =2x - cty y=n z = 7y t=1%
& then the pressure may be determined by the following formula: -
p=-p g%. [(%%) (dy]) ( )-.! + F(t;) (1.3)
Since .
39 _ 09 39 09
, e R-F £-F &-8 @

the following equation will apply in the movable XxXyz system:

2 ~ .2 2
P=-p%%+pcg§-%[(g§) +(¥) +(%§):|+F(t) (1.5)

When small quantities of the second order are rejected and the
magnitude F(t) is not dependent on the coordinates,

P=-pg—°+pca¢

or, on account of equation (1.2),

p(x,y,2,t) = pc '?— + (pc ?— puxpz) cos wt + (pc gzz- + pcurpl) sin wt
~(2.8)
For briefness, the following notation is introduced:
wfe = k (1.7)

The ccadition of continuity of the pressure on & then leads to the
three equations:
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(&
m

Gt o), - (o)
3x z=+0 ox 1

z2=-0

30; )
sz)z&*o = (W - kg o on & (1.8)

The condition on tbe circle S is now written. Equation (1.1) in
the stationary system of coordinates has the form:

2y = bolxy-cty,¥p) + 83(x-ctq,¥7) cos wty + §alxy-cty,y;) sin wty

Hence, for the normal component of the velocity of the fluid parti-
¢’ s adjecent to the surface of the wing,

dz, 6;0 14 ot

1 2
El--csx—-c&-cosmt—mglsinwt-c = sin ot + wfpy cos wt

The notations

d P} d
- ¢ 3570 = Zo(x,y) - c(% - sz) =2 (x,y) = c(—a—?- + kl_;x) = 4p(X,¥)

yield the boundary condition
) - on(xy) + 2 (%) Zp(%,7)
&2/, = Zo(x,¥) + Zy(x,y) cos wt + Z5(x,y) sin wt

#hich must he zatisfied on both the upper and the lower sides of the
circle S and which breaks own into the three conditions:

E -
= o = (x,y) on 8§ (kx = 0,1,2) (1.9)

The presence of conditions (1.2) and (1.9) permits consideration of
the tunctions @,(x,y,z) as odd functions of Z:

q’k(x)}’;'z) = - @k(x,y,z) . (1'10)

6e¥e
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[44]

If it ic assumed, in pariicular, that z =0,

cpk(x,y,o) =0 (l'll)

in the entire xy-plane with the exception of the circle S and the
haif strin E on which @, undergoes a discontinuity.

The conditicne (1.8), because of equation (1.10), assume the form:

o9 d d
KO =0 3% « Ky = O 3;—’2 +kp; =0 on E (1.12)

Finally, the absence of a disturbance of the fluid fur aheaa of the
wing leads to the evident conditions at infinity:

oy oy 0, ( )
lim = 1lm = lim =— =0 1.13
x"+"BT x++'W' X >+ <2

~

The problem of determining the function cvo(x,y ,2) satisfying all

obtained conditions for this function.was considered in reference 1.
The following equality is sct uﬁ:
¢ (x,y,2) = 0,(x,5,2) + ip,(x,y,2) (1.14)
so that
o (x,¥,2,t) = 9g(x,y,2) + Re{b(x,y,z)e'm"} (1.15)
Also,

6, (xy) + 18,063) = Llx,y)
2, (x,y) + 1Z5(x,y) = Z{x,y) = - c(géc + ild;) (1.16)

The shape of the wing will be determined by the equation

z(x,y,t) = go(x;Y) + Re{g(x.!Y)e-mt} (1.17)

the functions €(x,y,z) will then be a harmonic function, regular
in the entire half-space 2> 0 and satisfying the conditions:
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(gg)z-o = 2(x,y) on S (1.18)
ob -0 on E 1.19
S +1ik® =0 on E ( )

following from equations (1.9) and (1.12). In the entire remaining
part of the plane xy the following condition must be satisfied:

&({x,y,0) = 0 ) (1.20)
Moreover, the following conditions must be saticfied at infinity:

lim % = lim %‘“’ = 1lim g—g’ =0 (1.21)

X >4 X+ +™ X+t+o

which ars the boundary condi%ions of the first derivatives of the func-
tion &(x,y,z) near the rear sericircumference BCD of the circle S
and the condition that near the fortvard semicircumfeyence DAB these
derivatives may become infinite to the order of 3 1/2,

2. Fundament.l formulas

In reference 1 an expression was constructed, which depended on sn
arbitrary function f£4(x,y), which determined a harmonic funct.os

wo(x,y,z) satisfying all the conditions imposed in the preceding section

¢o(x:Y:z) =% jj fo(i,fl) K("'Jy)ZyEJQ) +

n

(2.1)

ol

1 6(x,y,2,7v)Na? - £2 - 12 cos y dy dx

n21f§ (% + 12 + a2 - 2aE cos v - 2en sin 1)
®» n

} dg dn

ooh -

The functioas K(x,y,z,E,n) and G(x.y,z,y) for z>0 sare given by

K( o 2 M&Z - Ez - 1'12 Alaz - Xz - y'd - 22 + R
AX,Y),2, ,T]) = —nrarc tan =
N2 - x2 - 42 _ 52 o)
a~ - X- - - z° + R
G(x,y,2,7) = —3 > Y

x® + yz + z% + a% - 2ax cos Y - 2ay sin v
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which ai'e harmonic funections of x,y,z where

raAfix- 92+ (y- )2+ 22

— (2.3)
R = hJZ;‘ - x8 - y2 . 28)C 4 4aBsl
In order to satisfy boundary condition (1.9)
% oP
o~ 0 .
o Zo(x,y) on S (2.4)
it is necessary to take
fo(ny) B o ZC(XJY) + 80(3') (2.5)

where gc(y) is determined from a Fredholm integral equation of the
’ second kind.

The solution ¢f the more general protlem of cteady vibrations may
ve presented in a similar form.

Thus, f)(x,y) and fz(x,y) derote two arbitrary real functionms,

continuous, together with their partlal derivatives of the first end
seccnd order, in the entire circle S;

fl(x:y) + ifz(x.!Y) = f(x)Y) (2'5)

It will now be shown that the function

':)(x)}';z) & -2'.‘:1‘1 ﬂ £(g,m) K(X)Y_’Z:EJTI) +
5

3

x n
2
~-1kx G(x,y,2,7) elkX Ng? . ﬁz - Nt e .y dy dx
Vs © 2. 2. .2 dg dn
ey 2 o2 (% + 0 + a% - 28k cos v - 2ay sin 1)
s
> (2.7)
G satisfies all the conditions of the preceding section cxcept

condition (1.18).
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The function G(x,y,=,Y), as shown by equation (2.2}, is harmonic;
Lence the funztion

X

1(x,y,2) = e"1kx elkx O{x,y,z) dx
+w

willi be a hermonic function. In fact,

x
2 2 2 -2 Z
= = 3 0 37 2
AL=§~—‘é’+'a-—I§'+§-—g=%-G-ikG+e'* eikxi—.(z'+i“~—gwk24}dx
3x oy dz = re dy Jdz

x
= g.g « 1kG - e'i’k"l“ el (F.‘:_G + kZG) dx
x \J+n axz

When this expreseion is Integrated by parts, it is easily shown
that AL = 0, since both G and JC/dx epproach zero for x - =,

it then follows that the function ¢ (x,y,z)} likewise satisfies the
laplace eguation

AP =0 (2.8)
where from the form of eguation (2.7) it is seen that &(x,y,z) is
regular everyvwhere outside the circile S and half strip =. In
exactly the same way it is shown that the conditions at infinity (1.21)
and condition (1.20) are satisfied.

Furthermore,

~

%'i+ik@=% ff f(z-;,n){g—li+1kx+

a—

3

= T

rz
—‘_Tl -
“2“’3]1

2

G(x,y,2,Y) N2 - E2 . n2 cos v &y

(2 + 12 + a2 - Zak cos v - 2a7 siny)

dg dn (2.9)
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It 18 clear that if x% + y2>a then
ob ik®= 0 f ( )
P + = or z=0 \2.10;

80 that conditicn (1.19) is likewise satisfied.

It thus remains to check the finiteness c{ the derivatives of the
function &(x,y,z) at the points of the semicircumference BCD of the
circle S ana to establish the behavior of these derivatives near the
forward semicircumference DAB. But near the forward semicircumference,
the inside integral in formula (2.7) evidently reiains bounded, as do
its partial derivatives; since the first derivatives of the integral

IJ f(E)TI) K(xJ}':z’E:ﬂ) Qg dn

es established in reference 1, and &3 will again be proven, have near
the contour of the circle S the order &-1/2 (where & is the dis-
tance of a point to the contour ABCD of the circle S), it is clear
that the first derivatives of the function @&(x,y,z) &lso have the
order 8-1/2 near the forward semicircumference UAS of the circle S.

For determining the bebavior of the function &(x,y,z) ne:r the
rear semicircumference BCD, the right side of equation (2.9) is trans-
formed. Denoting it by M(x,y,z) and making use of formula (2.11) of
refercnce 1 and the formula of integration by parts (2.14) of

reference 1,
M(x,y,z) = ‘%ﬂ ff f(gﬂl) kK -
S

3
- I
2
' 4, 2 22 .
1 Slxyyny) Nel-gn® cos v arly, o0 L APy p g
ﬂz 2 1 (E2+r|g+az-28£ cos y-2an sin T) an J R)3
B 5 (2.11)
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It is evident that this functién remains finite near the rear
semicircumference BCD. But when the following equaticn is integrated,

% + 1k® = M(x,y,z) (2.12)

there 13 obtained

& (x,y,2) = e"1¥KX|  olkX y(x y 2) ax + #(0,y,z) e-1KX (2.13)
0

whence it is clear that both the function ¢ and its derivative with
respect to x remain finite near the rear semicircumference BCD. The
derivative7 of M with respect to y and 2z will be of the

nrder 5°1/2 pear BCD, as follows from a consideration analogous to
thet which was adduced previously for determining the behavior of the
functioned (x,y,z) near the forward edge of the wing DAB. Since

X
%?L - e-lkx|  oikx g;; ax + iﬂ%’ﬁl e-1kx
0

it is clear that the derivative 0&/dy, and similarly o$/dz, remain
finite near the rear cdge of the wing BCD.

The function (2.7) thus satisfies all the imposed ccnditons. The
only condition not utilized was condition (1.18)

(g—:’) o:z(x,y) on S (2.14)
Z=!

When the following formulas are employed:
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3K
11 f d& dn = - 2nf(x,y
z_.!:o \U& (E,m) A& an nf(x,y)

3 0 for x@ + y2<aga?
/.2 2 2 e . =
m EEAV/E S B EE o GRS Nz 2, 2. 42
n z ++0 for x“ + y“>a
) xC 4+ y2 - g
N
it is found without difficulty that on S
(gé) = - £(x,y) + gly) ™1 (2.15)
2/ 2=0
where:
. Vatyz 3 4
2
L s ethx (2 4 y% . a2)-1/2 (a2 . g2 - 42)L/2 cos L £(5,0) ar ax 4 an ”
. 26 J;JJ f (x% + y2 + a® - 2ax coe v - 2ay ain 7)(EC + 72 + a® - 28k cos v - 2an siny) (2.16)
i
. The following equation is thus obtained:
-£(x,y) + gly) "X < 2(x,y) (2.17)
whence
£(x,y) = = 2(x,y) + g(y) eiKx (2.13)
Substitution of this value of the function f£f(x,y) in equa-
tion (2.16) yields, for the determination of the function g(y), an
; integral equation of lkredholm
3 a
g(y) = n(y) +| E(y,n) &) an (2.19)
-8
where
H t\)nz_yz 3.
t 2 —_—
E - 5(y) = - -2 elkx '\/_ £2 . 42 G(x,y,2,v) cos ¥ 2{E.n) dy dx dE dy (2.20)
2n3 ,Jx + y¢ - ao(£% + 42 + a2 - 2af coe v - 2a°, sin 1)
3 S ‘- P
o 2
£
e o o -
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with G(x,y,z,r) according to equatione (2.2) and

B(y,n) «
ot Aley2 3=
s i olk (x - Eigy2 , 42 _ .g)-l/i (a2 - &7 - qz)llz cos y dy dx d§ (2.21)
2 (xzoyz+-2- 2ax cos v - 20y -&nr)(tzo ,)2,.2_ 20K cos v - 28 siny)

3. Computation of forces

The pressure b may be determined from formula (1.6), which with
the notation' (1.14) may be written in the following form:

P = pc {?% + Re[(g-: + ik‘l’) e'j‘”ﬂ} (3.1)

For the computation of the forces acting on the wing, it is neces-
sary to know the pressure on the circle S.

Because of equation (1.10), the pres-ures above and below the wing
differ only in sign:

P. = - D, (3.2)
For clarity, the signs of the functions on the wing will henceforth

be assumed to be the limiting values in approaching the wing from
above, that is, for z-+ O.

For the 1ift force P the following expression is obtained

P=fgr(p--p+)dxdy=-2‘f;fp+dxdy=
- 2pc J;f %-rne [:(g—z+:ik¢) e'i‘“] dx dy (3.3)

6¢¥2
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But by formulas (2.9) ard (2.11), the following equation applies
on the uvover side of the circle 8:

g’—(-xﬁJ—o-l +1k&(x,y,0) = % J;[‘% K(x,y,0,€,1) 4§ an +

—%; ff £(g,n) [5 k K(x,y,0,E,1) - (3.4)
3

NaZ - x2 - y2 Afa - &2 - o2 con v ar ]az'a
(;2+y2+.2—Zucoar-m-inr)(€2+q2+nz-h{coar-Zmainr) "

4

ot
n

Aol

b

eal

Thie expression 1s integreted over the entire area of the cir-
cle S. The order of integration is interc ed and the two integrals
mst be computed first of all by formula (4.13) of reference 1

f(‘ A/az,xz_yz
S‘J X2 +y2 +a

dx 2na 3.5
2 .-.2arxcosy - 2ay siny d = (3.5)

It will be proven further that

f\r K(x,¥,0,&,n) = 4 Va? - Ez - 712 (3.6)
]

For this proof, the following function is considered:

F(x,y,2) = fg’f X(x,y,2,&n) d& an (3.7)

Because of the definition of the function K, the function
F(x,y,z) is a harmonic function over the entire space outside the cir-
cle «S. By formula (2.35) of reference 1, the following condition is
satisfied on tne surrace of this circle:

OF _ _ '
5 - 2n on S (z.8)
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and thereforec the functioa (3.7) is the potential of the nonvortical
motion of a fluid corresponding to the translational motion of a cir-
cular disk with velocity +2n elong the negative z-axis normal to the
plane of the disk. This wotion, however, belongs to those that have
been studied in classical hydrodynamics, from which can be taken the
corresponding expression of the function.

F(x}y:z) ’ff K(x)YJz’E:']) dg dn
S

= 2Af2AR + a2 - x2 - y2 - 231 -

2 + w2 1 22 _ at 2 2 w2 1 22 - a?

’V/'R + X% +y“ + 2 a o ctn,V/R + X° + ¥y* + 2 a
2 ax 2
2a 2a

(3.9)

Pessing to the limit z-+ O ylelds the formula

jj I’(XJYJOJE’TI) dg dn = - x? - }'2 on S

which is equivalent to equation (3.6), since K(x,y,0,E,n) is a symmet-
rical function with respect to the points M(x,y) and N(Z,n).

The-following formula 13 thus ooptained:

ff xv°+1k§(x,y,0) =§[f,/ g -q{ +1H}d£®-

n

a _ e . £ _ cos v dy ar a
Jfr,/a g% - q2 (!':m)~/'1 I vt 8E - ElElsoa T - Ganemy U (3.10)

o0 b

o

fad ot 372
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If this expression and similar expressions are substituted for the
function ¢, cbtained from equation (3.10) for k = 0, the final

expression of the 1lift force acting on the wing is obivirned:

P--i? :J/\A/az-ie -ﬂ2{§?+Re[e‘mt(%+ikr)] =

A o }dz dn (3.11)

3x
2
€2 + n2 + a2 - 28k cos ¥ - 2ay sin v
A

il w(==) [

By integration by parts and with the aid of the following formula

ol

en

cos y dy _ 2n&
€2 + 12 + a2 - 2aE cos v - 2an siny a(al - EZ - n2)
0

(3.12)
equation (3.11) may be rewritten in the form:
P=- éesff/\/az - - qz{ne(iue'iwt) +
b1
S
3
—é b1
a -1t cos v dy .
= | £f4 + Re(fe de a
21([0 ( ]&_’/: EC + 12 + a2 - 2af cos v - 2an siny & an
-— n *
2 (3.13)

In a similar manner, the formulas for the moments of the forces
about the x- ard y-axes are obtained.

For the moment of the pressure forces sbout the x-axis

Mx=ff}’(?--P+)dx'13’='2ffyp+dldy (3.14)
S s
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there is obtained

My = - chffy{% + Re[(g_z +1k 1») e'i‘”t]}dx dy (3.15)
S

The order of integration is interchanged by use of equation (3.4).
It is here necessary tc compute two integrals. By formula (4.44) of
reference 1,

NeZ - o2 - +2 dx s '
ff YNaf - x% - y© dx dy -_-%naz siny (3.16)
; .

x2 + y2 + a2 - 2ax cos y - 2ay sin y

It will now be shown that
8
ffy K(x,¥,0,€,n) dx dy = 5 aAB? - €2 - o2 (3.17)
s

For this derivation, the following function is considered:’

Fl(x;Y.-z) =fffl K(x,y,2,E,1) 1E dn
S

By formula (2.35) of reference 1, the following equation applies
on the circle S: ’

oF
51_ = - 2ny (3.18)

ard therefore Fy(x,y,z) is the potential of the mctirn of & fluid cor-

rzsponding to the rotatiun of a disk about the x-axis with angulser
veloclity -2x, a case stulled in classical hydrodynamics:
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Fl(x,y,z) "ff’i K(x,y,2,E,1) dE dn
S
2a
nzAzyl\/R+a2-xz-y2-zzl- -
r 3(R + x2 + y2 + 22 + a%)

17

2 2 2 2 2 2 2 2
AF+x +y2+z'°'a.rcctn R+ X +y2+z-a. (5.19)
28 2a°

Passgiry to the limit z-++ O yields the formulae
8 A/ 2
J\fﬂ K(x,y,0,&,1) d& dn = 37 a - x2 - y o S
S

equivalent to equation (3.17).

As a result, the following formula is obtained

“/j/;[§+1k{]dxdy-%b/:/‘nh/a?‘-ﬁa-na g-‘;+1xr}dqu-
. .
s s

n

.
8 nz
23 h’aa - g2 . g2 f(g)n)‘-/ sin vy cos v dy dE dn
s . 1
2

£y E2 + 12 + 82 -~ 2ak cos v - 2any siny
n

Hence, for the moment of the pressure forces about the x-axis,
the following expression 1s obtained:

- of
M, = - %ﬁ:\/f‘\/az - g2 - g2 T}[ge—o + Re{e'm’t (g—ié + 1&)}]-
S
1q
2
sin y cos v dy
n

k1

52.,.112.,,32_23};0037-2&1] sin v

% [fo + E;e(e'm’t fﬂ‘[

ol

(3.20)

ag dn

(3.21)
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or, on account of the tormula

¢

2
sin y cos v dy = 2nEn
. E€ 4+ 12 + a% - 2k cos 1 - 2an siny a(a® - E? - 42)

(3.22)

the equivalent expression

= 2
My = - %’[ﬁff«/a‘ - g2 - g2 1 Re(ik.fe'i‘”t) +§—ﬂ [fo + Re(fe'mta X
5

ol
=

-
sin y cos y dy -}ae.' an (3.23)
”

E2 4 'qz + aé - 2a€ cos v - 2an sin

Eﬂ

In the same way for the moment of the pressure forces about the

y-axie
My=~ffx(p--p+)dxdy~=-2ffm+dxdy (3.24)
S S

there is obtained '

s
My = chffx{&g + Re[(g% +1k CI’) e~10t | bax dy (3.25)
S

It is here necessary to employ the formulas

/\f xNJa? - %2 - y°

i X2 + y2 + a2 - 2ax cos v - 28y sin v
S

dx dy =-§- na cos 1

(3.26)

Falar W)
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. .
fo K(x,y,0,E,q) dx dy = g E‘\,az - g2 - q? (3.27)
S

As before, there is obtained

L a
2 2 2
2 |go + e (3'1‘”*— f) e L dy a& an
n ES +N° +a - 20% cos vy - 2an sin v

1
2 " (3.28)

Integration by parté and uce of the formula yields
2 n

i cos? y dr n 2nES .
b E2 4+ n¢ + @' 2af cos y - 2an siny a(al - EZ - n2) @2

(3.29)
also

W:%%‘/;/:\[az-iz-ﬂz ‘%fO'Re E-iwt(%f-ikgf)‘l *
S

-

n
ol
A

2, g .
%_ﬂ Efo + Re(e"iﬂ)t f)] — > > Cos™ Y1 Ay dE dn
“ E + n° + a% - 2ak cos v - 2an sin v

2" : (3.20)

The value can now be computed for the frontal resistance W, which
is compcsed of two parts. First, the normal force (p_ - p,) dx dy

acting on an element of the wing dx dy will have a component in the
direction of the x-axis:




f
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)
(p--p+) 2 ax dy = (p_ p+)[; +Re(§ 'mjjdxdy

z(x,y,t) = ;Q(er) + R?[ x,¥) -jma

is the equation of t¥e surface of the wing. Integration of this
expression gives the first part of the frontal resistance in the form:

“1-ﬂ(p--p+)[§+ne(§e° )] dx &y
=-2pc‘/;/\§+lie[(§—:+ik0)e"‘”ﬂ $+Re(%§e'mf)\dxdy

(3.31)

if

In fact, the frontal resistance W will be less than Hl, since

a suction force W, appears because of the presence of the sharp
leading edge of the wing DAB; therefore,

The suction force Wp 1is connected with the presence of a strong
rarefaction near the edge of the wing. This rarefaction is taken into
account principally by the square terms of the fundamentai formulas (1.3)
or (1.5) for the pressure and it is therefore unnecessary tv employ
these formulas here.

The suction force W is computed from the law of conservation of

momentum applied to a trin filsment-like close region T containing
the forward semicircumference DAB of the cirecle S; region T is
bounded outside by surface ¢ snd inside by part S' of the upper side
of circle S adjaceat to the semfcircumference DAB and the part S'!
cf the lower side or the circle S. Figure 1 shows a section of these
surfaces obtaired vy a passing plane through the z-oxis.

The equation expressing the momentum law is projected on the
x-exis:

/‘J!\p cos(n,xt) 4S8 ';jf o 5,,* gt + D“/;/‘Vn“ ds + Dj f'n'x a3 (3.33)
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The left-hand side is the sum of the projections con the x-axis of
all the forces acting on the volume of fluid considered, and on the
right-hand side is the total derivative with respect to time of the
component cn the x-axis of the momentum of this volume; this derivative
consists of two parts, a volume integral connected with the local change
of velocity and a surface integral expressing the tranafer of the mouwen-
tum of the particles of the fluid through the bounding surfaces of the
volume «x.

Equation (3.33) may be written both for the stationary system of
coordinates 0;x3y;2; and for the moving system of coordinates Oxy=.

For the stationary system of coordinates, expression (1.3) is used
for the quaniity p; moreover,

vx = g'z Vp = 'g% (3.34)

By the theorem cf Gauss

av
P 3t; t X tl
J coa(n,x) ds +f f -——— cos(n,x) ds (3.35)
S 1

From equation (1.3) and the equation just derived, the following
expression is obteined from equation (3.33) after a number of simple
transformations:

//&) G- ()jcos<n,x)ds-p 2020
pffaz_ cos(n,x) dS-p/ f%la—q’ds (3.36)

Sttt Sr4gt

Since Op/dt; and Op/Ox near the leading edge of the wing are of

the order 5-1/2 and 39/3n and cos{n,x) are finite ou the surface of
the wing, the last integrals drop out when regior. T 1s extended to the
line DAB. The following limiting equation is therefore applicable:




—
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v a\2
(gg)]cos(n,x) ds - p %{g—: ds

2 [ a2
(3.37)

For computation of the suction force W», the expressions must Lz

found for the components of the velocity near the leading edge of the
wing DAB. The velocity of the fluid particles 7ear the leading edge
of the wing are shown to be of the order of 5°1/2 if & 1s the dis-
tance of the particle to the contour C of the circle S. From equa-
tions (1.15) and {2.7) it is evident that

*(x,y,2,t) = jgl—ﬂff fo(g,n) + Re[f(sm)e‘*‘”‘fl K(x,¥,z,E,n) 4& dn +
S

X(x)y.’z)t) (3'38)

where the function x(x,y,z,t) and its derivatives remain finite near
the leading edge.

The oehavior of the function is now examined more closely
U(x)Y;z) =fJ f(E;ﬂ) K(X;yxz,E,ﬂ) d& dn (3'39)
S
neer the contour C of the circle S. Therefore,

A
%‘i/‘j X g,n) ag an

Since on C the function K becomes zero, the following equation

results
K ... _ f of
k[ 5t flem) agan = -4 K 5g € dn

anowlug the liniteness of this integral. Therefore
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. Y. r(m) ag an + o(1)

where O0(1) denotes a magnitude which remainc finite when &
apprcaches 0. Put

9 K oK ZJéaVaz-xa-yz-zz+R
S >t 2 (2 52 o o\( . oZ . T .2 8
S 3 n{2alr + (a% - £¢ - 9%)(a% - x° - y© - 2 +?)}
x'\[¢;2 - &2 jz + £
R
AJo? - 52 - o2
hence

) W __2¥2 ez £(E,1)

x - Tx o\ aZ-x2-yE-254R 26212 + (a2-£2-12) (a2-x2-y2-22+R)

The ccordinates &, 9, and « are introduced

(3.40)

RTEY
E‘“'E'n 5 ]dgdq+o(1)

=(a+bdcosa)cos 8 y=(a+bcosa)sin® z=25 sina

(5.41)
Then
az-xz-y2-22=-20,6co_sa,-62
=5’\/4a2+4a8cosa,+52=2a6+. . .
(3.42)
’\/az-xz-yz-z2+R=Zsin2 ab + . . .

/\/R-az+x2+yz+zz=2cosg' ad + . ..
[#
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The point with coordinates (x,y,z) is brought into correspondence
with the point of the circumference C with the coordinates

Xog = 3 cos 6 Yo =a sin 6 zy =0
and

ro? = (%9 - E}2 + (y9 - 1)% = E2 + 0% + a® - 2aE cos 6 - 2an sin 6

(3.43)
Near the contour C, the principal part of the integral
I (x ’ 28 Va® - % £(E,n) 4 ay
1(x,7,2) = L/P 2alr2 + (a2 - 52 R nz)(a2 - x2 - y2 - 22 4+ R)

(3.44)

is

n(o) =J£ff(z,n) VT - g2 -z 4500
0

=Jy f(‘i;"l) Vaz — 52 = nz da§ dn (3.45)

52 + 12 + a2 - 2a& cos 6 - 2an sin 6

For tbhis purpose, the following difference is estimated

& = Jy(x,y,2) - N(6)

The circle S is divided into two parts: the circle §5)

of radius a - €; and the ring Sy 1lying between the circumferences of
radii a - ¢ &ud a.

. ey ] 2a° ‘ 1
N = ’ £(&,7) Vaz S ¥ = : - —x)dtad
L J ’ N 208re + (a2 - EC - 38)(a® - x© - y© - 22 + R) rg° g

«./J £(g,m) Vh? - &2 - 0% afng? - 208 - (sl - g2 - E)(a - 22 i - *RB) ge o

rozeaaa+(a - 8% - 52)(a? - x% - y2 . 42 +RD
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ro% - r2 = E? 4+ 2 + a - 2aE cos 6 - 2en sin & - (x-E)2 - (y-n)@ - 22
= 25 cos a(f cos 6 1 1 sin 6 - a) - B2
262(zo? - 12) - (o2 - €2 - n2)(aZ - x - y2 - 22 + R)
= - 2a5r02 cos o - (a2 + &2 + 1) 82 - (a - &2 - 32) R
Since
r,° ¥ 4a? R < 2ab + 82
therefore
'IZaz(roz - r2) - (a? - E2 . 12)(a® - xZ - y2 - 22 4 R)| € 2abry? + 2a%5% +
(a? - €% - 72) R

Hence 1if |f(5,q)i< M in th~ circle S then

4J72 2 .y ag dn

2 | < 2a8M a” - £ - n° d& dn

l l'\ ﬂZaZrz + (32 = 62 - 1'.2)(&2 P xz - y3 = za + P)
1

Afe? - £2 - 72 ag an

252 [
2a“d°M : +
*Z:-/ 12| 2a2rZ + (a2 - £2 - 12)(sZ - X - y€ - 22 + R}
l .

ro? [2e%r% + (a2 - &2 - n2)(a? - x2 - y2 - 22 + R)]
ST

But by equation (2.24) of referesnce 1

/ Va? - £% - 2 ar ay <
J 2a2re + (a2

- 2% - n8)(aZ - #F - yZ - 22 4 R)

oix

Siuce

2alr? 4+ (a? - 52 - nz)(a2 - x2 - y% - 22 4 R)

ZaZrO2 + ZaBrO2 cos o + (a2 + 52 + na) 8% + (az = 52 - %3) R
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hence for §<a/2

20%r% + (a2 - 2 - 12)(a? - x2 - y2 - 22 + R) 2 O (5.46)

o 52 Vaz-Ez-‘na ag dn < __1_;\]&2_52_,]2 ak dn
s ro2[2a2ra+(a2-£2-n2) (a2-x2-y2-z24R ] 6 rot

The last integral evidently does not depend on 6; hence it may be
assumed that 6 = 0 and therefore

27 a-r a-8
LARE. €. o2 Va2 - p2p dp ad_ 2x(a? + p2jp dp
g Vet -t - " dbay - (57 - Zap cos 2)e =
s 40) b Y% pé - 2ap cos § + & ,\,(.E_pﬁ)ﬁ

p=a-8

= r 1xaf . 2% - 4nal _ 2x o 2n a 4xﬂ[n
L&V(aa - p2)3 4:2 - p@ om0 3!\" (2as - ¢2)3 'vau - o 3’\/:5
Similariy
Alla2 - g2 - 12)3 ag an 2. . 8
ffr02[3&2r2+(a-Ea-na)(l-x-v-Z*‘“’J ffr‘ oA

and

25 a-g
1 K3 213 ’Vaz-p33pdpd0 2n(a2 + p2) p dp
_4' (Q'E "I) dfdﬂ‘ 22
ro J (a2 - zsp cosd + p2) (ezl2 - p2)3
8, o Yo

[’\/m ’\/:—._D:_IM- W 2x Afzac - ¢ - 6ra< 4x’\’_

As a result, the following inequality is obtained

2.
|A1| an‘6+8“M5 A a 4m(2a5+5)

Y

(3424




b i SR

TR AR TN TN SR T W MR A T

T

2429

NACA TM 1324 21

The difference is estimated

'A,,l . ff______z.h
oy g 2522 + (a2 -
o

- &% - n%at & e
L0l “-)(. & ,zn_—_L',z e ,_/‘fr_;z £(k,n) VAZ - €2 - 2 ag an
Sg

On account of equation (3.46)

imal‘suf -lévaa-ez-nz dE dn
S R
2 )

But

2n
—1-"£§-2. 2 4gan = M.g - 1, _ .2
;[sz Sl quf 0% - 2ap cond + a2 Vﬁ;&p-d enyfzac - ¢
0 Ja-¢ a-¢
and therefore

|as) < 61(141/2&&

Thus for

A= Al + AZ
the estimate 1s obtained

4 53Af a a . 26°
| a] <2nM 5+3%+46V;+ﬁ+54,2a0

Asst;ming
e=95
yields
| a] < 24nM Afed
Thus
eal2_ 2 2 .00 o8 a
[ f 2a2ra f?az - 5; ; n;)?azfia;g)-aizd? 22 + R) N(o) + 061-5)

(3.47)
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where O{a) denotes a magnitude, whose ratio to o remains finite
when & approaches zero.

An estimate of the second integral entering equation (3.40) is
given:.

Ef(E,n) 4E dn

JZ(x ¥,2) =f

) : 4132_52_.“2 E:2r2+(32-€2-q2) (az-xz-yz-zz.g.ﬁﬂ
(3.48)

Again assuming &<a/2 yields

x
.M at 4 M pdp dd
|Jz'&: ﬁ#——-i z
5 a% - k% - q (r°2+62) cJo -\Pz-p (a2 - 28p cos & + p? + 82)

- e p dp

® Jo VoF - p24f(aZ + 02 + B2)2 - 4aZel

but

a-t a-¢
'——————————————E—QE———————_————-< jQF=g=gg--
ﬁ 1/&2 - pﬁl\'faz + pz + 52)2 - 43292 5 (az - p2)3

p=a=¢
1 1 1
a

ZoE| o Ve - &

a

a
pde [ _—pd
",2'2'\«2'2 2 - 4a2p@ 2 . p2

A a p 8t 4 p« + B acp a_625.6 o]

p=a
_‘Ya?-pz =‘\[2ae-52<'\[?
2ab 2ad 5’\/2—3

p=8a=¢

6¢¥e
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hernce

|J2] <

end for €= 9%

4 M

3.49
aAfad ( )

[T2i<

From equation (3.40) and equation (3.42), the followirg is obtained
on account of the esiimates (3.47) and (3.49 :

%U=_'\EN(6) x'\/l;z;a;cz-yz-zz+R+o(l)' (3.50)

In exactly the same way, there is obtained

aU L 2 - 2 - 2 o 2
_§=_‘\fa_n(9)y’\/; m;f -z + R o) (3.51)
Finally,
g_g - gl: £(g,1) & dn

But .

K . 22arc tan A+ ZA ':LJ, 2(s2 + x2 + ;2 + 22 - K)|
Sz a3 (1 + A2) | r3 rR(aa_xz_yz_zg+R)J

where

2]
A.=Maz _ E2 _ nzq/az - xe - yz _ zz +R
arAf2
Assuming z>0,

% ag an < 2x
r\
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ff —=< arc tan A+2 A21&,)f({,’q)uEd‘q‘Z(:t+l)M

hence

and therefore

ff f(E;ﬂLUE -~ §° - n° 4k d"l + 0(1)
2e

22 4 (a2 - £2 - nz)(l -x -y - 22 4+ R)

Again use is made of equations (3.47) and (3.42) and the fact that
for z>0

. z =-2%‘-'V§—a2+x2+y2+z2
a% - x* - y¢ -2z +R “

without difficulty:

2 2 2 2
glzJ=a X vyt 2 —RN(G)VR-E +x2 + y% 4+ 22 + 0(1)
nRa"\[_
(3.52)

From what has been said previously about equation (3.38) it is
evident that if

F(g,m,t) = £o(E,m) + £1(g,m) cos wt + £5(k,n) sin wt (3.53)

N(G;t) = F(E:n,t) uaz - gz - na Ak dn

52+n2+32-235c039-2a'q31n9

(3.54)
S

the following results

(% 24
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o xARE 2 E o Law
Sx ’\fz_rtzaR
g;__ﬂé ~x;_-_Jj'z * R No,t) + 0(1) + (3.55)

2 n“aR
Ly 1

&=—————-(az+x2+y2+zznﬁ)x

ZV'-Z. uzazR

AR - 2% + x% + y% + 22 N(o,t) + O(1)

N(6,t) + 0(1)

or, in the coordinates &, 6, a

-
1
g:!: . N(6,t) cos 6 Bin(-z- u.) ¢ 0(1)
nz‘VZab
1
N(6,t) sin 6 sin(3
av S a0 e n(a a) +0(1) (3.56)

oy = 7 <2 AfoE

s N(o,t) cos(%- a)
B = > + 0(1)
n""\IZe.b J

The computation of the suction force W, by equation (3.37) is

considered. An arc D'AB' of the circumference C is taken symmetrical
with respect to the x-axis with subtending engle 26p <n. For the sur-

face 0, the part op is taken of the surface determined by 2qua-
tions (3.41) for constant &, where 6 changes fron -6; to + 6p and
o from -x to +x and two bases; one of which, Gy, corresponds to

0 = 69 and the other, gp, corresponds to 6 = -6, vhere on these
beses 5 varies from O to 8; and a from -m to +x.

On the toroidal surface:

"cos(n,x) = cos @ cos & cos(n,y) = cos @ sin & cos(n,z) = sin a

N(6,t) sin(3 o)

n24f2e8

+ 0(1)
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Hence simple computation shows thet

%"/;f[(&)e . Gg)a N (%;’?] cos(z,x) 48 -"/;j gg .
) o
60 ¥ s )
-%‘_/ ‘/ﬁlz(o,t)co-ucoosdeda:/‘ ﬁ"z(o’t)“'eﬂinzéauh+
-8g U-X ‘ -oo /.

8
0\/%) = é\[‘ N”(6,t) cos 6 a8 + 0(4/5p)
o

In the same mauner, the integrals taken over the bases 07 and 0p
have the order 0(50) Hence if §; approaches zero, for the suction
force developed along the arc D'AB!, the following expression is
obtained '

)
£ N2(9,t) cos 6 46
2"3 ( ) )
%0

Now when 90 epproaches u/z » the required expression for the

suction force Wp 1is obtained in the following form:

n

= P 2 '
== / N (6,t) cos 6 d6 (3.57)

u-izL .

ool

The mean value of the frontal resistance is found. Equation (3.31)
shows that for the mean value of Wy

60 o 3
1 = - 2pc O Co a:l kﬂ’z) ;l (b 9 2]d.xdy

(3.58)
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In the swne way, for the mean value of the suction force

)

b

! |
W, = E";f Lnoz(e) +2 W2(0) + 3 nzz(e)] cos 6 d6  (3.59)
-5 n

ol

where

£ (k qﬁz- 2. ntazad
K (6) = k(&sn) E¢ - 0% az dn

(k = 0,1,2)
g 52 + qa +a - 28k cos @ - 2an sin 6 "
(3.60)
For the mean value of the frontal resistance
Wa=W -W, (3.61)

4, Example

If a plane wing varies its angle of attack periodically according
to the harmonic law so that the equation of its surface is

z = {By + By cos wt) x (4.1)
in the notation of section 1, tke2 following is obtained
Lolx,y) = Box E1(x,y) = Byx Ea(x,y) = 0
and therefore

Zo(x,y) = = cBg  Zy(x,¥) = - cBy  Zp(x,y) = - ckByx

(4.2)
Z(x,y) = 7y + 1Z5 = - cBy(1 + 1 x)

The function £(x,y) corresponding to this value of the function
Z(x,y) is determined by equation (2.18) where g(y) is the solution
of integral equation (2.19).

Consideration is restricted to the solution of the inverse problem
by assuming that

£o(x,¥) = ag f(x,y) = A + Bx
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vhere A and B are constant complex numbers and A, 1s a constant

real number and the shape of the wing is determined corresponding to
this function. By such a method it 1s poscsible to obtain aleo an
approximate solution of the direct problem of the nonsteady motlion of
& wing accordirg to the law (4.1) for the case of small frequencies of
vibratioa.

The forces acting on the wing are determined. For determination ol
the 1ift force P, use is made of equation (3.13). The foliowing rela-
tions are used

as are equations (3.5) and (3.26), ylelding without difficulty

P= -%{E Re (g- 1inkaS Ae'imt) +

oo
=

1

3 x
2
al [AO + Re(Ae‘m’t} cos v dr + —§ ad Re(Be‘i“’t) cos? y dy
1. g
2 2 "

or

2 oRe / 3
p = Spca® , , Spea® ReEe-mt @ nscaﬂ _ 408% g (pe-t0)
(4.4)

The moment of the pressure forces about the x-axis equals zero on
account of symmetry:

My =0 ' (4.5)
If the moment of the pressure forecss about the y-axis i;s determined

by equation (3.28) and, in addition to tve previously mentioned formulas,
use is made also of the formula

2 2 _ y2 _ 2 . & 5
f’E'Va EC - q dEdn--Em
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35
=8cje 5 «Ba-300t) _
M}' 3x Jis ™ Re(1sBe )
1. L.
2 2
ad [AQ + Re(Ae‘m’tglf cos? 7 dy - % a% Re(Be-10%) cos® y dr
14 L
2 2
or .
oo el dooe® b e-tot) o 4008 bl it (1o 3T g
My =-"3" R -3 27x 20
(4.8)
The frontal resistance is computed. First the suction force 1is
computed:

Ir

A=Al+iA2 .B=Bl+132
according to equation (3.53) °

F(g,n,t) = Ag + (A} + By&) cos wt + (Ap + BoE) sin wt

If equation (3.54) is applied and use is made of equations {3.5)
snd (3.26),

4 -
N(6,t) = 2na(Ag+A) cos wt+ Ay sin wt) + 3 m2 cos 6 (By cos ut+By sin wt)
Equation (3.57) yields without difficulty the expression for the
suction force:
P
Wy = ——=( 822 a2(A, + Ay cos wt + A, sin wt)2 +

-g 3 a3(Ag + Ay cos wt + Ay sin wt)(B; cos wt + By sin wt) +

64 2 / 2
= a4{By cos wt + By sin wt)®
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or

2
W2 = 1'%— .l.o2 + l A12 + !'- Aza + '§ 8A}B) + ¢ Msz + 35 27 2312 + ?‘7 azaza

(ZA&1+§M039 coamt+(ZAoA2+-§doBa ein wt +
(-;-Ala-%A22+_;mlnl- Moty + 4 aZp? - 5 2322)c01ant+

(Alka +ZeBy + § 5 AAzB; + -23132) sin ant (4.7)

The total frontal resistance is obtained by the equation
Ve Wp-W

vhere W, 1s determined by equation (3.21)

W =- 2pcff{§? + Re[(% + 1k1> e"i‘”t] % + Re(%-i e‘w"> dx dy
S (4.8)

For the mean value of the frontal resistance the following is
obtained:

Wa=W - W : (4.9)
where

2.
5] 4p8 2.,1,2 1,2 =x b1 4 o 2 4 2.2
Wzn-—en—(Ao +§Al +'§A2 +§aAlBl+EaA2B2+ﬁaEl +ﬁa32

(4.10)

W o= - Zchf Mg 8§o 1 Re[@% + 11@)%5:] dy (4.11)
| . 4

For determination of the functions s‘;o(x,y) and {(x,y) character-
1zing the shepe of the wing, equation (1.16) is used.

3t ~
-2 5?0 = Zo(x,y) - c@i + n;;) = Z(x,y) (4.12)
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vhere by equation (2.17, in this case

Z5(x,¥) = = Ag + go(y) Z(x,y) = = A - Bx + g(y)e-1kx (¢.13)

and the functions gg(y) and g(y) in this case according to equa-
tion (2.16) have the form:

&(v) = ﬁ x

-yt G .1 1
(x2 + y2 - a2) ° (a2 - g2 - 12)% cos 7 dy dx dF dn
J L (x2 + y2 + a2 - 2ax cos 1 - 2ay sin 1)(K2 + nZ + a2 - 2¢f cos ¥ - 2an sinT)
@ 1 J= R

- 2
8(y) hsu

il

Equations (3.5) and (3.26) yield

1

_ i&X(x2 + y2 - a?) (a2 - g2 - qal-é (A + BE) cos r dr dx 4F an
(x2 + y2 + 82 - 2ax cO8 v - 2ay 8in 7)(E2 + n2 + 82 - 22 cos v - 2ay eln 1)

-3
2

x
LS

ol

_cos y 4y dx 7
Nx2 + y2 - 2 (x2 + y2 + a2 - 2ax zos v - 2ay sin 1)

NEF 3
30(3')-:;'-2—0 r
J.-

x

N 3 b (4.14)

gly) = a2 /‘2 eik’(:\ + 2/3 aB cos y) cos y dr dx
e 1 X8 + y¢ - a2 (x@ + y2 + a2 - 2ax cos v - 2ay ain y)
o Jg o /

Integration of equations (4.12) yields
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Lolx,y) = 59 x - % S &oly) x + hy(y)

1B) 1 - e"iEX  4py
S(x,y) = é* k) tke " ke -

where hg(y) and h(y) are arbitrary functions of y.

(4.15)
w(y) xe 3EX 4 p(y) e-1kx

ol

The function go(y) was obtained iu reference 1, where, however,
errors slipped into the computations. Efetting

y=-acos 8 Hy) --}2— 8in 6 g,(- a cos 6) (0<o<~x)

(4.16)
gives in place of equation (4.22) of reference 1

“2 1 1+sin§'9 1 l-cos—z-e
Ho(e) =7 8in 6 + 5 sin O(ln i +36in 6fln ———} +

= \\ l1-8n<6 1+ cos< 6

2 2
1 1-sin%6 1 1-cos%9
cos 3 § In—————7— +8in 3 6 1n 7 (4.17)
1+sin§9 1+cos2

Hence setting ho(y) = 0 and Ay = ac in place of equation (4.23)
of reference 1 yields '

1 ln"v"z'E+ Ve+y2 1 /‘vaé’vrz

ox _Vr-«\/m ot \ A - AR-7

_ :yZa in AlZa - ARy lny‘ia - Ale -y
2n‘1la+y '\]2?+ B +y A"a-y Vea + Ala + y

3
Lolx,y) = ax{ 7 -

(4.18)

In particular for y =0 und y = + a/2 the following veluec are
obtained in place <f those given in reference 1:
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t(x,0) = u.x[ -3 ..nz('\/—-u; + ﬂ: ln(a\/-2_+ lﬂ'- C.7263 ax

QG‘:t %) =

3 1 2 1 2 2 ‘ 1
ax|= -— 1n%(2 3) -—= 1n3+—"= 1n{2+ 4/3)+- 1n 3|~ 0.9145 ax
L 2ne “V-) 8:12 ne’\ls @ ]

In the same way, the expansion given in reference 1 of the function
HO(B) in a trigonometric series in the interval 0$6E& n should be

replaced by the following:

si 2k + 1) ( 1 1
\9)=sin9<——)+z ME T & 5+"'+4k+1)

(4.19)
that is,
2
Ho(e) =\ Bak:-l sir(?k «+ .I.) ¢]
where
B = 0.9348 Bs = 0.1312 Bg = 0.0504
Bz = C.2667 By = 0.0736 5 00D 0 0

In connection with this, corrections should also be aprlied to
the numerical velues,which are given in reference 1, of the coef-
ficients DBp of the trigonometric series for the circulation obtained
by the usual theory

B = 2.2125 acu 85 = -0.0296 ace Bg = -0.0067 aca
B3 = "0»0934 aca B? = -0-0153 aca 2 e s s o

Hence for the 1ift force in plece of aquation (4.29) ofvrefer-
ence 1, the following 1s obtained:

Py = % roca B, = 3.4755 pcay
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vhich exceeds the accurate value by 36 percent. For the induced drag,
in place of equation (4.30) of reference 1, the following is obtained

Wo® 1.9350 pcaZe?
vhich exceeds the accurate value by 87 percent.

Corrections are made in the third example given in veference 1.
The value of the definite integral is:

1

2
arc tan dy-r%r - % 132@\[§'+ 1)
1 -
0 .

Hence in equation (4.52) of reference 1 the coeff}cient of
sin @ cos 0 is simplified and assumes the value -37¢/8, 1n equa-
tion (4.53) the coefficient of sin 20 was incorrectly computed;
its correct value is

2
82 = - 35~ + 32 = 014555

In this connection, the value of the coefficient B, should also
b=z corrected: '

By = -0.7436 aca®
For the induced drag and the moment of the forces about the x-axis,
in plsce of the values of equation (4.55) of reference 1, the following
is obtained:
W = 0.4343 palcat M, = 0.5840 pucut
the first gives an error of 140 percent; the second of 55 percent.

The shape of the wing obtained

1 1
2(x,y,t) = 7? X - = So(y) X +

‘
_ ir) 1 - e-ikx iBx 1 =
Re{ -t [QX + -E-) ‘%’ "k "¢ g(y) xe ib} (4.20)

depends on the frequency of the vibrations and is deformed during the
vibrations. The rigld wing is of greater interest.

It is possible with the aid ¢f the results obtained to obtain an
approximate solution of the problem of the vibrations of a plane cir-
culer wing for small frequencies of vibration.

62V
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The case is now ccrsidered of a wing varying its angle of attack
periodically according to the harmonic law (4.1), so that equation (4.2)
holds.

If
fol(x,y) = Ag £(x,y) = A + Bx

equation (4.2) yields

Z2o(x,¥) = - Ag + &(¥) Z(x,y) = - A - Bx + g(y) e”HX (4.21)
If
Go(y_) = 8._2 cos v 4y dx
%@ %2 +y2-al (x2+ y2+al-2ax cos y - 2ay sin v)
a2_y2 é -
) 2 elkX cos y dy dx
G (y) =
. n2 :Vx2+ y2-a2 (x2+y2+a2-2ax cos v -2ay sin yv)
az-y — n
6a3) = & E 2 G (e i
7@ :\/x2+y2 “a? (x2 + y2 + a2 - 2ax cos Y - 2ay sin r)
(4.22)
Then
go(y) = AgGo(y) g(y) = AGy(y) + BGo(y) (4.23)

In place of (}k(y) , their mean values are taken over the area of
the wing:

¢ a a a8
ﬂ-U\Mﬂﬁiﬁ%{[vﬂwh4ﬂ%[GNMM-ﬂw
-8 -a 4 -8

(a = 0,1,2) (4.24)
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If the frequency of the vibrations is assumed small, or more
accurately, the magnitude ka 1s assumed small, the expansinn

e'ikx-:.l-ixx-%'kzxz-. . .

may be limited to the first two terms.

From equation (4.21), the following approximate expressions were
obtained

Zo(x,y) = - Ao + Aolo

(4..25)
Wk o G
7{x,¥) = - A - Bx + {1 - 1k»;(AG) + BG,)
Comparison with equation (4.2) results in:
P
- CBO m = AC + AOGO
R d 4
-Cﬁl=-A+AGl+BG2
- cfyik = - B - 1k(AG, + BG)
wiaence .
P G
cBo By (1 + 21kGy) cpik(l - 2G;)
= ey = — > B= = == (4.26)
l-GO l-Gl‘FikGa l-G1+ik52

The following is computed

7T

a
Gp = ._2.2. Go(y) /\/az - y2 dy =’§( GO(- a cos 8)sin2 6 d6
ne '

-8, 0

But by equation (4.15)

gyi- & cos )

sin 6 Go(- a cos 6) = sin § — B = -’-t]-'é- HO(G)

hence, expension (4.19) is used, yielding

6g¥2
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n
. 2 , 2 (x? x 1 4
GO'?\[ Ho(@) 81n9d9-$<T- )E:E--—Z
and therefore
Go = 5 -0.4053 = 0.0947 A = 1.105¢Bq (4.27)

Equations (4.26) show that in computing El it ie sufficient to

use the ferms of first-order smallness relative to ka, while in com-
puting G, 1t is sufficient to use the principal term not depending

on k. For small ka the following results
~ ~ ‘22 l ~ ~ 2
G = Go + 1ikGyy + OQ; a mE) G2 » G2p + O(ka®) (4.28)

where Ell and EZO are the mean values over the area of the circle S
of the functions

2 os 1 dy dx
(y) =& L (4.29)
1 2 1 ,\/§2+y2—a2(x2+y2+a.2—2axcoer-2aysinr)
- -

n

AEVE 3«
2 ad coe”? 1 dy dx
(Jgo(y == 2 (4.30)
S xe ,Jx2+y2-32(x2+y2+32-2a.xcosr-2aysi~r)

In fact,
3x
Gl o GO = ikuu [ f G*(}C,y,",") dr dx dy
1 ,
Zn (4.31)
where
ikx . ] - “Aful - yo
e*(x,y,7) = (e 1 - ikx) cos A2 - y

q/;z + yZ - gt (x? + yZ + 8% - 2ax cos Y - 2ay sin T)
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The interval of integration with respect to x 1is divided into two
parts: fromq/ az - ;2 to 2a and from 22 to «., Since for a>0

Jela - 1 - 1a.|<a.2

in the intervai Va2 - y2<xg2,, | -1 - tkx]s (2ka)? and
tlierefore

"

I a q/az-yz '2 )
%I f r G*(x,y,7) dr dx dy| < (2ka)? Gy< 0.38k%a®
N

a U2a J% n

(4.32)

On the other hand, for x322a, |yl <a, n/2&v€ 3n/2 the inequal-
ity holds

2..,2_ 2.3 2

x“ + y% - %7 (x - 8 cos 7)2 + (y - & sin 1)25 x2

As

cos vy dr = -2

n

a
2
f 4/QE-;2dy=-n—g—eikx-1-ikx=coskx-l+i(sinkx-kx)
-8

the following inequalities are obtalned when, for clarity, ka is
assumed <1,

a 2a %n ° S y
2 6*(x,y,y) dr dx dyl< 4a2 - ;-cgsk.xdx+ kx - ein kx 4.
™~ 1 ﬁ,(a x o
-8 - - 2a 2a
2
-
238 - q -
.i;_kaf 2 cg““du+f-—‘l :;“au}
u
S"L 2ak o
»
2
az{/’ f ] 22
48%k! 1 2 n 4%k 1 1
€ —_— =~ du + — AUt v ) ———( = In — 4+ +
Vi 2u 3 '.‘lf VE 2l Tekta
5 1 Jzax 2 "

< 0.250%2 + 0.120%Z In (4.33)

“%H :ml (&]

-
wla




NACA T™™ 1324 45

Combining inequaiities (4.32) and (4.33) yields, on account of
| equation (4.31),

|G, - Co - 1kGy;|< 0.63a%k? + 0.12a%2 1n

from which the first of the estimates (4.30) follows.

In an entirely analogous menner, since, for «>0

2439

el . 1|<a

from the inequality

= 3 4a elkx _ 4 coazryag-zg{dxt'

G - . S ——
r o 020 3“3 f f

; LoJ Ui

x2 + y2 - a2 (x2 + y2 + a2 - 2ax cos 1 - 2ay sin 7)
the inequality is obtained

3 a - a - .
‘ - a2 / E‘W#geefjﬁu g2 . 2t
4 n xAfxe + - 8 n te - 1 R
g u-a 'Vaz-yz y -a J1

f which proves the correctness of the second estimate (4.28).

The integral (4.30) was considered In reference 1. The function
H) (6) of ‘reference 1 is obtained if

J 2
! —g:— sin 6 GZO{'a cos 6) = H, (6) (ogo6g )

For this function the expression was obtained (equation (4.36)
of reference 1 with the correction of the error appearing therein)
) 6

1 1

’ (l+cos— 6)(l+sin— 9)
i By(8) = -?,5 sin 61 - sin £ - cos &) + 2B 8 5y G G
i 2 2 2 1z 1 1

! (1- cos 3 6 (1- sin 3 6

(4.34)

2

E . | | 6 ﬁ]:cos%@)(l-sin%q)

sin 9 cos 6 lnta.n—+%ln 1 1
(l-cos-z- l))(l-i-sinE)J
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The expansion of this function in the interval O0<6<n in a trigo-
nometric series has the form

(W . )
Hy(8) = Z: Touep Fin(2k + i) e

k=0
where
2 x
2
rl=n--15—7-f ln tauz dx = -0.6931¢
0
Hence
x x
Gop = %Jo Gpo(-a cos €) sinZ 6 46 = %£ sin @ H,(6) 40 = %:-2- ] = -0.0468s (4.35)

The mean value G;; 1is computed. Iategreting (4.29) with respect
to v yields

o y x4 (y - a)8

1/32-}'2-
o x
Gy (y) = = \.[: W;j {' 2(x2 + y2) | 2(x2 + 32) ST (y + a)2

x(82 + xB + ¥8) opc jan2ltyf - afh o (4.36)
(x2 + yz)(xg + yz - 52) 2ax

If
nz
X = at ¥y = -a cos 8 — sin 6 G11(-e cos 6) = H(0)

then
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gin 6 2 Al
£(0) = _.sn@ ) n? __tcosd Crbooez e
\t% - sin? 9 | 2(t7 + cos? 0) 2(t% + cos? 6) * 124 4 it 3 6
- 242 2
£2(t2 + 1 + cos? ) t2 - sin? @
arc tan——7—— »dt
(€ + cos® 8)(t2 - s1in® ) at
Corputation of this integral results in
P P 1 G+ cos% 0)61 + nin% 8)
H(8) = x 8in 6(L - sin3 - cos ) + T 8in 6 In 1 T+
(1 - cos 3 8)6- |1n§5
1 Py 1+ ain% 2]
¢ 8in 2 Lntan:-ln—-—-——l— (4.37)
© 1+cos36
Further,
R bi

5 2 2 28
Gyp = ;J\ Gy1(-a cos @) sin® 6 a6 = If’ H(6) sin 6 46
0

The computation of the last integral leads to the result

~ a Jz 38
Gll=-z 31’(--§-+2

a
5im u du) = 1.536 2= 0.1556a

0 (4.38)

-

Thus for small Kka

Gy = 0.0947 + 0.15561ka o = -0.0468a (4.39)
Substituting these values in (4.26) gives
1 - 0.09361ika 1k(0.8106 - 0.311ika)

A= cB) 55053 - 0.2021m B = °PL T0.9055 = 0. 207k (4-40)
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Thus for small frequencies of vibration, to a first approximation:

AQ = 1.105cB A = (1.105 + 0.1441ka) cB;

B = 0.895ikcB;y : (4.41)

For the periodic vibrstions with small frequency, in accordance
with the law (4.1) of a plane circular wing, the previously derived for-
mulas may be used for the forces where the values Ag, A, and B hLave

the values just given. For the 1ift force, the approximate expression
is obtained from equation (4.4)

P = pcZal {2.81350 + B1(2.813 cos wt -1.766ka sin wf» (4.42)

The fluctuation in the 1ift force due to the vibrations of the
wing thus leads the latter in phase, the maximum value of the 1lift
force being greater than the value which was obteined in the computa-
tion for the steady motion.

In the same way, equation (4.6) leads to the following expression
for the moment of the pressure forces about the y-axis:

My = - pca® {1;473;30 + B1(1.473 cos wt + 0.867 ka sin wt} (4.43)

The component of the frontel resistance W; 1s determiued in the
given case by the evident formula ’

W = P(By + By cos wt)

W, = pclel {2.813[302 + 1.406p12 + ByBy(5.626 cos wt -1.766ka sin wt) +
1.4068,2 cos 2wt -0.883p;% ka sin ,?mt} (4.44)

The suction force is obtained from equation (4.7), restricted to
the first powers of ka,

Wo = pcal {1.554502 + 0.777812 + BoP1(3.107 cos wt + 1.888ka sin wt) +

0.777£12 cos 2wt + 0.944ka B2 sin m% (4.45)

'The following expression is obtained for the total frontal
resistance:
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W=W - Wy =p22u {1.259502 + 0.630B,2 + BBy (2.519 cos wt -
5.653ka ein wt) + 0.6203;2 cos 2wt -1.8278.2 ka sin Zr.ut\, (4.48)
' J

For the mean value of the frontal resistance

W = pc2al {1.259302 + O.GSOB]_Z} (4.47)
+he flapping wing is considered such that
z = BoX + By coe wi (4.47)
in this case
Zo(x%,y) = - By 2(x,y) = - 1kcp- (4.49)

Comparison of these expressions with equation (4.25) shows that
in the case considered it is necessary to take

‘ cBg ikepy (1 + 1kGp) KkZcBy Gy
Ay = ——= A= B = — —=— (4.50)
l-GO l-Gl+ik-§2 1‘Gl+ikG2
that 1s,
2 )

1 - ika 0.0468 k“cBy(0.0247 + 0.1561ka)

Ao = 1.105¢By A = 1keB) 57552375, 2021ka = T 0.9053 - C.2001Ka
(4.51)

or, by restriction to small terms of the second order with respect to Kk,
Ap = 1.105cBg A= ikcﬁl(l.lOS + 0.1951ika) B= 0.105k2cBl

(4.52)

for the 1lift force
P = pcal {2.81.’5,80 + 2.813kB; sin wt + 0.301k%aB; cos rn% (4.53)
J

and for the moment of the pressure forces about the y-axis

My = - pcZa’ {1.47330 + 1.473kp; sin wt -0.181kZ2eB, cos wt) (4.54)
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The component of the ifrontal resistance
Wy = PBg = pcla? { 2.813p0° + 2.813kBoP1 sin wt + 0.301kZaBopy cos wﬁ}
' (4.55)

The suction force will be, with an accuracy up to terms of the
second order with respect to ka:

W, = cac? {1.554302 + 0.777%2p, 2 -0.376ByB k% cos wt +
hY
3.10™-8,8: sin wt -0.777k€8,2 cos 2wt (4.56)
o1 1

For the total frontal resistance

W = pafc? {1.259502a -0.777k%p, % -0.29%8ki5hy sin wt +
0.677k%aByB; cos wt + 0.777k2p % ces 2w (4.57)

Its mean value will be
W = pafc? {1.259502 -0.7771:2912} (4.58)

s0 that a decrease is obtained in the frontal resistance as compared
with the wing which does not execute a flapping motion.
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