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Abstract

This report presents some new methods and concepts useful
ir the snalysis and synthesis of arithmetic elements in digital
computsrs.

The development cf comprehensive and systematic qesign
methods is particularly important in general-purpose digital
comruters because of the functional complexity of the switch-
ing circu'ts needed. The use of the broadest viewpoints is
rewarded not snly Dy savings in equipment but frequently also
by the attainment of greater functional simplicity.

Digital computers have for some time been recognized as
devices capable of storing, moving, Iinterpreting, and modify-
ing information. In this report it is shown how the Informa-
tion concept of the mathematical theory of communication can
te aprlied both to arithmetic operations on numbera and to
awitehing operationa., The essentiel cherscteristic cof an
arithmotic operation is a distribution of output symtols with
respect to input symbols, and =2ry physical process which pro-
;ides the proper distribution can be used as an arithmetic
element for that operation. Switching circuits provide a
particularly flexible means 5f realizing needed distributions,
and they can be studied moat efrficiently in terms of Boolean
algebra,

Examples of *“he application of the ideas and theorems dis-
cussed in the design of practizal computing circuits are given

in the report,
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Page 9, after equation 2.2: That y=1... read Thet h:l...
Page ¢, after egquation 2.4: That yzl... read That hcle.e

Page 10, after equations 2.8: ... with its complement,...
read ... with its inverse,;...

Page 10, last line: opposite that .. read opposite of
th&t L NN J
1 1
Page 19, first equations H:h‘ﬂ log, i - resd
1 1
R=-U°T, log, M
Page 50, figure 5i. the pulse gate control signals are
incorrectly liabelled; for each
(hl)' read (ho)' and for each (ho)'
read (hl)': for example, Ior (h%)'
recd (bJ)'.
Page 100, figure 8.9. The horizontal charnel labeliad
' \
xl + xé + xh should be labelled
REAL
Page 104, line 8 from bottom: ... and B is..., read and

D i8 ..o




- -

—
- — . — v b SSORIIER
'

LIST OF FIGURES

FIGURE

2el Symbol represcnting a toggle ¢ e« o o o o o o o
242 Symbols reprecenting a gate and amixer o ¢ o o o
2¢3 Symbol representing an inverter , . . . ¢ ¢ e o
2.1 Formation of a switching function of three variablee .

L.l Self.biased Eccles-Jordan irigger circuit o« o o o

Le? Diode mixer . o o o ¢ o o o o o o o o o
L¢3 Diode gate ¢ 8 % & B & & % 5 & # % 8 @
L4y Principle cf level coded operation x w = = ® @
Leo5 Pulse gate and trigger circuit ¢« o o =+ o o o o

Le6 Symbol representing low-pass puise gate o o o o o

he7 Trigger circuit with twopulse gatss ., o o« o o o

Sel General block diagram for converters and counters .
S5¢2 Transition chart for thirteen-step counter . o o -
5¢3 Block diagram far thirteen.step counter using nigh-
pass pulse gates . . s o 4+ ¢ & ¢ s o o o
Sei Block diagram for simplified thirteen-step counter
using low-pass pulse gctes e o o o o © o o
Te5 Transition chart for conversion between 1-2-4-8 sys-
tem and 122 gystem o ¢ o o o o o o o o
5.5 Block diagram for 1-2-4-8 to 1247 system converter

using split input connections e o o o o o @

\n
-~

Block diagram for 1-2-u-8 to 1-2-li-2 system converter

using reversing input connactione o o« o o« o &

10
12

8 ¥




1

e e i R SR S —————
. .

LIST OF FIGWRES (continued)

FIGURE

641

81
8.2

8.3
8ols
8.5
86
847

8.8
849

Add-correct operation ¢« o« o o ¢ ¢ ¢ o o o
Over-all cperation of binary-coded decimal adder .
Transition chart for derivation of nines complemert
inl2-b-B aystem . . . ¢ s o o o o o
Hock diagrau for circuit derirly nines compleseat
Inl2h-Baystem o ¢ ¢« o o ¢ o o o o
Hlock diagram for step-by-step sddition of a deci-
DAl digit o ¢ . o o o o o 6 o o o @
Transition chert for add-1 cpevrstion o o o o
Transiticn chart for add-2 cjeration ¢ ¢ o o o
Trangition chart for add-d) operation o - o o
Transition chart for add-8 opsration ¢ o o o &
Elock disgram for add-ciroult o ¢ ¢ o » o o

Ca
W

87

8

& &



R | PP
.

vii
LIST OF TAGLES
TABIE | | PASE
3_.1 Multiplication of two decimal digits , , . 2
3.2 Frequency of output symbols ia multiplication
_ of ho decimal wt‘ o e o o o ¢ o 21
5«1 The 1-2-4-8 and the 1-2-4~2 nmber srstems . 53
Gol Additiou of two decimal d1gits o o o o o &



- —

-

- - e el

I 1
CHAFTER [
INTRODUCTION
Any systenm performing digital computations can be breken down
into the follewing functional paris: A memery, an clemert carpable

ol carrvine out arithmetic operations; a coordinating elemsnt {(rne
control), and the input and output chamnels., This is equallr tme
for the most primitive counting device, for a desk calculator, snd
for a modern automatically sequenced electronic digital compuzer,
The present paper concerns itself with the arithmetic element in the
latter class of computing machines; they will in the followingz. for

]

siiort. be terned digital computers,
I. OBJECTIVES

The most impurtant advantage of digital computers over vacliier
means for ccmputation is their speed of operation, This speed. for
exanple the multipl:ication of two ten digit decimal nunbers in one
thousandth of a second, depends on the use of components originally
developed in communication engineerings; in particular vacuum tubes
and germaniunm diodes. In digital computer circuits such coriponents
arc used Lo ueir greatest advantagze as binary elements, A vacuum ;
Lube may be eillsxr conducting or non-conducting; in an emccles-Jordan
triggzer circuit one of the two vacuum tubes is conducting, but not
both; a piece of magnetic material is magnetized in one direction
or in the opposite directione

Jctausc of the availahility of binarv elemenis many digital

comouters i:ave been built to operate in the binary number system. ]
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In other cases the binery elemcntis are used w represent decimal
digits with all computations boing carried cut in the decimal
system. The discussicn in this paper will primarily have a bear‘nj
cn deciral machines,
A dizital conputer does not deal solely with numbers, It rust
alce accept instructions which are coded into binarvy variablea,
Just as the numbers. Both of these items may be included in the
term "information". The concept of informmation has recently been
subject to investigation in the mathematical theory of communica-
tion, One of the aims of this paper is to clarify this concept
as it applies to 1.zitd computera.‘
The main subject of inwvestisation is the theory and practice
of translation from non-binary arithmetic operations to operations
on binary variables, A typical problen would be the following:
Given any two decimal digi te coded into four binary variables each
in an arbitrarily chosen code, find the circuit which will produce
the product of the tw digits, also coded inte a set of binary
variables, A systematic solution of such problems will be presented,
Another problem might consist in, first, finding the sum of two
decimal digits, the digits and the sum being coded into binary vari-
ables withcu! cormitment to & particular code. and, second, determin-
ing the code which results in the simplest circuit for producing the
sum, The first part cf this problem will be formulated. The second
part still awaits further development of the theory for its solution,
The paper ia chiefly concerned with the logical aspects of

~ a

nnigques Jor Uhe realization

O,

ajcital computer aynthesis. A set of te

of logical functions will, however, be described so that some circuit
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features imporiant to the logical design mey be takan intn accouni.
The methods will mainly be develcped by means of examples in the

course of which counters, converting circuits, and (in the Appendix)

a binary coded decimal adder will be subject to deiailed discussion,
II. EARLIER WOiK

The post-war activity in the field of digital compuvers has been
both extensive and intensive, The remerkable lack of literatwurc
adequately representing the subject is characteristic of a fast
moving development, Lost material is to be fcund in project reports
issued in the course of construction of the varicus computers. The
major part of the development of digital computers in general must be
gsaid to be due to the numerous members of these computer precjects,

The development in this paper is based first of all on C, E,
Shannon's remarkable contribution in introducing symbolic logic as
a descriptive algebra for switching circuits in 1938, Shannon did
not think in terms of computer circwd t3 since digital computers had
not reached any high degree of development at that time.

The next step in the symbolic approacl is unquestimably due
to the group at the Harvard Compufation Laboratory. The:ir extensive
tabulation of switching functions, that is, Boolcan Algebra express:ions
applied to switching phenomena, and their derivation of vacuwua tube
operators has had decisive influence on the develcpment, The Harvard
group has primarily been interested in establishing the equivalence

between operations in Boalean Algebra and vacium tube circuits and in

The translation from arithrmetic requirements to logical opera-
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Tioe or clnary variables, the subject of this paper. has not, so far,
heen gy stemstically investigated,

The develvumenu ol Liwader and amproved notions of the nature
of iniovrmation is due tw C. E. Shannon and te N. Wiener. Iis use
in this paper 1s almost entirely qualitative, The Tature davelop-.
ment. mav . hawever. very well he determined h:f the irtradur+ian of

SUCH NOCLioNS,e
III., ORGANTZATION Or CHAPTZRS

Chgpter II dz2ls with the fundamental concepts of the logical
des:n and reviews concepts and formulas of Boolean Algebra as they
apply to the fundamental logical operations, In the second section
of Chs%ptef- II the operations of Bcolean Algebra, representing the
loeical operatinns, are considered from the viewpoint of informaticn
flows The quantitative corcept of information is applied to the
logical functions,

Ih‘ Chapter III arithmetic operations on numbers are discussed
1 terms of the concept of information,

Crapter IV deals with a set of techniques for the realization
of the logical operations digcussed in Chapier II. It brings in
*he nost important circuit featui'es and the physical nature oi e
binary signals introduced in Chapter II.

Chiapter V uses counters and related circuits as examples of
a method of design centered arcund what will be termed & ®transi-

ticn chart®, This chapter at the same time discusses the legical

henaviour of counters,

4
2

P -1 + vy A 3 v 3 P AR 3 $
aptie T the equations governing decimal addi ticr and
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other arithmetic operatilons on binary varviables, representing d2cimal
digits in arbitrary codes, arc formulatede 'The chapter also covers
gome of the ways *n vhich on arithmetic operation can be divided into
several steps in order to simplify the circuitry.

Chapter VII contains a summary of the resulis and some recommendin-
tions fer future investigations

In the Appendix an example of a binary coded decimal adder is
described and the process of adding and subiractiig mulii-digit
numbers with arbitrary signs is outlined.

The formulas in the various chapters are identified by a
deciiaal number; the units in this number refer tn the chapter anu
the numher after the decimal point is the number of the formula in
the chapter; 5.17, for example, refers to farmula 17 in Chapter YV,
The figwres and tables are number~d separately in the same manner,
Thic appendix is given the number VIIT ir continunation of the chapter

numbers.
A numerical superscript in the text;,, refers to the bibliography
in back. One or more asterisks, *, refer tc a footnote on the same

page.
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CHAPTER II
THE MATHEMATICAL TOCTS USED IN TiE ANALYSIS

3oolean Alpgebra has been used quite extensively in the design
of digital conpicrs since its firaet eongineering applicat_.on hy
C. E., Shannon 1in 19382, It ie an 2l
operations are exactly analogcus to the fundamental cperations
employed in digital computers,

The Concept of In‘f.'o:'ma.‘cionp"6 has not, so far, been applied

in the analysis of digital computer operations,
I. BOOLEAN ALGEBRA

After having been applied by Shannon in the analysis cf relay
circuits, Boolean Algebra was developed intc an elaborate system
of "Va'cuum Tube Operatcrs" especially suited for design probleme
in digital computers by the staft of the Harvard Computation
I.aboratory3 .

There is a slight dil{ference between the algebra originzlly
introduced by Shannon and that used at Harvard, The latter is
simply the special case of ordinary algebra for which all variables
are restricted to the values zero and one, In Shannon's system
cnc departst from ordinary algebra is made, It will be pointed
out later in this section (see equatims 2.7 znd 2.11).

Shannonis system lends iteelf well to the representation of

~ & e\
{
4

Lt Chapter 7V, to Lllustrate the design prunciplz=s. auweve.,
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Shannen's system will be used in what follows, This choice is of no
deeper cor.sequence, however,

It is not the purpcse here to justify formally the application
oi Boolean Algebra to the logicgl problers encountered in digital
computer design. For a clarification cf this point the reader is
rererred to Shannon's articlee. Since, howevai’, some differences in
viewpoint and terminoclogy exiet, a review will be made of the
fundamental concepts and theorems as they will be used herc, This
collection of formulas will at the same time serve as a reference
table,

The binary variables, which carry the information in a2 dgital
computer, are stored in bistable circuits of which an Eccles-Jo:dan
trigger circui.t7 may serve as an example, The symbol used to re-
present the logical unit, which will be called a toggle, is shown

in Figu.!'e 2.1.

t
lTO
Pt

Figure 2,1 - Symbol repiesenting a toggle

A toggle haa_ two stable states, called the l..dtate and the
O-state. It has two output terminals, marked "1" and "O% and
three inpui terminals, one {opposite the l-cuiput terminel) which
upon reception of a pulse will transfer thé tcggle to the l-state
(1f it is not already in the l-state); one which upon reception

of a pulse will transfer it to the O-state; amd one (in the middle}
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which will reverse the state of tne toggle, that is, transfer it to
the ormoeite ctate irrcopoctive of the initia) elate; upon re-
ception of a pulse,

The output terminals carry signals; voltage levels, for
example, indicating the state of the toggle. There are only
two possible signals, cne will be called a lwsignal and the other
a O-signel, When the wggle is in its l-state, the l-cutpit
terminal will carry a l-signzl zad the O-output terminal a
O-signal, When the toggle is in its Owstate, the output signals
will be reversed,

The state of a toggle will be represented by a variable. x,
assigned o 1t, When the toggle is in it= l-state, x=1, when ii
is in its O-state, x=0, From this it follows that x also represents
the signal on the l-output terminal, The signal on the O-output
terminal will be represciicd Sy x° {("x prime),

r el -x,
where the minus sign has the same meaning as in cordinary algebra,

More will be said about the input terminals in Chapier IV,

Binary sgignals depending on the state of a single toggle each,
may be combired into a binary signal depending on the states of
a number of toggles Ly means of two fundamen‘al operatiosns, gat-
ing and mixing, A gate will be symbolized by a rectangle with
the letter G, a mixer by & triangle with the letter i (see Figure
2.2)e

Gates and nixer: .y nave any numver of innut terminals. but

only one cutput terminal. A gate has a l-signal on its output term-
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inal if »nd only if all inpu! terminals receive l-signals,

l—m——. Y’
— ——y

figure 2.2 - Syrhnls representing a sate ana a2 mixer

Let the input signais oe reprasented by x]_‘xz«‘x}"' e » » and
the outpui by g(x.j $%X,5X45 o o o), then the equation

g(xl,xzsxy oo o) ™= X)XpeX3g o o - 5 2ol
in which the multiplication sign has the same mez2..ng ac in ordinary
algeora, represents a gate,

A mixer ..i1 have a l-gignal on ites output terminal if at lecast
one l-zignal ie present on its input terminals. Again, let the
input signals be represented by Xy9X59Xo9 o o o and the cutput by
n(xl,xz,XB, o e o); bthen the equation

..(xlpxz,xg, e o o) = e Y MR 2 o2
represents a mixer. That. ye]l when only one of the input signals is
1 follows from the rules for ~ddition in Boolean Algebra

0+0=) 263
O+41=1+0=1 2.5

That y=i when more than one input signal is 1 follows from
the postulate used by Shannon
1+ =] 2.5
A mixer could also be characterized the following way, ite
output signal is O if and only if all input signals are O. meaning
that the equation
h'(xl,xe,xB, « o0} ™ h(x.l_,xz,xjg se o) x.l"xg:'x_‘i" e o0 246

is valide
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The traneiticn from cquation Ce? Lo equalion 2,0 expresses
d: Morgan'!s Theorem which explicitly states that i

N TR M

tr.en 2.7
yf - xl' .x2' ,XB', . o o

and if
" xl‘x2'x3' o o o

then ' 2e8

°
L[]
°

! = ) t 1+
2 le?*x3

One other operation deserves attention. The operation of in-
version replaces & signal with Its complement, & l-signal is converted
tvo a O-signal and a O-signal to a l-signal, Although inversica as
ar isolated operation will not be :cnsidered in the engineering
design examples; a symbol as shovn in Fivure 2.2 will be introduced

fer its repregentation,

—(: )}—

Figure 2.3 .- Symbel representing an inverter

An inverter has one input, x, and one output, y, and can be
represented by the equation
yextai.x 249
From this it is clear that inversinn ie irharently oresont in
a toggle since the output signal at one terminal is alwgys the
opposite that at the other,
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In the above the equivalence between the operations encountered

in digital computer circuits anrd those encountered in Boolean

Algebra has bcen stated. 3Gelow are listed the postulates and some

addi.tional theorems which will be used in the following,

XeXeXs o o o = X 2,10
X +X +X+ =X cell
X eX, = XpeXy 2,12
X) v, mxy X 2.13
x+1l=] 2.14
X+0=x 2,15
Xel = x 2,16
xC = O 2417
X'ex = 0 2,18
x+xt=s] 2419
Xy 0(x2m3)-(ﬁ412)ﬁ3 - xlﬂxzi'xB . 2,20
% 20 ex3) =z oxp)x5 = x) Xpexg 2.4
pteg) T 0% X 2.2
X ¢ Xpexy = (el ay) 2,23
X X ef(Xys XXy o e ) Tyt f(xz,xB,xh, o o) 2.2l
xlof'(J:.l,x:Q,xB, o o) 'xlor'(l,xz,xB, « s o) 2425

Xs an example of a proof, take equation 2,23, When the right
gide of the equation is multiplied out by use of equaticns 2,10 and

2.22 the following expression is obtained

X, 4 XX, ¢ XX+ XgX,

- - - ~

When equation 2,22 is uased, this becomes

x) (Lgh,) + xox,
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According to cquation 2,1, however,
1+ X, * x3 =]
Then the rigrt side expressicn becomes
T o

which is the left side of the equation 2 23.

‘ In Figure 2,4 is shown a simple block diagram rapresenting t

12

1
[

fcrmaticn of a siznal depending on the states of 3 toggles, the form-

ation ¢f a furction of 3 variablesg,

! XX, %4’

-3

)

Figure 2,4 - Formation of a switching function of three variables

A function may be described by means of a truth table. eiving

its value for all value combinations ¢f the variables upon which it

l‘ depends., The truth table fcr the function in Figure 2,4 is shown below
!

; State x x f{x)
i Number £ 2 3

;‘ 0 0 0 0 1

; 1 1 0 c 1
E .

t 2 0] 1 0 1
£ 3 1 1 0 1
3

¥

(continued cn the following mage)
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:\::1:;7- "1 ~2 23 £{x) {continusd)
L 0 5 " o
5 1 0 1 0
6 0 1 1 5
i 1 i i 1

[@]
o]
0]

A iunction of binary variables, such as the
2.i is called a switching functicn,

Any switching function can be expanded in a sum cf products,
each product containing ac many factors as there are indepenuear,
variadles,

As an example {(x) of Figire 244 will bz expanded, Ec i tou
is mnltipliad vy unity,

1

fx) = x1x2x3*xlx2x3-*;..lxzx-.j’4xlx2'x3'nc1'x2x3’*x.l’x2’x3’
f(x) = X XX x::x3'ﬂﬁx2ﬁ3'¢x1'x2x3‘*x_l=x2'x3’

= ; !t = t - ! c )¢
f(x) = x Xy ¥y XIXQ(XB*XB ) + Xy (%) +x) )(x2fx2')

Jt is important to note that each product in the eipansion
tecomes 1 for oune and only cne valuc Combination of the indspendent
variables. The numbter of 1fs occurring in the truth table must.
“herefore, be the same as the number of terms in the e 18ion,

A congtant l-signal can ke ronsiderzd a gwitching function oi
any desired variables. Since it is never O, it must contain all
the possible products in i1te expansion. If iL is considered a
function of ihiree variables, X5 Xpo x3, the following expansion
is valld
1= x..l_;-:ZxB#xlfxzxfxl' ');3m15<2'x3*x112x3'*11'x2x3"xlxz'x3=+

A7 ORD JRL PR
! 4 3

shown ia i ure
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Note that the rizht side can be found by muitiplying out the [ole

lowing expression, which according to equation 2.0 has the valus .

i85

~NT

g oy g ey Vg g h) = 1

IT, Ti® CONCEPT OF INFORMATLON

cermuter derives its nridriy Jrom 168 capsbiliny e
transfer, interpret and modify information. The transfer prcsens
few logical problems, As will be seen presently. the modification
of information, for example, arithmetic operations on numoers, ani
the interpretatica of information, interpre*aticn of instructions,
for example, are logically similar. Interpretation may be said vo
be the static and modificaticn the dmamic form of a filtering pro-
cess, Before going further, it will be necessary to clarify what
will be meant by information.

Consider thrse binary variavles, Xys Xps x3. Assume that
the value combination which occurs at a given time is determined,
wholly or in part, by an external source of which no knowledge is
available otherwise. Under these conditions the three variables
are said to be carriers of information relative to the smurce.
In a digital compu-er, the source may be the problem data and the
instructions pertaining to a particular probiem of which no know-
ledge is had at the .time of tha design of the machine, A counter
or any other logical circul try which solely depends on the machine
cycle; that is, whose state is predictable at all times, independent-
1y of the input data, has no information content relative to the in-.

mit. data in this sense,
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Let 1t, for the wmoment. be assvmed that Lhe variables.
Xy Xy x3, depend entirely on the input dats. that they are suh-
ject to no restrictions due to the machirne structuro, It is natwral
to suppose that the input data is distrivuted evenly over the
possible ceombinaticns if a large variety of pnroblem types is taken
into consiceration. This means that each variatle wiil have a
prohanility of one-half of teking on the vaiuz 1 and a probability
of one-half of taking on the value C independently of tl» value of
the other variables., Then the eight possible wvalue combinations

listed below will each occu with the probability of onz-—eighth,

i1 X2 )
0 0 0
1 0 0
0 1 0
1 1 0
0 0 1
1 0 L
0 1 1
1 1 1

Each value combination corresponds to a symbol in a discrete
noiseless system as discussed by Shannon*. e has introduced a
measure {or tnhe information per symbol”.

1
He=.X i pi-Iog Py 2.0
i=]

* |

Sce The Msthomatical Theory of Ccm*dcatior;s s T8gY T
Stod ‘

““8ee The Mathematical Theory of Communication’ » page 19,

.
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11 10
where 19 is the protability for the occurrence of *he i'th synbol of
n possitle symiclie and K is 2 constant deiermduirg the unit of
measwre, Let K=1 and let the logarithm with base 2 pe used; then.
in the case preseated above,
Ho® o Ge :8' P g = 3 bits
Freguently the machine structure imposes restrictions upen the
information .arrying variatles, Such a restriction may L2 wrilicn
in terms ol a logical equation, for exampl:,
X 13 =0
excludes the two last value combinations in the table given above,
Again assuming an even distribution of combinations, the amount cf
information will be
H = 6 icg, £ = 2.5 bits
The restriction thus decreases the amount of information per
symbole
Next consider a furction. f(x). of the three independent vari-
4AUlEs. Xy Koo Xge Iet the fuwiction be the cne s=own in Figure 2.
page 12
f(x) = xl-x2+x3’ 2629
Suppose nox that a certain combination of values, Xy5 o x39
occurrei at a given time: then, even if it is not known which one
actually did occur, a clue is to be 1 ad from the knowledge of f(x).
Referring to the table on pages 12 and 13. if f(x)=0 then one of
e combinations; or symbols, number L, 5. or 6, must have occurred;
which one cannot be determined without ifurther information, A
switching tunction, thereforc. conveye some of the information prae-

sent in the variables of which it is a function,
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Sinté a siiglie SWiilcthing Junciion vuly represenus Lwo possibie
gymbcls, O and 1, one of which must occur. equaticn 2,28, for a
single switching function becomes

Y e _[p Zog,p + (1-1) log, (Z-p)] bits 2,30

The maximum value of this expression, 1, occurs for p%&, A
single switching function will. therefore. never convey more ‘han
one bit of infermation about its variables. If more infarmation is
desired several switching runctions must be employed,

If Xy Xy and x3 are unrestricted the amount of information
conveyed by f(x) = x, xzﬂ:‘ * can be found by counting the 1's and
0’5 in the table on pages 12 and 13,

H e _{g log, g + & log, g] bits = 0.96 bits

If several switching functions are considered the total amount
of information conveyed by the set is always less than or equal to
the sum of the amounts of informatior carried by the individual
functiona. If it is less, the functions are said to be dependent.,

In analyzing the information conveyed by a set of switching
functions, two functions; f and g may serve as an example, The
two functions represent the equivalent cf four different symbols,
one of which must occur,

By counting the number of x—combinations, the combination of x.l'l_.,
xz'-o,xB-l, for example, for which each symbol occurs and dividing
the numbers by the toial anumber of x-—combinations a probability for

each gymbol i= derived, Let p[h(x.lgngxB, * o .5] be the ratio or

Fry c
"See The Mathematicul Theory of Communication”’, page 20.
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the number of x-combinetions for which h{xl_.,xz,xy e o o) ® 1 to the
total number of x-combinations; then these probebilities arc easily
sean to be

plr-g. pft'-g, plf-g]. and p[ieg]
By use of these probabilities in eqguation 2,28, the amount of informa-
tion may be commited,

The discussion above establishes the means by which the logic
elements of a digital computer modify and interpret binary coded
information, It shows, by adoption of the quantitative information
concapt, how this information can be measured. and. by virtue of
equation 2,28, it points to the importance of distributions in the
mechanism, A set of switching functions will be said to represent
an information filter,

As a simple example of filter consider
fxys x5) = % 2,1
g(xys X)) = XXty 2,32

Note that

gt = 0w )iqig) =Xt vt

Derive
feg = 1%,
fig = x1!x2l
fei=xx
f'gﬁl xj.lxz
b
than

@ = ol - oliecd = olered =

Wécm SR F okl | Y

o
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1 P I
He ).1-1‘: 1082 L ¢ biis,
neaninz that there is no loss of informatior in the filicis As a
congequence it mst be possible to solve for x, and Xye Put intc

e

the equation 2,32 the value X * f from equation 2,31,
g = fox2 + f'xz' 3
derive gl= i‘xz' + f'12
Multiply the first or these two equations by f and the second
by f! and add them,
gef + gleft = fx, + £'x, ® X,
The solved equations aure, therefore,

xl(f_.g) - f

x,(f;g) ® fog + L1og!
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CHAFTER

TdE ARITH}METIC OPERATION ON NUMBERS

A digital computer interprets and modifies the inforration
present in its input data., The interpretation serves to tran:z.
late tihic instructions into machine language and the modificatior
consists in arithmetic operations to be carried out upon the
input data in accordance with the instructions. The derivation
of a square root to three significant digits, the summation of
a set of numbers, and the calculation cf a determinant are alil

examples of arithmetic operations,

0 1 2 3 L 5 6 7 8 g
0 0 0 0 0 c 0 0 0 0 s
1 o0 1 2 3 L S 6 7 8 9
2 0o 2 4 6 8 10 12 1 16 18
3 00 3 6 9 122 15 18 21 24 27
L o L 8 12 16 20 24 28 32 36
5 o 5 6 15 20 25 30 35 Lo iS
6 0 6 12 18 24, 30 3% Lz L8 9y
7 O 7 WL 22 28 35 42 L9 56 63
8 0 8 16 24 32 L L8 56 6 72
9 o0 9 B 27 36 45 sS4 6 72 81

“able 341 -~ Multiplication of two decimal digits

is%, one particular arithmetic operation b2 considered senarate-
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ly, that is, let the information content inherent in the choice of
one arithmetic operatic.: out of several be igrnored for the moment;
then a filtering process on numerical data is at hand, At the
time of the design of the machine; the numerical data can, of
course, not be predicted, The arithmetic element must then be
capable of handling a finite set of numbers, or, in the language
of the Theory of Communication, a {inite sev of symbols,

Consider, as an example, the nmultiplication of two decimal
digits (see Table 3,1),

Symbol Occurrences Symbol Occurrences Symbel Occurrences

0 19 15 2 L0 2
1 1 16 3 Lz 2
2 2 18 I 45 2
.3 2 20 2 L8 2
L 3 al 2 L9 1
5 2 2, 4 Sk 2
6 L 25 1 56 2
7 2 27 2 63 2
8 L 28 2 64 1
9 3 3c 2 72 2
10 2 32 2 81 1
1% ! 35 2
L z 36 3

Tabls 3,. - Frequency of output symbols i.. muiltipification of two

decimal digits
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From Tshle 2.1 it asnpeare that the operztion of multinlication
upon two decimal digits has one hundred possible input gymbols, any
combination ¢f two dncimal digits, and 37 possitle output symbols,
occuring wita the frequencies indicated in Tzble 2,27,

Assuming the input evenly distributed over 411 symbols that
is, that all input symbols occur with ihe saome probability; the

information content is

s 1 0 < 1 o & i
Hi --100@1.;52 m \..,6’4 bits

The information éonteut in the product, ihe output, isg

Hy==[0+19+10,0419+45°04,01 10g,0.01+220e02 15,0402+
40403 10g,0,03%5:C,0L log,0,0i] bits = L8O bits

As is anderstandsble, since there are only 37 output symbols
compared to one hundred equaliy probable input symbols. a loss of
information has ‘sken place,

From the above it is clear that any discrete filter which
brings about the correct distribution may serve as an arithretic
element for that operation. The amount of information in the
output must at least be that prescribed by the operation,Hb in
the example; if it is more, further filtering may bz necassary.

When formulated this way, the problem of cesign becomes one
of realizing a distribution first and then determining the number
code, that is, the interpre%ation of individual gmbols in terms
of individual :.imbersa,

The choice of operation represents another source of in-
formation which could be considered along with the numerical datae
If considered; 1i{ would add to the information in the recult,

Arithretic cperations do not represent a w.igus greup ol

|
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discrete iiiters, 1Ihe term merely serves to define those filters
which are of primary importance in digital computer design,

The {uidamental coperations on binary variables and some co! iheir

properties as informaticn carrisra have been discussed in the previous

chapter. The next step will be to bridge the gap between arithmetic
cperaticns on numbers and logical cpesratlons on binary varlavles,
represented by switching functions. Before this step will be taken,
however, tre reall! zation of switching functions by means of diode
networks will be discussed in order that some engineering design

aspects, which affect the logical design, may be taken into account,
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CHAPTFR TV

The discussion in Chapter II of the characteristics of the
basic logical elements, toggles, gates and mixers, did not in any
way bring in the physical nature of these elements. In this chap--
ter a set of techniques for their realization will be briefly de-
scribed.

The Eccles-Jordan trigger circuit is undoubtedly the most
commonly used toggls circuit. The diagram for a self-biased

trigrer circuit is shown in Figure l.l.

ST

Figure L,1 - Self-Liased Eccles-Jordan trigger circuit

The resiastors Rl, Rz, R., and Rk arc chosen so that only one

3

of the tubes, V. or V., is conducting in the gtable state, When V

1
is conduc ting Pi assumes th. higher of its two potentials and Q>

the lower of it3 potentials; when Vb is conducting, the situation
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i3 reversed’e

Let the l-state correspond to conduction of Vl, the O-state to
conduction of Vob Furthermore, let PO be the O-output terminsl and
Pl the l-output terminal, Then a l-signai corresponde to the higher
plate voltage and a O-signal to the lower plate voltage, These
signals vill be referred to as level signals (compore Chapter 1i,
page 7)o

Tr order to change thc state of the trigger circuit, a nega-
tive pulse is aprlied to the grid of the conducting tube. If
negative pnlses of approximately equal amplitude are supplied
to both grids simultaneously, the state of the trigger circuit

will be reversed,

(&]

pv. iR g v

>
3R

B

Figure 4,2 - Diode mixer

¥For a more ditailed account of the operation of this circuit, see

ReF.KcScal, Cathode Coupled Half Shot Multivibrator, Electronics,

volume 20, (September IS47), pages 15C-158
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combined in a diode wixer as shown in Figure L.2, (the arrow, form-
ed by thc triangle ir the dio<de symbol, indicates the direction
of the path of low resistance for a positive current).

Iet all trigger circuits have the same higher ard lower plate
votentials. Their plates are connected, directly or through
cathode followers, to the points A, B, and C, 7hie potential B-
is considerably below the lower of tie two possible plate poter-
tials. The resistance of R is large compared to the forward
resistance of tre diodes, 1t is easily seen that N will at a1l
times be at a poternitial approximately equal to the highest of
the potentials at A, B, and C, In other words, N will assume its
higher potential; that is, hold a l.signal, only if at least one
of the potentials A; B, and C, assumes its higher value, that is,
only if at least one l-signal is present on the input (compare

Chapter II, page 9)o

> ——
C K}" N
SR
B+ ‘

Figure L.3 - Dioce gate

A dinne gate is shown i1 Fisure L3
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B+ 1s a veltage considerably above the hirher tricger circuit
plate voltage; R. 2gain. must be larre compared to the forward
resistance of the liodeg, Under ihose conditiong M will bo ap.
proximately equal vo the lowest of the potentials at A, B, and
C, or N will assure 1its higher wiential, that is, hold a
I-signal, if and only if. all the pouieutials at A, 3, and C
assume their higher value, that i g, if and only if. ali input signals
are l-gsignals,

The trigger circuit and the two diode circuits described
above form a system by which any switching function can be realiz-
ed in terms of high and low voltage levels, This system “.iil
suffice for ;vha‘t. has been termed interpretation or decoding; it
does not bring in any modification of the information stored in
the toggleso

In the majority of cases the switching functions are, howevar,
used to control the changes of toggles in other parts of the computer,
or, as is the case in most arithmetic elements, to contro) changes
in the very toggles from which they are derived,

The input signals to the trigzser circuits are usually in the
forim of negative pulses, It is, therefore, necessary to introduce
a second type cf binary signals, pulse sigrals, at least at the
last stage preceding th input}teminals to the trigger circuitlse

The questicn now arises whether to perform the logical
cperations on the pulse signals, that i s, to introduce the pulses
at an. early stage, or to perform them on the level signals, that

e +n intrandire +the nulees at o
~—y e e em e - = ——mw - v o«

. “ L. .o
devad ViUl Ul Ye
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Pulse operation requires gates and mixers which have rige and
fall times short enough to permmit a faithlul transmicsicn ¢f the
pulses, Voltage level operation reqviree rige and f£2ll timss
comparable to the interval between two consecutive pulses, In
syetomu whare the shortest pulse interval is {ive or mcre times
as large as the pulse width and where diode gates and mixers are
used, it will generally be an advartage to use the level signals
in the logical circuitry., Figure L4 illustraies the principle of
level coasd operaticn as it will be usel in the design examples in

the leter chapters,

Logical
circuits

Level J
signal

loggles Teggles
Pulse T
signol - ‘ ) —

Figurs 4.4 - Principle of level ccded opsration

A puvlse gate receives on one terminal a ievel coded signal
and on the other a pulse coded signal, The output signal is pulse

coded, A circuit ior such & gate 18 shown in Figuwie L5 together
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with the trigger circuit to which it connects*.

Level si¢nal
———te

ZR

Figure 4.5 - Pulse gate and trigger cireuit

The signal at A consists of two possible levels, All trigger
circuits being supplied by the same twc supply levels B+ and B-,
the levels at A will be approximately equal to the two plate poten-
tizls of the trigger circuit to which the gate connects. Let, for
example, these two levels be 160 and 110 volts above B~ The
point Dl of the trigger circuit alsc has two possible potential
levels; let, in the example, these two levels be 60 and LO volts

above B~y Furthermore, let Ra-ﬁ.o. If no pulse is present,E will

*
Tnis puise galte was introduced by James Knapton and Louis Stsvens,

both at that time working on the Computer project at the University
of California in Berksley.

* mis example is taken from the circuits in the California

41 N
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tend to assume one of the potentials 30 or 55 volts, Now for point
Dl to be sensitive to negative pulses at all, '»I1 must be conducting
that is, D, must be at the higher of its two potentials, 60 voltse
If A is at 110 volts, then E Leun.s Lo be at 55 volts and the diode
will be driven into its conducting regiun, meaning that a negative
pulse of adequate magnitude applied at B will reach the grid at Dl
and czuse the trigger circuit to be switched, If A is at 1950
volts, then E tends to be at €0 volte, meaning that if the negative
pulse applied to E is less than 20 volts. it will be subject to the
attenuation of the back resistance of the diode and not cause the
trigger circuit tc change state,

In order to arrive at a pulse gate for a reversing input con-

nection, another diode may be inserted between D, and E. It will

0
be noted that; due to the two potentials at D) and D Dys a pulse

will crly be applied to one of the grids, the grid of the conduc t-~
irg tube, at any time,

Pulse_ sxgnal

c————
Level signal

Figure 4.6 - Symbol representing low-pase pulse gate

A pulse gate of this type which passes the pulse for a low
control voltage and stops it for a high control vnltage will be call.

ed a low-pass pulse gate, It will be represented by a combination
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of two symbols. an inverter gymbel and a high-pass pulsc gate symbol,
This combinatior is shown in Figure L6, A broken line as shown.
will ve usad uc¢ indicate a pulse channsl,

For trigger circuits with cther plate ara grid poiential: .than
the ones used in the examp;:,ia arid Rt must, ol cow'se, be cnosen
differentlys The example servss to demonstra'e the princivle rather
than to give engineering design detaiise

If pnlees are supplied to the two grids of a trigger circui~™
gimultaneously they must, as mantioned, be approximately of equal
amplitude, This condition is easily fuifilled an the reversing
input connection described ehove. where the pulses originars in the

same pulse gate,

Figure 4,7 - Trigger circuit with two pulse gates

If, however, the two pulses come from separate logical circuits,
see Figure L,7, slight variaticns in isvels at A, and A, are-likely

to resull in unequal pulse amplitudes at the grids -aising erratic
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cperation witn this v of circuitry., Thisz condition must te taken
pe v g

intn accoun in the logical Jdesign where the following rule will bte

adopted., No toggie nay at any time receive simulianecus 2--input and

i-inpul siguais from separate pulse gates,
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CHAPTER V

COUNTERS AND CONVERTING CTRCUITS

The two operations to be discussed in tm s chapt-r mouily ine
information stored in a set of togzles. A counter is an azivhmetic
element ol a particularly =irple tyge. 3y a converting circuit
will be¢ understood a circuit which, upon application of a gulse,
changes the content of a set of toggles from one value to anothere

1

Although conversion would not always be thought cf as an arithme:ic

cperation, there is no significant difference between the two

cperations, conversicn and counting. One method of treatrment vill

be used in botn cases,

T. MO NR OPYRATION

An array of toggles storing binary variables belonging to
the same logical unit, for exarple, a regisier or the tcggles in
a counter, will be called a toggle group. The total nuuber of
distinct states in a toggle group 18

2",

where n is the numter of toggles in the group. The ouiput signal
from the grcup consists of 2n different symbols, one for each state,
Theae output sympols are evident, only, by simultanecus observation
of the state of all toggles, The individual toggle cutput signals
can be subjected Lo logical operations as described in Chapter JI,
In other words, the information in the 2" output synbols nmay be

A -

subjected tc [iltering by means ol these Logicai operations.,
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For the tyme of operoticn which will Le dlscussed ners Tthe
filtered cutput information will be used %o conirol the changs of

state which will lare place in the group when a pulse is appliodo

This operation is shown schematically in Figure S.l,

1
gical Circuits

BEEEE

Toggle Group

r}é_ |

] Delays

Figure 5.1 - General block diagram for ronwertors and couniers

For each state the logical filter specifies the nexti =ztate inte

which the group is to be transferred by application of a pulse,

In order that the pulse gates may 1ewain unchanged during the pulse,

a delay larger wien the pulse width but less than the minimum pulsc
interval, is inserted between the logical filter and the pulse
gates, Such a delgy is always assumed present, It will not Le

shown in the block diagrams"o

*§nen constructed the toggle filter combination usually provides

139

this delay automatically hy wirtue of i, {inile rise and iall

times present in the circuite

e
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An operation cf thie type 18 eniiz:=ly specificd when the

transitions following =ach of the 2" possible states are given,

The followiny soclions will show how this specification can be
mads in terme »f the fundamentital binary variables arnd how thne

logical design folinws imiediately from this specirfication.

ITI, THE TRANSITION CHART

Consider a group cf toggles, To, Tl’ TZ"’ 'I'.j, o o oli'n“-lo
and iet the state of each toggle be represented by the binary
variables, Xns X5 Xpo o o oX 70 Each of the 2" poegible states
of the group will be designated by the decimal equivalent of the
binary number repressnted by the succession of binary digits form-
ed by the variebles xn-i”xn~29 o o o5 Xy Xe The arithmetic ex-
pression for this designation. d, will be

dw xoo204—xlo21+'xz-?2+. v ootx o2 Sel

Each designation represents one symbol of the ol possible. No
identification of th2 states with the number represented by the
designation is in any way implied.

For purposes of explanation a spscific preblem will be
formulated, Let 1t be desired to design a circuit for which the
following transivions tetween the states of a toggle group contain-
ing fcur toggles TO, '1‘1; T2~“ and '!‘3 are rsquired

I+ 2o 3e Se lie feo 7o 8o 5+ 130 12+ 111Ca1 ;

00 ; e 0; 150 ®

.
k2

This example is chosen on basis of its merits s & dem nsication

model . 1T 1s prodacly nui i ady praciical use.
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It will Ye necessary to distinguish between the wvaluseg of ihe

varianlza veflore a {ransition and those after a transition, Let

the values before the transition be Xgs Xy Xy ¥ end those after,

2- 73
Yas Yo 730 Ve A y. of course, becomes an X for the next transition,
Mext it (s cbserved tnat a state of the group can de reuresent..-
2d by an ejuation. state 9. for example, can be described by
XXy X XA ® 1 5
2 1% 502

since this =quaii~n is only fuifilled if

»
(']
e
bo]
]
o
o
[
e
o
o
el

3 .

corresponding to

b

2w 1927 + 002° « o2t « 14
The states after a traneition can be represented by similar
equations in y.
Now, if state 2 is to occur after state 1 and only aftcr state
1, then thie means that
R PR
cnly when
xBTAﬁ‘xlfz,

~

that is. when
y3 ] yz fy-lyc'f - x:s '.'x? :X’]' '.'xo

If state 0 is to uccur only after states 1., 15 ani O, then
ty ty iy 8
Y5'¥'yy 'Yy = 1
only if one ¢f the squations
1
XXXy X! = 1
Ay S 1o

XXt ix, s ]
372170

At
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is fuifillied, that 18. wnen
] ? ? 3 . [ + t ? ? L 4
Vs 'Va'T3'Wo' = Xy = XKFy¥y * ByiEaia ix el

is valid, There will be an squation »f this type for each y-s

4
]
ct
(¢]
®

In order to esave writing, let
gy " 1
be the equation for the x-state corresponding to the dsai-uatici -
each 8 13 a product. for exampie,
% X

similarly let ta reprasent the y-products

Explicitly

8 ~ XBCXE';X;L:X'C: tO - yszyzzy:f}-oz
5 " AXN X SRR PRI £
8, * iEpIE PR SR PR I
T et t3 R LA PR SR/
8, T XXy iAg B, T Ty
5 T B X, ISR £ PSR
% ¢ Rk RSN S
8y T Iy, 2 " Y'Y, 5a5
sg 7 XX Ia! tg = TV
8g  ® X x.tn Xy Y9 ® TYvylyg
810 = AqrpiALA Yo " TR'WYS
5y * XaiEE, T Y'Y,
S32 T XXM 'R Yo ° TV
3 Y **P1 %o YW T Ty
& " A% Yy % TN
Big T Ffahip “g T Y ¥
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The noteiion iniroduced in equaiioné 5¢5 applies Lo ang sysvem

of four binary variables, of course. It can easily he extended to
problema involving more than four variables,

The complete system of oquations, of which equations 5.3 and 5.k
are examples, can be writtea in matrix fom

8
t 0O 00O OOOOOO11O0UO0O0OTO 0O 8y
ty 01 000O0O0O0OO0OOOOCOOODO 8,
t3 001 0O0O0OO0OO0OOOOOOCO0UO 8y
t.h 0 000 O0100O0COOOOCO0OO O 5,
ts 00011 09%200O0OO0OO0OO0OO0OOO OO .5ﬂ
tg 0 0001 00O0O0OOUOOOOTO OO O s
t.7 0 000001 00O0CGD20O0OO00 8,
{ P.{ r.1 rSOG
tg Q 0000O0O0O10000O0O0OO?¢ %q
ty 00 0O0O0OOOD100O0O0OUO0OO0OO 8y
t10 0O 6C00OO0OOOO0OOO1100TO020 80
t 6 00 O0OOOOOOOO110TO00 8,
t.]_z)o0000000000001oo 812
t.n 0000 0O0OO0OO0O100O0OO0OO0ODO 83
tu 0 000OO0COOOOOOCOO OO L
' s 68 0 0C000C0CQ0CO0COQOOCD -
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There will Le one and onlv one 1 in each columne If in one
column tnere were only O's; it would mean that neither a transi-
tion to any other state nor lack of change wculd be permissible
for the state corresponding to tnav columne. If there were more
thar ocne 1 in a column, it would mean that simultanecus transi-
ticn to two or more states would be required from the s%ate cor-
responding to that column, Both ci tliese requiremcnts weuld, of
course, be impoesible to fulfil,

When the products ¢ and s are always written in the eame
order in equation 5,6, it is only necessary to wiite dovn the
ratrix in order to specify the tramsitions, This matrix, with

the 0's left ocut, will be called a transition charte

rFrom Statc
0O 12 3 L S 6 7 8 9101112131 15

0o 1 . . . 11
1 . . 1.,
2 1 o . &
3 ¢ & L 4 & % w @ B s & & & © =
To L o 1 . .
State ¢ 1 . .
((\ ] 1 L] °
7 « & # @ & ®w 1L ® 8 e & &8 ® % i8 @
! [ ] l ]
¥ s . 1 .
10 . . 1
L o o o @ ¢ o o o o o o o 1 o o o
12 . . . 3
13 . . i .
Ly . . .
15 s . .

- Trausiticn chart ror thirteern-step counter

I
r
a
i
[ ]
N\
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Tha Tngical simetnre snecifiad
which proceeds cyclically through thirtcen states
le2e3ebelioboTelef el 30l 2«11l 0nleetc,

It will be noted that a counter, unless it counts to a whole
power of two, has a number of states outsicde the regular countirg
cycle: these states wiil be reterrea to as "forbidden™ states.

In the example, these states are C, 1 and 15, If only the
regular counting cycle is to be considered the traisitions from
the forbidden states are arbitrary and the ambiguity can be used

to simplify the design, in many cases it may, however, dosir-

AL

able to specify these transitions in the mamner shigen in the
traneition chart eoc that an accidental transition to a forbidden
state may be arrested, leaving the counter unchanged in the

O-state atfter the next covating puise,
IITI. THE TRANSITION EQUATION

As the next step the variables y will be expreseed explicitly

as functicns of the variables x. App ication of equations similar

to equation 2,26 to equations 5,5 will siow that
To = W *tattgt Mgty s thg
ST PA M I At T e T T
I R A A T b E A TR T
L T R M T M T e P E s TR T

Bquations 5.7 are perfectly general; they are true for ay

v
®
~

systcm of fowr binacy variables for which the notation indicated

in equations 5.5 has been introduced,

e ——— € S 17 A i s S
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function of Shr Sys e o e 8y these in turn being functions of
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-

n

X~oX-+Xaax_, hv vairtue of ecuation
- 1 ¢ j.- v hr S

;5. Ir the example

Yo ® S10732%93%8¢*85"8, %%

| Y * 8*95"5) 56 1 "5
| g.A
;’. y3 - 57"‘38“81 ~2+3- 3 Sg.

By introduction of the variables x (see equations 5,5)
equaticns 5,8, whick are valid for the particular example under
considersition, become
o ° xsz'x‘lxouxfx??‘lxot"‘3”‘2?11’(0%3:"2‘1‘0:+x3x2_:ﬁ:xou

XXXy K XXy H X
x3’x2'xl'xovx3312?x170‘*x3-‘x2117xoftcjixz').;lxb-‘mzxz?x.lxo*
X 32X, X0 5e9
I R o R i B R L e R R e S s o L o
235, %
Y3 % XatapXy etk gky g Ix TR o TR X KX TR THgh X TR
‘xz')r 'x

A simplification of tnhe equaticns will 1sad to the expendi»-.

asu——
2 PP

AT P VI

ture of fewer diodes in the final eircuit as wiil be seen presently,
The simplified equations are
3 t ¥
Yo = X3% 7 (2,14, )yt (gt ax T hex g 5
= L] ' !
¥y " Fo (Xt e, ! "o("z"3”‘1 "3 ) 5410

V. ® xﬂf(x,.(xﬂfxaf)‘-x. K00 K )X T
' P ¢ 1 z Sr v

¥y = xz(}Ll'hxg‘_t )*'x XXX,

E
3
s

—
)
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Douatlons of Uiis yype, Siving tne vinary variables atter e
transition, as functions of the binary variables before the transi-
tion, will be called transitiosn equationse
In the next section it will Ye shown how U Iogical design
of the circuit performin> these tiransitions can te derivea Iran

the transition equations.
IV. DERIVATZON OF DESIGN EQUATIONS

Iet it be assured that separate l-set and O-set input con-
nections to the toggles are to be used, This type of operation
will be called split input operaticn, As will e sgacn prescuilly
the functions corresponding to revsrsing input connections can be
derived easily from the split input functions,.

Consider the variables x and y indicating the state of any
one toggle in the group befcre aond aftor a transition, When the
tcgzle changes from the O=stale to the l-statve,

x=0 and y=1
When it changes from the )-state to the O-state,
x=1 and y=0
Thex .the function
hl
assumes the value 1 when the toggle changes from the O-state %o
the l-state and the function
RO @ yi(x, o o DX (L, o 4 o)x 5,12
becomes 1 when the toggle changes.fn}m the l-state to the O-state,
‘me turctiors ho and h1 are then two usable input control functicas

since each assumes the value 1 when the inpul termincl associated

- Y(x’ o o o)!"’(Og e .)I, 5.11
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with 1t i to raceive a pulas. The functione v egnd ! mighi 23
serve as input conirol functions; y and y! would provide input.
pulses boti wher the toggle is required to change state and when it
is required to remair unchanged, a l-input signal, for example,
would be provided wher the toggle is to remain unchanged in the
l-state, The functions hl and ho are usually simpler to form than
Yy and y'; however, in a very few cases whare

Y05 o ¢ &)y (l; o a0) =0 Sel3
the factors x' and x may be left out in the control functions

hl = (03 s & )
0 Sell

271, o 0 W)

Equations 5,13 and 5,14 are in accordance with the design

h

rule iniroduced in the last paragraph of Chapter IV, page 32.

When equations 5,11 and 5,12 are applied to the transition
equaticns, 5,10, O-set and l-set control functions are derived.
These functiois will either pass (for the value 1) or swp (for
the value 0) the counting pulse on its way to the input tcrminal
of the togglee

let h: be the input control functions, the subecript n indicat-
ing the toggle, n=0,1,2,3, and k indicating whether it contw,ls the
input to the l-terminal or the O-terminal, k=l or k=0,

Equations 5,10, Sall, and 5,12 then give for the transition

sequence given on page 35
1 -
o = yo.xot%BXIl .(1 —le )qztxl(l-’xBi )41.1-1x3l].xol
D Yy o
ho [.3.1‘+x2'ﬁﬂ&x3'..xc

1, : ;
By =leyx, oy Gy ems ) Joxy! alion 3

h
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h = Do %%y ! eLae
h% - [xo(xa'xlm.jxl'g ' Xy 5el5¢c
by - G-y 5,154

Then the O-input control functions are
By * ¥o'%y" [’3’&'(0"29’*2"1(0”‘3)’0“1“{ )iz,
hy = PR U K

o

h =[xy tompxst) =y Iy

By Rxsf’ﬁ)(ﬁ“ﬁ) * ] x,

ho = By, 5,160
and similarly

2 = Brtegey) * 5] a0

ny = [ (xyemy) + X5%5']- %2 54160

SR CA I ES 5.164

As mentioned, equaticns 5,13 and 5.1l indicate that there is a
possibility foar leaving out the x!'-factors in l-input control
functions and the x-factars in the O-input control functions ap-
pearing outside the brackets, The condition for dropping thess
factors is that the product of the brackets appearing in h]' and
n0 for ore toggls is identically sero (see equation 5,13)s To check
this possibility. consider each producte

Byt omy ot omg ] gy ongmy omg] =
R R

bro" Xy %% 1 [Xot x5! 1oms(xp )] = Xy mytox s O
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Tre output from G2 is
f3 " Xy'x o1, (3 diodes)
And the output from li,
0= / 13 \
114 f1+f3 {2 di.odes)
£ = X x I txtx (mo vk ) - Pl
- v +4 O U 41 c 3 V)
The total number of divdes needed in the formation of ho’ is
342 ¢3+2 =10 diodes
Next, the simplification possible by leaving the transitione
from the forbiuden states arbitrary will be demonstratede
V. THE TRANSITIONS FROM FORSIDDEN STATES
The forbidden states O, 1, and 15; before the transition,
are represanted by the equations:
J ] ] ]
xB‘xz‘xl—xo =1
Xt = |
s - ]
7% T4
If these states are never present, then the equations
Xq'X05 B =
s
x3x2x1x0 =0
are always simultanevusly [ulfilied, or
i
[} ] ] t H ¥
X3'ap' N R+ XkpKKpt * XykpRyXg * O |
which, after reduction, btecnmes _ :
1 J ] I = s
X%y ') X <O 5617 3
and XXX, = 0. 5.18 i
o & A& -

From this fcllows in particular that
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Efo(xj‘:-:l*::j!l'}}{11(13‘:0)‘:3:0'3 - xlxo:3' = 2
L

In the case considered, no further simplification by this
means is pessible,

The block diagram for the counter, as represented by
equaticns 5.15 and 5.16., is shown in Fionra € T, Tha dissrem
assunes a pulse gate which passes the pulse when the control
signal is 1,

The total number of diodes required for the formation of a
set of switching functions can be found by counting e diode for
each input o the mixers and the gates. Thias i3 the equivalent

of countinz one diode for each product term and one for eah sum

logical expression appears in several places it may be advan-
tageous to form it in only one place in order to reduce the total
numbsr of diodss needed. Simplificationms of the logical equations
aim at reducing the number of diodese

In the diagram, Figure 5.3, the function Xp*X; is needed in
three places, for the formation of hé, hg, and hg. The outpui of

one gate, lccated below T.,, supplies the function for all three

3’
circuits,
Consider the formation of hg; in the far left of the diagram,

The output function from G, is

1
- ] ( k)
i'l xo'xl x3 (3 Aiodes
The output {rom 11 is
= ] ! { ; i
f2 x, *x3 {2 dicdes)
p— o
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’ hO and ho somewha*

; Ty 1
yvii €
This simpiifies h3, 5 Nos 5

+Fo

- x ‘0. x
B %Xy T X

h

o W

= Drglxgrxy’) + x50y )
- [xo(xe*xB‘)ﬂc.‘-xn’] Xy

By = [y (x3%g) * %3507 %,

gl ESTe N £
0 = ] s $
hy [&l(xz*xo )] e e
For unspecified transitions from states O, 1, and 15, the

input control functions will thea be

hé' e [xﬁ”xl(x?“’%'nxo'
- [Txolxz ﬁz‘%l]xll
[xol=y g x4 ey’

¥ XoX1%s

NI
\n

=
w4

Oa‘O
]

(x5 %] *x 5% *xo)%g

" Drolxymxythaxamy ) xy
" %0500 %2

37 X%0'%3

Eacl. of the functions 519 ind 5,20 take on the value 1 when

Ho

5420

=3
O NNO

h

a pulse is to be passed by the pulse gale whicl it contrclse For
ine pulse gaie discussed in Chapier IV 1L was; bowsvesr, requitred

that the control voltase be at the lower value when the pulse vas
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Lo be passed (see page #Y): thig will corrospond to the value U

for the functions 5,19 and £,20, In order to derive the control
functicns for this typz cf a pulse gate 1t 1s. ther=fcre, necessary

{0 derive the inverted functicns of %.16 and <.20,

plye = He ) = g ! E
\hC) (x3 fxl) (xl fxzx3) * Iy T XX *x1x2x3'xo

s v (v T4
371 0

> ~

Use has been made cf equation 5,18,
1 , .
(ny)t = (xomz')(Azmo +x )ﬁc., Xy X 70 RS Y

- xo(xa*x:()*xz (xo' *xB)*x.l

(h%‘)? XO”(X3*‘J(1’)(X3"X1)*J:Z ® xo‘*x:sxl*xj’x{*.- 5

l a . % -7
(h3)' X ﬂg‘l +x2’ 2.2

(hd)
(h-?_)' - (xo:’XQ'XB)(XB'ﬂO)‘le = x' ’m 'X. roﬂgl
(h9)!

PRE 3 H ? q - $ .9 v Sep ¢ ?
(x..s*'x,‘.'_)(x3 q )x2 7 . X, XX, e TR SR S

2 -9 [ v 14 : L/ 3 P S | syie @
(x1 >, )(x3 *xo)*xz =x x3 *x3 X, sz *xc,}

= x3'(x‘l”x0' )4—,(224:0,(1:
(h ’L.L -rx *x ;
The bliock diagram is showvm in Figure 7ol
The realization of the functions by the mirimum number of
diodes, not the subject for investigation here, pruvidss a rathor
distinct mathemavical provlems As mentioned sarlier. ai approach
to this provlem for a number of simple but imuortant cases hac beii.

5 ~ s 2 od ’ .
made at the Harvard Computation Laberatory o It should, howevanp

s

B

See Synthesig of Zlectronic Computliy and Coatrel Circuits” pag2s 5087
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be kept in mind that although a mathematical orebiem can ha defined,
2 o - 4

s )?&(:-lg; {3

a nunber of factors which are difficult tc express analytically
enter into the question, As is the cess with squations 5.21, a
soluiicn reasonably close to the minimum can nsally he arrived
at by mere inspection of the equations., Factors such as the in-

clusion of a left-over tube-half. not taken into account in the first

"y

design approach, or the availability of increased driving power from
some toggles, due to circuit features not included in the problem
at hand, may make a2 mathematical minimum meaningless. They can,
however, well be taken into arcount when ths zguations are merely

inspectede

3
e
B
E
E

The translation from the Hlock diagram in Figure Solj to the
actual circuit does not present any logical problemse

It remains Yo discuss the uge of reversing inpul signalise
A control function for the reversing input pulses may be derived
oy observing that the function

h ® y'x + yx' 5.22

assumes the value 1 only when the toggle changes during the transi-
tione, In order to obtain the control functions for the described
diode pulse gates. ht! ig derived,

ht = yxey'x? 5.2

After t.he derivation of reversing control funciions from the
transition equations, equations £,10 in the example, the simplifica-
tions and the design can be arrived at in axactly the sams mamner
as for split input connections,

T+ will Yve noted, bty

, by comparisvin wiih equatione 5,11 and 5,12
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that
h = hiep’ 5.2l
The example above was intended to demonstrate the mothod rather
than provide a useful circuit, Another example of more practical
nature will be given in the next secticn of this chaptesr,

Vie & CONVERTING CIRCUIT

As the next exasmple lat the problem be to dasign a circuit
which will convert the content of four toggles between the 1-2=4=0
gystem and the 1-2-U~¢ system. Let the notation be the same as in
the previous exampis;j the variables before the transition are
Xy9Xq 2R psXqs and after ths transition Y0sY197 25732 The products
inxmnl, . ..,lls,andﬂnp-omctniny, tl, ¢ o o ¢ f'..5°

The two mumber codes refer tn two ways nf remwesenting a
decimal digit in tcrll of Towr binary variahles, The number in
tha code desigmations, far sxmmle, 1-2-4-2, are the weights as-
sociated with each bSinary variable., The formula for the numerical
valus, v, corresponding to a symbol in the 1-?-4-8 aystem is -

ve 3308 ® xzoh +Ze2 ¢ g°o1; 525
the value is that of the designation introduced earlier (see
equation 5.1) for four variables. In ths 1-2-4~7 sysiss, the
valus i3

U ® x5020%, 40z, o20x, 01 5426
Ouly in sows of the mmber codes is it possidle to calculate
the valus by memns of a simple formula like 5,25 and 5.26: in
general it is not possible to associate each bizary digit with

a constant numerical weight. A table of valuss and the correspo-ad-

A «

alEREs. 3R aie o A &



g v P R ®

e S 5 T W ST P mvm'- @y
.

il SR GV SISO e v e v
.

v

53

ing combiraticns will, of course, describe an arbiirary number codee

0

The tables for ths iwo syslews, 1-2-i~d and I-2-4-2, are shown in

Table ole
State

Designation X
0 V)
1 b A
2 0]
3 h §
N o]
5 1
6 0
7 1
8 o
9 1
10 0
N i
12 0
13 1l
u 0
15 1

Table 5.1 - The 1-2--8 and the 1-2.d;-Z number &ystems.

Now let an arbitrary number in the 1-2-44-8 system be stared in

Numerical Value

5 X X p P O N 6 T 3
S O O C o
0 o0 ¢ 1 1
1 0 o 2 2
1 ¢ 0 3 3
0 1 © L L
o 1 o0 S
i 1 o 6
1 1 o 7
o o0 1 8
o 0 1 9
1 o 1
1 0 1 5
(o] 1 1 6
o 1 1 7
1 1 1 8
1 1 1 9

the four toggles., By application of a pulse to the circuit this

inmn de $n b

-—— - ww

sammandéerd $n Phe Acamhdaadd oy
- weer wa wiwem e d --ow T RS S SR W S &

gsme number in the 1-2-4-7 system,
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a nunbe r in the 1.2-4-2 gystem is stored in the togpies. spplica-

&)

Rad
-

tion of a pulse tc the same pcint must cause the combination t.:
change to the equivalent 1-2-l--8 combination, Application of wwn
pulses leaves the toggles unchanged. These requirements specaiv

a trangition from cach state with the exception of state Number 10,
Igl the trangition from thin siate Le left arbitrary, that is, 1lst
850 be' added or omitted in the equations, whichever leavuis them in
the simpler form,

The transition chart for the conversion is shown in Mgure S5e3s

from State
012 3 L S 6 7 8 9101 12131 1¢

[
[ ]

0 . e
1 1 . . | .
2 1l ., ‘ ?rb§trary
3 e + ¢ 1 4 o o o o o o o ¢
ly ¢ 1 ; f
5 . " 1

Tc¢ 6 o o e L

State - c e o s e 4 s e e e b e o L s e
8 . . .
J . . . e ]
10 c . I
11 B T T TR T T
12 . e b
13 . h 4
il o « & o
15 . . 1 .

Moure §.6 - Transiticn chacl for conversion beiween l-2.li-d systenm

and 1-2-4=2 systen
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The procsdurs 15 now Wi samd @5 dn Wi previovus exaupie.

The transition squations are obtained from the transition chart

by means of equati.ms £.7, repeated here,
yo-tlctt +t + ¢ +t9+t]l+t13¢t15
*h Tho Tt thy Yy

TP Tt Y
Tp oty b by byt vt et s
I T TR LR T R TR TR T
Yo "8 TSy 8y T8yt e tE tE, v
R I T P TR T AL R >
I S IR T T IML I AR LY
y3.'1b”15*[']_0] taytsgte, vy ta
I¢ follows that
Yo = o LX3'%p" 0 Xy Ty my Xy ! "3 G R R
3R Tyl |
N1 ® !3'12'_!1(10‘20')‘x3xzx1'(xon0')<13'x2ﬁ!xc X, 'x, H(x,' X)),
where 85 hes been left out,
T R i LR e e
Ty " R R R 0k (X 4y X X )

71 T X3'%p 'R 0xy Hag0x,x,)
where equation 2,2l has bsen applied

527

Ta ® %3'gN ot e MR (xgxy )Y
%35 (g o ) xRy ()

T2 " ‘3"'1'(‘2"‘2')”3"2’1”‘3"‘2‘1"0“’;?‘2"1‘0
" xy(x ey, ) oy iy (xy v, ')

nE

N'
at
W
"
N
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Yo = XX, "4 X 'x tx. "X (X vx_ " )tx.x_"x x.!
- J - 2 &€ v D c ALY 3 < 1LV
where 80 has been added;
but
1311 *xsz XX, LIC B X (x.'*x.x,.'x ') -x3x1 ‘2312 0
giving
P M R A I A R
Vo = xy(xgtex ! )z =y 'x,(x,4x,')
vy " %(xouo')u FXX) X! xle(x +x ')*
xXp'% ' (%%
where 8,0 has been left out;
- xz’i(‘ e R R R
(xl"xl'x 'x \&312 X!
T3 © ‘2(’1“3'*01”3‘2 '
Written together the transition squations ere
Yo" %
T T R R R dr )
Ty ® %3m0yt bomytxy(xy 0y
P 4
T3 ° Xpin ' np)am, !
From equations 5,28 the split input control functions are de-
rived in accordance with equations 5.1i and 5,12, The l-imput con-
trol functions, assuming the value 1 when a pulse is (o be passed, are

h16.- hi': h;o_m hﬁsl'
hé - Ooxo' =0
- By otey ol %)+ By
1 - L‘B(xlnﬂ‘x l.o.(xlox )] x 1 = [1331 t
“ - C:z(xlilox )20ex "I-IJXB' - LIQ(X-]. )]x !

5029
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The C—input control functions, assuming thc vaiue 1 when a pulse

ny = Dey'p! 0 Gy Iy =[xy 2y

2 = Dxy(xy 4000yt ede(x #x, )] x, =
[xsoxy) Gy 2] x, = gy oy xy ]x,

0o

h3. - sz(xlw.xo)#loleﬁ']!x3 ™ [(le%l)(xzﬁﬂxs -

Gy 'm0y xy) xy

Application of equations 5.13 and 5,14 does not simplify these

530

equations farther,
The following reversing input control functions ho, hlg h2 and
h3 are derived in accordance with equation 5.2,

ho°040-0

By = (xympxgIny ' +{xgmp)ny = xyemy{xgx, 1oxy) = =yox, (xp0xy)
By = gy H(xym EE T 1T, = Xy(xy empm oxEy ek, = 53
=3(xp! 43) ) *x%5'x) '3,

hy = 2p(x) 4x0) x5 +(x; "xp4x, 1%, )xg

From equations 5.29 and 5,30 a circuit empleying split input
connections can be dram immediately. If reversing input connecticns
are to be used, a circuit can be drasm from equations %.33..

If the pulse gate described earlier is to be used, each imput
control function must be inverted in order to provide a low voltage
for the pses position of the gaie,

If only one way conversion is to bs performed, strorg s:mplifica-
tions, due t5 increased redundancy, are possible, Let the circut be

limited to conversion from the 1-2;~8 system to the 1-24-7 system.

- oy G 5 (0944
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In that case the following stetss are forbidden before the transition
i0, 11, 12, 13, 14, 15

meaning that the following equations in x are always true

xsz‘xle' =0 x3x21;l’xo =0
xx,'nx, =0 2 XX X0 = 0 S5¢32
e T XXX, 0,
or
% 3%p "3 (X" %) 4x 3%y ! (Xg! X % 33y%) (X' 4xg) = O
x5 T 2%l ') = 0
x3(x;%p!xp) = 0 .
x3(x1*xz) =0 5¢33
or
XX ® o ' and XX, ® 0]

Bqustion 5,33 is the rsduniancy equation characteristic of the
1-2-4-8 system. The following relations are useftl when the redundancy
equution is applind

o e M e s o2 o3
83'12 > 32 5035
XX, = Xy 5¢36
xh' - x, ‘ 537

Under these conditions, equations 5,29, 5,30, and 5.31 are simpli-

fied considsrablye

1, 0,
hO (o} ho 0
1, 0.
hl 13’2210!1' h% xle 5,38
1l - - ) )
h, ® x, hy ® X%,
!\_1‘ L I:{x +x ) ha =0
o 1 0 2
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Figure 5.6 - Block diagram for 1-2-Li-8 to 1-2-i-2 system converter

using split input connections
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Figure 5,7 - Blcck diegram for 1-2-b-8 to 1-2-4-3 system converter

using reversing input connections
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h, =0
h, . x,*x,,(x,\*'g) 5039
o o .. A -~

h '
2 -~ x3*xox.l 12
- \
Ry = Xp(xy*xy)
The block diagrams corresponding to equations 5.38 and 5.3 are

shown in Figures 5.5 and 5,7

B
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SUMMAKY OF THE CHEAPTER,

It is characteristic of the circuits discussed that applica-
tion of » puvlse causes & transition from cne state to anothner to
take place in a toggle growp,

In the casc of a counter, a sequence cf shtates is repeated
cyclically by continuous application of pulses; certain states, the
forbidden states, never occur in tae regular counting period, in
the case of a converting circuit, the content of the toggle group
is changed from one value %o another,

In all cases wie iransitions can be specified by means of a
traneition chert; which offers a compliete description of the logical
regponse to a pulse input, If some transitimns are arbitrary, this
condition can be introduced by means of a set oi redundancy
equations,

From the transition chart, a set of transitiom equations
can be derived, The block divgram tollows by some simple
algebraic operatimns on the transition equations, whsther split
input connections or complementing input connections to the
toggles are to be used, Possible redundancy equations can be
used in the course of the synthesis for purposes of simplification.
The Llock diagram can bs interpreted directly in terms of actual
circuiwy by means oi tie techniques describsd m Chapter IV,

The connection batween the logical design equations ancd the
circiit design is so close that it is usually not nscessary to
draw ¢ circuit disgram or even & bluck diagram in order to compare
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different lugizal presibilities,
Tio str=2a ia on the logical design. For this reason, no
anrtnal cirenits are dram. It is evident, however, from Chapter
IV that all logical operaticns are renli zable by a term-by-term

interpsatativa of the equ~iinas,

. —
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CHAF'{ER VI
THE TRANSLATION BETWEEN LOGICAL AND ARLTHMETIC OPERATIONS

Then two decimal digits, each represented by four binary
varicbles, are tc de added ir a digi’al compulcr, 1V 18 wrioesawmy iC
transleta the coeration of addition of the two decimnl digits into
a logical operation or the binary variahles which const’tute the
two digits. It has been mentioned esrlier that, over and above ths
numerical interpretation, an arithmetlic operaticn, as well &as any
other filtering operation, can be charactarised by ths distribution
of its output symbois over all possible input symbelss 47 an ex-
ample, consider we adudiivicn of {wo decimal digits, Tne addition

table is shom in Table O.le.

| ¢ i 2 3 L 5 5 7 8 9
0 0 bl 2 3 L 5 6 7 8 9
1 1 2 3 L 5 6 7 8 9 10
2 2 3 L 5 6 7 8 9 i 1
5 3 4 5 6 7 8 @ 10 1 12
L b 5 é 7 8 © 10 1 12 13
5 b 6 7 8 $ 0 1 122 13 L
6 6 7 8 § 1 1 1z 13 1 F
7 T 8 g ply p s | 12 13 A 15 6
8 8 ¢ 10 1 12 13 1 15 16 17
$ 9 10 1 12 13 WL 15 16 17 i8

Table 64l - Additiovn of Wo dscimal digits

.
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able; ig set asmide for the carry in order to rake it avallsbls,
wlthout Zurther filtering, at the addition of the next two decimal
digits, When the carry is ieft oui in the addition table; it ap-
pears that there are teu pussitle output symbols, the digits O
through 9, and cna hundrad inpnt symbels, all combinations of two
decima) digits, Each cutput symbol occurs for any of a group of
ten inpnt symhols; the output symbols have & perfectly even dis-
tribution over the input symbolse

It a carry from tha preceding sum in the addition of two
multi-digit numbers is taken intc account, there will be tro hun-
dred possible input symbels and, sgaln cansidering the carry to
the following addition suparately, ten possible ocutput symbols.
Each output symbol rnow occurs for any of a group of twenty input
aymbols,

In all casss it is trus that any logical circuitry which
realizes the above distributions of output symbols over the input
symbcls is capable of adding two decimsl digits. The code comes
about by interpretation of each symbol as a nmerical quantity,

a decimal digit, in accordsnce with the addition table,

In the following, ths addition of two decimal digits with-
out a carry from the preceding addition will be considered, The
symbols to be dealt with are associated with groups of binary
varishles,

The input is naturally thought cf as two channels each having

ten possible symbols and ths ouvtput as a gingle chamnel 8lso having
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Tha Linery variahbles comasnonding to each of the channels
must de at ieast four in number since otherwise an insulficient
number of symbols would L2 available, Iet the t®o input channels
have the biuary variatles Xyo Ryo Xgo X39 and Yoo ¥is Yoo Yy and
the output channel the binary variables Z9s By5 %y 33.

Ks was diescnssed in Chapter V, the occurrence of a parcicular
symbol corresponds to equating a preduct; for example, xooxl'.x2-x3=
with 1,

Let the products in x bte termed s; the products in y, t; and
the products in g, r; in the manner indicated ir Chapter V, page 7.
Furthsrmore, let the superscript on s; t, and r, indicate the
digit, the numerical value, with which a particular produwct ie

associated,

If

n
v = 30-:1.52453
then the value combination

r9 ] zoazlsz'zB =1

or Ty "1 8 ® 13 z, © 3; 33 < 1
has been associated with the digit 9.
Now if

s =1 and thel
then

rl - p
since

3% =7
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thic can be exmrassed

7 - 33 ,f.h+

3 e e

whecre the presence ol cther terns is indicated because the sum, 7,

occurs for other input combinaticiise When eguatians of this {ype

arc applied ‘o ali permitted input and output signals considered, the

following equations resuli:

- 2t0:51¢% szts*s“ *s"t 85 S*ﬂ LHey t“+88t2+a9 .

0
| 0,1 293 h? 5.6, 6,5 7.4 942
2

st*stu ‘st*st*s**sn

80t 2481142045349 45018054 745068 05 Tt 54584 *e9t3

03498424524 L4g3104511945948 4604 Tag T4 B0g 315457l

r -

J:‘h - Oth+<lt3%‘2* 3" ’c‘*s tn*sst9+s6t8+s7t7“8 6*891:5
¢

- 82 5+slr.h*32u w5 h gL St +s t’ 7t8*38t7 %t 6

5 th"‘Btj ht +3 t +g to 7 9 8t8‘89 7

-st*at*s

0,8, 1 7+92+,6«.3t5+a T N 2 WX X

182 L,5, Sh

- ‘r"t +s”t

6

e e e
8 =gt +e

9.

‘8 t *s7th*aat1*a

The requirements for addition do nect, of Course, speciry when

the six surplus symbols, rlos rll’ r12’

occur; it only specifies that theyare not to occur when both ¢

and s rerresent legitimate, non-forbidden syzbclss One of the

forbidden output symbols may, for example, ‘be

rn bl -} t 3*8 t *s"”t"

because

r o 8004024040 = 0
wader normal operating conditimr. This means that the symbol

corresnonding o rn = 1 never occurs in normal operation. In

r13, rn‘, and rls, are to

O
| 7
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other words, & iorvidden output symbol way only occur whem «dther o or

t are 3in e {orpidaen range, When

g10s g2, 23, 2, 15 £

£62

and
410,.31..12,,33,,1h.,15 | 6e3

then
rl0p il d2y 13, 10,015 & Sl

Equations 6.2, 6,3, and 6.4 are the redundancy equations for the
systeme If the result of input symbols in the forbidden range is to
be left arbitrary, these equations may be used to simplify the logical

equations in the manner demonstrated in Chapter V.

Equatione 6,1 can be written more compactly as

9
= A
rk - 2 sit k-1 8.5
where i=0
1,'l:--i. - t'10*1:---1 if k-1<0
and
0 £k <9

Equation 6.5 has a simple arithmetic content; it states that
tie output symbol associated with the digit value k occurs, that is

rk takes on the value 1, only when two Jinput symbols associated wiih

i k-1

digits having the sum k or 10+k occur, that is, when s =1 and ¢

-1.
It is the fact that equation 4.5 also gives the logical melaticaship
between the binary variables repressnting these symbols, which makes

it significant, In other words, equatian 6.5 erxpresses botn the
arihretic operation on numbers and its execution as a lcgical operatiun

on binary variables,
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In ordsr o arrive at dssign equations, it is necessary to de--
rive By %0 3o and 3, 85 functions of Xge X)» Koy Xgs and yq, Yyo
Yoo y3. When a code is chosen, 3 and t are readily expressed as
preducts in x and yo The dependent varistles, g, can be arrived ab
by eaueiions similar t¢ equations 5.7. When Zgr Zys By NG E

3
are derived, the rest of the dssign may follow the principles dic-

cussed in Chapter V,
Equation 6.5 can easlly be generalized to cover other operstions
than addition. The products r, s, and ty; can include any number
of variables sufiicient to specily the total number of output and
input symbols in the operation consiisred. In the cate of mlti-
plication (see¢ Chgpter III), for example, where 37 output symbols
are necessary, at least six variables, %50 295 Sy 53, %, 35, would
ba necessary in r. In all cases the group of input symbols which
yield the same cutput symbol sppsar in the expressicn for that out-
put symbol; or
e J) oitP 6.6
£(1,p) = k
where the operaticc in question is indiceicd TF
2(i,0) = k
In the case of wuliiplication, equation 6.6 tscomes

rk - Z: :1tp

k »=ip

For =zample
A £ L]
r16 = olotmh"ta*-hth*as-tzﬂh't"

In the squations ths cnde has bein Lefi arbitrary. The choice
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of ¢uvde can, at the present, only in principle bLe ueed as an
optimizing parametsr,

The codes for r, &, and U are, therefare, usually chcsen a=
one ~f the conventional codes; 1-Z-}-8 nr l-z.4-2, for exampie.

Then tso mulii~digit numbers are to be added., the operatlion
consists in more than a digit by digit and carry addition, If the
digttc oppoar sorielly, thar muzt ha shified into the adder or> by
one and the remlt ;mst be sbifted out; provision must be made for
handling signs, in some systems of operation the ninsz complement
of each decimal digit must be darived. Although it is concsivable
to perform all these operations in one step, it will frequently
lsad to needless complexity with 2 small overall gain in speed,

In digital computers employing a memory with long access
time, for example a magnetic drum memory, it will usually pay %o
break even the addtion of the individual decimal digits down into

seversl steps,

— »| ApDITION

CORRECT 10
ST IN |~————s={ SPECIFIED |——=
o AREITRARY cz

L_COonR |

Figure 6.1 - Aadd-correct operation

In an add-~correct operation, there are at lsast two steps.
First, the sum is dérived in an arbditrary cods, whichever leads ¢o

simnrle circuitry: second. the code is changed to the snecified

)

AW -
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coda, This is indicated in Figure O.l.

Step Number 1 mxy be broken down into furtliar steps. A48 an ex~

arple, consider addition of two decimal digits in the 1-24-8 systenm,

j7-Y4 x, and v,, xy ani Vi X, and Vo and x3 and y3, be added in
sepa-a‘e vina-y adders producing s sum and a binary carsy for szch
stage, that :2, for sach binary pair, (index 0, 1, 2 and 3)s, let
the carries be delayed in their passage from stage to stage. The
process of addition will now be ths following
1. The individual pairs, x, y, are added, producing
sums and blnary carries.
2. The carries from (1) are added to the sums from
(1) giving rise to new binary sums and possibly
new binary carries from stages 1, 2. and 3.
3. The carries from (2) are added to the sums from
(2) giving rise to new sums and possibly nusw carries
from stages 2 and 3.
4, The carries from (3) are added i ithe svms from
(3) giving rise ic new sums and pcssibly a car-
ry from stags e
A= before, the decimal carry wiil not be taken into account.
So far, the operstior hee produced the binary sum of two binary
mumbere. This sum is correct if it i3 nine or less, If it is
ooore nine, the sum must be corrected. The last stap, therefore,
is
Se¢ If the sum 13 more than 9, add 6,

If, for example, the result after step Number 4 13 13, the
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birary varistles Z5r 29y 2, and s.j » will have the values
53'1; 32'1; ;1-0; 30'1

The correction step Number S adds 6, maxang the sum 15. vro-
ducing a carry, ard the uumber 19.16=3, which is whe correct last
digit in the =wm 13,

The above type of operatic is a well_lmown exemple of step-
by-step addition, In itle Appendix; where the discussod design
wethods will be tied together in a single example, anothe: way of
breaking down the additicn process will be demonstrated.

The most important example of step-ty-step operation is,
perhaps, digit-by-digit addition of multi_digit numbers and ssrial
operation- it general. In all cases, the purpose of step-by-step

operation is to trade speed for simplicity.

12
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‘me paper ie exclusive.y concemed with the theory ad prac-

&

tice of translation of arithmetic operations an rumdbers int

()

logical o =~catione on binary variables,

D.*.g.‘.ta.l computers have. fci- some time, been irecognizcd ase
devices capabls of storing, acviig, interpreting, and modifying
information. This point of view forms ine basis for the paper,

A suitable msthematical information corcegpt is found in the
mathematical ".h‘%C;?'J of communicaticn, It iz <howm hcw this con-
cept can bs zpriied dboth o e arithmetic operations on nurhers,
which the arithmetic unit of a digital computer is required to
perfoerm, and to the logical operatims which Aigital computer

slemeri3 are capable of porfaruing.

From the analysis it appears that whon an aritimetic operation

is viewed in the light of the mathematical concept of information,
its numerical content becomes a matter of seccndary importance, Of
primary importance is the distributimn of symtols in the operation,

73

Any physical process capable of bringing about a particular distribu-

tion of output symbola over inmput gymbols may be used as an
arithmetic element fcr that particular operation.,

When the information ciucepi is applied w we liogical

operations available in digital computers use is made of the symbolic-

iogic representation c¢f these operstions, Turough the work of the

etaf? of the Harvard Corputatiom Lahoratory, ths use of Buviean
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Algepra has reached a hign cegise of development and, although scme
probleme still remain unsolved, ‘% is adequate for the usnal prac-
tical dssign pmhlems, A furthe: step in the development is taken,
in this paper, by introduction of the information concept L the
applicaticn =i Brolean 1lgebra, It le shown how the coperations cf
Boolean Algebra reprresent filtering processes, that is processes
that select certain information just as a band-pmss filter 4.,
clazgicel ccmmnication fbecry ssi1ects certain frequencies, The
concept of a discrete iularmation filtear is due to Shannon. The
fact that the funciions of Boolean Algebra, snd of equivalent
symbolic-logic systems, represent the mechanics of such filters,
is new.

The theory of cammunications deals with symbols, but is not
concerned with the meaning of thess symbols; it spaaks about the
probability of their occurrsnce and it measures their capacity to

convaw InPoarmeatian withane o2

-ldr o Ren O
-wmivuY UGy AMME WIIAV &

Tmabloile

The symbols dealt with in Boolean Algebra are combinations of
values of binary varisbles, The design methcd developed in this
paper, although not vaatly superior {c earlier "truth table®™ methcd:,
has the advantage that at the stage of formulation of a problem it

deals direcily with these Boolean symbols, 'The application of the

ct

conczat of information is not. coneidered sn end in 3itgslf bud rather
a first step tosard bLroadsr notions of corputalion ancd computing
machines, It allows a formalation of the aritimetic requirements
which is dirscily interpretabls in terms of the logical synbols,

The paper alsv gives an account of soms logical design
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practices nced in conncciicn with work cn the California Digital Comput -
sr. Such design practices cannot clways follow a system of rigid
rules; ihey can bast be described by means of exarglas. They
repregent th2 petheds wihdch the writer hese devaloped to solve

practical design problems. These dssign practices, which ure the

resuwl.t of independent wourk, differ aufficienily from methods de-

veloved eiawhare ot Harvard fur examplo. to justify their de-
scriptior hers,

From the results presented of the application of the concapt

of information tu Boolean Algebra. two futv:-e directions of develop-
=ent seem to hold some promise,

1. The development of a thecry of information centered

around two-valued logic,

Such a theory would deal with information in its most funda-
mental terms such as have been recogniged by pure logic. It might
prove of value % both comnmunicatim engineering and commuter
engineering.

2. The applicaticn of digital computer techniques to

probleas of communicatimn over discrete channels,

In dirital computers the filtering of information attains a
highly developed form. Communication engimeering coulld welil take
advantage of its advanced techniques,

Application of more nowerlul algebraic minimising tachniques,
at prerent not available, might usec the general equations for addi-
tion (Chepter V) sr multiplicati.n us a point of departure ifor a

dsterminaticz of the optimmm nmumber cods. 7Tt is felt, however,
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that 2 sclution ¢f such & p s &thengh interesting from the
academic point ol viaw, weild have few praciical coumequencwus,

As & whole it is thought tha® although many problews in digital
commiter dssign cer b formaligzed and successfully solved by weune
of Buoleen Algebrs:, ths oxaggeratad depsndence upon a symbolin pro--
cedurse in design may 53 misleading  The use of switching functions
with six or more variables becomes so complicaved a matter thabt it
is usuaily necessary to break a problem >f this size into pieces, each
containing f{swes variables, If a minimumm is arrived at for such a
part of a larger problam, it does not necessarily imply that a solu-
tion aven close to tic minimum for the whole has been found, )
Solutione arrived at oy formal means should., therefore, alwayve
be evaluvated critically., It usually pays to provice sltasraative
solutions for z given problem and =:le a comparison on the basis
of uxpenditure of equipment, simplicity of operation, relisbility,
etce

If used subordinately in the ccurze of design, however, Boolean
Algebra provides an efficieat tool and a compact notation of great
value to the designer. Ror ¢thie mmrnose. the application cof
s/mbolic logic to computer circuits has reached an adequate degree
of development..

i bt
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APPENDIX
A BINARY COLED DRCTMAL ADDER

Tue adder to be describec operates in the 1-2.4;-8 system, It
is part of & computar™ which is serial in the decimal digits but.
in which the binary digits making up each decimal digit appear in
paraliel i% iour separate chamnels, The add-circult and 2 cirruit.
for deriving the nines complemsnt will be described, It will te
showa how these operatlions, shifilng., snd carry addtion are co-
ordinated to form a system which will add or subtract ‘wo multi-
Agit numbers with arbitrary signs,

1. THR OVER-ALL OPERATION

At the beginning of the operation the twv ten digit decimal
numbers are etored in t=o registers, czllsl wie 2-register and the
D-rezister (sse Figurs S,1):. After the sperstiou, the sum, with
the correct sign, will csccupy the A-regisier,

Carry, toggle
Add-circuit P—Ié
D-register - register !

Shift Snife

Figure 9,1 - Over-all operation of binary codsd decimal adder

e T

“e Criifornia Digitsl Computer, "THE CAIAC®, wader sonstrustion
st Mniversity of Califomia in Berkeley



Each decimal digit occupies four toggles, T

-
-

the index now indicating *the wsight associstcd wiihi sach toggle.

+ Ty Tys Tgs

In each register there is a cclumn cr group of four togeles for
cach ¢..1mal digit and a colum ol four for the sign. ihe registere
sre capable of shifting: avar- iz a pulse is received on the shift
terminal each decimal digit is shifted ones place to the right; the
far right digit, in the 10 column, may be shiftsd in‘o another
register; the fa left. column, the sign columm moy either receive

a decimal digit from the outside, possibly from the 10-colummn,

or it asy bs mt W C in the prccess of shifting., The sign columm,
thus, not oniy stores the sign (a single togcoie would suffice for
that), but it also sllows i:a register to receive information,
serving as a transit station for ths decimal digiis as thev ave
shifted into the register from the iefte The coluum o the izt
cf the sign column i= the 1l-column, the next cne ie the 2-colwxm,
the colum, etc,, snding ‘n the l0-colwmm in the fa right sad

of the mgiater. The number is oriented in such a way that the
aoet significant digit occupies the l—cclumn, the least zignificant
digit the 10=coiusn, The 10-column ssives as a trensit station for
outgoing irformaticn. A "1" in the sign colwm indicates a minus,
a8 "0" indicates a plus,

The addiulon prxcess wiil be the following: The digit in the

10=colum: of the &-register iz shifted int ths sign celumn of the
A-regisier, the rest of ths register being shifted one step to the
right in the rsgular ranner at the same tims; this operaticn ie known
as %“circulstion”, Tne lsast significant dgit of the number in the
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A-register now occupies the sign—olumm of that register. In the next

step the irformatior in the 10-ceolimin of the D-register and in the sign-

il S L,
re TN MBS

. TAL

IRy

S m———pey =y, sy e S ssRESSEET T T  E [ DL E D LT S -

e

f"’.k

ccluzn of the A-register is combined in the add-circuit changing the

content cf the A~regisisr sign-column., aiso knowmn as the adder-.column,

to the zum of the two digits and possitly producing a decimal carry
in a separate carry toggle in that column, At the sams time the
number in the D-register is shifted one place to the right. Next,
the i-cegister is circulated ume place putting the next to the least
significant digi+ into the sigrn-column and shifting the result of the
last digital addition into the l-column, The two register= are now
readv for another digital addition which this time must incorporate
sddition of a decimal carry. By repetitior of this process tha sum
of the two numbers will eventually occupy the correct columns of the
A-register, The process incluies addition of the sign digits as will
be discussed later,

When iwo numbers with the same sign are to be subtracted or
when two numbers with opposite signs are to be added, the rines
complement of each digit as it appsars in the A-register 10-colum
is formed and a carry is stored in the carry toggle befirs the
addition begins, If the decimal points are thought of as being
immediately to the left of the l—columns before the addition starts,
subtraction is in sffect performed by replacing the number in tie
A-reg.=ter, A, by 1l-&, Depending on the relative magnitudes and
signs, the result muy have to be decomplementel aftar subtraction.

Hext, an add-circuit and a cirmuit for derivation w1 *he
ninee complement will be designsd to sauit the approximats requirv..

. d— e
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II, FERIVATION OF THE NINES COMITEMENT IN THE l-2-i4.8 SISIEM

The digit to be compimmenter. with respect to 9 is svored in a

toggle growp Ty, T,, T),Tj.The circuit ie like the converting circuit

discussad i “hapter V.

By applicaticr of a pulse the content of

1'1 N 'r,, Th, 5.‘8, must be changed tv the ccmbination represanting the

nines complement of whatever digit was stored before spplicatiocn of

the pulse,

The transition chart shown in Figure 8.2 applies,

0 .

1 -

2 (]

3 e o o o

1 .

s .

™ 6 1l
State 7 T
8 N

9 1 .

10 .

1 c e o o

i2 s

13 .

I .

15 .

LR <

-“ -
1

1

[ ] [ ]

L] [

(

From Suste

6 910111213 1 15

1

; 4

Plgue 8,2 - Transiticn chart for dorivation of nines cumplement in

1-2-4-0 eystem

T —
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The 1's iu colwms 10, 11, 12, 13, 14, and 1%, require the
toggles to be unchangsc upon applicatiou oi & pilse when a forbidden
combination occurs., &s sariisr, let e variables before the
transition be Xy Xy xh,, and Xg; and arter Tie oo yhg and Yge
Iet the products in x be 5 aud the products in y, t; the subscript
row indicate: both Zssmignetion and numerical value,

Au usual,

ST R W A MM T EMST

Yo *t *té*t . C”'Il'tlbﬁ

A AR A A P M TR T

R A M T LR AL T TR T

In comparison with equations 5.7, note that the subscripts on
y have been changed to indicate the weights in the 1-2.48 =rstem,

Then, from the trarsition chart,

‘8"6"!;”2”0’['11"13"19-

R M A WP MU TS TR TRG T

/N sswh*a.,oaz* 912 13”11;"15]

Y3 " 81°%* 810*%11*%12813%%, " d

If the transitions from the forbidden sztates, columns 10, 11,
12, 13, 3); and 15, of the transition chart are left arbitrary,
the expressions in the brackets can be omitted cr replacsd by other
forbidden combinations in s, Omitting them amounts to ignorin
the 1's in columns 10, 11, 12, 13, 14, aand 15 in the chert, If.
4s here. the redundaicy equaiions are to be applied for pdrpoua

of simplification later anywsy, the 1l's in the forbidden columns

e

30 N et o B 40D bl tun: RS W W

b
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can te ignored,
Then
yl - 38"56'}5’4752"00
¥z ¥ BytBgraqa,

I s

T8 " "1%%
L R R R R R Ry

T2 " X R R N R R Ty R R
T R R R Ry R ey R,
vg ° xeixhsxztx_‘oxelxh:x?tx_l!
The redundancy egquation for the 1248 system has veen
derived earlier (see equation 5,33); in the notation ‘:esd here

it is

xg(x) +x,) = 0;
uaen

X = 0

XXy =~ 0

X' T X' s "

Zy'exg = Xy

Xxg' =

%% T

e

X%yt =X’

% = 8

AR

o2

8.2

L

a%

<L

i -
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Tue following simplificatione of equations 8,1 zan be made by

means cf these relations

= ' : 7o :
D R R R B R R A e B R T A s
¥y ® oy (g4 20, 3, o, 0xg oy 1, )

yl - 7»1'(.‘&8*1&’72‘)(!":2)

7y = X (xgelemy) = !

yz - :hxzx_lm“xle'mqvxzx_lgxh?xzﬁt
Y2 T %% "%,

R e R R R e A o &
e T A
Y5 = %g'%, %'

Let reversing input connections be used for the realization of
the circuit and let the contiol functions b= 1;19 h2" hh, and h8°"
then (mee equation 5.22),
hy X Ty T
hy = ¥oX, VX ® XpoXy X',y 2 O

- l é- - !-- ! ] ] \ ¢ Ve
R A A e e L R A A R
[ 11‘9124xhx2 = x:?
hg = TgXg' T3’ X ® xafxuf‘z'_’("e”‘u"‘z)xa - xﬁfx,;xz'*(lnh*xz)xa
- ] = LSy o~ - 4 1Y = Tox. !
Xp'x, txpT g ° XXy Ty T \agix)IixgTRT) T x)Texy
(see equation 2,23)

If a gate type which passes the pulse for low control voltage

is used, the control functicns should be inverted.
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(b))t = ©
(hz)' =1
(B )t = x,!
(hg)! = x;+x

The block Ziagram fo* the circuit is shown in Figuve 8,3,

, ) |
: |

k

g’ l1_O 1_O l 0 1l

Comrlementing pulse

N S PRI RO (R 1
[}
|
]

Figure 0.3 - Block diagram for circult deriving nines complement
in l-2-i-8 sy atem
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IIT, THE ADD-CTRCULT

In the circuit to be described, the addition of iwo decimal
digits takes place in sevesal steps, For purpcces ol additicn, the
binary digits of a decimal digit apgear seri=liy. The ailitien of
the individual binary digits is ca.rriegi out ir a single step. In
other words, & circuit which wiil add 1, 2, b, and 5. sepz:xtely; in
one step ~ach; ls used: Yy letting ihc hinary signals appeer in
time sequence, in the fomm of pulses from the D-registcr, the con-
tent of the adder-column is f:hmged to the sum ir stezs. This

operation ‘¢ shomn schematically in Figure 8.l

— Channel 8 -{ﬁ)—"'Md 8 ]‘“—*‘j
— Channel h{ﬁ-—ﬁdd N ‘ =1 Addsr-
F—Channel 2-&‘}*.1&1 2

Channel 1 Add 1 Ep——

d-reyglster

Add-Circuit

Figure 8.4 - Block diagranm for step-by-siep addition of a decimal digit

Ir the diagram each of the chamels 1, 2, L, and 8,frm
the D-register will at ths time of addition either carry a pulse
or no pulse; a pulse is carried when a "1" is preseint, no pulse
when a "O" is present in the toggle corresponding to the channel
in the D-register 10-colum. These pulses are made to appear in
time sequence by insertion of the delagys D2 5 D)." and DS s in the

comnecticn between the channels and the adi circuit, When a3 pulae

> O mm—



PR N 1 ) G e W 87 2

qppa-& T

B e
prp—— e LR R Ll LD LRl e Ll L
A}

-

r.

VIix
arviveg £ the auc-l terminal of the add circuldt, 1 is addsd to
the content of the >dder columm; similarly 2, 4, and 8, are aided
vy appiication of pulses, at differant times, to the add-2, the
add-l;, and the add-8 terminal,

e to the redundancy, charac*sristic of tha l-2-4-8 aystem,
however, two nulses will never agpear simultaneously in channel L
and channel 8, or 4~ chanrsl 2 and chamnel 8,

This follows from the redundancy equation, equation 8,2,

= = .
Conzsquently the delgys Dh and Dgy or b, ad DB’ can be
made ths save. The addition takes place in three stupe,
l, Add 1
2 Md 2
3¢ 4add L or add 8.
The probles 12 theu to design a circult wich will add 1, 2,
L, and 8, separately and without naed for correction, in the
4218 gysts,
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forbidden cazbinaticns have been left out since he transitions from
thege states will be assuwed arbitrarr (ses Section I of this Chapter).

Bwnm Riziz
0 . 2 345 67839
0 ~ . 1
1 1 " .
2 1 . s
300’-0000'00
?oh 1 .
State S « X .
6 o e e 6o el 4 o o e
7 "
8 ¢ 1
3 . . 1

Figure 8.5 - Trangiticn chart for add-l operation

Than, with the notation introduced eerlie:

Y1 " %0727, %%

Y&, - 83"&"5"6

Tg © 87%%

giving

v, ® ‘8"&"2"1"‘8"h“z'l'"8"&’2"1"’8"‘.}2’&"’3’1‘"2"1'
Tp * T e R RN R R T R

A R e R N s R i s S ¥

Yy ° Xg'ayip ug, 5N

and ering the redmdancy equation, equation 8.2, end equations 8,3

5 QO o s e & 4 o ~

s o

=



R L Gl (.- K Pl

-

i —ABISTE NN 1S 1QITE] 102 SORER (TR IR TR ST SR TR TR § RN S TR T

o

VIIT

" xg'x 'xg*x.x.'*z.z.'-zl'(xa«‘zafxi"&h)'u_'(qu, '4;\'1"," '
Y T Rg X R I Ry XA K EY R T T, (o xg )y |
i (g Y omgmy oy g R
)RR R X R Xy XX N, Ry (X Ty oy ey )
= 3, 'Xpx 0%, (Xt ex, )
Yo T RN TR

Let split input cnnnections be used, than for the add-l

9L

circuii, the following control functions, h (upper index indicates

0 or l-side, the lower the toggle) are darived:
L] 31’1' - xll

BRF NS

N g TR

1 I =
hg = Tgxg' " EET' " T,
and applyirg equation 2,25

e 1P

[l

D = vyrm olig
bp = 7,5, =[x ', = xx,
R R e s
hg = ¥g'xg = [4%5x"] 'y = (x,'om, )myxy = xyxy
The input to the l-icgzle is obviously most easily realised

by means of a complementing input connection

- Hl 0 - - o -
Hohy cnix el
Applicatioa of equation 5,13 doas not lead to furthe:r
simplifications.

If a pulse gate passing for & low cantrol voltags is used,
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the inverted control functions must bs need,

o oo i, B0 LRI 0 R ST
ey gk W’“'?*?wmw [P ke

(b))t =0
(h%)v = x e (hg)' = x ',
1 o
(hh)' - 31?_2'411' (hh)' ™~ x:i_txaquz"

(hg)! = oyt om (h)! = %"y’
idd 2.
Tne procedure is exactly the same ss for the z2dd-l circwit,

The transiiion chert im shown in “igure 8,0,

ﬂ”’lﬁ?ﬂﬂﬂmqu“!'g‘

i Fron State

< 012345617835
?‘ 0 . . 1
i 1 . o 1
\i 2 1 . "

' 3 i L ¢« ® 3 % o ® w @
i To L 1l ., .

- Stats ¢ 1 .

| 2
} 7 . 1,

" 8 . 1

% 9 . e 4

i Pigure 8,6 - Trand tion chert for add-2 gperation
\

«opEmEED

Y1 * 9%ty *5y%8c%8,
Yz = Sy 21%9),"8¢
yh o 32*33’!,‘*.5
Tg © 8 "qi

re

92
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¥), = Xg'x) XKy P4xgiR (XX, K 'X, X, 1T, FAxg T X, Iy

Yg * Xg'HX N g xR

e R R T R i T

=xy (xg7xg ay "Xy VKX 14m X147, X,)

- xl(xaﬂh'xz"’zth"xh)
= = (x40}
Vi X%
Tp * Xg'Xy "% Ry
- xzt(xh.yxntzat)
T2 "% () T Xy
R R e e e L
Ty "R R
¥g " HX(x'n) T nm,

g
o

y;:' =0

" yzxzﬁ - xzvxal

THA TR

by = ¥g%p' = HX7R' ° X%
1" a0

2 = 7y % 0x = x,

0 _ - V9% e -
M TR T, A

O 51 £ s 1T

fo

13 T
hg = Fg'xg "iXym itz ° (xptex g

Xo o
v

93
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And das inverted functiona

.p ‘ﬁ,‘- .o s .mp,mi&"s‘~ ~1.

(7)1 =1 %) =3

o | O..
(n5)' = X, *%g (1) > X!
I\, O
(bh) = xh%l “nh)h - _174'012'
(:\_%i" - :.—Lt! ::;_}! {hg‘! == x.°'

o

P NN N T P10 0 WAD ! Y

As bsfore, no simplificaticus e:s ms:ibie by means of equa-

tion 5.13,

Add L. The transition chart is shorm in Pigurs 8,7.

From State
012 345617289
) . 1
3 L1
= 2 . . 1
i 3 e
To 4 . .
& State ¢ 1, .
] 8 4+ « L g & 5 x 9w 5 =
7 1 .
§ AN
B 9 “ i,
% Figure 8,7 - Transition chart for add-ly operation

¥y T 8739878408
38"9*32"‘83

o« S

[ ane e L f
o
]
oﬂ
5]
8
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R B e b R S R
e e A R T A B e T A e K]
y8 s xalxhle‘ltﬁeixh%'xl;

1%
o = vglxy ' jomm Hxy )
® v dr.x !
0 ¢ 4

Ti = X' % 10 X ) o 1y (xy ey )
- x};' (xe!xz!exz) - xh!(xalq-xz_) = xhlxet
Vg = BT (n'g) =X .
And
ny = yix' = 0
hy = Y% T TR %
hu TA TR
"8 YgXg' = [X,"
hl "y xl =0
h - yz'xz -Ea*xh ]'x = .x.; Xy ® :n:hx2
my " 3y'x, 0], = x5
hg = ¥5'xp “[H%'] Xg=(m, oxp)xg = 3, xg = Xg
Here, aquation 5.13 is fulfilled in one case

1 o-
=Xg " Xge¥y' 3 hy T X ex, 3

but

?a'xh = (0 9

then the factors x2 gnd x,,' can be onmditted
1 G

h } -
2 "-"8 ‘12 x’q
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Tne inver‘ed furccions are

(h.i)' -1
(m) = xg'
=z
(i%?‘ ¢ x),'x,

Add 8.

g€

The ‘ransition chart is shown in Fignre C.b.

0
1
2
state >
L
5
6
7
8
9

o

-

1l

»

\d:?

1

» 1
s « I &
. 1

Figure 8.8 - Transition chart for add-8 operation

Yy = 35%85%8,785%8)

v @ .8
Bh cb 5

o 2 ’
’h = ,6137430039
Vg " 80"

¥, ® % s 88 before,
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Tg = Xg'X) Xy Xy Eg R Xy Ty MKy (X, Ky TNy X 1Ty
R R e R R o A R RGN R |
I R R R A R

N1°%

Yo =[xy Oty )exp(x 1y ) = X x, g

Yy = X% Xy )y (x) 1 4x)) * X, exg

Vg = X'H'%p",

And

h] =y =0
] |

by = V&' " (nrg)xy’ = Tt

- xax.u' - x8
" xg'x, Xy’
“T1'7 =0
" 7p'% " %'%, 7 %
= 7', * [5ml', " %'R'E, " %'
by = vg'rg = Bl =%
The inverted furctions are

<) =2
CO e §

8 i
<
&

-r-

Ho

h

N O

(h.i)' =1 (h'(‘_)_)'. 1
(hé)v - (th*x.z)xaf (_hg)u., x|
(hlj;)‘ - xel (hﬁ) is xz’xh'
(h%)l - xaﬁh‘xz (hg) ‘e xal
Carry Toggle

The carry toggle is set to the O-state before the addition of
each decimui Jdigite 1t hus to réeceive a l-input sigrial every time

a carry is produced by a dacimal g .dition. Iet the function whish
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Q

controls the l-input terminal %o the corry *ngcle Le hye % AN
the case ¢f add-l, ciearly

for add-l hc - 09 s
only when t he adder-colwan c.ntains the digit 9 wiir a carry be pro-

A v ~AI34 4 ]
wavoea Uy addition 22 -

Simleriy {or
add-2 a, - '8"9,
idd-h hc - 56’87*88*89’

add-8 hc - a2”3’°h"5”6”7”8”9 .

Then for
sl b o xgn Tt g
a2 R xR T - T
e R T rie o e
g5, %' T T %%y
a8 By " xgE T g X R R T
%' %% ) T 5% T R
pa i e R R
= xRy X
In crder to silt a pulse gate type which passes for a low con-
trol voltage, these functions will be inverted;
“ddl ()t = xgrey!
add~2 (hc)' = xs'
add-4 (h )t = (x) '*+x,!)xg!
wdd o)t = xix xg

The comnlete zet of inmcut control tunctlons rearranged accord-
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Tc(ﬁarry) :

adi-1

add-1
2dd-2
add-);
add-3

99

end for usa with a nulse vate passing irr low control

O-inpnt
1
1
1
(x'4x,')y
§1
xhl
xz'
e e R AR
(xp"43,"
T
(x4 7) 5
(Hf""‘ef%
2
)
2
)|
1
1
1

1.input

0 (revarsing)

+d

L
i

(xy " +{xgxyie)y
(xg®:,)g

xel

((xh'm‘,)fa' )ys
(o=
(xzuxh)9
(x,%xg)59

xa!

((xy 1455017, " g
(xg" 4"
(xy4x) ') 4
((xyoxg)g*, )15
(xy4xg"),

5

(AR XN
(321 .xhl °x8. )lh

The indexed parsntheses indicate grcups of idential logical ex-

29—
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(pust 101
pressicnse It is necessary tc form {functions whi:h appear in severcl
p-.acea oncaé ouly, fl = (x.lwxz')l, for example, oniy has to te formed
once slthough it appware 217 four 4ifferant pleces.

The bLlock diagram for the formsticn o these control functione

is showm in Figrwe 3,9.
IV, COGHUIINATION CF ADD-SUBTRACT OPERATIONS

The ovsrations dseciived in the preceding sections are coordinated
by mearns of separate conircl circuits which w111 nol Le descrited here,
The steps in an edd.gubtract process will, nowever, be discussad,.

In tic course of the ~vrithmetic operation, whick includes ad-
dizion of the sign digits, the individuai sign digits aie lost, 1In
the begimning of the process, therefore, the two signs are stored in
two toggles in the control circuits. In case of subtractiun, the
sign of the subtrahernd ie reversed simaltaneously, The final signs
in the sign storage are then always associated with additicn. Thus
only addition, with fcur possible sign combinations in the sign stcrage,
has to be considered, At the beginning, when the signs are stored, the
two sign-columns are clisared, During the operation; the content of
the sign-columns is treated the seme =72 88 the content of the digit
columns, that is, it is subject to complementation;, carry transfer,
and additicn.

When all aigits and the signs have been operated on, it re-
maine to axtract the result. This involvas determination cf the sign
of the result and possibly decomplementing; the latter will be per-
formed by another complein arithmetic cycle.
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Tor W sake ¢l explanation let it be sssunmed that the

rogisters, &X-recister and D-rsgister, have four columns, ore sign

aind three decimal digits. ‘The decimal point is iimmedlately to the

left of the l—column., When the sign cclumn helds a "L%", the number

i8 negatiww; whsn it holds a "0", the number is positive, The

mumber in the D-registor wiil be denotew D; the numbor in tho A-

register, A,

Conxider addition of two rumbers,

D= 0,2343 A = 0,576; A+D = 0,310

O.

D A
Sign storags m
czm
D-register a-registss
()
Carry toggle

The sign colums are cleared and final signs, asscociated

with addtion, are stored in the sign storage. If the signs (in

the sign storage) are opposite, a 1 is stored in the carry toggle,

1.1

1,2

i.3

Example: No changs
If the signs are opposite the number in the last colvmm of
the A-.register is replaced by the nines complement.,

No change
The A-register is circulated one step

@ (F
R23% BoZ3
@
™e digi’ in the last colwm of the D-register and the carsy
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are addec to the dieit in the adder-columi (the tar lalb zolwen - the
A-reisister), The D-regigter is shifted one place.
() o)
coz3 po°T

1.1 is repaatsad

"

WO Ch&hge

5 2.2 1.2 is repeated

% © T

= D023 7603
Q)

2.3 1.3 is repeated

fv)
kool Loo

B 3.1 1.1 is repeated

é No change

i: 3¢2 142 is repeated

g @ @

£ Te EIc
i »

E 3,3 1.3 is repeated

f 3 o

£ Egaa Bio9
: .

? '

b
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k . L.l 1.l is repeated
No change
Le2 1.2 is repeated
[8)] ©
aoeng €810
0
a3 1e3 iz rupested
(0]] ©
030 ¢ K81a
@

a8, The digns are the same

a.l 1f therwv is a 1 in the adder-column an overrlow alarm is
sounded,
a, If there is a O in the adder—-column and the signs are plus,

the operation .5 complete,

e e T

a, If there is a 0 in the addsr—colwm aini il =igne are rinus;
the adder-column is set to "1" and the operation is complete,
be A is negative and B is pogl tive

bl If the adder—cclum contains a O or a 1. the carry toggis is
#et to O The operation is complete,

If the addsr—cciw=m contains a 9, it is changed to an 8, the
carry togele is set to 1, and the operation is continued
through ancther compieie (decomplezerting) cyvle.

Co A 48 positive and D is nepative

. ¢y if the adder-—column contains a O, it is changed tc a 1, and

i? K
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the carry togigle iz ==t to 0. The gperstion is comiste,
> If the adder-coluwrn contzains a ¢, the signs in the sign storage
nre reversed, Ui Samiy toggle is met bto 1, and the rperation

is continu2d through anothe:r (decomplementing) cycle.

]
l The exzrple comes wider 55 the operation is complete.
The four cases of additica with opposite signs, bl-" b.a Cy.

Cos will be considored triefly by examples,

D = 0,330; A ® —0,100; AD = 0,20
Oe [2)} by
00 m Eioa

{The sign storage is no: ropcated in the foilowing sters)

1 P300 (I Mo I )|

1.2 (CEEEOY o179

1.3 Eoad ©010

2.1. ° 02.3

g0 gooa

agm——p
WA | SV B SNSRI B SIS STV @A RO

301. & "303
£3853 gcod

h.}l.' g W

g &
e - B T
i
)
[}
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Looa

5. Case cy

D= _0,100; A = 0,300; A+D = 0,200
Se @ [4)]
k109

lole o olhe3

bood

(1]

L22¢

¢ reilon comlete

.00

2ag

Operaticun complete

300
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lloe o ole3

Ye Now case b,, Uperation complate
Fe

Oe

©000Q

0
KIT3

1010 ° -L'v36

000

5. Case b2

000

101. ©° .h.3

(OONOMY)

W

(-4

&3

=

9800

L.t_._cam

——. s el

New cycle
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Se Now cass 5., The operation is couplete,

In the operation described, step 1.3 and 2,1 can be performed
gl tensrusly,e This iz also true for step 2,3 and 3.1 and step
3.3 and 4.1, of couree,

The derimal carycy asy either be ialen care cf Ly speciel

circvits or ba spolied to the add-I terminal of the add circuit,
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