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NEUTRON DIFFUSICE AT LARGE DISTMr'CES

FRO ThE SOURCE.-

by
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Summary.

A theory of neutron diffusion by H.A. Bethe is genera ised

to include the case of capture and a nixed medium.
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1. Int roauction*

Bethe ( l) has provided a theory which deals with neutron densities
at large distances from the source and covers the "gap" between age
theory and the asymptotic theory of Wick. This theory has obvious
applications for calculating the efficiency of neutron shields, except
that, as presented in the above paper, it considers only a single type
of nucleus in the scattering medium and takes no account of capture.
However it may be easily generalized to include the case of a mixed
medium and constant capture and it is the purpose of this paper to do
SO.

l1 is assumed that the reader is familiar with Bethe's paper and
the argument is not elaborated in detail wherever it follows closely
that of Bethe. We use the same notation except where differences are
noted in the text.

All scattering and capture cross sections are taken independant

of neutron energy and we consider only elastic collisions.

As in Bethe's paper we shall limit ourselves to an isotropic mono-
energetic plane source in an infinite homogeneous medium.

(i) H.A. Bethe Declassified report A.E.C.D. P105

2. The Boltzian Equation

Suppose the medium contains nuclei of m different types with masses
Mj, 1 -- 1... m and Mi >> 1 for all j.

Let the scattering cross sections of the nuclei be 0 sj J a ... m
and the capture cross sections acj , j 1 ... m

Let the nuclei be distributed uniformly through the medium with Nj
as the number of nuclei of type j per cm'.

Then the total mean free path, I , is defined by

1 m
-7 Y. Nj (Orj + C'cj)

In order to derive the .odified (aim of Bethe's eqn(1) we start
from eq(68) in the review by MarshakL'J on which he bases his work.
That eq was written down fora non-capturing redium but it is obvious
that it also holds for a capturing medium if the function f is
defined properly.

The equation is

u 8(z) ()
1 Lz + w(zt,u) = J du' J. df' iz 'u') f (pe,u-u') + 8 ()

Zo 4M

..... (1)

( R Review of Modern Physics Vol.19 3rd July 1947

.1.



where f(4o, u-u') is the relative probability that a collision will
change the logarithm of the inverse neutrn energy from u' to u with
deflection through an anglh & given by po - cos 0. u is takcn to
be zero at the source and w is the neutron collision dcnsity.

In our case we must have

f(Po, u-u') = % cj fj (ISo, u-u') .... (2)

where cj A Sj

this being the relative probability that a neutron will be scattered

by a nucleus of type j in a collision.

For elastic collisions the functions f. are given by

(M-(+) -) (Mj-u) 2

fj(Po, u-u') = c (u-u') be"- ----- e
8 Mj i 2 2

.... (3)

for u' >u-qj

- 0 for u' <u-qj

where qj = Zn n i-)

We may write (1) as follows, taking the total mean free path as
our unit of length

m u 6(z) S (u)
-

+ ( z, Vu) = J d' Z 1 du' w(z'u')cj fj(o,u-u')+
Cz j1 u-qj 4 n

... (4)

'he capture of neutrons is exprebsed by the fact that the sum of
the coefficients ej is less than unity.



3. Fourier - Laplace transfonm,

The convolution theorem for Laplace transforms states

U

u .F(u-u°) F, (W') du' - L Fi(u). L FP2 (u)

u f. w(zIL' u) fj (to, u-u') du° = L w(zis'u) L fj (ji,u)
u-qj

Now

O q nj -u
L fj (o,u) - J e f j (,.,u) du J e fj €pou) du

0

and this = j (.o'n)

where

gj(vo'n) 
M

MJ(1o41J'1Y + 1 s'1) ( 5)U1/

provided that uo, as defined by e 2 e 2  e2

satisfies 0 s uo < q- and this is true from the definition of qj as the
maximum possible logat-ithmic energy less in one collision.

Now apply a Fourier Laplace transformation to (4) and we get

(1-iy )w(y7s) = Jdfl' (yl.') Z cj ej (1,oni) +
j 4.

were
((n + OD eizY -nu

I(y ) = J e dz f du e v(Zu 1).
-CD

Then writing the last factor of (5) as an exponential we have

•, 1 Mj -) 2(1 - go)(71 + 1)

g-(0f) - e - where we have

... (7)
Mineglected terms of ordcr -j and above.

as .



4. Solution by expansion in spherical harmonics.

Now expand in spherical harmonics so that

II

4ff0, 1 . aji(n) Pg(P.oi oef (B)

where

- (21 + 1) f ej(uo~n) Pf(40) c

2 M + 1 1 1i

S1+- 1 j c PI (110) 40

• .. (9)

Thus

4 1 -4((ll) (10)
ejo(II) \ x 4(n%;D 1- e ...

H~. '3 %' [2(0+1) 90+11)

etc.

Now expand ;(y.7 ) in spherical harmonics so that

P (y&) - £ (21 +1) Pz(i) z (Y1) ... (12)

where

p (yf) = J 9(yns) PzI() dM e. (13)

4R!

Then (6) becomes, on substitution from (8) and (12)

iA J. dI' Z (21+1)P/(u')(Pj(y) Scj ("#

1 (21+1)cPz(y, ) E cS 9ji(T)fPz(p} Pz(io)dn

.4.



I I
Z Tj ql(YT) 91(n) PhI) ... (14)
1

where 91 (n) - : cj 8jz(n) ... (15)
J

We now look for the value y - -iv for which the homogeneous
equation corresponding to (14) can be satisfied, i.e. we consider

N P1 (W
(z,,n, } - P (V ln ) 91 (11) ... (too I-VN

where we consider only a- finite number of terns of the infinite series
since it is rapidly convergent.

We thus find v in terns of n given by the determinant:-

go Aco-l , Ac. ...... 9N AON 0

o Aot 1 Al-i ..... AIN .. (17)

go AON g ANg Z

+1PI p ) Pn (P )
where An- J d ... (18)

Thus Aoo = f(v)

f-1
Ao i - -

etc.
and f(v) - 1 tanh' 1p = 1 In 1+ V. 9)

1' l-v)

1The zero order approximation gives Aoo
go

i.v (l4 + 1) f 4n 4 i (20)i~. zi--- zcj - "M
j 44Mj(n + i)

5.



6. Inversion of Fourier- Laplace Transfonm.

Bethe's equation 16, is, in our notation

W -uf 1 -y z

j i kw(Z. 0e j J. hj 0P (y ni L . (1

where we retain the variable u instead of introducing u.

We may now proceed to solve the inhomogcneous equation (14) at the
same time carrying out the Fourier inversion of 0 as in Bethe's para 3.

f dnwo(2u) e - ... (P2)

where wo(z,u) l . df v(z,Is,u)

and X is given by dA(n') (23)
dvI V 0 V

N
A g, Aoj(&') 31 (P'n)

1 - .ul (2-4)

To obtain the Mellin inversion we may argue as follows:

The contribution to the integral in (22) will arise from the
neighbourhood of same value u0 , say, of u and uo will be a function
of n and z. We may therefore consider fl as a function of uo and z
so that using (22) we have

-V(uo)z --U-(Uo) e
Iw du w (zu)eu= e (25)

o eo9(uo) x (uO)

Now assume

zu) en(U) - zv(u)

VO(zu) , ... (26)90,(u) (u)

where (zu), go(u), A(u) are all slowly varying functions of u.

.6..



Then we may write (25) in the forv,

1dX u) (uo)Muo) u{'u)-uo)} - z{N(u)-v(uo))du X ( du zu) e ... (27)
a go'W(u) X (u)

and u[(nu)-n(tio)- z(v(u)-,(uo)] must have a maximum at u uo

Hence

rn(u) - (uo) + ud - z d = 0 for u - Us *.. (28)

whence

(d'n= z and weimay use thisaa

'ao

gcneral relation to define 'n for a given z and u.

thus d, z ... (29)

Now expand the exponent of e in (27) in powers of (u-uo)

Thus u[T(u) - n(uo)] - z(v(u) - v(uo))

(U'-uo)2 d d'n d2 v]
)[2 *u - - dI .z ... (30)

lknce

dn u dn z d'v1 ~(U-uo)' -- di'
- I. du e ju 2 d 2 du

X(zuo) o

-(u d'27 dap dnl 2-
- [- (u ?- - zI ) -S ... (31)

du d- u

.7.



Wo(Uz) 2 dY--W .. (-Ou Z ,dug u- e U11- ZY

d, d v
But we have fdnxn (29) u d-d- z d-

du du

so that

dn d'n d'v- +u - = 2g

du du2  du2

whence

Mo(U,z) 2 du eu v ... (33)v-m go 2

Now from (29) u = z d

and therefore

du d
2 v dn d2 v d [ di 1

- - = Z - = U •-- = U-.

dl d?) d' d,12 d [ d

Finally we have

1 lii- zi'

W(z,u) 
z

wazuu d d 2 ... (34)

U dv

Wheru r1 isgiven by z d for givun u and z -ince v is a

known function of n

gc, = fcj 4(~(Mji ) [ 1 - 4(0 1)J
41,1i ("Vl) i e Mi

X is given by (23) and (24)

Hence the result is not altered in may essential way y taking
into account capture and a mixed medium. We merely -- t U more compli-
cated expression for the es and hence for the functions v(TI) and )(r).

| n unm in .8.m



6. Discussion

The chicf advantage of the muthod lies in its ability to give
rusults when v and are not small, i.e. at distances greater than

those covered by age thdJory or the spherical harmonic method. However,
it is inturusting to apply it to the case of small v and L since

the other methods then appear as succcssive approximations.

1. Zero order approximation.

This is givcn by equation (20) as

+1
n In ____+1_2___ 40_1_

' cj 1 e J]j .4jnd+)

V1

if we now assume that v and n are small for all j and equate

lowest powers of this equation we have-j

2 1 1
1Zc(+£) 

- 2('i 1l -
+_ 

for large H-
J cj(3 )(1 3{E)

(35)

We have X cj = c, say where c is the number of scattered neutrons
a

per collision, and we may write

sci
L cJ cj. j  Mj

j Mj j Sj
i

where IC is the average inverse mass taken over the scattering
collisions.

Thus

- c-2c n . (37):3

.9.



We must therefore assupie (1-c) small for this approximation
i.e. small capture.

From (37)
dn

o-w c i tc -efm . . , (P e8)

we have un

c - 1- 1 + 2 ( 4 0 )

Now from (38) and (29g) z, P Bc K' z-

U71 u- zu = -- c- 1]- .. (41)
2c2U

Now 2 V ... (42)

3cf

d8

Ho ec 2 cr n which we may take as unity since both n IF and

( No- c) are assumed small.

Thus we have

(u, Z)= exp Ci ,:

uc [ Sc z

c ] . •(44)

.10.



We may compare this expression with the result given by age
velocity theory by introducing the symbolic age T and the nuan
logrithmic energy loss g * Under our assumptions with respcct to thi:
cross sections we find that

U + 0(1) (45'Cc i-

f PC c 'F£0(K, °,(6

and we may therefore rewrite equation (44) as

-~iz S (4lf exp [ -- (1-c)i . (4')S(U, Z) - c (447)&

The factor exp f - J is the usual capture correction

obtained by standard methods (See Ma rsak op. cit pg. 221) while the
remaining factors give the usual age-velocity solution without capture.

Thus the age-velocity solution is equivalent to our equation (44)
when we take account of the dependence of r and f on capture and
approximate; by neglecting tems of order (,1) in their expansions.

P.1st order approximation.

The first order approximation to equation (17) is

0

and it may be shown that this equation gives n1 in Lerms of corrctly
up to order " . If we expand the equation up to tvrms in v" and ()

we get the following expression for the exponential factor in (34)

exp u 1 +

J (48)

.11.



where p = (1 - c) and is of the same order of magnitude as v

w+ 1+ = J = 1.. (49)

, cj

This may be written, neglecting the less important factors,

£
W = Wagee

where

up2  9z [4"l c z'-
e -~ 1k) (1+21)cr + .ie'cf ~ .. (1
6c 2 u 2
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