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THEORY OF WING OF CIRCULAR PLAN FORM™

Ad0D T VI SY

T ON Q¥

By N. E. Kochin

A theory is developed for a wing of circular plan form. The dis-
tribution of the bound vortices along the surface of the wing is con-
sidered in this theory, which hus alveady been applied in a number of
papers. In particular, the case of the circular wing has been examined
by Kinner in reference 1.

A second method is considered herein which permits obtaining an
expression in closed form for the general solution of this problem.
The wing 1s essumed infinitely thin and slightly cambered and the problem !
is lipearized in the usual manner.

Comparison of the results of the proposed theory with the results of
the usual theory of a wing of finite span shows large divergences,
which indicate the inadequacy of the usual theory of the case under
coneideration. For the wings generally employed in practice, which
have a considerably greater aspect ratio, a more favorable relation
should be obtained between the results of the usual and the more accurate
theory.

). Statement of the Problem

The forard rectilinear motion of a circular wing with constant
velocity c¢ 1is considered. A right-hand system of recteangular
coordinates Oxyz 1s used and the x-axis 18 taken in the direction
of motion of the wing. The wing is assumed thin with a slight camber
and has as its projection on the xy-plane & circle ABCD of radius a
with center at the origin of the coordinates (fig. 2, in which a section
of the wing in the xz-plane is also showm). H

et

z = §(x,y) (1.1)

represent the equation of the surface of the wing, where the ratio ;/a
as well as the derivatives J{/dx and 0Jf/dy are assumed to be small
magnitudes.

*"Teoriya kryla konechnogo razmakha krugovoi formy v plane."
Prikladnaya Matematika i Mckhanika, Vol. IV. No. 1, 1940, pp. 3-32.
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The coordinate axes are assumed to be immovably attached tov the wing.
The fluid is considered incompressible and the motion nonvortical, steady,
and with no acting external forces. The velocity potential of the
gbsolute motion of the fluid will be denoted by @(x,y,z) so that the
projection of the absolute velocity of a particle of the fluid is deter-

mined by the formulas

vx--?;-;vy-%; vz-?; (1..2)

The equation of continuity

ov. ov. ov.
—_— o el m
=ttt 0

shows that the function ¢ must satisfy the Laplace equation

a%; 2:; + gj; =0 (1.3)

At the leading edge of the wing the velocity of the fluid particles
is assumed to become infinite to the order of 1/4/8 where & 1t the
distance of the particle to the leading edge; at the trailing edge the
velocity is assumed finite. From the trailing edge of “he wing a
surface of discontinuity is passed off on which the furction ¢ suffers
a discontinuity. The function Q‘(r,y,z) enl all its derivatives over
the entire space bounded by the said surface of discontinuity and the
surface of the wing are continuous.

The problem is linearized in the following manner. The function Q

is assumed to suffer a discontinuity on an infinite half-strip § located

in the xy-plane in the direction of the negative x-axis from the rear
semicircumference BCD of the circle S to infinity. In the same
manner, the condition on the surface of the wing is replaced by the
condition on the surface of the circle S 1located in the xy-plane

and in this way the function ¢@(x,y,z) is assumed to be regular in the
region obtained by cutting the infinite~half-strip Z —and the circle S
from the entire infinite space.

The béunda.ry condition must be satisfied on the surface of the wing.

%:i =c cos(n,-x) (1.4)

6S¥2
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vhere n 1is the direction of the normal to the rurface of the wing.
The direction of this normal, because of the assumption of small curva-
ture of the wing, differs little from the direciion of the z-axis. If
small terms of the second order are rejected according to the formula

d
cos(n,x) = - 3& = (1.5)

ONO)

in place of equation (1.4), -

b

This condition must be satisfied on the surface of the wing, but
it is assumed satisfied on the surface of the circle 8, that is, for
2z = 0; this again reduces to the rejection of small terms of the second
order by comparison with those of the first order.

The boundary condition is obtained:

(.é!) = - 98 (x,¥) for x2 + y2 < a2 (1.6)
2=0 x

dz

which must be satisfied on both the upper and lower sides of the
circle S.

The boundary conditions arc set up which must be satisfied on the

surface of discontinuity Z. On the surface of discontinuity at the

trailing edge of the wing, the kinematic condition expresses the con-
tinuity of the normal component of the velocity, that is, the magnitude
av/Bn must remain continuous in passing through the surface of dis-
continuity. Since on the surface of discontinuity the direction of the
normal differs little from the direction of the z-axis, traunsfer of
the condition on the surfece of discontinuity to the half-strip Z,.
gives the equation

) :
(%!;)Fm ('a;)za_o for |y]< a; x2+y2>a2 x<0 (L.7)

vhich expresses the continuity of Jp/dz 1ir passing through the surface
of discontinuity Z. ~ - -

oy
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The dynamical condition expressing the continuity of the pressure
in passing through the surface of discontinuity Z 1s considered.

In order to determine the pressure p, the formula of Bernoulli is
applied to the steady flow about a wing obtained by superposing on the
flow considered, a uniform flow with velocity ¢ 1in the direction of
the negative x-axis. In this steady flow the velocity projections are
determined by the equations

0 9
Vx--'c+$; Vy-r; Vz-g
and therefore the formula of Bernoulli reduces to the form
- 2 2 2 -
e @ @i e
P 2 [( c x ¥ 32 cons- p (1.8)
Rejection of small terms of the second order results in
X -
p= + pC — 1.9
Po 5 (1.9)

vhere py 1is the value of the pressure at infinity.

Since the pressure must remain continuous in passing through the
surface of discontinuity at the trailing edge of the wing, the equation
obtained shows that 3p/dx does not suffer a discontinuity on the

surface of discontinuity. Transfer of this condition to the surface 2
yields the condition

&)

Z=

- (-b-’L) for |y < a; x2 +y?> a?; x<0 (1.10)
+0 ox z=-0
vhich expresses the continuity of O9/dx in passing through I.

The function ¢ suffers a discontinuity on the surfaces S

and , which means that along the surfaces £ and I, surface

vortices are located as shown in figure 2. The direction of such a
surface vortex is perpendicular to the direction of the relative velocity
vector of two particles of the fluid adjacent to the surface of dis-
continuity on its two sides. 1In particular, on the surface g, on

account of equation (1.10), only o9/dy suffers a discontinuity and

therefore the vortex lines on g are directed parallel to the x-axis
as shown in figure 2.

5¢%2
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o~

: Since all the vortices lie in the "xy-plane, at two points symmetri-
j cal with respect to the xy-plane, the vulues of 3¢/dz will be the same,
whereas the values of 9 and 09/dy will differ only in sign.

It may therefore be sesumed that
o(x,y,-2) = - o(x,y,2) (1.1)

Assuming in particular z = O yields

2439

o(x,y,0) = 0

in the entire xy-plane with the exception of the circle S and the T
strip £ (on which ® suffers a discontinuity).

Since on the strip § both condition (1.10) and the condition
* derived from equation (1.11) must be satisfied

- E)e = B

T
' ()

2=+0

( ) = 0 for |y| <a; x2+yz> az; x <0 (1.12)
z=-0

——

; Finally, since the fluid far ahead of the wing is assumed to be 3
undisturbed, the condition at infinity is i

e .

3¢ 39 L
lim §=11-$_*m-—=o (ﬁn)

x-ﬁbj X-> = Z =

In the hydrodynemic problem under consideration, account is taken
of the distribution of the vortices along the surface of the wing. It
is this circumstance which makes the treatment more ancurate than
the usual wing theory.

The hydrodynamic problem is thus reduced to the following metie-~
matical problem: To find a harmonic function ¢(x,y,z) regular over

* the entire half-space 2z > 0, which on the circle S satisfies the
condition

. 1) L
: | (3; IEEES - (1.14)
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on the strip I , the condition -

(%5)2.0 -io - (1.15)

on the entire remaining part of the xy-plane, the condition

N o(x,y,0) = 0 - (1.16)

and the deriwatives of which remain bounded in the neighborhood of the
rear semicircumfererce BCD, while in the neighborhood of the forward
semicircunference BAD they may approach infinity as -1/4/B where 8
is the distance of e point %0 the semicircumference BAD. Flnalliy
the condition at infinity (1.13) must be satisfied. _

An expression for the harmonic function o(x,y,z) is given in
closed form depending on an arbitrary function f{x,y}  satisfying all
the imposed requirements besides equation (1.i4). The function {{x,y)
can b2 determined from this condition, that is, the shape of the wing
corresponding to the function £(x;y). An integral equation is also
given, the solution of which is reduced {o the determination of the
function f£{x,y) for the given shape of the wing, that is, for a
given function ((x,y).

2. Derivation of the Fundsmcntal Equation

Toside the circle ABCD, the point Q with coordinates E, n 1s
taken and the function K(x,y,z,E,n) constructed, where Xx,y,z are
the coordinates c¢f the pocint P, according to the following conditions:

(l) The function K, cousidered as a function of the point P, is
a harmonic function outside the circle ABCD.

(2) The function K becomes zern at the points of the plane xy
lying outside the circle ABCD.

(3) The derivative OK/dz bVecomes zero at all points of the circle
ABCD, except the point Q.

(4) when the point P approaches the point Q, remaining in the
upper half-space 2 > Q, the function K increases to infinity but
the difference X - (1/r), vhere

Y R

rerains bounded.

6ev2
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5) The function X remains finite and continuous in the neigh-
barhood of the contour C of the circle ABCD.

Because of the second condition, the values of the function X at
two points situated symmetrically with respect to the plane xy differ
only in sign:

K(x,7,-2,€,0) = - K(x,y,2,E,7) . (2.1)

as follows from the principle of analytic continuation. It is then
evident that if the third condition is satisfied on the upper side of
the circle ABCD it will ve satisfied also on the lower side, since
according tc equation (2.1) the derivative oOK/dz has the same value
at two polnts situated symmetrically with respect to the xy-plane.

It is evident further that when the point P approaches the point
from below €0 that z< O then K(x,y,z,E,q) will behave as - 1/r.

Becsuse of the third condition, the function K can be continued
into the lower half-space througlt the upper side of the circle ABCD
as an even function of 2. Thus a second branch of the function K is
assumed, again determined over all the space outside the circle ABCD
and differing only in sign from the initial branch of the function K.
It is then evident, however, that at the points of the upper side, of
the circle ABCD, the values of the second branch of the function K
and its derivatives coincide with the values of the first branch of
the function K and its derivatives a% the points of the lower side
of the circle ABCD. That is, in the analytic continuation of the
second branch of the function K through the upper side of the circle
ABCD into the lower half-space, the initial branch of this function
is again obtained. =

A two-sheet Riemann space is considered for which-the dbranching
line is the circumference ABCD. 1In this space K(x,y,z,E,n) is e
single-valued harmonic function remaining finite everywhere with the
exception of the two points Q having the same coordinates (&,1,0),
but belonging to +wo different sheets of space; in one.sheet the
function K b -ves near the point @ as 1/r and in the other sheet
as = l/r. Such a function K(x,y,z,&,n; ~an readily be constructed
by the method of Sommerfeld (reference 2). In this way for the case of
a two-sheet Riemann space having as branch line the z-axis, a harmonic
function V(p,9,z) (p,P,z being ihe cylindrical coordinates of
the point) is determined which is singlas-valued and continuous in the
entire two-sheet space with the exception of the points Q and Q'
having the cylindrical coordinates (p',9',z') and (p',~¢',2'),
where near the point Q the function V. bphaves as 1/r and near
the point Q' as - 1/ , where

r anz +p' - 20p' cos(® - ¢') + (z - z')2

r' =\/pz +p'2 - 20" cos(® + 0@') + (z - 2')2

i
3
¥

g —-
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This functicn V has the form:

Vu-ﬁarct a"‘»—uct&n’""’t\
5Ja-—‘t g~

wvhere

0-——,{(9+D)2+(!-z)?“r-cou’2’5'r'-con’z’

2+/op"

8etting, in particular,

' =x; r-«’pz + p'z + 2pp' cOB @ + (Z - z')f

yields
2 c+t 2 <
V = — {arxc -arc tan o — t
- ' tar)’o - ﬂ_a.rc an:/-T—!o —
or finally

Z-Jpp' sin %

r

V = —arc tan
nr

An inversion with respect to the point with coordinates p = a,
¢ =0, 2=0 1is carried out.

Zaz(xl - a) 2;2(51 - a)
p cO8B @ =8 + 3 - p'=a+
(x; - a)2 + y,2 + 2,2 (£ - a)2 + ¢,2
oll2 2
2a”y 2a%z
X, - °)2..+ ¥12 + 2,8 (x, - a)2 +‘y12 + 2,2
2
0 = 2a §1

(&, - a)? + C]_a

The tunction
‘ 2
s My 2a°V

i —— ]
h’(xl - 8)2 + y 2 + 7,2 ‘V (B) - 8)2 + 52

6Sv2

et o o mo——




NACA T 1324 59

Ay T - W

expressed in the variables x;, y;, 2; -1is then, as is known, a harmonic
U function. Computing it and replacing X3y V1* %1 by ¥, 2z, x and !1,51
by N, £ yleld the required expression of the function K(x,y,z,E,n):

\/32 -E2 g2 ﬁ,aa - x° - yz - 22 4+ R (2.2)
+2 ar

2
K(x,y,2,E,1) =~ —arc tan

2439

valid for 2z > 0, where

rad(x-E)2+ (y- n)2 22 :
(2.3)

R _Waz - x® - y% - 32)2 4 4420 _,V(az + 22 + y? + 22)2 _ 4al(x? 4+ y©)

That this function satisfies all the above set requirements is
casily verified; the arc tangents must be taken between O and x/2;
for z < 0 tke value of the function K is obtained by equation (2.1).

The following function is set up:

wl(x,y,Z) = El; \r‘r K(: :Y:Z:E.v'l)f(E:n)dEdﬂ (2.4)
S

vhere f(x,y) 4s an arbitrary function, which is continuous together
with its partial derivatives of the first and second order in the entire <
circle S, and the integration extends over the entire area of the

circle 8. Evidently, Ql(x,y,z) is a harmonic function in the entire

space outside the circle S. Because of the first property of the
function K, the function wl(x,y,z) becomes zero at all points of
the plane xy which are outside the circle S. Hence equations (1.15)
and (1.16), which must be satisfied by the solution @(x,y,z) of the

problem posed in section 1, will be satisfied for the function ¢1(x,y,z). '
The function ml(x,y,z) does not in general satisfy the condition cf ’
the finiteness of the derivatives of this function on the rear half of |
the contour of the circle S. For this reason, a function such that ;
the obtaiied function @(x,y,z) also satisfies this conditicn is added

‘ to @ (x,y,2).

. ' The following equa%icn is evident:

3‘1’; 1 f 3K
5 R ey &2 - 1z, a
Se o o JS E (%, n)aEdn
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The character of the approach of the function oK/dx to infinity is

considered as a point approaches the contcur C of the circle 8. As
may be easily computed

PN IO, ISR L (P R P
X..2 , L

- ‘ -

2+/2a Na? - EZ - 12 Afa? - x2 - y2 - 22 4+ R =& x
. {2.5)
If a point with coordinates x,y,z 1s near the contour C of the

circle & the distance of this point {o the contour C 1is denoted
by B; then B

® -Va2 +x2 +y2 + 22 - 2aWx@ + y2 (2.6)

Hence nea:r the contour C, the approximate equation holds:

-

R ~ 2&6 (207)

When the fixed point E,n lies inside the circle 3 while the
point with coordinates x,y,z 1lies near the contour N of the circle,
then, as follows from equation (2.5),

oK ZxVZ 2 ZVZ 2 2 2 ’
= - a® - - a®” - x® « y* =2 + R+ 01 2.8
o -'-‘Cz—“ = 3 n 1) (2.8)

where the symbol 0(1) denotes a magnitude whick remains fiuite when

8 approaches zero. Thus OK/dx has the order 1/4/6. The principal
part of 0K/dx 4s not a harmonic function. It is not difyicvlt, however,
to find a harmonic function having the same infinite part near the
contour C as OK/Ox. For this, it is sufficient to forr, after the
analogy of equation (2.5), the derivative OK/OE; this derivz :ive
remalns finite near the contour C of the wing; moreover it is easy

to see that

x LXK _ 2+/Z a\/a2 - x% - y2 - 52 + R _
x "% " [0 + (a2 -£2 - 1%)(a2 - x% - y2 - 2% 4 R) ]
[z T2 2
{x‘\’a - E¢ -7 . 11 } (2.9)
R yer -gZ - nf .

6£¥2

I |
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This function is harmonic and differs from 3K/dx by a quantity
which remains finite near the contour C.

By computation, i1t ia further shown that the functior Juat described
is represented in the form of the *:.legral

2
%5*%%".1:/2.!: Va2 - 22 - n2ofa - x2 - 2 .sl. % cos v oy

(x2+ 3%+ 2%+ al-2ax cos v-2ay sin 7)(E% » 4t 4 al- (2.10)

2af cos v~ 2an 3in 7)

vhere the function ‘

) Vsa-xz-yz-zzi-R

x2+y2+za+a.2

« 2ax cO8 ¥ -~ 28y 8in 1

is a solution of the equation of Laplece having the circumference C as
the brenching line and the point with coordinates (a& cos v, & sin v, 0)
as a singular point. From this it follows that the function

x, 1 J‘-lz n29e2 - x2 - y2 - 22 » R cor 1 dy
x ,2.\/5

(x +y ¢ 2% & a® - 2ax cos v - 2ay 818 v)(E% + 72 + a% - 2af cos v - 2an sin V)

- F(z-‘lzft-x- yZ - 22 + R cos y dr (2.11)
Bt 1\/E (x 4)201201-Zucorr-ZIyainr)((z&q2¢nz-h(colr-2l'|l1nr) '

remains finite near the ﬁainfs of the rear semicircumfe;ence of the

* ¢cirecle 8.

Therefore it is assumed

- )

.
=" JJ f(E.n)\;*r
5 -9

]

Ala? - B2 . n24/a? - %2 . y2 - 22 + R cos 1 &y ar &
X+ +2l+al -2 = Z 2. 2. & gdan  (2.12)
2° + &% - Zax cos v - Zay sin v)(E° + 0 + 8¢ - Zaf cos v -_2an sin 1)

'
Milﬁ“‘
A
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Integrating with respect to x and considering the condition at infinity
(1.13) yield the final equation -

*(x,y,2) = }l. ffr(to!)(x(lnh':(ﬂ) + -

ﬂ
f R SRS " *Roaydygy = )}d( & (2.13)
-

(x2+y2+22+a2-20xconr-2aysiny)(i2+n2+a2-20gco8 7 -2a08iny

~— —

Nlﬁ

This equation may be written in somewhnt differé;it form. Because of
equation (2.11) —

é:..Lffﬂ*_ et an « —
]

NoZ - 2 - n2qa? - 2% - y2 - s 4 R con v oy
{3 2(g,n)ag &
ffj:z(.f+yz+.24.2.zueo-r-z.,un,)(;z,,‘..‘.z_z‘zc“r_z.““nr) (tn)ag an
8 -2

Since the function K becomes zero on the contour C

J"f X e(eg,n)agan = - ff x—dsdn (2-14’)

Introduction of further notations

_ - no
2 - 12 £(E,7)dE dn = G(1); ot F(E,n)
,/' U za + n2 + 82 - 288 cos v - 2an sin vy

(2.15)

results in

%L? =§1; J;f K(x,y,z,E,n)F(E,n)dE dn +

n

Z
f ‘\/a - x2 - - 22 + R 6(y) cos v éy (2.16)
n

x5+y2+zz+a2-Zaxcosr-Zaysinr
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and after integration with reepect to x

X
' " 9 (x,y,z) = %f‘r‘]‘ K(x,y,2,E,n)dx F(g,n)dE an +
S +=

.S

X

2 2 2 2
a% « x¢ - -2°“+RG co8
3 Y Yy (r) Yy ar  (2.17)
x* + yz + 22 + a% - 2ax cos Y - 28y 8in ¢
n
2
The given fun.-ions F(g,n) in the circle S and the function

G(y) 4n the interval (-x/2, #/2) completely determine f£(g,n), o
that the equations (2.13) and (2.17) are equivelent.

The equation ¢(x,y,z) obtained satisfies the conditions imposed
in section 1.

This function is evidently & harmonic functicn in the entire space
exterior to the circle 8 and satisfies the ccnditions at infinity,
equation (1.13).. From equation (2.12) it follows, that in the plane xy

for x% + y2> @2 the condition is satisfled:

(-a-?) =O\‘
e o -

and from equation (2.13) it follows that —

®(x,y,0) = 0

in that part of the plane xy which lies outside the circle S and

~ e

the strip 2.

It remains to prove the finiteness of the first derivatives of
the function o(x,y,z) at the points of the rear semicircumfercnce C
and to determine the behavior of these derivatives on apprcaching the
points of the forward semicircumference C.

In considering the neighborhood of ‘he rear side of the ciroum-
ference C, equation (2.16) may be used. The latier shows that 3¢/0x
remalns continuous at the points of the rear half of the circumference C
and becomes zero at these points.

The behavior of the derivetives with respect t@ y and 2z of the
Tollowing function is considered:
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&(x,y,2) = ffK(XrY:SrE:ﬂ)F(E:ﬂ)dEdﬂ (2.16)
: -

near the contour C.

% oK -
Fl J;fg;r(e.n)dz dn (2.19)

Similarly to equation (2.9),

x X 2ay/EYa% - 2% - ¥ - 22 ¢

-B_y-+an :[hzrz_*(52_52_,‘2)(.2_.:2_:’2_22*5]

y\a2 - £2 - 97
R + ‘V'r'a _,,'lrz N‘—Qn {2.20)

and similarly to equation (2.14), -

| ff%’; F(E,n)dE dy = - ffx%%dg dan (2.21)
" s . s

vhere this part of the integral remains finite everywhere and on the
contour C becomes zero.

In order to evaluste the remaining part of the integral equa-
tion (2.1S), the fcllowing “wo integrels are considered:

\
No? - k2 _ g2 aE 4y
Ji(XYs2 ’ff‘ Py
1(”) ) za?,r2+(32-52_112)(,2-3;2-3,2_2:.4,3)
> (2.22)

8

dz g
Jz(x,y,1) ~ ff -
o o — [?az,.z+(uz_zz_nz)(az-xe_,,z_,z+n):|J

Both, on accourt of the symmeiry, drpend only on %2 + y2 and z;
hence without restricting the generality. it may be assumed that y = 9,
x > 0. The distence 5 of a puint with coordinates (x,0,z) is
introduced to the contour ¢:

>
(V)

6
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8 -‘V(a - x)2 4+ g2
Since
R 2 |x2 + 22 - a2|
the following relation will hold:
—
' 2
N Jl(x,o,z)s f f : a- ~E- --n° dEdy
SJ 2a2|(x - E)2 + 12 + za]
Polar coordinates are introduced -
E=pcosd; n-psinO
- vhence B
k] 2 -—
v . Jl(x,o,Z) ' 4 dp dé
Zaz[p - 2px cos & + x2 % zaT
+' Since =
; 2n
: f — d& - 2,(‘
2 _ 2 2
r o p 2px cos 9 + x* + z2¢ (p2+x2+za)2—4pzxa
hence
a2 . 2
! Jl(x,o,z)< YeZ - % 4
’\J’p? + x2 + 28)2 o 4p2 x2
For x2a

a
Jy NG + 22 - 462 22

- - a
n p¥a? - o¢ dp ¢ pdp __ _
: - of e AaZ - o2

2
=
a x2

agge

- -
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While for x € 2, use is made of the inequality

R> a2 - x2 - 22

to obtein v
2 2 2
a’ - - n° dgdy
7(x,0,2) € 2 f ==
2 Vg .z[

x - E)2 412+ 12)+ (a2 - g2 - 12)(a2 - o2 - 1)

6sv2

- 2a2 xp cos # + p2(x2 + 22)

ﬁf ghfa” - o dedo (2.23)

< | eNnt-p? 9 ¢ n pdp _ _x
a

- - :
; 4 _x2,2 .r'_' *
The following inequality results: )
) 3y(%,y,2) €= (2.24)
1 x’y.‘ z a ¢

The second integrzl is considered. As berore,
a

n
JZ(x;O,Z) € ;z r . 2‘9‘""(1‘; -
Lié A/; - 02 N2 + xC + z2)2 . 4p2%C

For x 28 == . -

a?(xrorz)'ﬁ E;f p _do = *{.‘.3. p do = b
ot o V(nz - g%) &n +42)2 4+ 22] [(p - xi% s zz] e o 4!12 - pZV(u - x)2 4+ g2 a%s

Fcr x€ a an inequality of the type in equation (2.23) 1s used:

p dp
‘\((az - p"ﬁ)[a’L + p2(x2 + z2) + Zazxp]{af- xp)2 + pazZT |

»

p dp

Jp\%.0,2) < x

het
< =
z n-_- ™
: Jo (a2 = D) [(e? - x0)7 + 220] o
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If z 2a - x and therefore 83& 21/-2‘, then -~

- 2 . g2
Jp(x.0,2) €=~ | —L— . el
- ) Aazo 2 BB g

but if O €z €a - x, and therefore 5<€ (a - x)+/Z, then

n dp x dp
J2(x,0,2) €= 0 <— 0 S /2
a

(a2-xp) Va2 -p2 & 5 (a-x)VaZ-p2 aZ(a-x) £a26

2439

. The following approximation is obtained:

JZ(XrY;z) <€ -

n
. a.zb-\fz-'

(2.25)

where

5 -V(a. -\‘xz + y2)2 4+ 22 | (2.26)

Near the contour C

R = 2at ' (2.27)
If this relation, the evident inequality

z ‘laé-xz-yz-zzlsfi

and the obteined approximations are used, the following approximation
is obtained from equation {2.20):

ff (-a-l*{ + % F(g,n)ag an) = 0 6"5) : |

' it is evident from ejuations (2.19) ard (2.21) that near the
. contour €

; Sne -..-> (2.28)

e 3 e Al p il SR el S e
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The following derivative is formed:

%3' £fgl:r(6n)dzdn

But
éls--gi;arctanA-’-.z.._—L- __z,.?‘,, z(az"'x2+lz+22-RL
oz o m14+a% | iP(82 - x2 - y2 - g2 4+ R)

where '
2
A= Mol - k2 - 124/a2 - x2 - y2 - 22 + R
ar-/2
Hence 1if
IF(ENI)"M

then, on account of the inequality -
A_ ¢l
_ 14+ A2 2

for 2z > 0 the approximation results: - =

2o [50
az’ M Sf;s Edn +

2~/Z azM(al +x2 +y2 + 22 - R) ff No?-r2- 12 dgay
RAfa2- %2 y2_ 224 R U 20%r2+ (a2- K2 - q2)(aZ-x2 - y2- 22+ B)

Noting that

ff.;% ax dn < 2x

]

and making use of approximation (2.24) yield

(:34 (4
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z(a® + x® + y* + 2 - R)

Ié_’
Or RVaZ - x2 - y2 - 22 + R

8ince for 220 3

£ 4xM+ 2 M

z . £A/R - (a®- 2. y2 . 42) . A/R- a2 +x24 y2 4 32
j\/az- x2-y2-22+R Axe- (a2- x% - y2 - 92)2 Za
hence
g—‘ ‘4m+3§‘(az+xz+y2+zz-R)Vl;-na+xz+y2+zz,
) .

Fov vhen the point P(x,y,z) 18 near the contour €, then because of

Re 228 ; Ixz+y2+zz-32|<lt

g—: =0 (-5&) | (2.29)

Equation (2.16) it again considered. Since the derivatives

there is obtained

%V‘z-xa-yz-22+R--I\/32-12-;12-z2+n]

_a_v;_xz_yz_22+R_z£32+x2+y2+22-3'} }(2-50)
oz R'\/az-xz-yz-zz+ﬁ

1
— fml 2 2 2 . - ad 2 2 . g2
=oon (8% +xf 4y 42 R)‘\/R ac + x% 4 y& + 2 J

have near the contowr C the order 1/4/6, it is clear from equa-
tion (2.16) and the obtained equations (2.28) end (2.29) that at the
points of the rear semicircumference of C there 1s the estimate

-?-::;—’; -'.o (—j_;) ; %;—gz- = (—j;) _' (?-31)
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But is 18 then evident that the derivatives /dy and J9/dz are
finite at the points of the rear eemicircumference C.

The behavior of the derivatives of the function @ near the for-
wvard semicircumfersnce C can readily be determined, starting from
equations (2.12) and (2.13).

The fivst of these equations may be wixitten ia the form:

3
x
o L L £(g,n)dg an - ¥a2- x2- y2- 22+ R 0(y) cos ¢ -
2

_ s - (2.32)

But on the one hand; the estimate =
3K ' 1 -
[ I3 semazan=o (—-)
ox _
8 _ .,/6

holds for the neighborhood of 4Le entire contour C; on the other hand,

nn the forward semicircumference C, the second integral of equation (2.32)
evidently remains finite.  Hence for the forward semici¥cumference C the
first of the estimates is obtained

"~

o) 3 B e

while the latter two of these estimates are obtained in & similer manner
from equation (2.13).

In this mauner all the conditions which must be satisfied by the
function @(x,y,z) are satisfied.

The shape of wing to which the obtained sclution corresponds is
explained. By equation (1.14)

) d o9
¢ 3& == (-a'; (2.34)
z=0 ¢

Hence it is necessury to find the value &p/az in the plane of the
circle S. Both sides of equation (2.13) are differentiated with respect
ta z and then z set = 0. On account of the very definition of the
function K, ‘

6sve
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1
. 12 f 5 f(gsn)dgdn = Ltm f f 57 f(E,n)ag an = - 2xt(x,y)

(2.35)

-
.

P At gy 0 4 6

Moreover, on account of equation (2.30), _
0 for x¢ + y2 < a

Qi .2 .42 -2 +R =
ii:o 5;\ﬁ‘ SR 22 for x2 + y2 > al

Nx2 + y2 - o2 g
G

T

|

2439

Ifr ﬁhis is8 taken into account,
] (%9) = - £(x,y) + &(y) (2.36)
27250

where

s .

Nz - i

; aly) o 2 ff Va_- (E < ¢ cos yr{E,n)er dx 4 4y !
J Wt e g5 - aC{x% ¢ % + 4% - Tax o8 v - Zay 630 7)(EZ 4 o > T - 207 con v - 2e% 0in ¥)

(2.87)

J For the function {(x,y) the foliowing expression is found:
x

tton) =2 [ toovex - B x4 gy (2.38)

0

vhere g;(y) 1s an arbitrary fuaction of y.

Thus, for the assumed degree of approximation, the bending of the i
wing in the truncsverse directicn produces mn effect on-the form of the
flow.

my SN aaite 4]

) It is assumed that the shepe of the wing is given, that is, the
i f functicn g(x:Y) and therefore the following functiun-are given:

-
‘N %X - M(x,y) (2.39)
| x0T
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From equations (2.34) and (2.36) it is clear that

f(x,y) = M(x,y) + &(y) (2.40)
Substituting thie valuz in equation (2.37) and 1ntrod4c1ng the
notations
) - ;Eg . .
e f AT s e i
'I;zo - ad(xPs gt 4+ ot . uxmr-!ucur)((*oqton" taf coc v « 2ay oln 7)
(z.42) N
2(yen) = é n -
¥ 3f P eosyerasag ‘ »

sz¢y=-nz(x!oy?-vnl-uxcocr-hyour)((zoqzbn!-h(eour-hqunr)

give an integral Fredholm equation cf vhe secord kind for the determi-
nation of the function g(y):

a

g(y) = N(y) +f H(y,n)e(n)dn (2.42)

-a

In consideration of examples, a function f(x,y) shall be glven
and the shape of the wing then determined by equation (2.38). For the
obtained shapes of the wing it is not difficult to find a solution by
the usual theory, a fact which provides the possibility of evaluating
the degree of accuracy of the usual theory.

3. Computation of the Forces Acting on the Wing

The fundamental equation determining the motion of the type under
consideration is recalled:

e(x,y,2) = El; f\r{h(xn."ﬁv[’“) + .2:/'5.
3n 8

(s.1)
’ ’ N - €2 - nZyaZ . 22 - y2 . 27 + R cos y Oy dx
2 2422 0a? - £(E,n)agan
bt (x2 « y2 + 22 + a” - 2ax o8 v - 20y 810 y)(E2 ¢+ 7 ¢ 82 - 2af cos y - 281 8in ¥)

ool
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The velue of the function @ for the points of the haif-strip Z
is computel. Since at the poirts of the half-strip 2

oe
=" °

9

this value is a function only of y. The notation is introduced

243

¢(y) = 1im @(x,y,z) for |y| <a, x¢ +y- >g2, x<0 (3.2)
' 20

Then evidently
lm ¢@(x,y,z) = - &(y) for |y| < a, x2 + 32> a2, x<0 (3.3)
* z+-0 . .

The circulation over tbe contcur M'RM (fig. 2) connecting the
two points M and M' of which point M' 1lies on tbe lower and point

M the upper side of the half-strip Z, both points M and M' having

the same ccordinatee x,y,0, is deno 2d by I'(y). It 1s then svident that

C(y) =@ (M) - $(M') = 28(y) (3.4)

Since in the plar(e xy outside the circle 8 both the function K
and the funstion , -

" AfaZ - x2 - y2 - 22 4+ R

tecome zero, it is clear *hat

<=

&(y)
(.5)

ff afa - (2 . n¢alr2 - x? - y2 f(k,n) cos v dy dx Ak dy
2 7 (x2 +y2 + a2 - 2ax co8 v - 2ay 8in y)(¥2 + 2 + a2 . 2efcos ¥ - 2nn ein 1)
-~y _




‘bl

RACA T 1324

3

74 -

Computation shows that

f s { m } . g
22+ y2 +al - 2ax cos v - 28y 8iny festay-y| = ’:
AhZ2
vhere the plus sign is taken for y < & sin y and the minus sign for '
y> asiny. g
= ©

The following expression is written for the distribution of the
circulation in the vortex layer formed behind the wing:

Ny) - - 'J - w2 £(x,n) [W'} -,
’ ?fff (@« ne Zl(eolr-hnunr)l lastary-y| 1p cos v ar d gy (3.7)

The forces acting on the wing are computed. Denoting by p, the : 2
pressure at a point of the wing S on the upper side of the wing and
by p_ the pressure at the same oint on the lower side gives on the

vasis of equation (1.8) R
P - By = - 200 22 (.8)
ox
vhere the value of Bq/ax is taken on the upper side of the wing.
" For the 1ift force P, the following expression is obtaired:

~a2y2 K
ff(P-'Po)dde"zpc‘ff dxdy--Zocff %dxd,y
-a U,/p2, ¢ . A

-- Zpef [o(‘\/m2 ¥2,y,0) - o(- 'Vaz .y,O)]dv - Zocf o(y) ay 6,.
-2 .

The following formula is obtained:

P = pc f r(y)dy (3.9)

O -]
- % a

N v
'
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having the same form as in the usual theory of a wing of finite spsn.
But the distribution of the circulation TI(y) by the present iaeury ie
somewhat different from that obtained by the usual theory. The derviva-
tion given is not connected with the shape of the wing.

With the aid of equation (3.6) P may be directiy expressed through
£(&n):

3n
vg
- Zosg oz -gz-nzt S8 LT ar dn (3.10)
x2 J:f A (bu)ﬂ E2 4+ 92 + a2 - 2afcon v~ 2an Winy £

2

The expression for the induced resistance W in torms of the
circulation I‘(y) likewise has the same form as in the usual theory:

Ve —-J" f r(y) dr(" ) 2 = &y’ (3.11)

-a -8 y-v

because the origin of the induced resistance is due to the fact that
behinc the wing & region of disturbed motion of the fluid is formed;
the kinetic eneigy of this JUisturbance is determined on the other hand
exclusively by the distribution of the circulation at distant points
from the wing.

The expression for the induced resistance is obtained from the
momentum law.

==

A surface enclosing the wing S8 is dennted by 35; the momentum
law applied to the wing in a steady flow then leads t¢ the expressinn

W= ff p cos(n,x)dc + fj‘ ande; (3.12)
B B

wvhere n 1is the direction of the outer no=mal to the surface B and
Vys Vy, V, are the components of the velocity in the relative motion

of the fluid about the wing. Thus

J
Vx=-c+£; V, = - ¢ cos(n,x) +

ey on 2 2[(2F (2 - @]

!

~ .
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Substituting these values in the prec¢eding formula and not!ng that

f‘rcos(n,x)da-o,:ffgdano
B B

results in

1L @ e o [ 2E 2 o (5.5

The surface B consists of & hemisphere of large radius with
center at the point x = x5 < -a of the x-axis enclosing the wing, and

of the circle cut out by this hemisphere on the plane x = Xg- With

increase in the radius of the hemisphere to infinity the corresponding
parts of the integrals entering the preceding formula apptroach zero. On
the swuxface Xx = X,

¢ cosln,x) = = 1;

" _J"J" [av‘z (gg an (g)z]@ az (3.14)

vhere the integration extends over the entire plane x = Xye For
Xg* - the following equation is obtained:

We B f'f[g ) (g:) ]dy az (3.15)

where &(y,z) denotes the velocity prtential of the plane-parsliel
flow which 1s established in the transverse planes far behind the wing.

¥g

_ 29
x

therefore

The usual transformations by Green's furmula yield

. -
. W= =p f #(y) -g—f dy >, (3.18)
-a

wher~ the integral is taker over the upper side of the see;me t (-a,a)
in the plane yz. =

S1 ‘ "y
nce Fy) = 28(y) 5 §= él;f g_rj%_z . (3.17)

equation (3.11) is obtained. -

(3 (4
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In order tu find the center c¢f pressure, the principal momente of
the pressure forces about the Ox and Oy axes are determined.

For the moment abouf; the Ox axis,

. a
My = P(‘ (p. - p,)y dx dy = - 2pc ff%:v dx dy = 2pc f e(v)y &y
5 s -8

Trom which .

 Mpmoe [0 yriney (3.18}

- -8

Expressing M, in-terms of f(x,y) yields =

9n .
4 pecal 2 Ala? - E2 _ 2 £(E,n)sin v cos y dy A dn
M, = - 2 _“2_ (3.19)
S

L E 4+ n2 4+ a2 -.2af cos v - 2an 8in 7
2 ,

For the moment about the Oy axis,

H,--‘Cf(p--p\;)xdxdy%chJ;fxgdxdy (s.20)

Suo.vituting the value J9/0x ard integrating yield
Y

N "z"
Ny = - 22 j J s f L NZeZ - g an (3.21)

zz+n2+,z-z,gmsr-2aqsinr

AE.

2

The fcllowing values are obtained for the coordinates of the center
of pressure:

xc=-—§£; y‘cs:-P— (3.22)
4. Examples

NACA comment: Errors in thece examples ere 1eferred to and cor- |
rected in ‘he paper "Steady Vibrations of Wing of Cirevler Plan Form".
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The equations just obtained are presented again:

The velocity potential for z > 0 1is determined by the equation

1
o(x,y,2) » E""/S’f K(‘l’ﬂn(ll) “'
(¢.1)

Sn
X pe
e .x2.y’.ge 2 .p2. 92 S
ff Aac . x2 - y2 - 32 + Rofa2 - p2 - nZ cos y & dx £(E,)4E a1

(x2 + y2 + 22 4+ a2 - 2ax cos v - 2ay sin 7)(E2 + 72 + a2 - 2aF cO8 ¥ - 221 #in 7)

vhere

NaZ - g7 e —xF y2 - 2w
V2 ar (4.2)

2
m ~grc tan
_ K(X’Y)ZJEN]) ﬂra c

R-‘V(az-xz-yz- 22)2 + 48222 ; r-V(x-E)a-.. (y - 5)2 + 22

For the circulation distribution in the vortex strip formed behind
the wing,
r(Y) 0o ﬁ x

Yu2 - 2 - n2 a2 - x2 - 42 rlE,njcos y dv dx dEdr
(x2 + y2 + 82 - 2ax coa y - 2ay sir: r){¢? + n2 + a2 - 2ag cos y - 2an sin 7) (4.3}
'I2 T((L'l) on a(12 sin y)
..... - 1]dy ag dy
’E4q2+.2-aa(mr-‘.aqsinr) s siny-y| -

where the plus sign is taken for y < a sin ¥ and the minus sign for
y>asiny

The following expression gives the 1ift force:

- - ne
P = pc J‘ T(y)dy= - 29“’ f‘f‘ n% £(E,n)evs v dy dEdy
B +ﬂ2+&2'285008r-2ansinr

(4.4)

The usual expression for the induced resistance is

a a S
1
W= L2 f ' r(y) dr(”{ ) 1 - dy dy' (4.5)
dnv VU dy' y -y

6S¥2
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- -—

The coordinates of the center of pressure are determined by the
2quatione - ) -

s Xg = - ﬁ; Yo = -M-‘- . (4.'60)

P P

vhere

K‘-pc-/“yr(y)d’--gmgfff d - g2 - 02 2(g,n)sin y cos v a7 dg dn (¢.7)
8

e “2¢;u-htc«ol7-2‘qliﬂf

o2 = qr"_j
uv..iﬁffg-—ft‘ vqiqnz c:u(:o?r-_hnuny ‘2-6. f((,n)d(tln ("0)

If y 1s set equal to -a cos & and I(y) is represented in the
form of a trigonometric series,

r(y) ~4 sin @ + A2 8in 20 + ... (0 < 6 < ) (4.9)
P, W and are directly expressed in terms of the coefficients of
this series by the formulas
Psf%f:—aﬁ.li Ws%mpz rﬁnz;' Mx=-%ﬂpcazA2 . (4.10)
n=1

Finaily, the shape of the wing is determined by the equation

(o) =2 [ elxy)ax - S8 x4 gy(y) (4.12)

0
where

&(y) = -_‘—,' 4

! f f Va7 - £2 . o2 £{E£,9)con y dy ax dE dn
Usl. ‘e n Nx2 + y2 - a2 (32 4 y2 + a2 - 2ax cos v - 2ay sin y)(£2 + n2 + 82 . 28k cos v - 2a sin y)
2

(¢.12)




80 RACA Tf 1324

The examples are now ccnsidered,
i. First
f(x,y) = ca

: - " vwhere a 1is a small constant.
Polar coordinates are used and the following integral computed:

ff V;Z.iz-nzcl{dq
3 EZ + 12 + a2 - 2ur co8 v - 2an sin v

V “9 pd"dﬂ ZNQQ_ZM(‘H)
a2 + p¢ - 2ap cos(d - 7) q/,z S p2

Substituting this value in equation (i 3) ylelds
l ) 3“ -

T (y) = - 22¢0 cosr‘/a(ltsinﬂ -1]ar
i x B |a sin r - y|
| S )

¥ | If the integral is taken,

I‘(Y)"-— 4&+2'V5a.(a- y) +21/2a(a.+y s

s _””«rzwa—»f? .

Setting y = -a cos 8 and expaniing T{-a2 cos 8) in a trigono-
metric sine serizs in the interval 0< 6 < n give after aimple
computations

(a + y) log

I'(-a cos 9):9—“—1.-4+4coa-€+4sing»

n k 2 2

1. coa.g 1l eine

(1 - cos B) log ——~——= < (1 + cos 6) log—"'——-12
l+cos.§. 1+ sin

wlo

= A, Bin 8 4+ Ay 5in 30 + Ag ain 56 + ... (0 € 94 x) (4.15)

6572

-
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; vhere
4a [ 1l
t e Al-}'s‘a—;'-u}Aak+l-- = - (l+l+..-+ 1 )
i x n2k(k + 1)(2k + 1) \3 S 4k + 1
-
! (k =1, 2, ..) (4.16)
o so that
Y
Y]
l6acu 496aca
e = ’ = e 9 o0
b 45n2 b 472552
The distribution of the circulation obtained is very near that of
an elliptical distribution.
The 1ift force and the induced drag are obtained by application of
! I equations (4.10),
"W .
X
,ltk, .
1:::‘ g P= -g pcal) = -i- paZca = 2.5465 palcla
#? , (4.17) 1
' Hints 10(A,2 + 3822 + ...) = 1.034 paZc2a?
| 8 1 3
In order to determine the position of the center of pressure, Hy
must be computed by equation (4.8). '
Equation (4.13) gives |
4 - n . .
! My=-3pc?a~50.;xc:-ﬁpaga (4.18)
‘ The distance from the center of pressure, which evidently lies
on the Ox axis, to the leadiry edge of the wing thus constitutes about

0.238 of the diameter of the wing.

In order to determine the shape of the wing corresponding to the
assumed function,it is necessary to form the function g(y) by equa-
tion (4.12). If equation (4.13) is considered,

3n - i
> .
cos y dy dx

Nx2 + y2 - a’(x2 +y2 + aC - 2ax cos v- 23y &in rv)

(4.19)

ol
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ihe computation shows that for x> al - y2
S
=F.

cos y dy - - x +

x x% 4+ y2 + a2 - 2ax cos v - 2ay sin y 2a(x2 + y2)

.

2 - a)2
2a(x? + y2)  x2 + (y + a)2

2 2 2 2 2 - ad
x(a2 + x2 + y2) are. tap Xot Y a (4.20)

If

Y= -acos 6} ‘Vaz-yzuasine B

- = (4.21)
Hy(6) = = sin 6g(-a cos 6) -
for 0< 6 <x ~
in 0 2_.4 4 0
o (0) sin 6 nt - cos 0 log g cos” »
= - - " (o] +
J“' 1’ t2-811126 2(t3+cos-20) 2(t2+c0829) t2+4 sin4 29'
t(tz 1t cosze) arc tan t? - stn’ dat
(t2 + cos8)(t% - s1in8) 2t
Computation of this integral gives
2 arc tan arc tany o
Hy(6) = ﬁ; -2 sin 6 +
o Yi°© v*
1+ 810 8% 1 oy
+ 8in 4+ co8 =
%sine log z +%sin0 log-——i +
l-sing 1.-cos.9.
2 2
6 1- sing 0 l - cos g
-— ————— ——— - 3 1 — N 4022
cos > log 5 4+ sin > log ] ( )

1l + 8in = 1l + cos —
2 2

6c¥e
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The shape of the wing is thus determined by the equation

1 1083[2?+1/a+y _ 1 /28 + fE -y _
8x2 28 - 4fa+y 8x \ - fZa - +fa -y

N Y. 3 Y R - x4 G
22yAFF B+ AT 2YETT R+ T

This wing dilfers little from a plane wing inclined to the xy-plane '

by a small angle a and may be obtained from such a plane wing by
twisting. The values of the function g(x,y) for the mean value
y =0 and for thz values y = % 3/2

£(x,0) = ax | & + Mdy -2 10g2(4/Z + 1) +
2 1 - ya ﬂa

JC log(+/2 + 1) |= ©.8452 ax

g(x,t%)-ux i j“'{ﬁn—:d -5-1—21032(2+-\/3)~51—210g23+
l -y n - n

Z_ 1og(2 + 4/3) + izlog 3| = 0.8335 ox
5 - e .

It is of interest to consicer what results for the obtained wing
are given by the usual theory. The circulation obtained by this theory

is denoted by Po(y); if the expansion of this circulation in a trigono-
metric series is

To(-a cos 8) = B, 8in 6 + B, sin 20 + ... (0 <@ < x) (4.24)

then the usual theory gives an equation for determining the coefficients
Bns» which in the case considered reduces-to the form
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. -
}E; - 0 1 Y in ng
L; Bo sln 0 = 2rca a:l.n 6 {a. . &la §°-’ i o= n-z Lan 'unn;}u.zs)

Equation (4.21) yields

Zl Bn(l + -’;2 3in n6 = 2ncaa 8in 8 - = Hy(8) (4.26)
D= : .

.
-

Expansion of the function (6) into a trigonometric series is
sufficient to determine the coefficients B,. Despite the complicated
form of the function Hg(6), it can be expanded and in the interval
0L 0€q o= ‘

' 1
2
Hy(6) = 8in 6 %-4.2 " arctanydy -
0

Ni-y2

Z sin(2k + 1)8 [_ 1+34 ... +—12 2(2k + 1)2 + 1 ](4.27)

& 7 k(k + 1) 3 Ak + 1 (4k + 1)(4k + 3)

Hy(6) = E Boyyy sin(2k + 1)6
k=0

i where

By = - 0.1389 ; By

f

-0 } Bs = - 0.1213

B7 =2 = 0.0460] Bg S - 000212’ e e

Equation (4.26) shows that

i} 4aca(n? - B1) dacaBpy )

‘ B2k=0’ 2 - (k. l, 2, .-.)
n(n + 2) Pkl 2 + n(2k + 1)

B)
(4.28)

The numerical values of the first coefficients will be

By = 2.4784 aca ; Bz = 0.0562 aca; Bg = 0.0087 aca

B7 = 000024 aca ; B9 = 0-0009 ('IL‘&, LY

6s92
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The following value is obtained for the 1ift force:

1
Pp = 5 npcaB) = 3.8932 pcaa (¢.29)
exceeding the accurate value by 53 percent.
For the induced drag,
Wo » 2.416 palc2al (4.30)

with an error of 134 percent.
2. If a is assumed to be small, f(x,y) = - 2cax 1is taken. |

The circulation [I'(y) is computed. First the value of the fol-
lowing integral is found.

ff c’\/a -£2 - 12 agan - & a2cos v (¢.31)
zz + nz + ,2 2af cos v - 2an siny 3 '

Equation (4.3) gives

3x - -
8cala M (12 sin y)
r(y) = 3 cosly [A[RA2Z2R 00 o) |ay .
n « j} sin v - y| !
2

The computation of this integral leads to the very aidile expression

r(y) = 2cafa? - y2) (4.32)

Thus in the case considered, a parabolic distribution oi the circu-

lation was obtained. For this reasson the computation of the forces can |
be eas;ly carried out: -

a : )
P= pc [' I'(y)dy = g'apcaa3 » 2.667 apclad (
v
-a

(4.33)
W % pclalat = 1.2732 pclata’

TS RN A A T KA A AT AT - A U U S TS AW 3 5 O W A M U Y O DO S SO W Y YO A
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uation 4.51) is used in the computation of . by equation (4.8):
Eq

My = 128 pcza‘a.-' 1.509 pc?‘A‘Gl Xe = - ﬁ -2 a (4.34)
T P 9x

In order to detemine the shape of the wing it is necessary to

" corpute the function g(y); equation (4.12) yields

3x
Va2-2 AT
&(y) = - P cos’y dy dx
32 = x  Yx2+y2-a2(x2+ y2 +a2- 2ax cos y- 2ay sin T)
2

2
357 ain 6g(-a cos 8) (0 €6 € x) (4.35)
a

and carrying out the integration with respect to ry yleld

) in 6
' sin 6

(t2 + c:osze)2 Vtz - 81n20

% (cos26 - t2)(t2+ 1+ cosle) - % t cos 6(t+ 1+ cos28)log

H;(8) = t(t2+ cos%e) +

2 4 8
té+ 4 cos 3

+
t2+ 4 sin4g

2 20724 (42 - ~eon 24 c0s20)2 2_ o4
2(t% £ cos®0)” + (t° - cos 9)[£+ (t€ + cos®6) 1arc tan ¥ atsin AP
2(t2 - £1n20)

Integration yields

r
9) ( ]
1l + coa = 1l + 8in =
Hl(s)as—" sin 6 l-si.ng-cos-e- +—-l lf‘a.’.( “ 1)"'
2 2 12 ] 2]
1l - cos .5) (1 - B8in 2.)

- (l+cos -g)(l-;:in-g)\

1

sin 6 cos @ |log .tan-g- 20 log - (4.36)
(1 - cos g) (1 + fin -g)

In equation (4.11), the following is ‘uken:

65¥2
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Then for the function {(x,¥), which determinec the shape of the wing,
the following expressicn is obtained:

tix,y) = afa® *2 - y2) +

g_(l T AT, L, T AT - EET)
Ve Ve L T e neE - v

D los‘vu - L 10g (v/Z8 + 4/2 - ¥) (/%8 - /2 +7)
s a-y b (VE. VATIVE +VETT)

This wing is thus obtained as a deformation of the ving:

(4.3‘0)

E(x,y) = a(a? - x% - y?)

vhich for small a differs little from a segment of a sphere.

In particular, for y = O,

8(x,0) = a(a - x2) + 20::: [1 - ﬁ+% log(+/2 + 1)]- u(uz; x2 - 0.0767ax)

In order to apply the géneral theory to the obtained wing 31(9)
is-expanded into a trigonometric series:
b1 4

H;(6) = ﬁ‘}g-- log tan%dx sin 6 +
0

2 sin(2k + 1)6

=1 4k(k + 1)(2k - 1)(2k + 3)

2(16k2+16k-3)( L N )+6(2k+1)]

[— 12nk(k + 1) +

- -
3 5 4k + 1
'272k+151"(2k +1)6 {4.38)
kmeQ
where
Yy = - 0.6931 ; Ty = - 0.1783 ; yg = - 0.0812
Y7 = = 0.0463 § yg = - 0.0300, ...

. SN LTI
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For th~ case considered, the usual theory gives for ihe determination ]
of the circulauicn c

Io(-a cos 6) = By sin 6 + B, sin 26 + .. (0€ 0€x)

the equation

4
- 1 E
sin n6 = 2xca sin 6 {aa sin 0 - g(-a cos 6) 1 sin nA

o=1 c 4ca pa) sin 6
(4.39)

Equation (4.35) and
8in0 = - 8 sin(zk + 1)6 (0€6€x) (4.40)

n (2k - 1)(2k + 1)(2k + 3)

give from equation (4.39) the equation

¥ 8aalc 16088
nZ:l Bn(l + ) = ;o[ 3n T2kl T (Zk - 1)(2k R ]c.)(Zk ; 5)]““(21‘ +1)6
: (4.41)

from which without difficulty B, is obtained, in particular

By = O 3 By = 1.8457 a=a’ ; Bg = - 0.2132 aca’

Bg = - 0.0250 ace? ; By = - 0.5075 aca’ ; Bg = = 0.0032 acal, ...

The following value is obtained for the 1ift foxce:

P= npcaBy = 2.899 ac2adp (4.42)

N -

exceéding the accurate value by 8.7 percer .

The induced drag

W= 1.3927 pafclal (4.43)

exceeds the accurate value by 9.4 perceit.
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3. In order to give an example of & nonsymmetrical wing,

P ——

£(x,y) = acy

‘In this case it 1s first necessary to compute the integral |

S T e R T .
Bt
. . -

ff nya? - g2 - 1% dgdy = & malein v (4.44)
; " 52+n3+az-2agcosr-2aqsinr*‘3

i

i -

H On account of equation (4.3), 1
lg Zn

. = . |

2 |

' r(y)u-ia,_cg_ ainy cos Y af1 uan-]_ ar 1
; 3 |, |e sin v - ¥l |
- 3 - T
Lo : A
§ After computing the integral, i
P = ;
; P(3) = Zl(a + ) VEETTT - (¢ - NVEET ST ¢ \
)? - ‘
s - -

k L (a+y)(a-3y) 108 Ve - oot . |
%' 6 -JEE + '\,; -Y

Vi - Aary ) g
j 1 (a - y)(a+ 3y) log 22T (4.45) !
‘ 6 f?a + {fa+y .

is obtained. ‘

Assuming y = -a cos 6 and expanding in a trigonometric series
™

give H
2
r(-a coe 6) = a.c:. 2(1 - cos 6)cos % - 2(1 + cos B)sin -g +
1 - cos g |
% (1 - cos 6)(1 + 3 cos g) 10.';—'—'-——% -

| i+ cos =

P, 2

{ 1 - 8in 4
' 1 (1+ cos 6)(1 -3 cos A) log —————-—S ;
r 8 1+ 8in >

=A2sln20+A4uin49+... {0 € 6 % n)

o
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waere . t
" 128 asal

2™ - = L

27x2 l i

(4.47} i

Mk'maer et vl (1+}-+ Sl ) £k ;

2 Lsx(k? - 1)(4x2 - 1) 3 4k - 1/ (x2 - 1){4x2- 1)_|

(““ 2,3, lll)
8o toat

Ag = - 0.4803 ain® ; Ay = 0.00549 aca®

B = 0.00234 el Ag = 0.00122 aca?

* y

»

Evidently there ie we lif% force, wherees for the induced drsg

the following veluc 18 obhtained: , }'
T ¥ e 1.1813 palclut B (4.48) .
b The moment c? the f_rces about the Ox axigs is: ‘
My e - & npen®A; = 0.3712 puz’e 14.49)
: > £ 7 g eeeig = U.dric puzTa ) bbb

‘The moment of the forces about the Oy axis ic computel with the |
aid of equation (4.8), where use must be mede cf the result (4.44),
| 8. it is foupd that

-

Hy = "\ (4.50) !

——

™e f--1jowing ftwaction iv 0w commu.ed:

S ) :
pedoe j,ya'z-ya [\‘2" = - , . 1
5

. s8in vy cos dry dx
g(y! = 5T LN L

o —

Je  Yx2s y2 - e?{x2+y2 +a? - 2ax cos y - 2ay 8in 7) !

- 3% !

QL YRR STy W e
- - o

-t Fx

-

Setting ; §
- o ) :
Hy(e) - ;—_f- vin 24{.a coc 8) (0% 8 & %) (4.51) .

&0

y=——=st
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le
o ) aud carrying out ibe integration with respect &. y give
;! ;‘ . ain 8 o =
- 8r(0) = - ~ cos 6(1:z + co-"’o) +
. (t2 + cose)i 412 - sine
3 [ p
. % t c.3 O(t?' + 1+ c0s%0) +
s | , . t2 + ¢ coa‘-g
| L (t2 + 1+ c08%0)(cos28 - t2) log
4 oz 1 6
y | ¢ + 4 sin* ~
¢ i 2
3 .
B t co 8[1 + {t + cos )-]-arc tant 8inco "
£ I t2 - sin2e 2
{" (4.52)
N 1
! 2
: . arc
i -siuawae{%logz(ﬁ+1)+5f-T%rdy--qf- +
' 1+ cos ~ l+ 8in =
sir (1 - 3 cos 6) log 2 ) _sin 9(1+3 cos 8) 1ng 2
1€ 1l - cos § i6 L - 8in L
2 2
- 1+ oin o
1l+3 cos 8 ) 1+co85 1 _3cos8 sl
1 = singj log A = cos 3 log - —
2 1l - cos — 2 1l . 8in »
2 2
Expansion in a trigonocetric seriesc gives
y |
| 2 .
{ 3 arc ta.ny Ix 2159
: R 6 = 29 — - e 4 cmem— | o
| 1,(8) = sin [4 log?{~/2 + 1) + /J'__. e ]
Ly |
i 2 (uk® 2k2
1. . ( 23L) (l+3+,..+dk}l- lgk )sinZk&
¥ k-z {ar? . 1){aKx? - a) al Bk + 1
1 = = X By 8in 2k - f4.53)

N 3
o3 A=
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*®
-

where

&2 n - 0¢27‘!12 64 - - 0.08127 ] 66 = = 0-051-98 ] 68- - 00036‘1, coe

The usual theory for determining the circuiation -

ry(-a cos 6) = z B, 8in né
D=l

gives the equation

S ]

o

[}
s -
= oo

- s 6
Bn(l + -?;)ein nd = 2rca sin @ {-ax cos 0 - ﬂ——z-o——l }
D=l -
2
e wem® . 4aca -
ncaa sin 20 - —— nz(e) | (4.54)

from xhich without difficulty

2
- T, oy o
Lo S AR ST " o Ve “RY 4

Boysy = 0 (k=0,1,2, ...) -
By = - 0.7304 aca? j B, =0.0047 acaZ j Rg=0.0021 ucaZ ; Bg =0.0011 aca?,...

The lift force is found equal to zero and the iaduced drag and
mosent, of the forces about the Ox axis are

e o
—"_ 5 P e e WX

W = 0.4191 poc2at ; M, = 0.5737 pa%c?at = - (4.55)

The first givee an error of 131 perceni, the eecond of 52 percent.

By a combination of the obtaired solutions it would nave been
possible to obtain further examples. From the examples given it ls
nlear tnat for the case ¢f & circular ving considevable devietions are

” 1]
1. Kinuer, W.: Dle Xreisformige Tragflacl: auf notential +henretiscner
Grundiwge. ZIngerieur Archiv, Bd. VYII, 19%7, pp. 47-80. t

7. Soxmerfela, A.: I'}ber verzweigte Potentiale im Raum. Proc. Lond. 3
Msth. Soc., 1897, pp. 395-429.

' obtaired *atween tihe ususl ard tne exact theories. %
’. Translated by S. Relss ;
i Natonal Advisory Commiitece ]
for Aerchautics !
| REFZRENCES g
| !
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