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;ir The Reinforcement to Full Strength
: of a Thin Slab with a S1it!

By P. G. Hodge, Jr.2 and R. K, FroydS

i' Abstracte A thin slab with a centered slit
parallel to an edge of the slab 1s subjected
to uniform tensile stresses across its edges.
The material in the slab is assumed to be
perfectly plastic and to satisfy Tresca's
yield condition. A square reinforcement is
designed so that the slit slab will not yield
under any load which could be supported by
the same slab without a slit,
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1, ntroduction. Before considering the problem stated
} : in the abstract, it will prove convenient to detepmine the yield
load of a square slab of side 2 and thickness h with a centered

slit of length 2a (Fig. 1)s¢ In Sec. 6, it will then be shown

that once this problem is solved, the design of a reinforcement

3 it
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for full strength can be ccmpleted by elementary calculations,
The analysis will vtilize two theorems of Drucker,
Greenberg, and Prager [1].“ Consider first the following def-

initions.

l. The results presented in this paper were obtained in the
L course of research conducted under Contract N7onr-35810
B between the Office of Naval Research and Brown University,

2o Assistant Professor of Mathematics, University of California,
Los Angeles, Calif,

3. Graduate Student, University of California, Los Angeles,
Calif,

4, Numbers in square brackets refer to references collected at
the end of the paper,
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a. A gtatically admiggible gstress fleld is a stress
field which is plecewise continuous and has contin-

uous tractions across any surface of discontinuity,
is in equilibrium with applied loads, and nowhere
involves a shearing stress greater than the yleld
stress k.

b. The internal rate of dissipation of energy Dy 1s the
product of the absolutely greatest principal plastic
strain rate by the yleld stress:

é
Dy = 2k max |e],

ce The external rate of digsipation of energy De is the
rate at which the applied loads do work on their

points of application:

De=g.10
de A kinematically admigsible velocity field is any

incompressible velocity field for which the total
internal rate of dissipation of energy does not ex-

ceed the external rate:

D, dV ¢ IDG ds.
S

With these definitions, the theorems of Drucker, Greenberg, and

Prager state that:

le The collapsc load is the largest load for vhich it

is possible to find a statically admiscsible stress
field;
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2. The collapse load is the smallest load for which it is
possible to find a kinematically admissible velocity
field.

Observe that any statically admissible stress field
furnishes a lower bound on the collapse load, while any kinemati-

cally admissible velocity field furnishes an upper bound. In

particular, if hoth a statically admissible stress field .ard a
kinematically admissible velocity field can be found for the
same load, this load is the collapse load,

2e ia o) er bound. An upper bound for
the slit slab loaded in uniaxial tension perpendicular to the
S11t can be found by the method used by Hodge and Prager [2] in

the discussion of & slab with a circular cutout. To make the

J
present paper self contained the analysis 1is repeated here, ‘
Let the applied stress be 2vk and consider a discon-
tinuous velocity field in which half of the slab remains at rest
while the other half moves out of the plane at 45%, as a rigid
body with a velocity ve Figure 2 shows a cross-section of the
slab for such a motion. This may be considered as the limiting
case of the continuous velocity field shown in Fig. 3.5 In the
transition region of width B the absolutely grcatest prinecipal
strain rate is v/2B; in the remainder of the slab the strain
rates vanish,
The total internal rate of dissipation of encrgy Dy
is given by

Y. The triangular regions having an area of h2/2 are neglected,
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&31 = | D4aV = 2 V2 kvh(1l-a), (2.1)
\s
Since this is indepcndent of B it remains valid in the 1limit
as B-—0,
The total external rate of dissipation of energywl%
q is given by

Dy = |F+ vds =2V3 vkhv. (2.2)

For this velocity fileld to be kinematically admissible
the total external rate of dissipation of energy must be greater
than or equal to the internal rate. Thus aﬁe 2‘61’ or, in view
of Eqs. (2.1) and (2.2)

v> 1 - a. (2.3)

Therefore, the collapse load of the slab under uniaxial tension

is less than or equal to 2k(l-a)h per unit length.

3. tengi we ounde A state of plane
stress can be described by specifying the two non-vanishing
principal stress components and a principal directions Let 6 be
thc smallest non-ncgative anglec between the x axis and a princi-
pal direction, s the principal stress across an elemont inclined
at an angle 6 to the x axis, and r ®he other principal stress,
The reduced mcan normal strcss w and the reduced difference be-

tween the principal stresses y arc thon defined by

w ='£§(r+s), X = gk(r-s). (3.1)

The normal and tangential tractions across an clecment inclined
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at an angle a to the x axis are given in terms of w, X, and 8 by
(N/k) = w = x cos 2(8=a), (T/k) = = X sin 2(8-a). (3.2)

Consider a discontinuous stress field of the type shown
in Fig, 4, Due to symmetry, it is necessary to consider only
one quarter of the slabs Across AB, the normal traction must
equal the applied load 2ukh and the shearing traction must van-
ishs In terms of the variables 6, r, and s this requires that
8, = 0 and s

1 1 1
the fact that no tractions are transmitted across the slit OD,

= 2uke The stress r, is undetermined. Similarly

or the side BC leads to 6, =5, =6 = O, Finally, overall

=r
equilibrium of the slab requires thzt s33= 2uk/(1-a).

The interior components of stress ry and rl+ and the
three components in region 2 must now be determined. Let
Yy = g%, z = ;%, W Wy X = Xoy 8 =86,, and let T be the angle
between the x axis and the line of discontinuity separating

regions 1 and j. From the geometry of Fig. 4,

tan 012

n"
[
L]
o
-

.

tan a

23 l-a ? (3' 3)
- b
tan Aoy = = 3 ¢

The continuity of normal and tangential tractions

across the lines of discontinuity rcquires that the following

six equations be satisfied:
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%? w - ) COS 2(9-012) =y +p = (y=-p)cos 2012, %
-y cos = B ;
w =Y €O 2(6-023) l_a(l + cos 2a23), i
w = x cos 2(8=ay,) = z(1 - cos 2a, ), j
|

1“ X sin 2(6-012) = = (y=p)sin 2012, (3.4)
X sin 2(6-@23) = T%E sin 2a23, ?
\
i x sin 2(6-a,,) = - z sin 20, 1

Since s3 was determined so as to satisfy an overall equilibrium
condition, only five of Eqs. (3.4) are independent., Their solu-

tions can be seen to be

- 2a
tan 20 = e timay
X = _‘2\/[6 + gil-al]z + haz‘
a + 5(l-a)
- -a)]
o = b= aglay] (3.5)
- _ba
y = TE- Y
= . B8
z 5

As a check 1t will be ncted that the total traction across 04

vanishes.

In the present notation the yield condition of Tresca

may be written

Ir] <2k, |s| g2x, Ixi < 1. (3.6)
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If the above stress field is to be statically admissible the six

Inequalities (3.6) must be satisfied throughout the plate. In

each of the four regions the governing inequality 1is defined as
thaet one which would be violated by the smallest value of e

The substitution of Eqs. (3.5) into the governing inequality of
l each region leads to
a
=5 <1, (3.7)
I \
i 2 2
1- + L4
pVs + a(1-a))2 + ua -y e3,8)
a + 3(l-a)
_<. l) (309)
l =&
l .
%— L1, (3.10)

Solving Inequalities (3.7), (3.8), and (3.10) for & one obtains

o) S l - p.a, (3011)

g -a(l-a)(p2-1)-Va2(l-a)2(p2-1)2-[u2-(1-a)21{ﬁ2[a2(1-a)2+ka2]-a%;

¥ - (1ma)? (3.12)56,
F pa < b, (3.13)
% In addition 1t follows from the geometry of Fig. 4 that

0 %<1, (3¢ 1)

Except for the restrictions of Inequalities (3.,11)

through (3.14), & is arbitrary. A necessary and sufficient
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¢ condition that there exists some value of & satisfying all these
inecqualities is that each lower bound on & be less than or equal
to each upper bound. Since p and a are positive, the resulting

six inequalities are all satisfied provided that

' b <, (3.15)

f(p) = azp-l+ - 2a(1+a-az)p3 + (1+2a+2a2)p2 + 2a(l-a)p = 1 < 0,

(3.16)
Further, Inequality (3.15) is seen to be satisfied whenever (3.9)
is satisfied,

The polynomial f(p) 1is increasing in the interval
O < p £1. Indeed, since

£r(p) = ha2p3 - 6a(1+a-a2)p2 + 2(1+2a+2a2)p + 2a(l-a),(3.17)
and since for 0 <a <1, it is easily shown that
2 2
2(1+2a+2a“) > 6a(l+a-a“), (3.18)

the derivative is positive and the conclusion follows. Thus, in

the interval O < p <1 - a,

R e T e e i

{

() < f(1l-a) = - ad(2+2a-ka%+a3) <o, (3.19)

so that (3.16) 1is satisfied by any value of u satisfying (3.9).
Therefore, the above stress field will be statically
admissible provided only that the load is less than or equal to
2k(1l-a)h per unit length. Since thies is the same as the upper
bound found in the previous section, the collapse load per unit

length under uniaxial loading perpendicular to the slit is
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hTy = 2k(1-a)h, (3.20)
“. Uniform biaxial tensiop. The upper bound obtained

in Sec. 2 1s also valid for the case of biaxial tension, since
the side loads do no worke A lower bound is obtained by the
same methcd as in Secs 34 The stress field is shown in Fig, 5y
where the values of the quantities which may be determined by
inspection are specified. With the definitions of Sec. 3, the
equilibrium conditions across the lines of discontinuity lead to

w =~ Y cos 2(6-u12) =y + p - (y-p)cos 2a,,,

(2:2) + %f; cos 2a

W= Y cos 2(9-023) 23?

w = x cos 2(6-a,,) = z(1 - cos 2a,),
(4.1)

X sin 2(6-a,,) = = (y-p)sin 2a 54

ff% sin 2023,

= z sin 2“2@'

X sin 2(6-a2 )

"

3

X sin 2(9°°2k)
The solution of Egqs. (4.1) is found to be

’

- “g\[(b-a) + b .

a + 5(l-a)

2 " " (4. 2)
a + bi%-a;’
+ -

[

tan 20 = _2_
d=a

m
y=paglot

R w T g = “Li—g .
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In regions 1, 3, and 4 the governing inequalities are found to be

while in region 2,

2
pmsl if 0<b<a, (4o14)

a + 5(l-a)
but
2 4 b(2- +»¢r.1\/(£>-;312+"rﬁ
%.5———12;&%6(1_&) £1 if a<b<l. (45)

It is found that {f & is taken equal to a, the resulting in-
equalities are all satisfied provided that

W<l - al (4e6)

Since this i1s the same as for the upper bound, the collapse load

per unit length for uniform biaxial loading is

hT, = hTy = 2k(1-a)h, (44 7)

It i1s interesting to note that the stress field ob-
tained by setting & = a in Eqs, (4.2) yields

r, = 2kz = 0 (44 8)

so that region 4 1is stress free, It follows that the yield load
for a square slab with a square diamond cut-out (Fig. 6) under

blaxial tension is also given by Eq. (4 7)0
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5« Qther loadingsg. If the slab is loaded in uniaxial
tension parallel to the slit, the slit will have no effect, so

that the collapse load is
th = 2kh > 2k(l-a)h (5.1)

per unit lengths Further, statically admissible stress fields
obviously exist for compressive loads which are equal in magni-
tude to the admissible tensile loads already considerad,

An argument used by Hodge [3] now shows that if
(hsx, hSy) represents any load per unit length which can be
carried without ylelding by the unslit slab, the slab with a
slit will support the load per unit length

BT, = §(1-a)h, KTy = 5 (1-a)h, (5.2)

To see this, observe first that the loads Sys Sy may
be represented in a loading space by the hexagon ABCDEF (Fig. 7).
Thus, it 1s desired to show that for any load in the hexagon
abcdef a statically admissible stress field exists,

Any point on the hexagon abcdef can be represented as

a linear combination of some two of the vertices of the form
X = plag; + (1-a)ap] 0 <a g1, 0¢p <1 (5+3)

Here X represents the vector from the origin to a point on the
hexagon and a; and 8, ropresent vectors from the origin to some
two of the six vertices. Since statically admissible stress dis-
tributions exist for the loads represented by the vertices, if at

any point in the slab, for the load reprosonted by X, the stress
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distribution corresponding to (5.3) is taken, it follows from
the convexity of the yield surface that the resulting stress dis-
tribution will be stacvically admissible.

€. Reinforcement of the slab. In this section it will

be shown how the results previously obtained can be used to de-
termine the dimensions of square reinforcements welded to the
sides of the slab so that the reinforced slab (Fig. 8) will be
able to carry any load which could be carried by ths unslit slab,
The reinforced slab is assumed to be in a state of generalized
plane stress.

Let the edges of the slab be loaded with loads hSy,
hSy per unit length (Fige 8)s In the part of the slab not

covered by the reinforcement, the constant stress field

Ox = Sx, dy = Sy (60 l)

is in equilibrium with the given loads, and will be statically
admissible if the unslit slab could carry the given loads. This

stress field will transmit the tractions th, hS_, per unit length

y
to the reinforced part of the slab,

From the previous section, it is known that the rein-
forced part will not yield provided that the edge loads per unit
length are not greator than (R=a)Hs , (b=8)HS . Therefor

g g b x? Eﬁ) y o e’ it

follows that a statically admissible plane stress field for the

entire slab can be found, provided that

EZS%' (642)
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To show that this is the least reinforcement which will
be safe for all loadings, it is necessary to consider only the
kinematically admissible velocity field associated with uniaxial
loading perpendicular to the slit. An analysis similar to that
of Sec. 2 shows that for a load hTy,

(Ty/2k) - 1
Bog + . (6.3)

In particular, it Ty = 2k (full strength), then Inequalities
(6.2) and (6.3) show that the thickness ratio for a square of
given side b 1is

% = SBZ . (6a14)
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Dr. A, Phillips

School of Engineering

Stanford University
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Brown University
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Dr. S. Raynor

Armour Research Foundation

Illinois Institute of Technology
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Massachusetts Institute of Technology
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Professor M. A. Sadowsky
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Technology Center

Chicago 16, Illinois 1 -
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Troy, New York 1 1
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Columbia University
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Talbot Laboratory
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Professor R. G. Sturnm
Purdue Univaorsity
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New York University
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Professor C. T Wang
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Ncw York University
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