UNCLASSIFIED

AD NUMBER

AD002009

NEW LIMITATION CHANGE

TO

Approved for public release, distribution
unlimited

FROM

Distribution authorized to U.S. Gov't.
agencies and their contractors; Foreign
Government Information; 12 JAN 1950. Other
requests shall be referred to British
Embassy, 3100 Massachusetts Avenue, NW,
Washingron, DC 20008.

AUTHORITY

DSTL, AB 15/1261, 8 Jun 2009

THIS PAGE IS UNCLASSIFIED




Reproduced by

Qimed Services Technical Information ﬂgenc
DOCUMENT SERVICE CENTER

KNOTT BUILDING, DAYTON, 2, OHIO




R g

- -

4D No.222F

ASTIA FiLe copy

A.ER.E. T/\467

UNCLASSIFIED

ATOMIC ENERGY
RESEARCH ESTABLISHMENT

NEUTRON DIFFUSION AT LARGE
DISTANCES FROM THE SOURCE

An A.E.R.E. Report

BY

¥.T. SPINNEY

MINISTRY OF SUPPLY ¢
HARWELL, BERKS. (
1950 :

UNCLASSIFIED

Price two shillings and sixpence Net.




Unclassified
(Cleared for Sale)

MEUTRON

Ak Ko B /R 487

DIFFUSIO: AT LARGE DISTAMNCES

Summary.

FROi TEE SOURCE.-

by

K.T. Splaney

A theory of neutron diffusion by H.A. Bethe 1is generclised
to include the case of capture and a mixed medium.

Contents

Introduction.
The Boitgman Equation.
Fourier — Laplace Transform.

¢slution by oxparcion in spherical
hamonics.

Inversion of Fourier — L:place Transfemm,

Discugelun,

oruwn Copyrigrt kegerved




1. Introduction

Bethel!)  has provided a theory which ceals with neutron densities
at large distances from the source and covers the "gap" between age
theory and the asymptotic theory of Wick.- This theory has obvious
applications for calculating the efficiency of neutron shields, except
that, as presented in the above paper, it considers only a single type
of nucleus in the scattering medium and takes no account of capture.
However it may be easily generalized to include the case of & mixed
medium and consiant capture and it is the purpose of this paper to &
50, :

It is assumed that the reader is familiar with Bethe's paper and
the argument is not elaborated in detail wherever it follows closely
that of Bethe. We use the same notation except where differences are
noted in the text. : o

. All scattering and capture cross scctions arc taken independant
of neutron energy and we consider only elastic collisions.

As in Bethe's paper we shall limit ourselves to an isotropic mono—
* energetic plane source in an infinite homogencous medium,

(2) H.A. Bethe Declassified report A.E.C.D. 2105

2. The Boltzman Equation

Suppose the medium contains nuclei of m different types with masses
HJ, J = 1 eee MM and MJ >»> 1 for all ‘j-

Let the scattering cross sections of the nuclei be %gj J * lasem
and the capture cross sections Oej 0 J = 1 seem

Let the nuclei be distributed unifomly through the medium with Nj
as the number of nuclei of type j per cm®.

Then the total mean free path, !, is defined by

1 mn
AR IO RECL

In order to derive the modified osm of Bethe's eq™(1) we start
from qu(63) in the review by Marshak'®} on which he bases his work.
That eq" was written down for e non-capturing medium but it is obvious
that it also holds for a capturing medium if the function f 1is
defined properly.

The equation is

[¢) u .
LSy e Wz = | du’ S d0 Wz ptul) § Gyumut) + 228

seses (1)
(2} Review of Fodem Fhysics Vol.19 8rd July 1047
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where f(uyo, u=u') 1is the relative probability that a collision will
change the logarithm of the inverse nautron energy from u' to u with
deflection through an angle € given by pe = cous €. u is taken to
be zero at the source and ¥ is the neutron collision density,

In our case we must havce
flpo, u=u’) = % c¢; £ {po, u=u’) cees (2)
j J J
where ¢j = ZNJ O

this being the relative probability that a neutron will be scattered
by a nucleus of type j in a ccllision.

For elastic collisions the functions fj are given by

(M;+1)® (M;+1) play {M:=~1) )
i+l - ' M.+ - -
fj(UO. ue-u') = . c (wu )5 uo‘{' J . e 2 3 e 2 }
8"Mj 2 2
sses (3)

for u‘au—qj

= 0 for u‘<u—qj

Mj*'l\’
where g = in

Mi-1

AN

We may write (1) as follows, taking the total mean free path as
our unit of length

- mou ' 5(2) 5 (u)
po—+wzpu) = ) A T [ du’ wlz'ut)ey £ (uo,umu’)e———

0z J:l u-—qj 4n
esas (4)

The capture of neutrons is expressed by the fact that the sum of
the coefficients ¢ is less than unity.

o?n



&  Fourier — Laplace transform.

v b

The convolution theorem for Laplace transforms states

u
L] Fefu-u') ¥o (u') du’ » L Py(u)e L Fo (u)
-]

u
L [+ wlazp u’) fj (ho, umu’) &’ = L wzp'u) L fj (pasu)
u—qj .

Now

Y —nu

T (o) du = S e fy (posu) du
J ! J

o0
L fj (HO’u) = J e
[+]

and this = gj(l-lOan)

where -
1 (M +1)? po + (we + M = 1y ]2(n+1)
EJ(uu.ﬂ) ?o= . A 1 ees  (B)
an Mj {uo + Mj -1)% Hj + 1
. _ My +1) T2 (M- 1) Uefp
provided that uc, as defined by uo = —5— e — 5 e .

satisfies O ¢ up ¢ q; &nd this is true from the definition of q; as the
maximum possible loga‘ht.hmic energy less in one collision.

Now apply a Fourier Laplace transformation to (4) and we get

' . 1
(1-iyp)e{ynu) = JdQ' o(yn’) T cj 8 (poyn) * i oo (8)
J
where
+0 . w —
o(ynu) = | elzy dz | du e mu vwizup).
—) ]
Then writing the last factor of (5) as an exponential we have
~ MJ‘LIQ -2(1 = wol)(n + 1)
QJ(UO"\) t I ( ” e M where we have
v
s98 (7)

neglected temms of order ﬁ-l—, and ahove.
J
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4. Solution by expansion in spherical harmonics.

Now expand in spherical hamonics so that

(o) = % E gl Pylue) e (8)
where
gam = (2 +1) J 8j(kosn) Prlne) d
. =2 1-po)(n#l)
ol +1 M.] +1 +1 M.
3 ( J e J Py (uo) uo
Mj -1
te (g)
Thus
eJO(n) - HJ ) 4(n+1) 1-e J . ses (10)
Mj+1 y* 8 ¥;° 2(n+1) 2(n+1) _4(',“1) -
e‘]’_(ﬂ) = m -1 #{ +1 }€' HJ cus (11)
K / stmea)*| M s
etc,
Now expand o(y,nu) in spherical hamonics so that
e{ynp) = lz: (21 +1) Py(u) @7 (yn) e {12)
where
opyn) = & | olynw) By(w) dn e (19)

Then (B8) becomes, on substitution from {8) and (18)

. 1 . . . 1.
(I~iyp)o(ymu) = in ] df g.‘ (2141)Py(p )¢l(yﬂ);10.] p> ?- 851 +(MPy +(uo)

- ‘1;; 22(2“1)‘91(?“) T ¢ gju(n)J Pplu) Pyluc)dn
J

‘4.



- l>:no1(5nr\) Zcjg i Plu)
J R
- ol a(m B e (14)
vhere g(n) = :;.'CJ 9,]1(") «ss {(15)

We now look for the value y = —iv for which the homogencous
equation corresponding to (14) can be satisfied, i.e. we consider

' N Pyin)
I=0 1-vp

where we consider only a finite number of tems of the infinite series
since it is rapidly convergent.

We thus find v in tems of n given by the deteminant:~

80 AOO-I ei AO] sesees EN %N s 0 T

go Aot 81 Ar1~1 eeees By A.'LN ' L (17)
8o AgN ‘ eN AyNl ]
+1 Pp(n) Py (u)
where ’ Aln s i J -——-—-——E—-— dp «ss (18)
-1 1-vy
Thus Aos = f(v)
f~
Aor = ———1:-
v
etc.
1 -1 1 i1+
d f ) = - t l = — l ces (
an (v " anh™ v 5 n = 19)
The zero order approximation gives Aco = é{
1]
) 1
. 1 +v
i.e. = In =~ . M, + 1)° —4(n + 1) ees (20)
¥ 1-v Iz cj J : -e M
J 4MJ {(n + 1)

J

« B

e | AT !,...-,a-&-



5.~ Inversion of Fourier — Laplace Transfom.

Bethe's equation 18, is, in our notation

@ ~-un I -iyz
J‘; d v (z,u,u) e " 5w J- dy e (ynu) e y eee (22)
-0

where we retain the variable u instead of introducing u’.

We may now proceed to solve the inhomogeneous equation (14) at the
same time carrying out the Fourier inversion of ¢ as in Bethe's para 3.

@ —un ¢l
I dn \Vo(al) € - se s (22)
Q eoﬁh
where Wolz,u) = [.d? w(zu,u)
dA(nv’)
dv’ v oe vf
N
1 Z g Aojlv’') @ (v'n)
Ane') = heolv’) = = v t=1 eee (24)
1
fo @o(v'n) + in

To obtain the Mellin inversion we may argue as follows:

The contribution to the integral in (22) will arise from the
neighbourhood of same value uo, say, of u and ug will be a function
of n andz. We may therefore consider n as a function of up and 2
so that using (22) we have :

and M is given by AN - vee  (23)

© _ e*v(uo)z
J du % (zu) e un(uo) {25)
o go’ (o) A (ue)

Now assume

un(u} = zv(u)
Y\(z.u) e
‘I’o(zu) e e “e e (26)

go'?(u) A (u)

where X (z,u), go(u), A(u) are all slowly varying functions of wu.

-6‘




-

Then we may write (25) in the form

[P

© g0 (uo) A (uo) - -
1 = | duX{(zu) ———— eu{n(u) Muo)}t = zlv(ulv(uol) eoe (27) '
o gar(u) X (u) i
and u[Mukn(ue)) = z{v{u)-vl{us)] must have a maximum at u = uo .
Hence
én &
n{u) = nluo) +.u En -z 3 0 for u = ue ses (28)
whence
(cl’-\-) I and we may use this as a
dv Ue
. n * no
general relation to define n for a given z and u.
dn
thus a;__ = u see {29)
Now expand the exponent of e in (27) in powers of (u—ue)
Thus u{nlu) = n{ue)) = zfv{u) = viue)]
(u-ug)? dn d*n d*v
> [2 du +u du’ 2 du9 } + e s (30)
Hence
@ | u i zodh) - -
L oap g W e &2 &l
X (z,u0) o
VT
= d4? d%  dn 13
[—%(u — -2 — )~ ves (81)
du du? du

.7.



[.1(2 d"v L, 4 | dn]‘?
2 T2 T 3 /7
d du d -
Wo(u,Z) = é . N e un= essy (32)
vy i 80'9 \
dn d
But we have from (88) u — = 2 el
du du
so that
dn d®n d% v
— * U - = A —
du du’® du?
whence
2
-ig]
Yo(u,z) = l/_;l 2 du euﬂ- v .. (59)
Ed 07 A
Now from (29) u = 2z S-TV\
and therefore
du d’v dn d*v d [du]
- = 2 = = U -, — 24 . —
dn dn? dv dn? dv { dn
Finally we have
1 un - zv
Yo(z,u) = 1 —_— 1 < oo (84)
dv ‘dn/l fo

. u dv . . .
Where T 1s given by = = an for given u and z since v is a
z

known function of n

(H; +1)? [ -4:,1.“1 ) J
e = P 0] ——t—— -— 1
b ; € & (7o) 1=e

A is given by (£3) and (24)
Hence the rcsult is not altered in may ecssential wey vy taking

into account capture and a mixed medium, We merely-¢:zt a more compl i—
cated expression for the g% and hence for the functions »(n) and A(n).

'8l




B. Discussion

The chict advantage of the method lics in its ability to give -
results when v and T arce not small, i.e. at distances greeter than i
those covered by age t,hc'ory or the spherical hamonic method. However,
it is intcrusting to apply it to the casc of small v and . since 4
the other methods then appear as successive approximations.

1. Zero order approximation.

This is given by equation (20) as

! In tre . -
2" 1 -V (}(J ‘.1)'1 _4(7;+1-) Ty
2¢j ———— (11— ¢ 4
J 4HJ (n+1)

T
if we now assume that v and ¥, are small for all j and equate

lowest powers of this equation we have J

e 1 1
1+4— = 2 — for large M:
2 n J
3 pejn e 2y - XD, 3 cjl1 - 2

s (35)

We have ¥ ¢j = ¢, say where ¢ is the number of scattered neutrons
J
per collision, and wc may write.

> x
32 s xg. L
J ) zcj
J
- e M

‘ a .
where M~ is the average inverse mass taken over the scattering
collisions.

Thus

2 —————

v g S
1-“;; = ¢—=22cnH ces (97)
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We must therefore assune (1-c) small for this approximation
i.e. small capture.

From (37)
2v 1 dn

- -é- - 2 C M- d_P tes

dn Ld 2

— £ — T - [ XX

dv 3ecM u
e

D . zcll |
Hence the appruximation is valid for the case where ————is small

u

i.e. age theory.

. umrzv .
Now consider the term e in equetion (34)
we have un =

——2
- 1
u u 3 2
_"“ C = 1 + = .-" C - 1 ¥ —— RN
Zc M Yo M u?

el S,

zﬂ

-
Now from (86) and (39) zv = 8c M =

oy §

u Sc M 27
un = zv = — [C—ll—w ses
2c
Now A = éf = -2-y ces
dv 3

[‘_5 (dv)]%_[(_ d &F)J% /_;j___g:’_

a | . ) ) -1 -
go—c—2ck N which we may teke as unity since both n M and
(1~ c) are assumed small.

Thus we have

Y(u,z)= S —7 3 €exp ==
v/ 8%u (c:M"t).5 2u oc M

/ 1 ’ 2 — u
3 [_i}_z: cM'"“* (1-

0100

(38)

(29)

(40)

(41)

(42)

(43)

]

(44)



We may compare this expression with the result given by age
velocity theory by introducing the symbolic age T and the mean
logari thmic encrgy loss & . Under our assumptions with respect to the
cross gections we find that

u
T = iy 1 + 0(1) e {48
ec i
£ = i *O(Frl? Y (+8)

and we may therefore rewrite equation (44) as

Wu,z) = T).”. exp |~ = - ? (1-¢) ees (47)

(4n

oy f—

The factor exp L—l‘; (1 = c) | is the usual capture correction

obtained by standard methods (See Marshak op. cit pg. 221) while the
remaining factors give the usual age~velocity solution without capture.

Thus the age-velocity solution is equivalent to our equation (44)
when we take account of the dependence of T and £ on capture and
approximatu by neglecting tems of order __{_ in their expansions.

My

2.18Y order approximation.

The first order approximation to equation (17) is

S | (fiv) - 1] 1
f(v) g L2 .8_0 - 1)gs

1Y

and it may be shown that this equation gives N in terms of ¥ corrcgt;y
up to order »° . If we cxpand the equation up to terms in v™ and( =

M.
J
we get the following expression for the exponential factor in (34)
—
up g o o4 xqzt o
- —— P 4 E zc Zj= .—} 2 A3 M
TP ol {x :3(1“)} R 3(1“2”} v Tols Tafu”
eees (48}

.11,
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wiere p= (1= c) and is of the same order of magnitude as v’

ci
22 ;{% e
X = 1+ J .L = 1 + —? s s (49)
[ —2? C[l'r]
c M ]
o
- 2
where M = J J see (50)
% ocj
J
This may be written, neglecting the less important factors,
3
Yy = “’age e
vhere
2 —— 2 —3d s
up P 1z 914 X | 5, 1 z-
£ = — K - \r — - - - “a a0
= (1+x) 2(1+2K)a 3 +2[5_+3 c M o (81)
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