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Zaverse, Multiple and Sequential Seaple Censusesl
Douglas G. Chapman

University of Washington

The enumeration of poyulations by sampling mcthods na: only recently
coile intc widespread use, though the idea dates back at least to 1783
wvhen it wes proposed by Laplace [9]. Approximately a century later,
Petersen [;3] used the tag and sumple metnod to enumerate a plaice pop-
ulation. The basic procedure consicts of tagging or narking a number of
individuals within the population and subsequently sampling, at random,
the whole pojulation. Estimutes of the opoulation are based on the ran-
dom nuaber of tag recoveries in the sample; the number nf individuals
w=rked and the sample size are known paraneters. A study of such esti-
aates and of tests for the population size has been made by the author
() [4)

While this simyle mmodel suffices for asny purposes it is apparent
that wmore conplex models wi . be ofter -...~:3ary or desirable. In many
cases the tagging and sampling is curried out ia several stages. Such &
procedure is referred to, here, as a multiple saiple census. Various
point and interval estimation fornmulae based on this procedu.e lL.ave btean
given by Schnabel [17], Schumachier and Essueyer {18], LCe Lury [7] ) [‘75],
Scneeffer le] and the author. This type of procedure lends itcelf to &

secuential procecure. Tests and estimution foriulae based on such oultiple

and secuential procedures are fcraulated in this oaper.

An even sinpler modification of the single step cernsus is to "inverti®
the saaplin; process i.e. to fix the number of tazged irdividuals to be
recovered by sanpling, rather than fixing the samdle size. Some foraulue

using thie idea were given recently by Bailey [l].

lReseur ;mrtially supporteé by tne Office of Naval Research.
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INVERGE SAMPLE CENSUSES

The following notation will be used tnroughout:

N: the populstion size being studied
ti: the number of narked individuais in the population at ths time
the i-th sanple is taken
n:: the number of individuals taken in the i-th sauple
8.: the munber of tagged individuals recovered in the i-tn sample
B4yt the mumber of individuale recovered in the i-th sample that
had been tagged at the j-th tagging.
For convenience we also define n, s t) and 35 = O. The subscript i
may be taken to run from 1 to k. Where k i8 1, i.e. the sample census is

conducted in one stage, the subscripts will be omitted for simplicity.

If the inverted sampling plan is used the s; are fixed parameters,
the n; are random variables. For the single sample case n is & negative
binomial or negative hypergeametric random variable according to whether
sampling is with or without replacement.

If ocampling is with replacenent, Pr(n) ths probability of having to
sample n individuals to obtain s marked ones is given by

(1) Pr(n) = (:i) (ﬁ)’ (_ i)l:-a

and E(n) = SN
T

Hence Bt is an unbiaseti estimate of N, which, as the autanor has
8

nointed out ll.] s i8 uvot true when n is fixed and & the random variable.

The variance of Bt 1 (N°-Nt)s®l and an unbiased estimate of this var-
8

iance is
(2) o ? 2
= 1 n=8_
m = % 2]




As noted in Appendix I

(3)
8 = %*N
/az-m
s 8

is approximately distributed according to N(0,l) for large s. This fact

may be used to set up confidence intervals and tests for N.

For s and t botn small, as will be more frequently the case, the
N
second limiting distribution given in Appendix I will be more useful. For

this range of the parameters ZE.& has approximately a X2 distribution with
28 degrees of {reedam. This 1is equivealent to the Poi.son apgroximation to
the hinomial. and is reluted to the results of Sandelius [15] concerning
inverse sampiing with random veriables distributed according to a Poisson
distribution.

If x:s(g) denctes the £-quartile of the X 2 distribution with 2s

degrees of freedam i.e.

P03, £ X3, (€)=€
then (1-£) confidence limits for N are given by

(“ N-28 | § 2

) 2
X 54(1-£/2) X 55€72)
The probleam of improving on these confidence limits in & procedure
simjlar to that treated in [3} will be considered elsewhers.

If the sampling occurs without replacenent

? = (n=1)} ! (N-%)! (N-p)!
(5) oxln) (s-1)t (t-8)! (n-s)! N! (N-n-tes)!

and
6 E(: N+l
(6) E(a4) = oy
80 that

is an unbiased estimate of N. In contrast tu the direct samvle cenaue

estimate, this unbiessedness does not depend on the parameiesr: s and t.



Furtlermore

8 g o () (N-t) (tesel) =
v(t i) 8(t+2)
8

mlzm

This approximate formula (which exaggorates tiie actusl variance) may be
useful in the determination of the choice of s: by an appropriate choice

of e

S A

'—-'j— can be fixed at any desired level.

For testing purposes we note tast N is approxinately normsal with nmean
N and variance given Ly (8) for larze s. A modei similar to that used by
David [6] can be constructed to prove that as s tends to infinity n is
asymptotically normally distrilbuted.

On the average the inverse sampling procedure is better than the
direct sampling precedure. For if ', 8', denote the fixed sample size
and the random mumber of tags recovered in the direct procedure, and if s
is chosen equal to

l%-t“then

Pe
ey
2

while o (E:2 = N N_ < ;
¥ & 2t} <O (nel) (£:0)°
s'tl

{g'«rl) (tﬂ!

s'rl
Hence a mcre efficient estimate is obtsinec with less average effort.

is the almost unbiused estimate in the direct saimpling case,

On the otner hand if the experimenter knows absolutely nothing about
the possible population size, then by an improper choice of t and s, E(n)
may be extremely large. Moreover

0'2= s(N+1) {E‘-tl (t-stl) - g (ﬁg 2
n (tel)<(ts2 ) 1

\

is very large; tunis may be regarded as an undeszirabie feature of the pro-
cedure.
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These difficulties may be partly overcome by a modification of the
inverse sampling phm_ as follows: the number of uniagged individuals to be
recaptured is predetermined, rather than th2 number of tagged individuals.

In other vords, n-s is chosen in advance of sampling: & and n are now both
random variables, though capletely dependent. For convenience write n-s-cg.

- 1)1 ti(N-t)! (N-p)!
(9) Prin)= it Ened)t (3-D1 (e-8)T W

is derived in the usual manner. However the obvious estimate again is no
langer strictly unbiased. For

(10) E (.._n... E (_n_.)
o-4*1 svl

= * -t~1) ! (N+l-pn-1) ¢ Nel
& n=-§+1) 1 (t4l-n-24d ) 1 (§-1) L (N-1-t+1=§) t(NeL)L| tol

- !.'.l. l - 1 ! 3o
t+l Bel): (N-t- bl

Thls result is analogous to that obtained by the author in [1.]_: by
the same argument and formulae given there (pp. 145-146) it follows that
the second term in thc parentheses is negligible provided %‘6.) log N.

For such values of 8, t, N the estimate
W=2a(ts) _
(1) K= ~1 1
has bias less than 1 in absolute value.

To determine U:> variance of fl‘, (901)'2 is expressed in an iunverse
factorial series as in [l.] 8o that

T2 = 2 ol [ 1 2 +
o = (o) faterty-a] (odry *G«l)(s-rzxeéi*(mﬂm)(mrmr’?

To evaluate the sxpectation of this latter series let

n(g) = n(n-1)(n-2)...(n-i+1l) and observe that for ary 1 S J (§-1=€ )

; / (aei-1)(y) | (V) (B-t), ()
(22) E\ (MJ)(J))' (tnj)J (3-156 ny)
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Here 25 stands for § tems of a form similar to the one in the brackets

of formula {10). This formula is derived by & direct summation exactly
parallel to that used in obtaining (10).

If?’b is neglected and the remaining terms on the right hand side of
(12) are written dyy then

2 N2 _ul 2 2
Table 1 gives a tabulation of —g—for various representative values of N,
t ;ndé, obtained by means of this formula.

The average sample size required by this procedure can be deternined
sinply from (9). In fact again by direct sumsation

(14)  E(ned-1) ) = (%1% (Ne1)y
Bhai

so that

(15) E(m) = s
and
(16) o-i = El-tdsf%;-tte)’."' 4t

Either of these formulae can be obtained from (6) and (8) by an inter-
change of N-t and t and by replacing s by d . It is seen imnediutely that
the tremendous variation possible in the earlier inverse sampling model is
nov eliminated.

Since 4 will usually be reasonably large the nost ap.ropriate approxi-
mation to use for testing purposes is the normal distribution. In particular,
it is desirable to work with n using formula (15) and (16). Writing

S = p' and using a trivial modification of the apyroximation of (16)

N = T o T



e acdl . el

n_sL-;

7—1—2- is approximately N(9,1)

and confidence limits for p' (and nence N) are obtained from the quadratic

e.uation

(17) [n(l-p') -()]2 = kg 02 (1),
o]
The approximation :uay be iaproved slightly if the exact forwla for 0‘; is

used but tunis involves solving a hi_:ner de _Tee ecuation.

DIKECT .ULIIPLL SAMPLE CENSUSES

In tie 1ost usual *ype of direct .aulti)pie sample census, at each sta e

& ;roup of incividualis are drawn froa tue populution. Tiose that are tagged

are noted; thuse not tagged are tagged and then tne whole group returned to
tme population. This sampling may take place without replaceaent. Even
where tae sampling is with replacenent it nuy be desirable to set up the
experinent so that tne :odel ap.ropriate to sampling without replecement
is correct. This may be doue by ignoring recaptures in ine same sampling
perioc. It is frecuently desirable to do so tc avoid pussible nonrandx:mness
involved in such recaptures.

For this situation thLe ap_.ropriate model is ;iven by the following con-

aitions

&) tri‘l’ti = ni-ai 1=1, 2,..., k

b) tl(zno), Ny, Nyy.-., Ny are paraneters

¢)  to, tyye.ey Y3 8;, 85,..., 8 are randon variables
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(18) AL
1e1 (N )
| R
| ti! ng! (N-ny)! l (N-ng):
= J:Tl Rt 8, (Uy-84)1 (m;-85)7 J [T

The remaining ter.is telesco.e becsuse of (a). Frou foraula (18) {t is

apparent that z 8y is a sutficient statistic for N. lloreuver the maxinaum
i=1 ’
likelihood estimete of N is easily derived from (18) | see Apsendix 11].

It is the soiution ot the equation

k \
(19 TT /1 - h): 1l - iii

=0 \ N N
In view of the fact that N is nuch larger than any ny a first aporoxins-
tion to the maximum lik:lihood estinate is

k k
(20) NL:. %_:Uja!;tIn
5oy

1=

This formula is obtained by iygnoring terms mvolvin,;'nkj or higner powers
of ..;_. in (19). If the cubic terns are retained the approxinate equation to

be solved for the maximum likeiihood estimate is

(21) Nz(z_x_: = (i £y n/ 7"’ 2> . > Lndr}gnr: 0

\4-0 =i+l a=0 L=q+l y=8+1
The larger root of this equation (which will be denoted Nq) is the

desired cne. As sniiovn in Appendix II, under certain conditions that will be
frequently xmet with in practice, the maximum likelihood ecstinate will lie

q
emall compared to K.

between N_ and NL and furthermore the difference NL-Nq wil_ be relatively
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It is interesiing to note that t.e same estimate is cuvtained by tne actnod

of moments. For, if z s, 18 denoted 5, , then
i k
i=1

e
R e e

k
¥ :-
(22) E(s == L-E\l- l- 130 nj'
o\ N/ N

::‘E_~__ ( 1 i hi
1=2 -) FI

vhere k, = sum of proaucts of ny, n), ny,..., o taken i at a time with all
subscripte 2ifferent. Either of these results is nost easily ohtaineu by in-
auction.

The cistritution of Sk is difficult to obtain in any simpie useavle form.
s0 that it is difficult to evezluate the smaull =sample properties of tnese esti -
mates. 1t may be noted that these estimates ure not strictly comparatble with
those of Scnusacher und Essmeyer, Schnabel and tiie author-s own, referred to
in the imtroducticn. These latter estimates wiich are penerally of a KZ type
are derived on the assumption (implicitly or explicitly) that the number of

tegs is a {ixed parameter, not a randon variable.

It is posvible to write down simply &n unbissed estimate which is waiid

in both of tiese models (i.e. whether tne t eare random veriubles or para-
neters) viz
(ni-r l)(ti' 1) -1

e ] si+ 1

(23) Ne = 15
kg

. . n, %,
proviced the Sy (or more precisely _i.& ) are sufficiently large [rou:_thly,

near 10 cr (reater in size]. For

o L S B

-
Mg

E(N*)=

L S Bl e

e 5 T WSS WD B SN U N WS LSRN W, = e e e

e — TGN, »
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under the rostrictions noted {those given in {L] p. L45).

L5 a cunsecuence of a thooren: of Blackwell {2}, however, it can be sz'd
that an unbiasec estimate 1or M basad on Sk hes & smaller variance than W%,
within the nodel in which the ty cre cumulative and bty 41 - Y= 0 - 84,

Where ihe t, are noi randam variables but fixed psrameters, |™ ie a

n;t :

desirable estimate (subject to the restrictions _%i not too smail) and fur-
thermore the varierce of N®* may be computed frou formula 33 of [-1.] and the
fact that

~ e
(24) O g =% 2
Ne =72 ; G'(ni«rl)(tiu)

si-vl

It will frequently happen thut the néti cre too small to permit N#® being
an unbiased estimate. For this situation, where tne ity nre fixed, a slight

modification of an estimate given by Schnabel i_l?] will be nost useful viz

k
> t
E_lnii

B

Trhis is based on the fact that each 84 has aporoxizately & Pecisson distribu-

(25) N_=

n,t (-—}E—-
tior with perameter ; i, and hence £ = 8 hss approxinately a Poissen dis-
t £
v ™~ ) .
ribution with parameter S‘ Bty = A (sey).
i=1 _
N

E(NP) = N(1 - e')\) is easily derived. Furthermcrec

-A M 3 v nerlieit 3 k [
Ne will be certairly negzligible if s—' agt; > N (lcg N). This is a

i=1

AT 1 e

& n’”"al;! iid
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much lesser restriction than that the same inequality hold for each ngty.
Neglecting terms of tne form /\Je"’\(j:o, 1, 2, 2) an approximute

formula for the standard deiaticn of Np is derived, viz.,

(26) o - B (lf-i--r-f?>§

P

1=1
The cerivation is exactly parallel to the derivation of (33) in [L],
tnrcugh the use of an jnverse factorial series.
Many ssmple censuses will not fall strictly into either of these .10dels:

soize of tine unmarked individuals taken in a sampie will be retwmned as marked

aewbers, but not all. A full treatment of this case 1s clearly cauplicated.

nt
wWhere the 3; i are sasll, the estimate Np is probably quite satisfactory.

The Pcisson ap,roximation will also be useful as a basis of constructing

tests and confidence intervals for N. The confidence limits given in [3_‘ nay

clearly be used (with nt replaced by t ) if the t; are fixed paraneters.

n,t
1-1 44

¥Within the xzodel primarily considered in this section this will probabhiy be
r~asonably satisfactory also.

If the experimenter observes s,, the number of tags recovered in sample
4

-1
i that were pleced in the j-th tagging ratier than simply 85 (ai: iz:aij)
§=0

nore information 1s apparently available. Actually the knowled;e of sij is
of no value in estimating N, or in constructing tests for N. For the joint
- N -
. I n‘1 33 "i
l 8 -8
].!T j=1 1 [\ %
Pr(slo,szg,82l,...,Bk’k_l) = i=1 (N )
n
i

probability of the eij is

(27)

_Tgk—l— ﬁ' (“J"’:P\ 1 (N - mg)y

=1 3=1 sijﬁni‘si)‘(n (N - terl):

P e e - e -
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‘rom vre form of thin probabiijt. uictribaticn 24 i4 ceon it
e \‘k'“" £
S o= 3, = - B, : s otill sufficient cititistic for il.
A =) P 943 i till a suff: n Istic for i
i: i = l J;:O

Howeve: tae bij ray te vred to test the agsumptions Liso the sampliag
is vandcm (i.e. the probability of iacluding an aramal in the sample o8
independant cf ita being tegged) or that the pouvlation is constant.

Under the hypothe:is tested, that M is constant, given t: (§=07, 1, 2400.y4-1)
the 84 have a multihypergeoretric distribution or neglecting the sampling
witiout replacement a muitinomial distribution. Giowever the usual Kz test
does not follow immediately for the estimate of N will be deternined f{rom
the random ‘7ariebles sij which are not indesendent fov different i. The
The author, however, conjectuies that in view of the nature of the)(:2 test
this is asynptotically nezligibhle, Mach more serious ic the faclt tha’ In
many cases at least, E(Bij) are too small for a reasonsble application of tha
test.

Ag an ualternative orocedure a ncn-paranetric test is sugjested. An array

of the form

8 8
——];—O-—, -..g-o_L .8_3 » erey fw_‘
nl% nzno n:)no nyno
o2 2 MO > W
n,(n,-s,] “3(“1‘91' n, {03,
e S
n e -9 )

.

mey be formed, in which cach element is & randon variable with expectation -;-

re
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Within sacr row the randon wvariables are independent. ‘totiveea rows

this 18 not the case; for ine sij’ for fixed i, are ouservations from tho

same ssmple. However the correlation between any two s

, A N-u
Jda 13 4
N . N1

n{n_, -8_)
which will te usually negligible. Horeover if -+ “(N 2. is emall

coupared to ny the conditional probability of 8i, 8&lven qyg is almost

1§° Bay 3iq ’ s&gis

ecual to tne unconditional probability of 85q °

In viev of this Une sigi test sug ested by Moore and Wallis [iZJ to
test for randomnese in a sequence of independent observations from a common
distributior may be appropriate. The test is based on the statistic D, the
cunber of negative signs in the sequence of successive differences of ob-
servations. Moore and Wallis tabulated tne provability distribution of D
for emall velues of n, the nuaver of observations. They conjectured and
Mann [11] stbsequently proved rigorously, that D i3 asymptotically normally
distributed. In application of ihe test since

= B=l 2 _ n+l
f _b-1
[p - 2

{—_—J_'_l' J 12 is taken t» be distributed sccording to N(0, 1) for n D 12.
o«
I} the array (28) ls considered as a single seguence of obscrvations the n of
the Moore ard Wallis test is u2re equal to Eiﬁ;gl; é
In pany cesee tne altleructives to randonress aro essentially one-sided.

For example, some that nay Le considered are:

(a) the tagged individudis die off more ranidiy or disappear so as
not to ve available for samnpiing

(b} thne tagged individuals sisperse from the tagging location slowly
anc. are nore likely to be recaptuied in the samples taken soon &fter the
tagging ratrer than later

(c) there is a marked change in the compos:tion of the population

due to natural processes or tu migration.
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If any of these alternatives is true, the random varia®.les in each row
of the array will tend to increacse. In this case a t-.st based on the wihole
array as a8 single secuence has tihe following defect: if tle alternatives
are true, in each row tue probabilily of a negative difference is reater
tnar 3, but tne probebility of a negative difference between the lust
elesent of sny row and the first of the next row wil. Le uuch less tnan j.

To avoid this it is necessary to cousider each row separately, i.e.,
the array (28) may be considered as k sequences of observutions decreasing
in length from k to 1. A test of rardomness may be made using tne sun of
the nunter of negative differences in these k sequences (actually k-1 gince
no difference is obtainable froan the last row).

Let

(9) X=DTd, r...+D

where l)1 = number of negative differences in row i.

Then E(X) = !L:_‘l). and ﬂléi.(.&'_ll .

~2 =
v x

The asymptotic normality of X is immediate using tae fact that D itself

k-1

tends to0 be normally distributed as k tends to infinity wiile the initial

terms of the sum (29) are asymiptotically negligible as k tecones lerge.
Table II gives a partial tabulation of tue distribution of X for

k=4, 5 6, 7.

o T e TS PR T A e~ W Gt DA AT VU RSN A 2
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INVERSYE MJILTIPuL! SAMPLY CENSUSES
As in the single stege cenaas -woa .1odels nmy »° consider:d. e the
first of these, sumpling arnd ta:;9ing ere carried out in exactly the same
manner as in the direct multiple sanple census, except that tie nuber cf

tagged individuals at each stag: is predetermired, rather thai the sample

size.
In this model

a) tii‘l - t1:= B, -8, 1i=1, 2,..., k

b) ti(= no), 3i5 34s..4, 8 8Ye pavauriers
c) t5, t3s.ee, %y, 0y, Dg,..., 0y are randoa variables,
and

X - ' t{(N- t{l=-ns !
Pr(nl,n2,...,nk):= T—T F(?i 1D 40 ti):(' ny, .
i=1 (si~1;!(tl-si)!(ni-si):u!(N—ni-ti--si)i

Trere is now no non-trivial sufficient statistic for &. liowever, &n

unbiaced estirate is =2asily found, nanely

(0) F=41 3 omlue))

131 8y
for .
A . . | :
(31) E(N)zllZ E |E (Eﬁl_tﬁ-llnj, 5<1)l
i=1 oy |n4 o i 1

je i

= s Ek: elx) = n.
i=1 2,
je i

Using the approximate formula for tre variance of !l in tue single
sanple case, (3), by a similar procecure vo the derivation of (31) ‘.t

is found that

2 wd o
(32) G5 = & 3 A
& k2 i=1 %1

e o g = e i . - o . | S
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In tuis inverse sampling procedure tuere are several parameters at

the disposal of the experiunenter - Ny, k and 8y, Sgye.., 9y. Iv nay

k \
Le desirable to chwuse ties so as to nininize ECZ ni) wiile nolding

A =0
-QNAL fixed. Tnis would achicve a fixed pracision of estimazion while

minimizing the effort expended. ilowever after arbitrarily fixing n,
and k, the optinmun choice of the sy necessiates tne solution of an
algebraic equation of hish degree (the degree increases rapidly with k)
wnich involves iv in a coanplex fashion.

In lieu of zeneral rules Teble III ygives tne properties of a number

of sinple desims. The appyroximate formula (32) was used to calculate

fo)

-Qul . E(ni) was calculated recursively from tl.e foiuula
(N <+ l) =2

E(ny) =

-1
tE(n)-s + +1
o M

In order that ti.is give & reasoneble approxination it is ueccssary tiuat
8y be not too saall. For this reason sc.iie of tie amore interesting cases
with the initial sy very small are excluded.

In the second model dealing with the inveree sanpling procedure, at
each stage ny-s; is predetermined. As before we write nj-gy = Ji' Thus

a) ty, - ‘1"'51 (=0, 1yeuey k)

D) 8, Spseeey Sy; Py, ,5e:, Dy Are rendon variables.

Since t; is & parancter a* each sta_e cf the sanpling procedure
there is now irdependence between the successive random variables. Con-
secuently the results deterained in the singzle sanple case are easily

Jeneralized to this 10dcl. Under tiie restrictions on n and J thrt {il)

hold, it folliows that

(33) T ni(ty+ 1)
k 34=3 81‘* 1

is an alnost unbiased estinate. Also tie variance is deterined frau (13)

and the usua! foriule for the sum of the variances. Sinilerly
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(o) wm = Ty
p=ili-tg 7
is derived from (15).
It may bLe .ientioned that a waximun likelihood estinate may be de-
rived for this model which is analogous to taat ziven by fonwla (19).
For again a telescoping occurs in the fomula for the joint probabili-

ties of the random variables viz.

‘ (ng-1)1(t5-1) ¢ (N-ny) Nety
‘) 1 goeecy - e
Frpngreeeamy) 1T:T1 (ng-€) H{tyny +9 )t (d, - N | |-ty

The nmaxiaum likelihood estimate of i is the solution of tne equation
G TT(1-%) = [i-tn
i=0 N N
wnere we write ng for t,. In this case tuere is no sinple sufficient
steatistics the maximum likelihood estimate is e function of all the n,.

Since this is so and since the sclution of {35) Las a complicated distri-
bution, the estinate B seems .aore desirable.

SEAUENTIAL 18518 FOR N

The optimun sample census procedures evidently are ssquential:
furtanerzore the secuential procedure sinould permit a choice of tha desiygn
at any stage rather than merely a choice of whether or not to take fur-
ther observations. For simplicity only standard sequential proccedures
are consicered iiere, primarily in relation to tests for . OSuch tests
nay be useful in control and nmanageaent probvlems.

For direct mrauple censuses witn L(si) snall we consider n; as pre-
asesi _ned und let k tne number cf sta_es in t.e census be a random vari-

able. Since the s have ap.roximately a Poisson distribution, Weld's
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theory [9] is appliceble in a routine manner.

In particular to test the hysothesis H: N £ 3y against the alter-
natives i > Ny at a level of significance g, so that itue power at a
particular alternative Ny is 1 -4 we proceed as follows:

. at any stage j after nj, ny,..., ny individuals have boen sampled
and 8, 82sees By tags recovered

j logA—tniti (%-L)

= N
(36) heject il if }_ sy i=) T !
i=1 log Ny - log Ny
j -
logB-Zniti L _ L
(37) Accept i if 8, =
i log Nn = log N
1=1 <ok Bg = <96 5
Continue observations if f___ 8; lics between w.e bounds in

1=1
(36) end (37).

BereA-_-.i;‘é B=—é-.

-4
The bounds in (36) and (37) are tneniseives randon variables: this
is so because tie sy are aependent in the model considerad. ' owever
the conditional distribution of g5 given si(i < j) is of i3 Poisson

t
forn, approxiately, with paraieter L . The sciting up of the se-
N

ruential probebiiity retio test coes nct reulre independence of the
ovgcrvations: 1% depends on tne conditional distrivution of the ob-
gserved randon vaviable ut each sta_.e. .owever tne various dotinuw
procrties and associatea results 12t vast una olaers cave proved tor
tiic secuentivs probability retic test are not uecessarily valid with-

out indeuvsndence. towever sy .roxinate foraulue could ve deterained for

aost situr tions froa tie forauiae for tie operatlin ; characteristic curve

and For E(a) in tihe swandard Poisson situation. Soae aof vidse ey be

found in [8].
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In conclusion it :1ay be reiterated that the sauple censuses stuaied
here nave Leen li.ited to situations where t..e popuiation is cssentially
stationary. This excludes populations vnere any suostantial im:igration
or eaigration occurs. It does not uiecessarily excliude o, uiations which
are changing due to natural causcs e.y. birth and deauth. I1r tnose bo.m
subse.uently “o tae initial tagging operation can be distinguished {rom
the rest of tue population, without undue e{fort ana if the deatii rate
is tne sanne aiong the tagged and untagged Jroups, then tiie saaple census
yields velid intormation on the voyulation cize at tie tine of first
tagging.

For suppose tue probability of survival fron time of tagging to
tiue of saapling is p. WNow consider tie almost unbiured estimate in the
direct single sanple census :10del, wuere at tnc tiise of sampling t',

(N-2)'= u', N' actually ere surviving.

+ - l [ 1| = Nt t+l ) -
Tnenz[-(ﬂ-—nh-t-llhl 1)t, u'| = (N'+21) wr1, 1
LS ]
[.(L.t_il)l_i_]n”) -1
]
1

Since t', u' are independent and since it is reasocnable to assuze

taey nave a binamial distribution

s+l

(38) E'Lsumm -J,J

N—
1 t1+1) -1
[ * {t«rl)p] ( )
= N
The denaminator in the right hand side of (38) cones froa the fact that,

by direct sunuation

Ef—2_)= 2 [1-1-”1]: for lurge t
(t.'+1, (t+Dp (1-p) R ri) OF derge by M

soderate p.

i
1
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Sicdlarly tiie unbiasea estinate fi= 96—} of trc inverse saiple census
is unbiased whot.ier or not mortality occurs in tie population (provided
tagged and untag ed are progortionaliy affected). Lven tae variance of

taese estiuates is only sligntly modified unless tiic mortality is exces-

A e S e ) e 4

sive. For example, tie approxinate formuia (8) now Leco.es
2
of=t e (32)(3 +)
wnich is apyroxinately 53 unless p is very siall,
s

liowever if there is natural mortality the imltiple samnple census ay
be seriously affected—estimates of i in such a case may be neeningless.
In fact this foras a busis for the possible estination of natural aortal-
ity in an animal population——a fuct utilized by Lesiie and Chitty in a
recent paper [10].

The references cited below are those referred to in tne body or
appendic of the paper. Ko attempt nas been wade to coupile a conplete
bibliography, even of the methodology in tais field. In fact nowhere is
such a bibliography aveilable ap.arently; however tie .onographs of

kicker [ll.] and Schaeffer [16] give a large nuaber of useful references.

"

0




<t R ST WY, VT

HReferences

1. lornman T. J. Balley, "On estlnating the size of mobile populations
fron recapture aata®, piometrika :8 (1951) po. 292-306.

2. D. Blackwell, "Conditional rxpectation and Unbiased Secuential kstinme-
tion", Annalg of sath. Stat. 18 (1947) p. 105-110.

3. D. G. Chagnan, "A .lathenatical Study of Confidence Limits of Salaon
Yowmlations Calculated from sanple tay ratios®, Internat. tac,
Salion Fisheries Cong, Bulletin #2 1948 po. 69-85.

4. —, %Souie properties of the hyovergeo:etric distributicn with applica-
tions to zoological sampie censuses®™, University of California
fublicatlons in Statistlicg 1 (1951) pw. 131-160.

5. li. Cramer, .intheaatical :ietnods of Statistics, Princeton University
Press, Princeton, 1946.

6. F. . David, "Liniting distributions conrected with certain aetiiods of
sampling humen populations?, Stat., neg. ugu. II (1938) pp. 63-90.

7. D. B. DeLury, ®™On the estimation of biologica. populations®,
bicaetrica 3 (1947) pp. 145-167.

7a.~—, "Un the planniny of experiments for tho estiuation of fish popula-

tions", 1. Fisu. hes. Bd. Can., 8 (1951) pp. 281-3C7.

8. L. 1. ilerbach, "Bounds for sore functione used in secuentielily ilest~
ing tne .iean of a Poisson distribution", Annals of .iati.. Stat. 15
(1948) pp. 403-405.

9. P. S. Laplace, "Sur les naissances, les aaria es et les morts®,

nistcire de 1l'Academie lioyale des Sciences Annse 1733, p. 693,

Paris (actually published in 1786).

By —. S e ——

st R et el b




vowT H
.

/ e e e et

22.

10. 2. il. Leslie and Dennis Ciitty, %lhe estisation of popuiation para-
reters frou data obtained by capture-recapture .:ethod. I The
xaximum likelihood eyuations for estinating tne deat!: 1a te®,
Bionetrika 38 (1951) py. 269-292.

1l. h. B. .lann, ®"Un a tect for randoaness based on signs of differences"”,
Annals of .iath. Stat, 16 (1945) pp. 193~/97

2. G. iloore and W. Allen Wallis, "Tiie series sijnificunce tests based
on signs of difrerences”™, Jour. Ater. Stat. Assoc. 38 (1943) pp. U3 — /57

13. G. G. J. Petersen, The yearly imaipraticn > younyg plaice into the
Linfjord from tiie Geman Sea, etc. hepi. Panisn Biol. Sta. for
1895 6 (1896) po. 1-48.

14. W. E. kicker, dethods of ELstimating Vital Statistics of Fish Popula-
tiong, Indiana University fublications, 1948.

15. 1. Sandelius, "An inverse saupling procedure for bacterial plate
counts®, Bionetrics 6 (1950) »p. 291-2.

16. .i. 8. Schaeffer, "A study of the spawning populations of sockeye
salacn in the hiarrison river sysceu, with special reference to the

problem of enumeration by means of iarked nuabers®, Intcrnat. Pec.

Salaon Figneries Comm, Bulletin 54 (i951) pp. 1-207.
17. 2. E. Scinabel, "Estination of the total tish population of a lake®,
Auer. idath. donthly 45 (1938) pp. 348-352.

18. F. X. Schumacher and k. W. Escaneyer, ®"The estisate of fish popula-

tions in lakcs or ponds®, Jour. Tenn. Acad. Sci. 18 (1943) pp. 228-249.

19. A. Wald, Secuentisl Analvsis, Wiley, New York, (1947).

NN AT

e o G G

“gu’;«_-,*?v s

| &




— - e

23.

Appendix

I To show the asymptotic nomality of 2 as deilined in formula (3)

consider the moment genersting function of z:

2 _ 3T [ » ]_8
M,(Q) = pBe Jsfl—pi o V1P [1. (1-p)e \/shopj_‘

By routine algebra and the usual ranipulations it nay be seen

2
that ﬂ.'l’(e) tends to -92-— as s tends to infinity (e.g. cf. Cramer 5
pp. 198-199).
Un the othier hand the noment jerneratin,, r1unction of the randmi var-
iable 2np is
: — n8a2p88 .ra_ - 299]-8
"Rnp(g) = pTe L* (1 P)e

and 1 .1z (8) = 2pe8 - s In [1 - 26 K(p)]

wiiere R(p) & 0 as p- 0.

lim Ay o(8) = (i - 20)7°
p=>0

wiich is tae :oment generatinyg function of the XZ distribution with 2s

de_rees of freedox.

II Jaxizua Likelinoed Eguatilon.

Tne naxinwa likeilhood estinate is derived Ly setting the ratio

Pr(e]’ Ba’--o, 8!; N)

(39) u(n)= Pr(sl, 859eees Sy; D) =1
oW
k
(o) w(wy = J—T q,(N)  where
=1
(lol) (.i(N) = (i;-ni) (N*f,i)
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and slco
hl 3.2 :2 )' ‘\K
1 —t = - < ..\-1) =
1 '.\2 (2 ik
(L2) (W) = : e
S ky
1 + = - =
o
h h
- =2 ... (-1 =
32 N3 N
1l + K
1
— l _ N
Sig
L+ —N
RJ.
L-%

so that () § 1 accordiny as

i i By
(43)  $, 2 %»—-&+...(-1) o

also
(44) Hi(N) § 1 according as Nsy % oy tg

.~1=max21_ti
i s

Let o= minn—iﬁ
i 8 i

In view of (40) and (44) the roots of (19) xaust lie Letween n and .. If

one or .iore sy are zero 1 will not be finite. lioweve:r unless all 8y are

zer> (and ience Sy = J) it is eviaent fran the fora of e uation (43) tuat

4(N) € 1 for sufficiently large . Sx = O nmay e nejlscted since

Pr(Sk'- 0) will be extrenely small.

It is possible that ciuation (19) has several reai ronts in iie

intervai (n, ). Those for which «(N) is aecreasing represent local

naxima and one of these the exire.e nexiiaun.

The large nunber o! paraieters

glves rise to & diverse nuaber or ossibiiities bLut siner ir genersl

K
ND>D S ny the following theoren will cover nany cases that aay erise !
X

=1
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k
Theorem. If for & > n, =3 is a monotone decreasing sequince and
N
X
1‘1:1 ) -}2.\2
i Sg T <, By <( 3 ) , then tue maximum likelihocd ectinate i¥

satisfies the following inejualities

+
Nq < N <N
Proof.
k
LYy
=1 50
k.
2 84
i=1
since the left iand side 1s & weignted naraonic nean of teraas fi_t.’i
8
i

and nence larger than the smallest term

SL niti

A i=1
”NL—- Sk> sk >m
For i> N, Sy > %Zmd-%‘%,-.... - (-1)"1“1*2“:‘I <0

8o that Ny > N*

If Nq < m then Nq< Iv'*. Consider the contrary case Nq> n and

denote tie other root of the quadratic equation (21) by Nc'l .

X
R 2R Zni
N' = =% 1-1-“’)( 2. ¢1= _ . a
qQ 25, K2 h.s‘x %—-
2/ 284
i=1

[the first inequality <f{ollovs froa the fact that

]

- 003cx  s2z:2

[
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Honce for m«¢ N < Nq

,_}3.53:3. .h_lt - - ..j:‘.zﬁ_-
Sy - Nz<° and = ...(1)“Nk_1>o

Sod < N*.

—

k
Z.N_
"2 (1- l-_/’i‘} <1=l

:loreover “L - N(1 = <
“x \ ag k
e
1=1

4

2
provided only h3<( .l_‘?;) . The right .and side of this eyuation is
2

approxiaately of the order g.. .
i

s DO p—— S
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Tabls I
Nunerical Cauparison of Certain Inverse Sample Censuses with £ (number of

tagged individuals to be recaptured) rixed and with ¢ (nuuber of untaggzed
individuals to ve racaptured) fixed.

1 2 _ 3 C‘E‘ 0‘35 0-16

N t d s E(n) o;/c{ C /e N N N
- exact approxinate

100 590 10 1000 3.2 516.2 .30 .32 .33

104 100 4950 50 5000 7.1 707.1 .10 VA .10

500 475 25 500 5.C 160.0 .19 .20 .20

105 100 4995 5 50C0 2.2 2236.1 A 45 .55

500 4975 25 50.0 5.0 1000.92 .19 «20 .20

6 100C 9990 10 19,000 3.2 3162.3 .31 .32 «35

10
1000 19,980 20 20,000 4S5 A4T2.1 .22 .22 .23

1 (5 nad 8 wers chosem 8o tnat En) is the same (to the nearest
integer) for both sampling planz, i.e., predeternining s or predeter-

mining d .

2. Calculated fraa the zpproximate foraula O-;x = .éf.%

3. Calculated from the approximate foraula QJp = N V’%

L. Calculated from foraula (8) for the estinate where & 1is predeterained.

~
5. G% :':,% (the approxiietion o foraula (8)).

6. Calculated fraa formuls (13) for tie esti.ate wiere c{ is vredeterained.

e ———
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Taole 11

Cunulative Distribution of X for values of k=4, 5, 6, 7.

x 0

0.0035

-

i

0.0590
0.0012

P(X =< x)
2
J.3056
0.0172

0.0001

3
0.6944
0.1052

0.0020

4
0.9410
0.3392
0.0166

0.0001

3.9965
0.6608
0.0627
0.0009

1.0000
0.8948
0.2010

0.0323

-2

1.0000

0.9828

0.1103
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Table IIL
Standaxd “rror of the Estimate of N and Total Fffort Required

by Various Mul*iple Inverse Sample Censuses.

N = 10,000 N = 100,300
X 8)) 8y 83, 8, 85 By %1§—3; E(a')* E\()ni'?) E(n')* EE(;EL)'
3 g 00, i8, <= == 22 3.202 901 2.2 3385 0.60
3 10, 10, 10, — — 317 0.183 923 1.98 4020 0.46
3 15, 10, 5, —= — 383 0.202 963 2.10 4595 0.44
4 5, 15, 15, 20, - 224 0.162 1131 143 3981 0.4l
4 12, 1%, 13, 13, — 347 0.142 1155 1.23 4728 0.30
4 20, 15, 10, 5, — 448 0.162 1208 1.34 5499 J.29
5 s, 10, 15, 20, 25 224, 0.135 1363 0.99 4617 0.27
5 15, 15, 15, 15, 15 388 2.116 1394 0.23 €527 0.21
5 25, 20, 15, 10, 5 500 0.135 1452 0.93 6363 .21
5 11, 13, 15, 17, 19 332 0.118 1377 0.86 517U 0.23
4 18, 19, 19, 19, — 425 0.116 1418 0.82 5794 0.20
4L 7,15, 23, 30, — 265  0.134 1389  0.96 4335  C.2€
3 25, 25, 25, — ~— 500 0.115 1464 0.7 6473 0.18
3 18, 25, 35, — -- 388 0.122 1425 2.86 5566 0.22
2 37, 28, — — — 609 0.15 1539 0.75 T248 £.16
2 25, 50, —= = -— 500 0.1z22 1513 0.81 8406 2.19
1 75y = = —= - 867 0.114 1732 0.66 95CSs 0.12

* n' = total nuabor of individuais sampled including those nmarked or taggad

initially i.e. n .
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