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THE NORMAL MODES OF CAVITY ANTENNAS

ABSTRACT

This dissertation is primarily an attempt at arriving at an under-
standing of the resonance properties of small cavity antennas by studying
their normal modes. These modes are similar to the free oscillations
of other oscillafory systems. Each one has a characteristic configuration
and a complex exponential time dependence. It is assumed that there is
an infinite, discrete set of them. There is one fundamental distinction
between them and others more commonly investigated; namely, that they
occupy an infinite volume and that the damping is a result of radiation.
One result of this is that the customary statements of existence, orthogo-
nality, and completeness cannot be applied. These questions are not con-
sidered in the present work. The concept of Q is discussed and it is de-
fined in terms of the complex frequency.

The normal modes are actually transient oscillations, and one section
is employed for the developme;lt and discussion of some pertinent time-

dependent electromagnetic theory. An equivalence theorem is first de-

veloped. This states that the field in a source-~free region is equivalent
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to that produced by a double layer of surface currents, electric currents
E = va n, and magnetic currents _I_{_ =n X _]_E_, where n is the outward
normal. This much of the theorem is identical with the customary forms.
In addition to the boundary values it is necessary to include initial values
if the boundary values are not known for all past times, Thus, if initial
values of the fields are known at t = t;, and boundary values for t z ta,
then the surface currents plus volume impulse currents which ‘‘fire' at
t = t, generate an equivalent field. These volume impulse currents are
of two kinds, electric and magnetic, and these have strengths _]2 and E,
respectively. The termination properties of the equivalent currents are
also discussed.

The behavior of waves with a complex exponential time dependence
is the second topic of section II. The envelope of such a wave is an ex-
ponential curve which increases in the direction of propagation. In a
waveguide the phase velocity is greater than the envelope velocity, so
that individual waves advance with respect to the envelope and hence
the waves themselves increase as they propagate. An example is given
to show that this does not lead to paradoxical situations. It is further
shown that these fields in a waveguide have quasi-steady-state character-
istics with respect to cutoff phenomena.

The third section of the dissertation contains a theoretical treat-
ment of the normal modes of radiating cavities. An arbitrary cavity

opening into a half-space is considered, and by a variational method a

AF 18(600)85 486-7 v
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stationary formula for the complex frequencies (eigenvalues) is

obtained.

In the cavity region the field is expanded as a sum of cavity modes.

This expansion is discussed in detail in an appendix, because most
previous discussions of this are incorrect in that the expansions used
are not complete.

The theory greatly simplifies when the cavity is restricted to be
a section of waveguide, since ordinary waveguide theory can then be
used. Further simplifications are possible when it is assumed that the
aperture field is just thelowest order waveguide mode, and that the
cavity has a high Q. Several interesting analogies to circuits appear
when these assumptions are made.

A series of calculations was made for the first normal mode of a
square waveguide cavity. The cavity has a side dimension a, depth £,
and is filled with a medium of dielectric constant ¢ .. It is specified
by the four parameters 12—, € s i;-, and Q, where \ is the free-space
wavelength at resonance. Curves of :ag and Q vs. —i—', for various values
of € ., are shown. Itis shown that there is a minimum value of Q as-
sociated with every value of —% and that specific values of = and € , are
necessary to obtain it. The minimum Q was computed and is shown in
a graph as a function of %. The accompanying parameters —g and € 3

are also shown. It turns out that the minimum Q graph is a straight

line on log-log paper; the following formula closely represents it for
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a
X < 0.35:

-3
= a
Qi = 0-4246) .

The effect of a lossy dielectric may be found by using a complex

dielectric constant. The relation of the dielectric loss factor to the Q

YD T SRS

and radiation efficiency is discussed.
The last section of this work deals with some experiments that :

were made to check the theory. A brief review of the methods of cor-

relating measured and calculated resonance frequency and Q is first

made. Then the results of measurements on three square waveguide

cavity antennas are given. The antennas had '% values of 7.7, 2.0, and

0.4, with corresponding € ,. values of 3.80, 3.88, and 8.41. The first R

six modes of the first one were measured, four modes of the second

were measured, and only the first mode of the last one was measured.

The measured resonance frequencies agreed very well with the calcu-

lated ones; i. e., within a few per cent. The values of Q did not agree

so closely, but the agreement was generally within 30%, which is

reasonable. Various factors which might affect these results are

discussed.
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) Page 1 of 126

' THE NORMAL MODES OF CAVITY ANTENNAS L

*I. INTRODUCTION

In recent years small cavity antennas have become importint
for a variety of purposes. A typical antenna is shown in Fig. 1. It con-
sists of a deformation in a conducting screen, together with some
exciting mechanism. The aperture

is on the order of a quarter of a

o.

wavelength in its greatest dimension.

These antennas always have marked

resonance properties, which are un-
desirable, since an antenna is more
useful when it can be operated over

a broad band of frequencies.. The

resonance properties are therefore

Fig. 1. Cavity antenna. of considerable interest, and it is

the purpose of this dissertation to discuss them.
The antenna characteristics which are of interest are the resonance
frequency and the Q. The Q, or quality factor, is a measure of the

sharpness of resonance, and it can be directly connected to the operating

range of the antenna in terms of the standing wave ratio on the input

transmission line. (See section IV below.)

AF 18(600)85 486-7 1 ’
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The general definition of Q is as follows:

Q= 2w Average energy stored (1.1‘)

Energy dissipated per cycle, at resonance | v

If the system has more than one degree of freedom there is a Q defined
for each mode, and this holds for a system with an infinite number of
degree of freedom, as, for example, a closed cavity. However, when the
concept is extended to antennas a serious difficulty appears. The energy
in an electromagnetic field is defined in terms of volume integrals, and
they are infinite for an antenna because E% decreases as l/r?‘, but the
volume increases as r3. Hence Q as deﬁnedlby eq. (1.1) is infinite for
an antenna.

This difficulty is in principle resolved by stating that by stored
energy we do not mean the total field energy, but only that part of it in G
the *‘local’’ field, as opposed to the radiation field. But this statement
does not clear up the trouble — we must now decide what we mean by
local field. This must be done very carefully; since, in general, super=-
position does not apply to energy, and it cannot be arbitrarily broken
down into components. In the case of a waveguide there are well-de~-
fined orthogonal modes, and superposition may be applied to the mode
energies. Schwinger1 has used this property to show that in the neigh~
borhood of a discontinuity in a waveguide the total field energy is the
sum of two parts — that in the propagating mode, and that stored in the

higher modes. He showed that the latter component by itself has all the

3
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properties which are associated with stored energy of circuits.

Chu® examined the antenna problem by means of orthogonal

modes. He considered an omnidirectional antenna and expanded the
field outside a sphere surrounding the anter‘ma in spherical waves.
Each wave could be replaced by an equivalent circuit which had a well-
defined Q. In this way Chu obtained relations between the antenna size,
Q, and gain. He assumed very idealized conditions between the antenna
and the surrounding sphere, so that the theory gives limits of perform-
ance of actual antennas.

Counter defined stored energy as the difference between the total
energy and a ‘‘flow’’ energy, which he defined as the energy in that
plane wave which has the same Poynting vector as the field under con-
sideration. This gives a basis for calculating a finite Q for an antenna
from eq. (1.1). However, it can be shown that this definition does not
agree with Schwinger’s in the waveguide case.

In this paper a different method of attack is adopted; Q will be
calculated by finding the normal modes .of oscillation of the antenna. It
is, of course, wéll-known that the transients give an indication of the Q.
For e}‘cample,'if a system ‘‘rings'’ for a long time after the source is
removed, then it has a high Q. A more precise statement of this is
now made by a brief discussion of a simple RLC circuit.

Consider a series RLC circuit, as in Fig. 2. The energy definition

(1.1) leads directly to the value,

AF 18(600)85 4867 3
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Q-= - | (1.2) .
where w -l = resonance freque (1.3 ' #
= 3 nc a .
r* /e ueney ) |

-

If the terminals in Fig. 2 are connected the resulting circuit will have

R L C
—AMN—T—

one normal mode of oscillation. In this

mode the voltage and current have a time

b 3 ot G ISR
e e m——

— e & " dependence of the form ePnt! ghere Pn

Fig. 2. Elementary series circuit.
is a complex number:

Pp=?p+ 5 o (1.4)

MR Sy N

The real and imaginary portions of the complex frequency p, can be
found in terms of the circuit constants; one way to do this is as follows. ._ 3
The assumed exponential time dependence: allows us to keep the. concept
of impedance; the transient (normal-mode) impedance is identical to
the steady-state impedance, withw replaced by pn. Now consider
terminals across the capacitor, as in Fig. 3. A consideration of the i

_l.’— ———-)—.I

o
)
<

>—

Fig. 3. Series circuit oscillating in the normal mode.

* In this paper the symbol j = 1/-1 is used exclusively.

AF 18(600)85 486-7 4




voltages and currents shows that the impedance looking to the left at

the terminals must be the negative of that looking to the right. Thus

l _=<2(R+jp.L). 1.5
TP C (R+ jppL) (1.5)

When (14) is inserted and real and imaginary parts separated, one

obtains
P (1.6)
| wl=wl-g2 (1.7)
Now define the normal mode Q:
Q= ;-;in . (1.8)

l'ﬁ
. It is evident that this is approximately equal to the steady-state Q

(eq. (12)). It is only approximate because the resonance and normal~-
mode frequencies are slightly different, but the difference is less than
1.% for Q > 3.5.

The normal mode Q may be directly connected with the stored
energy. When Q is high the field decays very slowly, and we may
reasonably speak of an average stored energy that dies out as e-2§nt.
Call this average energy G Then

2&t
n (1.9)

14
o

=-2£.U (1.10)
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Qn=#; = Wp 20 ) (1.11)

Average stored energy (1.12)

Energy dissipated per transient cycle

This compares with eq. (1.1) for the steady-state‘ Q.

We shall subsequently assume that the radiating cavity has normal
modes which have a similarly defined Q. The subject of normal modes
in open regions is not altogether new; in particular, oscillations about
a sphere and a spheroid have been discussed for a long time. These
bodies were examined first because their surfaces coincided with
separable coordinate surfaces. The sphere problem is treated in de-
tail by S'l:rr:rl:ton,4 who finds expressions for the fields as well as the
first few eigenvalues. Schelkunoff’ gives a summary of the results
obtained by several writers on the prolate spheroid. This problem is
of considerable interest because a wire is the limiting case of a pro-
late spheroid.

Oscillations on other shapes have apparently been considered
only to a very minor extent. Schelkunoff also discusses modes on a
very thin wire bent to an arbitrary curve, and makes some calculations.
for a straight wire. Apart from this discussion, the author can find no
reference to normal modes of more complex antenna structures.

The present investigation uses a variational method to obtain the

solution. This is a powerful technique which quickly yields a good

AF 18(600)85 486-7 6




' approximation. It is an outgrowth of the work done by Schwingera on
discontinuities in waveguides. It consists essentially of obtaining an
integral equation for an aperture field (or obstacle current) and then
properly manipulating the equation to obtain a stationary formula for
some parameter of interest. The techniques have been applied to a -
wide variety of field theory problems, such as impedance calculations,

scattering and diffraction problems, and propagation problems. Some

8,7,8

typical references to this work are listed in the references. The
present application is similar in some ways to the theory used to

9
compute the propagation constant for a slotted waveguide.

AF 18(600)85 486-7 7
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II. ELECTROMAGNETIC TRANSIENTS

In this section we discuss several aspects of time-dependent
electromagnetic field theory which are interesting and useful in con-
nection with the normal mode theory in the next section. First the

time dependent equivalence theorem is established. Then the behavior

jut £t

>~

of fields with a time dependence e is discussed.
1. EQUIVALENCE THEOREM
The equivalence theorem is a frequently used theorem for scalar
and vector fields. It states that the field interior to some surface S is
equivalent to that produced by certain source distributions on S. The
theorem is intimately connected with uniqueness theorems which state
that functions which satisfy approprigte equations are uniquely specified
- inside S if their values on S are given. For steady-state electromag-
netic fields the equivalent sources are electric and magnetic currents,
with strengths HX n and nX E.m The uniqueness theorem states that
either tangential E or H specifies the interior field, so that with ap-
propriate boundary conditions either set of currents can be made suf-
ficient by itself. Most classical statements of this result include surface
charges.as well as currents.  This is a redundant formulation, since
the surface charges and currents are connected by the continuity equation.
The time dependent theorem follows from the steady-state case

by the use of Fourier integrals. However, this method obscures some

points, and it is of interest to examine this case independently. The

AF 18(600)85 486-7 8
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general uniqueness theorem for a time~dependent electromagnetic
field states that the distribution of E and H throughout V at the
initial time t, plus either tangential E or H on the bounding surface
for t2 t, specifies the field in V for t > t;. An equivalence theorem
will now be set up in which the field is produced by electric and (or)
magnetic currents on S plus a volume distribution of impulse currents
which ‘‘fire'* at t = t. The standard statements of this theorem
(Larmor~Tedone formulas) use surface charges as well as surface
currents, and they go back in time to t = -=». There is no provision
for initial values. The method of proof used here is substantially the
same as that used by Professor V. H. Rumsey to prove the theorem
for the case of sinusoidal time dependence.*

Let there be given a region V bounded by S containing a linear
isotropic medium (Fig. 4). The medium constants p€o are continuous
functions of position; it is.assumed that any sharp boundaries are

N replaced by thin layers where the con-

stants vary rapidly but continuously.

Inside V is an electromagnetic field

generated by sources J. The fields sat-

Fig. 4.
isfy the Maxwell equations:

* Classroom presentation.

AF 18(600)85 486-7 9 |
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V x T ey == ¥ 2
E=-r 57 (2.1)
UxH=¢ B4+, E+ 7. (2.2)
—_ - ‘a t o _—
For a Green's function we use the field due to an impulse current
Jo- This current is an impulse in both space and time; it is defined as
Jo=q8 (P-Q)8(t - t,). (2.3)
The 6 -function is the unit impulse function, defined by
b fit.) ifa<tg<b

f f(t)8 (t - t,) dt = ° (2.4

a A : ) {O - - otherwise. )
The symbol § (P - Q) stands for the triple product,

5(P=~Q)= 3 (xp-xq) 8 (yp-yqQ) 3 (zp - 2q) (2.5)
The impulse current and the fieids it would produce are discussed in
Appendix I.

Let Go (Pty, Qt, q) and Fqg (Ptg, Qt, q) be the electric and mag-
netic fields, respectively, at point P at time t, due to an impulse cur-
rent J, at point Q at time t. By the law of superposition, the electric
field of an arbitrary current distribution J can be written as'*

E (Pto) = fv ft 7 Q1) Go (Pto, Qt, 1) dvg dt, (2.6)
where 1 is a unit impulse current parallel to J, and J is the magnitude
*  Hatjonalized MKS units are used throughout this paper.

AF 18(600)85 486-7 10
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of J. This may also be written as
(2.7)

| ' -
E(Pt,) = fv dvg f_w G, (Pty, Qt, T) dt.

o

Because of the finite velocity of propagation, the upper limit on the

time integral can be reduced from + ® to (t, - (r/c)), where r is the

distance from P to Q.
The fields G, and F,* are the response of the system (i. e., the
region V) to the elementary source Jo- They satisfy the equations
OF
V-x 90 = - =0 (2.8)
9ty
(2.9)

3 Go
to Go+qs (P-Q)s(t-ty).

Inside V the constants # € © are the same for the Green's function as
for the fields (E,H); outside V they are as yet arbitrary.

Now form the volume integral of V + (E X F, - G * H).
(2.10)

fvv‘(E"Eo)d" v (Fo-
9 G
:a.‘H-E-e “'0+7Go

+g_8(P-Q)8(t-to)]}va

9
E +o E +£] } dVP
(Z.ll)

[ ¢ (G, x H) d f{ He p 220 g [
v: - . - . e
o™ 2 v = “’ato o

v’v V
The arguments of these:and similarfunctions are sometimes omitted for convenience. :In any such case

*
it will .be_clear-what the argumentis.
11
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The integrations are performed over points P.. When they are sub-

tracted and the divergence theorem is used on the left-hand side, one

obtains

Go - Jdv-g.E(Qt)s(t-t)

(2.12)
Now integrate over time, from t=t; tot= ®. The time t, is the

initial time, while t, is a variable time. In the final result (e.g.,

eq. (2.30)), t, is the observer’'s time.

3F

2G
3E Go
f dtfvé( o3t Eat

[o0]
.[ta dt fv Go + Jdv - q - E(Qt,).

(2.13)

The time dependence of G, and F, can occur only as (t - ty), hence

°F, 3F,
3ty ot

and

(2.14)
9G, _ 296G,

3 t, 3t

Interchange the order of integration in the first two volume integrals

and use (2.14). The result is

g- E(Qto)".‘. fv-#E .A—F_‘o

o0}

o o] (o0}
dv + f dt G, * T dv
—0 -0 X
t, ty Vv

AF 18(600)85 486-7
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At the upper limit, t =@ , F, and G, are zero, since

FolPtg Qt, q) = Go (Pt Qt, q) =0 for to< (t+ i). (2.16)

Hence

CRE-CISE

+ v I_)(Pta) : So(Rtor Qt,, g) dvp

- B(Pty) + Fo(Pto, Qta, q) dvp

[e0]
+f‘ dtf Go (Pto, Qt, g) + J(Pt) dvp
t, ‘v~ - -

@
-f dt f E(Pt) x F (Pt,, Qt,q) - ndsp
ty S

[0 0]

+ f dt f Go(P tys Qt, q) x H(Pt) : ndsp. (2.17)
t s~ -~ -
a

To interpret these integrals we need the reciprocity theorem.
‘ The mathematical statement can be quickly obtained from eq. (2.15),

if we let the time interval be (- ® , + ® ) instead of (t;, ® ), and if we

let (E, H) be the fields at (Pt) due to an impulse current m at (Mt)):

E(Pt) = G, (Pt, Mt}, m) (2.18)

H(Pt) = F, (Pt, Mt), m). (2.19)

Then, we obtain from (2.15),

[o+]
4+ Go(Qtgs Mty, m) - f at f Go(Pt,, Qt, q) " m3s (P - M) 5(t - t]) dvp
- vV

¢4}

= [ -u FolPt Mty m) - Fo(Pto, Q1 )
v

t= -0

{Equation continued on next page.)

AF 18(600)85 486-7 13




. [ea]
+ f ¢ Go(Pt, Mty, m) - Go(Pt,, Qt; q) dvp
V. t = =00
«Q
- [ at / (Go(Pt, Mty m) x Fo(Pt,, Ot a)
-00 S - - - -
- Go(Pto, Qt, @) *Eq(Pt, Mty, m)|- n dsp. (2.20)

The second factor in each of the two volume integrals on the right-hand
side is zero at the upper limit by eq. (2.16), and because the first factors
have the source and observer times interchanged, they are zero at
t= -0, | The surface integral must be a constant because the left-hand
side is independent of S. To show that the constant is zero, let S re-
cede to infinity.

By eq. (2.16) the zero intervals of G,(Pt, Mt;, m) and
_]S_‘O(Pto, Qt, g) overlap, because the distances from P to points M

and Q are infinite. It follows that the surface integral is identically

zero for all t* The final result, the reciprocity theorem, is
q- go(Qto, Mt,, 13) =m. Eo(Mto’ Qty, g). (2.21)
The method used to establish this theorem is an extension to the time-~

dependent case of the method used by Schelkunoff.

An alternative form of the theorem is obtained as follows. Let

El(Pto' Qt, g) and El(Pto’ Qt, g_) be the electric and magnetic fields

of an impulse magnetic current of strength q. These fields satisfy

* This result is a special case of a more general theorem: ‘the surface integral'fé El X [_-12 - E2 X _H_i)' n ds
is zero when all sources ofboth fields are on the same side of ‘S.

AF 18(600)85 4867 14
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3F]
, UxGp=-p—=Llqs(P-Q)s(t-t) (2.22)
) - 3ty
‘ G
- UxF,=e ==L 45 G (2.23)
-— 'ato , —

Now form ¥V . {Go(Pt, Mt;, m) x Fj(Pt,, Qt, q)
- El(Pto, Qt, S) x Eo(Pt' Mt,, E)}
and integrate. After manipulations identical to those above, one obtains

~q - Fo(Qty, Mt), m) = m - G;(Mty, Qt}. q).  (2.24)

The integrals on the right-hand side of (2.17) are now examined

- separately. With the help of eq. (2.24) the first term becomes

f - E(Pta) * Fo(Pty, Qty, g)dvp =g+ f Gy(Qt,, Pty, B) dvp.
v M (2.25)

This is just the electric field at (Qt,) due to magnetic current im-

pulses which *‘fire’’ at t = t;; they are distributed according to the

magnetic induction B which existed then.

Use eq. (2.21) on the second term of (2.17) to obtain
f D(Pty) - Go(Pto» Qta, @) dvp = g f Go(Qtos Pty, D) dvp. (2.26)
A\’ \'A

This is the electric field at (Qt,) due to electric current impulses
which *‘fire** at t = t5; they are distributed according to the electric

displacement D which existed then.

AF 18(600)85 486-7 15
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The surface integrals are similarly transformed:

o]
- [ &t [ E(PY) Fo(Pto. Qt g) - n dsp -
ta S

[o0]
a-f e [ Giate Bt (mxE) dsp
ta 7S (2.27)
o8]
f dtf G (Pt,, Qt, q) x H(Pt)- ndsp =
ty s - = - i
(v o]
q- [ n;_u,f G, (Qto, P, (HX n)) dsp.
“t. ?s
a (2.28)

These terms represent the electric field at Qt, due to magnetic cur-
rents K=nX E and electric currents J agi‘ n .distributed on S, for
t2 -

- ta.

The last volume integral is .

o) (e 0]
f dt f Go(Pto, Qt, q)- Jdvp =g f dt f Go(Qt,, Pt, J) dvp.
v - T AR v ' -

ta a
(2.29)

This is the contribution to the field at (Qt,) from actual currents
within V. The first terms, eqs. (2.25) through (2.28), represent con-
tributions from sources outside V and from sources existing at t < t,.
Notice that the source g multiplies all the source integrals, as
well as the electric field E(Qto), in (2.17). Since q is arbitrary wé

may drop it and write
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: E(Qto) = [ @t [ GolQto, Pt 1) davp+ [ Gi(Qto, Pty B) dvp
t, V v

w
+ [ Golaty Ptas D) avp + [ at [ Go(Qty, Pt (Hx n))dsp
v t, °’s

x

+ [ at [ Gi(@te, Pt, (nx E)) dsp. (2.30)

ty, °S

The equivalence theorem symbolized in eq. (2.30) may be stated
as follows. If a source-free linear isotropic region V bounded by S
is excited by external sources, then the internal fields are reproduced
identically by surface electric and magnetic currents distributed on S
according to Hx n and nx E, respectively. The effect of pre-existing
fields may be accounted for by volume electric and magnetic impulse
currents distributed according to D and B, respectively, which occur
at the initial time.

If 1;he sources J are outside V, the first term of (2.30) is zero.
If J exists only inside V, then the first three terms alone must give
the field inside V, and the surface currents therefore give zero to in=-
terior points. Since the inside and oufside may be interchanged, we
may infer that the surface currents give zero on the source side of S.
This can also be seen from the fact that the surface currents have
precisely the values needed to terminate thé field. (At a surface cur-

rent layer, tangential E is discontinuous by an amount K and tangential

ot
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};I, by an amount l; but E =n X E and __J_ = E X n, so these terminate
the field.)

Another interesting condition arises when there are no sources
after t = t;; there is only a transient field existing, which must get
weaker in time. We may remove the surface S to infinity. In such a
case the sources on S cannot contribute to any finite point within a
finite time, so the volume impulse currents generate the complete
field. Consider the field immediately after t = t;. The currents have
disappeare;i, and the field essentially hé.s the prescribed initial value.
Since the impulse currents give zero for t < t;, we have a field which
at all points of space jumps from zero to D, B at time t,, when there
are impulse electric and magnetic currents of strength D, B. Hence
we postulate that volume impulse electric currents of strength J pro-
duce a discontinuity (in time) in D equal to 7, at the time the impulse
currents occur. Similarly, volume impulse magnetic currents of
strength K produce a discontinuity in E equal to K. These postulates
are analogous to those concerning the discontinuities in space produced
b}; a surface distribution of current.

We now can make a more general statement concerning termina-~

tion of the field. The equiwalent surface and volume currents may be

regarded as surface currents on the hyper-surface bounding the (xyzt)

* This termination property maybe used - to set up the equivalence theorem, ‘See Baker and Copson,
also Schelkunoff, S. A.,"Some Equivalence Theorems of Electromagnetics and Their Application to
Radiation Problems, B.S.T.J., Vol. XV, January 1936. p. 92.
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volume of interest. These currents generate a unique field in the four~
dimensional region, and terminate it at the surface. We may make this
volume finite by closing it with the hyper-plane t = t,. The appropriate
currents to put on this plane are the volume impulse currents

J,=-D, Ky =~ B. This leaves us with a set of surface currents
which produce a field inside some volume in (xyzt) space. Outside this
hyper-volume the fields are zero.

This result is a generalization of the three-dimensional picture
obtained by Larmor and Tedone.”’ Undoubtedly it could have been ob-
tained more compactly and more elegantly by starting with the four~
dimensional formulation of Maxwell's equations.

So far, the external boundary conditions on the equivalent currents
have not been specified. It is evident that they are arbitrary because
the currents give zero outside S and any boundaries may be assumed
there without affecting the internal fields. If we choose a short circuit
on S (nx G =0 on S) for the boundary condition, then the surface
electric currents will be ‘‘shorted out'’ and only the magnetic currents
will be left, radiating against an electric conductor. This may also be
seen by examining eq. (2.17). In the last term, G, X n will be zero on
S, and thus there is no contribution from the electric currents. Simi-
larly, open~-circuit boundary conditions (nx F = 0 on S) leave only
electric currents radiating against a ‘‘magnetic conductor.’® These

ideas suffice to prove the uniqueness theorem mentioned above—
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‘that either tangential E or H on S plus initial values of E and H
throughout V uniquely specify the field.*
As an example of the use of equivalent currents, consider a
cavity antenna radiating through an infinite conducting ground plane,
as in Fig. 5. Suppose that the
e field varies sinusoidally with time : ;
until t = t;, at which time the aper=-

ture is suddenly shorted with an

electric conductor. What will

*P happen to the fields in the half-
space ?
To answer this question, use
the equivalence theorem. The -
Fig. 5. Cavity antenna. volume V is the half-space,

bounded by the plane of the ground plane. It is assumed that the initial
time t; is back far enough so that the contributions from the volum.e
impulse currents have become insignificant. Hence the field at Q is

equivalent to that produced by electric currents J = Hx-n and magnetic

currents K=n x E on the plane z = 0. The unit vector n points into

the cavity. The magnetic currents K are zero except over that portion
of the plane where the aperture is, because n x E = 0 on the ground

* There is no assurance that an arbitrarily specified E or H will produce a physically possible field.
The question of existence is a perplexing one and becomes important when the boundaries of the
region include sharp edges.
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plane. Thie picture is greatly simplified when a short circuit boundary
condition i¥ adopted. For now, as shown above, we are left with

N K=nx E‘ #h the aperture, radiating against an infinite conducting plane
screen. But now ordinary image theory can be used and it follows that,
in the half-space, the fields produced by K on the conducting screen

are identical to the fields produced by 2 K radiating in free space.*

The time dependence of K is of the form

K~ cosw t Uft] -t), (2.31)

where U(t; - t) is the unit step function,

0if t> t
Uty -t) = (2.32)
- 1ift < t;-
: . To obtain the field at Q we can find the field due to an infinitesimal

source at P with the above time dependence, and integrate over the
aperture. The fields due to this elementary source are discusseé in
Appendix I. It is shown tl;ere that the field at Q will vary sinusoidally
with time until t = t] +_z_, at which time it will abruptly cease, possibly
with a spike, depending upon the phase of E when the shutter is closed.
The total field at Q is the sum of contributions from all points in the

aperture. Since the shutter is closed instantaneously, t; is the same

*  Por an alternative treatment of plane boundaries, leading to the same result, see Smythe, W. R., ;
The Double Current Sheet in Diffraction, Phys. Rev., 72, December, 1947. -p. 1066. !
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for all points. Hence in a time 7 =—z— (Fig. 6) the field at Q will '
change from a steady-state con- ,
J
dition to zero.
The interval 7 will be zero
for infinitesimal apertures and will
be large for large apertures; more=~
\/} over, it is different for different
S locations of the point Q. Its be-
havior is opposite to that of the
time constant sought in connection
Fig. 6. with the bandwidth. Thus 7 can
give us very little information regarding the bandwidth of the antenna. ._
There is no characteristic exponential time decay in the above -:'
problem because it is a very special case. The equivalent currents '
were on a plane and they were all stopped instantareously. On a more
general body one would get the exponential time dependence. For ex-
ample, if the terminals at the base of the feed probe were suddenly

shorted, the energy in the cavity would be expected to reverberate and,

gradually leak out the aperture. The time decay in this case would be

connected with the bandwidth.
2. FIELDS WITH AN EXPONENTIAL TIME DEPENDENCE

An oscillating field which is dying out in time may have a time

(o =&t

dependence of the form e . Normal modes of a lossy network
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and normal modes in a closed cavity with a lossy dielectric have this
time dependence. In the next chapter it is assumed that the normal
modes of a radiating cavity also have this time dependence. The radi=~
ating cavity differs from the'first cases because there is propagation.
We now examine this effect.

The one-dimensional wave equation for a field component is

1
_ ——— = 0. (2.33)
322 2 2 t2

If the time dependence is ert, where p = w + j&, then the solution to
this is the sum of two waves, traveling in the positive and negative

z-directions:

jot=-2) ~€(t-2)

. z z
jeit+=3) =£(+3%)
E=zAe C e e € e ¢,

+B (2.34)

Consider the first term. The first exponential factor represents a

wave traveling in the positive z-direction. The second factor represents

an exponential decay; for any value of z, E dies out as e-ft. However,

at a given value of t, E builds up in the positive z-direction, according

3
+2z
toe €

The field therefore appears as a sine wave which builds up
exponentially in the direction of propagation. The complete wave, in-
cluding the envelope, moves with a phase velocity c. The second term

in (2.34) gives a similar wave traveling in the negative z-direction.

These are exactly the type of waves that would be obtained on an infinite

string which is excited by a source which gets weaker in time exponentially.




These fields become infinite for lafge values of z, and_ difficulties
with respect to surface integrals at infinity might be expected. It is
safest to say that the transient started at some finite time in the past,
and because of the finite velocity of propagation, it must be zero for

z > Z. The maximum value of the transient will be determined by the

- - -

initial conditions. If it is a spherical wave then it is zero for r > R,
and the maximum value will decrease as l/R.
a. TRANSIENTS IN WAVEGUIDES
The fields in a lossless waveguide are much more complicated
than the simple plane wave described above. A waveguide is a dis-
persive region, because the phase velocity depends on the frequency.
Hence, one would expect distortion of, say, a transient pulse, as it
traveled down the waveguide. However, normal modes exist in wave-
guide regions. For example, there would be normal modes in the

region shown in Fig. 7. The load may consist of a sheet of lossy

Short

Circuit Waveguide Load

Fig. 7. Vaveguide region.
material, or it may be an aperture in an infinite screen. The only case
for which there are no normal modes is when the load is matched; i. e.,
produces no reflections.
The steady-state solutions for waves in the guide are formally

correct for the normal modes, but the frequency « must be replaced
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by the complex frequency p, and some new interpretations will be
necessary. For convenience the steady-state waveguide theory is now
. briefly summarized.”® If E(xyz), and H(xyz) are fields in the wave-
guide then the transverse components may be expressed as a sum of

waveguide modes:

t + % 2z -
E(xyz) = 2V, (z)e, (xy)=2 (a, e ta, e ) &, (xy) (2.35)
t Tz -ty 2

El(xyz) = E I, (=) h, (xy) = 5 (bv e +b, e ) h, (xy). (2.36)

The vector functions e, and h, have x- and y-components only; theyr
consist of two separate sets apiece, those going with waveguide modes
which have no E, (TE), and those which have no H, (TM). The mode

' functions satisfy the two-dimensional equation

v?2 e, (xy)+ KVZ ey (xy)=0 (2.37) |

with
e, x n=0 (2.38) :
on the waveguide walls. This equation with boundary condition has

solutions only for values of KVZ which are discrete, real, and positive.

These eigenvalues are the cutoff wave numbers for the various modes.

The frequency and waveguide propagation constant are related by

«Z=k? syt (2.39)
where
k2= wlue . (2.40)
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The propagation constant is a complex number:

Yy =y +§B,, (2.41)
where -
a, = attenuation constant for the v th mode (2.42)
2w th
B, =— = phase constant for the v ' mode. (2.43)
\
g

The magnetic modes are similarly defined, with an appropriate boundary

condition.

The modes are orthogonal, and may be normalized to unity:

fs € " e, ds = fs h, - 1_'1# ds = 3§, (2.44)

f & *h, ds=0. (2.45)
S

The integration is over the waveguide cross section. The following re-

lations may be shown.

ev (xy)=hy (xy)* 2z (2.46)
j TE
;r-,, Jyw £ - z, = transverse wave impedance, for TE modes
——