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by N. M. Newmark

BOUNDS AND CONVERGENCE OF RELAXATION
AND ITERATION PROCEDURES

Research Prafessar of Structural Engineering,
University of lllinois, Urbana, iilincis

ABSTRACT

This paper discusses 2 numbcer of general concepts relating to
relaxation procedures, methods of ‘‘steepest descent,” and itera-
tion procedures. The relationship between these is indicated
1 for certain systematic ways in which relaxation patterns may be
developed. An extrapolation procedure is developed for prob-
lems in which the successive approximatious technique, in its
usual form, diverges. The procedure is a generalization of an
observation by Hartree and others that in many cases such di-
vergent problems can be treated by considering the divergence
to be a geometric one. The study of upper and lower bounds to
the errors in relaxation vrocedures is a sccond major part of the
paper. General procedures are developed for determining the
maximum and niinimum crrors in any of the quantities for whieh
bounds to an influcnce {unction can be determined. Use of the
theorems derived makes it possible, for example, to estimate the
error due to all sources including ‘““round off” at any stage in the
numerical solution of Laplace’s or Poisson’s equation.

INTRODUCTION

1. Summary

This paper describes certain formal procedures for the
numerical solution of problems which can be stated in the
form of a set of simultaneous linear algebraic equations,
altliough some of the applications extend beyond these
limitations. Consideration is given to a method for inves-
tigating upper and lower bounds to the numerical values
of the solution obtained at any stage. The closeness of
the bounds depends upon the chaice of a correction pat-
tern, but general rules for selecting the best pattern can-
not yet be given.

An investigation is made of the close relationship be-
tween extrapolation processes which can be used to speed
up the convergence of iterative procedures and *methods
of steepest descent” which are used in formal relaxation
procedures. Although the convergerce of these procedures
is slower than for methods which involve the continual ex-
ercise of judgment, it seems possible to code the formal
methods for use with automatic digital computers.

2. General Concepts, Definitions, and Notation

It is assumed that the reader is familiar with the more
common details of relaxation and iteration procedures.

We consider the set of equations of which the following is
a particular equation:

&
D a%, b=

In this equauon, x, may be considered as the deflection
at a point i, ~b; as the load at the point, and 7; as a resid-
ual which becomes zero if all the values of x are chosen
correctly.

It is convenient to deai with a correction pattern of de-
flections u#; which produces a change in the residuals of
magnitude p;,

[1]

iaikuk=pi (2]

The quantity x + # may be a better approximation, in
general, to the solution than is x. A better approximation
can always be obtained with the quantity

(3]

which involves the parameter or multiplier . The solution
of the equations corresponding to r = 0 is given by the
addition of b to x, and is defined as ¢ in the relation

X+ tu

G.=x +h, [4]
) 1 1

The ordirary iicration procedure is ess enually the
determination of a new set of values x’ from a giver set
x by means of the following scheme, In the i th equation
of [1], set r; = 0, and take all x;, as given except for
k =i. Choose x; So as to satisty the equanon. Repeat
for each equatmn in [1]. In general, x; will be different
from x;; in fact

t
xi=xi_’,/aii

This can be rewritten as follows:

1

k
X;:—L Zalk(l—ﬁzk)xk+bl_'
2

[s]
in which
Bik=0 for i#£Fk,
Oip=1 for i=k



We shall choose to write the relation

' .
X'- = X' - u, (6]
to indicate the change in x produced by the single step in
the iteration process. Similarly, if we start with a value

y instead of x, we obtain a new value

(7

Orher notation will be defined when i is introduced.

UPPER AND LOWER BOUNDS

3. Generwl Relations
The solution of [1], with r = 0, can be stated as

3
d)'-.x: +b‘ - - E .‘1“[)&.

(8]
Now, suppose some quantity O is desired which is a
linear function of ¢, as follows:
i
Q, = E a9, (9

Then, let us define a new quantiiy [, such that

! k k
% - ‘Z“m E gy 'Zﬂ"ﬁ by L10]

in which

]
Bok = - E :an,'Ailz

The quantitizs 3, can be considered as an influence

(11)

function for the quantity Q, for unit values of the loag
=
In the same way that Q corresponds to the trus solution

&, let us define a quantity M corresponding o the approxi-
1:ate solution x,

EZ%fn
k
- Zﬁnl_-(bk —rg)

This follows from the faci that the deflections x, corre-

AH

n

or

[

M [12]

sponds to loads =&, + r, in the same way that the deflcc-

H
tions ¢, correspond (o loads -/,

It follows immediately that the difference between )
and M can Le expressed as

&
.ﬂ" - (.)n - Zﬂr:k,l‘

(13)
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1f this difference is positive, then 2 is definitely less
than M, and if it 1s negative, O is greater than M. It
follows, therefore, that if we know the values of {3, then
for any set of values x which implics a set of values of
r, we could determine whether M is greater than or less
than Q. But we do not know 3. However, under certain
conditions we can determine bounds or upper and lower
Limits to f3 readily enougk.

L=t us designate those values which are upper bounds

by the symbol 82 and lower bounds by 35, That is,
whether 3 is positive or negative, the relation holds, that

B << p° 114]

Next, we separate from Th those values which are positive
from those which are negative and designate thaa respec-
tively by r% and r'l; . In investigating the sign of the righ:

hand side ot [13), we must use separately the upper and
lower limits of 8, as follows:*

If
%
% + , pa -
Z(ﬁnk 7 P ’ﬁ)zo (15)
then
M >0, and M, =M1
and if
%
a A b .
Z(ﬁn‘ Yk* - rk)_<_0
then (16]
M <C and M =¥°
- n n n

If these inequalities are not satisficd, the criterion fails.
4. Use uf Relaxation Patterns

In the study of bounds it will rarely occur that the
criteria of equations [15) and (16) will be satisfied for a
paiticular set of residuals and given values of upper and
lower limits to 8. We shall, therefore, consider ways of
adding a proportion of a correction pattern « to x in order
to arrive at a uscful result. The pattern u corresponds to
changes in residuals p, in accordance with equation {2].
We seek a multiplier ¢ such that the solution x + tu corre-
sponds to residuals r + (p which give us an upper or lower
bound for 0, according to [15] »r [16].

For any range in the values of ¢ for which r, + tp, does

not change in sign, we can derive from equation (15} rhe
relation

&

k
E (_r‘-:lp‘)’-e Z/

The quantities in parentheses must be ordered according
to the sign of their sum, as indicated. Now, those values

/{b.

LT

v
b
nk

v tp,0” 20 [17]

. . 4 )
of r and p which come from (= + rp)* are designated r-*



[ e
and p ' even ti:nugh some of these values may be nega-
. - i "~ 5
tive; and similarly for r-)and bt )which come from

Then we can write:

k
[n6 (9 e )
y Z L')nh pb * Bnk pk ]

{r+1p)

(13]

b + )
E['Buh '».( )+ﬁ:l: 'l:( ]
b (% ga . ()
Z[Bnk Gyt B ]

If the value of 1 in [19] requires changes in the sign of
2 P, the corresponding cnange in the summaticns

(19}

must be made. However, by a nrocess involving several
trials a value of  may be obtained which corresponis
therefore to the desired upper bound M 4.

A similar expression can readil; be written for the
value of ¢, from equation [16], corresnonding 1o a lower

bound M,,b . It is clear that the values obtained depend

on the patterns used, and in many cases it may not be pos-
sible to satisfy the criteria for a given pattern.

In certain cases it is convenient to use as a correction
pattern a set of values proporticnal to x. This does nct
require special consideraiicn beyond the remark that when
u = x, the changes in residuals p arc given simply by the
equation

By =Ty = blz' (20}
S. Special Cases

Certain special cases are of particular interest because
of their simplicity and general application. For example,
in such problems as the flexure of certain plates or the de-
flection of membranes it 1s obvious that aioad atany poins
produces a deflection at every point in the same general
direction. For deflections, at least, it is clear that for any
point n, a lower limit to f3 is a positive number approach-
ing zcre, and an upper limit is some positive number B, It
follows directly from equations (15} and [16] that:

S = M if all residuals arc positive,

and

[21]
A~ MPif all residuals are negative.

Thesc conditions are not nearly as complicated as those
that might be used toobtain more accurate bounds, but they
are extzemely useful as a guide tojudgment inrelaxationso-
lutions for prol:lems where the criceria are applicable,

Yhen all the influence valucs we positive, a simpler
condition than [19} can te derived. We seek a multiplier
! so as to make, for exampie, every value of roral residual
positive, i.e,

n

roetp, 20 (22]

Now, let us define t as follows

e (23]
of b, We shall designate the greatest algebraic value of
t for positive values of p as T‘: and for negative values
of pas T? . Similarly we shall designate the minimum
algebraic values of t_for pesitive p as Tl: and for nega-
tive p as I’: .

Then, in order that equation [22] be satisfied for all
vaiuls &f 1, the following condition must apply:

T>e>T [24)
aud it ts only under thess restricted conditions that this
relation can be satisfied.

Similarly, in order that the following relation hold:

rottp <0 [25]
the required condition is,
850> 7 (26]

Another special case of considerable intcrest con-
cerns bounds for the volume under a surface the ordinates
to which must satisfy given conditions. Numerically, the
volume can be expressed as a sct of multipliers, essen-
t:ally nearly equal, times the individual ordinates, or as
a consequence, as a constant times the sum of Uic widi-
nates. In other words, the values of a in equations [9]
and [11] are unity.

It follows, therefore that

i ' '
N = = X, + b
! Z ?, Z i Z i
But in cases where x or v is a Jdeflection, and ror p is a
icad, we can write the relation:

(27

k 'h=l
=)
b,':-L'lz“i
r, =1

means the deflection at + due to a unit 'oad

[28]

(where u’

at k). We can regard the differences between the true de-
flectione . and x as caused by the residuals r,

However, because of Muxwell's theorem of reciprocal
deflections, [28] can be rewritten as follows:

k r’=l
l): B Z'k uk

Then we can derive the result:

1 1k G ] k ! r 23] [30]

i TN 0
Dol TN Ty by ES T Y ?
But the last summation is merely the deflection ar & due

to wnit loads at all points 1, and we can designate rhis
Ly the symbol Up.

{291

H
As a result we have, if we designate Zx', by the

symbo! \M:



s

»~
M-0=3u, 0, (31]

where ;k 1s the deflection patiern produced bv a uniform

load of unity at every point. But this is [recisely the
same eguation as [13] with ﬁnk replaced by u,; conse-

quently the same comments apply, and the criteria ex-
pressed by eguarions {15] and {16} can be used to de-
termine whether M is an upper or lower bound, if we can
obtain bounds for u. In general this is not particularly
difficult to do for such problems as are encountered witn
membranes and plates.

Since the determination of the torsicn constaut for a
prismatic bar requires the calculation of a volume, bounds
1o the torsion constant can usually be decermiined quite
accurately from equations [31], [15] and [16]. Thesegive
a much closer limit than can be obtained fron: the condi-
tion requiring all residuals to be of the same sign.

G. Pounds for Influence Function

In the use of the procedure described herein it is rec-
essary to estimate upper and lower bounds for the influ-
ence functions in the equations. The simplest influence
function is that for the deflection at a particular point n,
for which the values of a . in equations (9] and [11] are

zero except for 1 = n. This influence functisn can be
obtained qualitatively in most physical problems quite
readi!y as the Jdeflection function for a unit load at point
n. However, no simple rule for the determination >f the
influence function can be given for problems involving
arbitrary systems of equations,

In physical problems which deal witl loads and de-
flections, use can be made of a simple theorem te restate
the problem of determining an influence function in terms
ci the problem of finding deflections for given loads.
This theorem is derived in a previous paper by thc authort
anl is stated as follows:

Where a particular effect (_)n is a linear function of the

1
deflections v, at points 1, as in the equation ()r- E A X
4 2] H

and if deflections and loads arc linearly related, the in-
fluence on O of a unit load az any point k is obtained as
n

the deflection at the point k due to loads of magnitude
/\m applied ai the poines o

In problems to which this theorem is applicable, the
bounds for the influence functions can be obtained in the
same way as bounds for any other problem.

Consider, for example, the problem of determining
bounds to the moment in a plate at a specific point due
to a given distribution of loading on the plate. In solving
the problem, one has determined deflections and tesiduals
for the given loading, arnd presumably one has computed
a aumbcr of relaxation patterns. Now the influence func-
tion for @ moment can be determined as the Jdeflection of
the plate due to a system of loads grcuped near the point
considered, some upward and others downward. A quick
estimate can often be made directly of upper and lower

IN. M, Newmark, *Note on Calcutation of Influence Surfaces in
Plules Uy Use of Difference Fqualttona,® Journal of Applied Mechamics,
Vol. 8, Nee, 2. June 1941, p. A-92.

iD. R. Hartree, *Calcululing Instruments and Michines,® Unuversily
of 1{:ncis Press, Urbana, 1949, p. 116,
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bounds {cr tne influence function either by use of judg-
ment or by a rough calculation and several cycles of re-
laxaticn. It appears offhand 15 be necessary to go
through the problem several times, but this is hardly
warranted, since the trouble involved in closely delimit-
ing the bounds is great enough to warrant instead the
calculation of more accurate figures with additional cy-
cles of relaxation or iteration.

EXTRAPOLATION WiTH ITERATIVE
PRCCEDURES

7. General Relatioas

A brief but interesting and valuable discussion of
-iterative procedures has been given by llartree? in which
he stares a process of improving or of essentially has-
rening the coavergence of a sequence of iterative cal-
culations of numbers. There is described here a gen-
eralization of this procedure which applies to sets of
aumbers, and particularly to iterative solutions of simui-
taneous equations, although it is applicable to other
problems,

Consider a set of numbers x which after one itera-

!
. t . .
tive cycle leads 1o a new set x; =x tu. A similar
set y, leads o )-: -y 41
1 1o
. . t . .
We seek a set of numbers 7 leading to z, which is to
. .

be closer in general to z than ' ory’ is to x or y,

Rhen the system is linear or even approximately linear,
we proceed as fc'lows:

:Irxi+t(y;-x,)

tae
o
—

2! =x'atlyl=x)mz vu vt (v -u {
! H 1 ! H H H H

Now let us choose to minimize the expression

Zl: [u'. -H(l,—ul)], (33]

This leads to the condition

Z u ow [34)

; , where w oy, - u
25
!

H

We have thus *extrapciated” or *jumped” over several
iterations. We can state the relations also for the case of
n

three successive steps in which y =x , z =y =
Then
w=x' -, w=x -2v' 4+x (351
and
]
(v ' =x)ix" =2+ x
1:—2 H I) » 2 ' A') [;(’]
{
SV e x P
4 r Ty !
e

The best value for the next iteration is then
4 -
z.=x. bl{x. —x ) (371
H H ! H
When we have cnly one value of ¢, we have individual

numbers instead of a set, and equation [37} reduces to
the reiation



ze=x~(x' = xP /(x" -2 +x) [38]

which is the forn given by ilartree for this case.

The use of these telatinnships effects a marked im-
provement in convergence. As a matter of fact, the ex-
trapolation leads to convergence even in situations ~here
straightforward iteration diverges tapidly. Fot linearsys-
tems the form of the tesule indicates that convetgence may
always be expected formaily. However there are cases
where even this procedure converges too slowly to be
practically useful.

8. Relation of Extrapolation to Relaxation

An intcresting relation between extrapolation and itet-
ation can be derived. If we use formal itetative proce-
dures in a set of linear equations. as in equations [5)and
{6}, we find that we can relate u, and Fie in the following
way:

U =-~r /a,. i3v]
Now if we take a telaxat’~u pattern v, and complete

the change in residuals p, from equation [2], we can show

show that s in equation [35] can be written as:
wo==p / a. {40)

t 124

If instead ~f eguation {33] we had chosen to minimize
the quantity

i
Em.[,._ +Iw,]’,
t t 3

we would find the condition:
1
2 H /] ’l' ull

T

i (41}

:
Y

t ]

In these relauons m. is an arbitrary weight factor. We

1=

may take m,as a3, If we do, we find:
n

£
LR ]
{ =~ "“- [42]
2
s
It will be shown latet ti:at these equations ate nearly
the same as those derived by use of a slight modification

of Temple's criterion fot a “steepest descent® process in
relaxation,

FORMAL RELAXATION PROCEDURES

0. General Relaiions for Steepest Descent Methods

In this paper consideration is given only to formal pro-
cedures, Several variations of steepest descent methods
have been described in the literatute?, and the general
failings of these procedures have also Ixen discussed by

‘a. Temple, *The Gencral Theory of Relaxation Metnods Applied 1o
Linear Systems,” Proc. Ray. Soc., London, Ser. A, Vol, 166, 1019,
p. 4176-500.

R, Courant, *Onr a Method for the Solution of Boundury-Value Problems,®
Theodore von Karman Annive:sary Volume, Californin Institute of Tech-
nology. Pasudena 1941

D. R. Haslsse, *Faperimental Asithinetic,® Eureka, March, 1948, p. 13,
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Hariiee and Coutant. No more will bz said here on these
points which are still under study.

If in a set of equations such as [1] we seek to cortect
or better the approximate values v by the addition of tu
whete u is a cotrection paticiit, we have sc¢veral options.
ne which seems reasonable is to chooses u along the
gradient of the function

i . (43
t e

and to select ¢ so as to minimize the quanity t m. (rx.

+1pi)’.

This leads to the following process:

(a) For the given values of x compute 7 ftom equations
{1l

(b) Operate on the values of 7 as if they were = corren-
tive pattern, to determine u. In this operation, however,
transpose the coefficients of the mattix to use a,. instead
ofa,. That is

k
- )
a r m =u
20 i e T Y (44}
In many sets of equations a or the matrix is
symmetric.
tc) Take u as a cortection pattern and determine p from
equacion (2}

R ™ot

k
2% <0,

(d) Then determine ¢ as follows:

Z el [45]
'Z mi pl’

(e) The new value of x is nrow x + ¢ u.

The ptocedure described requires two sets of onera-
tions to determine the cortection pattern, and it is there-
fore unwie'dv.

In Temple's procedute the quantity chat is minimizedis
the potential enetgy of the system, which for a symmceri-
cal maerix can be exptessed in the form:

% k
b= %'EZ g X;i %p * Z by % (4]

The procedure tutns out to be as follows:

t=-

(a) compute r for the ziven values of x.
(b) take u =r as the cortection pattern.

(¢) compute o from equation {2].

(d) compute ¢ fiom the relarion:
2

: (47}
Z’i p;

A slight riodification of Temple’s procedure appearsto
be better in most cases, and is applicable to non-symmet-
ric mateices, This involves arbitearily caking altetnatively
two types of correction pattern,

{ = -

One type is



{48

and the other is a pattern proportional to the deflections,

1.C.

= [49]
r !

In either case, the quantity to be mininized is
i

2 m (r 41t p,)’ with, in mast cases, =« = 1. In gencral,
] ! :

H
the value of ¢ is

i
27
H

1
m. pl
Z H pl
as in equation [45])
It is interesting to note that Temple's criterion, equa-
. ) . . . . .o . .
tion [47], is equivalent to minimizing the quantity

! i H
RDILATIIIED Y (AL

10. Use of Orthogonality

It can be shown that in general with the steepest de-
scent procedures, the vectors corresponding to successive
steps are orthogonal, or nearly orthogonal in successive
pairs, bur in general they are not orthogonal to uther vee-
tors in preceding steps. It is entirely possible, however,
to buila up a <ystem of orthogonal vectors to eliminate
any set of residuals. Since more generality is outained
by considering a weighting factor, it is included in the
argument. :

Suppose we consider a pattern u corresponding to
changes in residuals p accordiag to equation [2]. A sec-
ond pattern T corresponds to changes in residuals 4. It is
desired to find a pattern v corresponding to residuals ¢
such that the following condition is satisiied:

]
20 9 =0

P i 0y

{501

1

Pl

{51

4

We can achieve thi result by removing from gand v
the portion that is not orthogonal to p and u.

Lec =L e cu
Then
@ =q+cp
and
d fent
b= 0 " c~
PIENIED D N A I S s

Hut the second term in [S2] is zero. Therefore we have

the result
1
m pg.
« 92_,-,_'_ [53]
Emipi,
and
g=q-cp. =T -iu. {54}

By repeated steps we can build up a system of patterns
and changes in residuals which are mutually orthogonal in
the sense of eyuation [S1]. We need to deterniine only as
many sets of values as there are unkrowas in our equa-
tions. Then to solve the equations, we obtain a set of in-
itial residuals r corresponding to some set ol values of x,
and proceed to resolve r into components corresponding to
cach of the pauerns. The coefficient in the series of com-

o (n) . g ¢
ponents corresponding to p  is obtained as follows:

’ =i ln f’(")

$3)
- (n)
A 2"k
" fr) fn)
2 m e,
The final quantities are then
n A )
.tn
¢i=x,+2in @, [56)
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A NUMERICAL METHOD FOR THE SOLUTION |
OF PLATE BUCKLING PROBLEMS

University of lllinois

ABSTRACT

A numerical nethod is presented for the solution of
certain prohlems concerned with buckling of flat, rec-
tanrgular plates under conditions for which the usual
partial differential equation of equilibrium can be re-
duced to an ordinary differential equztion,

FUNDAMENTAL EQUATIONS

HE differential equation governing the buckling oi a
plate is given by Equation {1],

du dw S P dw w
4+ = — = —=|y ~— iy

dx* dx? dy? g N\ ox? dy?
(1
d’w

+2p
* 9x dy

where w is the deflection, N is the slab stifiness, I:) is a
parameter proportional to the loading, p, and p) are the

compressive buckling forces per unit of length acting in
the x and y directions, respectively, relative to the load
patameter P, and p  is a similar measure of shearing

force. ¢ o

A transformation of this equation into an ordinary dif-
ferential equation can be made in the special case of a
rectangular plate with rhe following edge conditions and
diseribution of loading:

{1) The edpes x = 0 and x = s are hinged.

(2 The ~dges v = 0 and y = & may have any condition
of support, not necessarily similar,

(3) There are no shearir; stresses in the plane of the
plate paratlel to either edge; thus r = 0 everywhere in
the piate. 2

(4) The normal stress o acting in the y-direction is
uniform over the plate.

PeTheory of Elastic Stability,® by S. Timoshenko, M~Graw-Hill Book
Ceo. Inc.. New York, 1936..

:‘?"u!".cru al Procedure tor Cormputing Deflection:, NMoments, and
Buck!in., Lowis.® ny N. M, Newmark, Transactions ASCE, Vo!. 108,
1043, p. 1161,

"llvrerhnun( Der iiculspanaungen Gedrucktzr lechleckpiatten,® by

F Stus=zi, Publications, Int
Vo1, 8, 1947, p. 237,

Aecenc. of Bridge and Structural Engineers,

(5) The normal stress o acting in the x-direction is a

linear function of y. This condition is necessary to in-
sure a zero value of 1. throughout the plate,

In the following discussion the longitudinal and trans-
verse directions refer to the x and y directions, respective-
ly.

For the buckling problems considered, the deflection
surface can be represented as follows:

mmx

=Y sin X (2
s a

w=Y(y) sin

where Y(y) is a functien of y only a is the longitudinal
length of one buckle, equal to s/m, and m is the number
of half sine waves in the longitudinal direction. The
length @ must be specified before the solution can be de-
rived.

When Fquation [2] is substituted into Equation {i], and
if pxy is set equal to zerc Fquation [3] is obtained. Each

prime symbol denotes one differentiation with respect to y.

”3

nt P n?
Yllll-z—Yll +—Y'_—‘ (PX_Y-—}'), Yll) [3]

o
al a* N a? ¥

The scope of this special case is restricted; however,
many practical problems can be simplified to fall in this
category and nearly all available "exact® solutions em-
body the restricted conditions described. An excelient
discussion of the classical methods and a fairly complete
compilation of available solutions is given by Timoeshenko.'

This paper presents a nuicericai method of solution of
Equation (3] which is a combination of two well-known pro-
cedures. The Stodola-Viancilo method of successive ap-
proximations is combined with the numerical procedure of
intcgration published by Newmark.?

Recently Stussi*has published an article in which this
came class of problems is solved by a numerical metiiad,
However, there is only slight similarity in the method of
solution proposecd by Stissi and the method presented
herein.

EDGE CONDIT!ONS

Within the scope of the mernod, o number of different
conditions of support on the longitudinal edges can be
treated. Of these only the following three cominon edge
conditions are described in derail:
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(a) Hinged Longitudircl Edge

Along a hinged edge y = A, the deflections and the mo-
ments (hence curvatures) normal tc the edge are zero.
Therefore:

Y, =0 and

P ¥, =0
(b) Fixed Longitudinal Edge

Along a fixed edge y = A the deflections and the slopes
normel to the edge are zero. Hence

Y =0

and ”

YA =0
(c) Free Longitud.nal Edge
Along a free edge the reactions and the moments< not-
mal to the edge are zero. llence

At Ay
——rg =0
dy? Ix?
and
Nw 'w
— +(2-p) =0
dv? ox? Ay

where y = Poisson’s ratio. When the deflections defined
by Equation [2] are substituted into these last conditi ns,
the boundary requirements are transformed into the f .ow-
ing:

b2
Y - YII
& uni/n? A
and
h?
YAI e YII'

(2~ p) n*/n?
where a = nb,

GENERAL PROCEDURE

Equation [3] may be restated, for convenience in the
caiculations, as follows:

, nt 1 nt | n! | 1
Yl — ¥ - — Y-:K(p ——Y-p -—Y")
nt b3 nt bhe 2 al b Y pa

(4]
in which K = P h?/N and a = nh, The quantity ¥ is a di-
(o]

mensionless factor which determines the magnitude of the
given pattern of buckling forces. The plaie width b is
divided into any desired number of segments of equal
length 5. Then the length of the plate @ is expressed ns
n sezments of length b, It is not necessary that n be an
integer.

Using the notation

nt | nt ]
Ve ¥ b im — ¥ (sa]
n* bh* n! »?

and
n 1 1
A e el e f5b!
D X nt b ’)' Ix 2

one obzains Fqguation [6] fram Fauarion [4].

St

pree Iy 5
Y = YR + Kk ).')

g
The solution is obtained by the following procedure:
(a) A set of deflections Y is assumed, one value at

each node pcint. .

(b) With the assumed deflcctions, the right hand sides
of Equations [Sal and [$b] are evaluated. These eguations
are then solved numerically to yield the two component de-
flection functions YR and )b. The numerical process used

is described later. FEach deflection {unction must sep-
arately satisfy the boundary requirements; then the sum of
the two functions Y will also satisfy the boundary condi-
tions for any value of K.

(c) The deflections ); and Y = YR + KYD are now com-

pared. If they can be made identically equal for a particu-
lar value of K( = Po bh1/N), then this value of K de=fines

the magnitude of the critical buckiing load, and Ya or Y is

the corresponding configuration. Ii the assumed deflections
cannot be made equal to the computed deflections, new
values of Y must be assumed and steps (a) to (<) must be

tepeated until a desired measure of agreement is reached.

When the comparison indicates tha: the assumed set of
deflections is not correct, a new and more accurare set of
deilections can be obtained from the zalculations. This
improved deflection configuration can then be used as the
assumed set of deflections in the next cvcle of compura-
tions., The new configuration is computed for the value of
K which makes YR 4 KYD most nearly equal to v.

The numerical solution depends upon the length a.
The procedure will not indicate the proper number of half
sine waves in the longitudiral direction to yield the low-
est criticz]l Inad in any given problem. If the proper value
of a is not obvious, trials with severa! values of m are
necessary,

The functions YR

[sal and [sb], cannot be direc:ly evaluated because the
. LR
required values of Y™ are not known. Therefore, each of

114

and );)'”' .eapressed by Equations

these functions is split into two parts, as tollows:

s e 2
YR = ‘YR + ,YR
where
l)-RIIII _; _1. y
ne he °
n? |
YIIII 2-— ——— ) (X3
'R nt b 8
and
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The general expressions for the third derivatives,
found by integration, are given in Equations (7a} and [7bl.

m? ]
1 11 RN er $222 I
);2 ':‘,YR ‘,)R "R dy+2:;:- ); [73]

1

11 1 141 1112 . !
A A AT A dy—p,-b—,Ya (7b]

The third derivatives of the component deflection func-
. ’
tions cannot he completely evaluated unless values of };

are known. The total values are not needed except at a
free edge or an edge elastically restrained from deflection.
The formulas for the second derivatives are as follows:

m
V’l i vll 1 o 1111 o
‘R 'R b ’YR j:I) '):'Z 9, 21) b };

~
n

!
L e 1111
b =0 ‘i) --/:/)’ WYy dy "Py:};

Note that unlike the third and fourth derivatives, the sec-
ond derivatives may be directly evaluated from a knowl-
edge of only rhe assumed deflections Y. The component

deflection functions, YR and YD , may now be determined

by two straightforward integrations of the total second de-
!

rivatives, Y. and Y.’
'R D

A symbolic representation of the procedure is given in
Fig. 1. This figure illustrates the notation used and gives
a picture of the plan of the solution. The integration sym-
bols denote numerical integration. In step 2 of Fig. 1 the
quantities ‘);2” " or ,)Z)”” are evaluated. Steps 3 and 4

of Fig. 1 each indicare one integration of ti. component
evaluated in step 2. The total values of Y''' are not de-
srmined in Fig. 1; it desired they may be evaluated in
accordance with Equations [7a] and {7b]. The total values
of Y'' are computed in step 6. Steps 7 and 8 are straight-
forward integrations. It can be seen from Fig. 1 that the
operations used to dcicrmine the two component deflection

functions );2 and );) are identical.

In the common factor column of Fig. 1 the factor for
Y is c/b*, where c is any arbitrary unit of deflection.
However, during the integrations the quartities are multi-
rlied several times by 5, so that when the operations are
completed the factor for Y is the same as that of the as-
sumed deflection. Thus the factors for all deflections are
consistent. It is not necessary to evaluate the increment

Step

N

[

~

Designation of Step

TAHLE OF OFERATIONS

Computation

Calculation of YR

Assumed Deflection Y;
Lol
rees
o
Ylll
H
R I'YRIIII ay
X Lxxx
A fI,YR e
Y, 2 i Y
: =
R nt @
Y " Yll " Y”
R LR 2R

e f f Y, dy dy

Calculation of YD

Assumed Deflecuon Y
_')
1er:
‘ﬁ) px-:-);
n
lYD " Jrlyl)llll dy
lYl)ll Iflygllll d) ‘I)
1
1Yp o
Yl)ll ; Y " i ,YD,'
, "
Y Jpﬁ, dv
Y "
D <J:f3b dy dy
Fig. 1.

length, b, in the course of the operation.
The various corrections required to satisfy boundary
conditions are not indicated in Fig. 1, but are discussed

later.

Common

Factors

c/bt

(./‘,)

csh?

c/b?

c/h*

c/h?

c/h?

c/h?

c/h?

’h

Consider, for example, the calculation of the critical

buckling load for a square plate, hinged on four edges, with

uniformly Jistributed compressive forces which act in the
longitudinal direction. The calculations for an assumed

sinusoidal deflection configuration Y are given in Prob-

icm 1. The jplate width b has been divided into four seg-
ments of equal length b, Since the plate is square, the
leagrh of the plate is also equal to four increment:. b;
hience the value of n fo1 this problem is 4. Note that the
constants to be used in the numerical solution are given
to the right of the figure.
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PROBLEM |

[ »
- - —y.hi7
F Y n?
> = T o
" . s 2—= 1,234
i &0
> < __',
—_= (), 381
-y - nt
a = 4b
(n =4) All Edges Hinged
Step %‘ ;_ Common
No. Description’ fﬂﬁﬂ' 4 Factors
T
Calculation of YR '
1 v 0 7.07 10.00 c
2 ,YR"" 0 -2.60 3.81 | /b
g -2.56 - 362 o
3 ,YI;“ 4.37 1.81 /b
4 WY 0 4,37 6.8 | b
s ¥y 0 £.72 12.34 | /b
6 Y, 0 13.00 18.52 | ¢ p?
?R" 12.45 17.62 | /b
7 Vi -21.2 -8.81 c/k
8 Yo 0 -21.26 -30.07 ¢
Cutlcutation of YD
! Ya 0 7.07 .00 <
2,y 4.36 617 ) ¢ b*
1798 415 5.86 | /b
3 Al - 7.08 -2.93 /b
D
4,5.6 Vo 0 ~7.08 -10.01{ c/b?
?,;’ -6.73 - o052 s
7 'c i1.49 1.75 /b
3 Vs 0 11 40 16,25«
v, - Yo) 241547259
K = -— = 2,466, ftom
y Equa- |
| Xy, 39.23 o e
yi .Y KYD| n 7,07 1c.00] ¢
P =P =2466N/h* =39 406 N/b?
Oi cr

The presentation of the first illustrative preb. em foi-
lows the operations indicated in Fig. 1. Almost every
line of calculations has a step number which corresponds
o the equivalent line in the operations table of Fig. 1.
Between steps 2 and 3 and steps G and 7 are iines of
computations which are not identified with the operations
table, These lines contain the calculations of equivalent
concentrations, a basic feature of the numerica! summa-
rion nethod as given by Newmark. A bar above the sym-
bol for a distribuicd derivative denotes an equivalent
concentrated derivative. Since the functions ,Y'"" and
¥' are smooth curves, the equivalent concentrations are
calculated by the parabolic formulas given in Fig. 2. The
values of the odd derivatives, Y''' and Y’ may be cor-
sidered as average values computed for the interval be-
tween node points. For the sake of brevity the word
"average® is omitted. Values can be computed at the
node points, if desired.

On the extreme right hand side of the computations in
Problem 1 is a column of common factors. These factors
agree with those in the operations table and the changes
in them from one step to another are consisrant with the
numcrical summation method.

At the top of the calculation is a diagram of the trans-
verse section of the plate. This diagram indicates the
conditions on rhe longitudinal edges and defines the po-
sition of the node ponints at which the calculations are
being performed.

Only half of the plate is considered in the computation
since the structure and the deflections are symmetrical
about the center line. The derivatives of even order are
symmetrical about the center line and the derivatives of
odd order ure anti-symmetrical about the center line. The
boundary conditions considered in rhis calculation aie
iherefore as tollows:

A o
YR = )D = 0 at the 2dge;

_ YI = b 0 ; li 1
5 R YD at the ceater line

In Problem 1 the compurations for steps 4 and 8 are in-
itiated at the left edge where the values of ,YR", Yy

D
YR' and YD are known to be zero. The computations for

steps 3 and 7 are initiated at the center line where ‘YR

e '
T
concentrations given for the center node point are the
total concentrations of the function at the center line.
The equivalent concentrations for the central node point
are then split into t~0 equal parts for determining the av-
erage value of the first integral in the segment adjacent
o the cencal node point,

The value of A is found in this example Ly taking a
ratio of sums as indicated. For this problem the exact
solution is readily obtained from Bryan’s iormula, as
I:' = 39.48 N b1, The value obtained bv the numerical

ree
)

and Yl)l are known to be zero. The equivalent

procedurc is 39.46 ~/ 0%, Reasonable accuracy can be
obtained with even laiger vegments in this problem. For
two divisions in the plate width(n = 2) the critical stress
obtained by the numerical procedure is 38.40 N/&* and ior
three divisions (n = 3) the critical stress obtained is
39,78 N/bh?,

366

i S



AT, 29 ¢ sma o s

e am -

—— S
—
—~—

Reo! or
Extrapoloted
Lcading Curve Loading Gurve Y

(2]

-
.

-

Yob = Voo™
25 (T%* 6%,-Y.)  FH3V+10%-Y)

- \

: - :
i_ h h |

\
Yo

;b - ?b°+ -Y-bc - "Dz-( YO Q"OY°+YC )

Taken from Fig.5 of Reference (2)

Fig. 2. FOPMULAS FOR EQUIVAL ENT CONCFENTRATIONS.

Only a slight error in the assumed deflection config-
uration may be reflected in the comparison between Y and

Y. Also roundg-off errors sometimes make an exact clisck
difficult. Fortunately, the value of K, which is propor-
tional to the buckling load, is not nearly as sensitive as
the deflection configuration to small errors in the assumert
configuration. The required measure of agreement of de-
flections seems to be a matter of judgment since it de-
fends somewhat on the problem. l{owever, for a given
number of segments, the agreement between Ya and Y can

te improved to any degree desired by performing further
cycles of calculations.

The application ot the procedure to a mare difficult
problem is indicated in Problem 2 in a later section.

ESTIMATE OF CRITICAL LOAD

In order tc compare the computed values of deflection
Y with the assumed values Yo it is first nccessary to de-

termine a value of k. The method of determining K should
be such that a reasonable value is obtained even whenthe
assumed deflection configuration is considerably in error.
When the assumed deflection configuration is exact, the
method must yield the proper value of A for the number of
segments considered. Two methods are recommended.

The simplest and most convenient method of ~stimating
A is to make the sum of the errors equal to zero. The er-
ror at a node point is defined to be tue diffctence between
the computed and assumed values of deflection. In this
way Equation {8] is derived.

(Y -v)
e a R [8}
<
=

A more reliable method utilizes tl.e principle of least
squares. In this method the value of K is chosen so that
the sum of the squares of the ~rrors is minimized, This
procedure leads to Equation {7].

kD (97

For most problems the simple summation method is
satisfactory and is preferable because it is mcre conveni-
ent than the least squares procedurs. However, in prob-
lems where the deflection configuration is partly positive
and partly negative, the least squares procedure is nec-
essary because the summation method is not accurats. In
general, when the summation method proves to be unsat-
isfactory, the least squares method should be used.

BOUNDARY TREATMENT

Thc numerical procedure will progress in o straighe-
forward manner if the boundary conditions are such that a
value of each of ,Y'"', Y’ , Y and Y is prescribed in
advance at some point or points. This is the case, for
example, in Problem 1 where ,Y'"’ and Y' are knowa to
be zero at the axis of symmetry and ,Y'' and Y are known
to be zero at the hinged edge. In general, other boundary
conditions require an additional computation.

When these initial values are not all known in advance,
a boundary value is assumed where needed io continuethe
integration procedure. Then at some later integration an
inconsistent boundary value will be encountered, unless,
by chance, the previously mentioned assumption was cor-
rect. if a boundary value is inconsistent, a correction may
be made by finding the effect on this boundary value of a
unit change in the carlier assumed value, and adopting as
much of this unit correction as is necessary to satisfy the
boundary 1equirement consistently.

This procedure is illustrated by Problem 2 which pre-
sents the solution of the protlem of the buckling of a
rectangular plate subjected to a linearly varying longi-
tudinal force. The two rransverse edges are hinged; one
longirudinal edge is fixed, and the other is free, The
boundary conditions are as follows:

Y'=0 and Y =0 at the fixed edge;

rre

V' = 3250 BY and Y =22.80 h'Y" at the frec edge.

The numerical work is straightforward and {>llows Fig.
1 and Problem | excep: where explained here. When val-
ues of ,Y''' are to be determined, since no boundary val-
ues are available, a trial value is assumed and the pre-
cedure is continucd. Similarly a trial value of ,Y'' musc
be assumed. The boundary vzlues at the fixed edge are
used to initiate the calculations for the values of Trial
Y ' and Trial Y.
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PROBLEM 2

P
o

e —

fixed —W

-/

——a b e o,

e
" =0.1755
n?

)
2—=0.>509
n?

le
= = 0.0308

n

Free Edge Requirements

11

Y' ' =3257 bt Y
Y =2280hY

"

a =7.5h
= Poisson’s Ratio = ].'4
(n=1775)
Description Tommon
: Factors
' Firet Corraction Function
1 H H
oy’ 1.00 | 1.00 1.00 1.00 | 1.00 1.00| /b
Ay -5.00 - 4.00 -3.00 -2.00 -1.00 0 c/h?
S AN -2.33 ~-4.00 -3.00 ~2.00 -1.00 -0.17 /b
Al 0 -2.33 -6.33 -9.33 -11.33 ~12.33 -12.50 c/h
Ay, 0 -2.33 -8.67 -18.00 -29.33 -41.67 c
Second Coareaccion Function
hy,' 1.00 1.00 1.00 100 1.00 1.00 /k1
A A 0.50 1.06 L.w 1.00 1.00 0.50 c/b
Ay, 0 0.50 1.50 2.50 3.50 4.50 5.00 | c/h
Ay, 0 0.50 2.00 4.50 8.00 12.50 ¢

%hen we denote
x; = required amount of first correction function
and x, = required amount of second cotrection function,

the following equations express the free edge requirements.

Y ex, Oy ¢x, Av) =3.257 b2 (v'" 45, Ay

Y s x, AY, ¢x, Ay, =22.80 b2 (v" +x, By, +x, AY,")

1 1" ! . . . . .
The valuesof Y ', Y , Y, and Y above are denoted as “trial® values ir the subsequent computations. Substituting the values of
the cotrection functions above, ane obtains the following equations.

Cc c 7
Y - 12.50-,,-::: os:x, =3,257 b2 (v"'

c

ob—'x‘)

(o
Y -41.67 cx, +12.50 c x, =22.80 h* (Y"' 0;:{,)

Solving for x, and x,, one determines the following relations.

b

1
74.13 x, ==—(Y -22.80 b2 Y'') + 2060 —(Y' ~3.257 b1 Y'"')

<

c

b

!
23528, =—(Y -22.80 b2 Y'") - 2,646 —(Y' -3.257 53 ¥'"')

<

c
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PROBL EM 2 (continued)

-y
De=cription .‘ Common
Factors
P
Catryletion i Y,
| t RI | [
¥e 0 1.7 5.6 10.6 15.8 21.2 c
at free end ); £ 5.7 ¢/b {calculated from previous cycie).
A 0 -0.052 -0.172 -0.326 -0.487 -0.653 c/b*
“R”” -0.058 -0.1” -0.327 -0.487 -0.299 c/b?
Trial.YR”' -1.1%4 -1.212 -1.387 -1.714 ~2.201 -2.500] c/b?
Trial .YR“ 0.0¢8 - 1.086 -2.298 - 3.68¢ ~5.399 -7.600 /b
Ny 0 0.596 1.965 3.720 S.544 7.439 c/h?
Trial YR” 0.068 -0.490 -0.333 0.635 U.145 -0.161 c/h?
Trial ‘R" =0.089 -0.430 -u.315 0.014 0.110 -0.012 c/h
Trial v/ -0.089 -0.519 -0.834 -0.820 -0.710 -0.722| <sb
Trial Y, 0 -0.089 -0.608 - 1.442 -2.262 -2.972 c
at the free cdge
Y, -22.30 »’ YR“ = =2.972 ¢ +(22.80; (0.16] ¢} = 0.699 ¢
Xz XX 77, l ! % bl ¢
Yo Ta¥g ! 42— ==Yl = -2.500 — +(0.3509) (5.7 —] = -0.500 —
nt bt ° hé h? h?
' e < c c
Yo ~3.257 b1 Y = -0.722—4(3.257)|0.500 —) = 0.906 —
b b b
Therefore
x, = 0.0346 and  x, = -0.072]
Y, = Teialv, 0 -0.21 - 1.05 -2.39 -3.85 -5.31 c
+0.0346 Ay,
-0.0721y,
ac free end Y, = Trial ' +0.0346 Oy, - 0.0721 By, = -1.52 ¢/b
Calculalion of )b
’, 0 0. 0.40 0.60 0.80 1.06
3D 0 0.06 0.39 1.12 2422 3.72 /bt
A 0.08 0.42 1.15 2.25 1.59 /b
Trial v, -2.24 -2.16 -1.74 -0.59 1.66 3.25 | erh?
Trial v, 6.77 4.53 2.97 0.63 0.04 1.70 c/b?
Trial Yp' 3.01 4.54 2.40 0.73 0.23 0.48 /b
Trial ¥, 3.01 7.55 9.95 10.68 10.91 11.39 | c/h
Trial Y, (i} 3.01 10.56 20.51 31.19 42.10 c
At the free edge
Y, - 22.80 h? YD" =42.10 ¢ - (22.80) (1.70 ¢; = 3.34 ¢
! 1" & < 3
Yy - 3.257 b ' = 1139 — - (3.257) (3.25 —)=o.ao-—
h b 5
|
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PROBLEM 2 (continued)

Therefore

x, =0.0673 and  x, =0.052

'r'D =Trial YD J 2.88 10.08
+0.0673 1Y,
+0.0521 \v,

At the free end

Xty -v,) 6771
a

Y, = Trial Yy +0.0673 Ov,' «0.0521 &y, = 10.81 ¢ /b

19.53 29.63 19.95 <

K = B - =0.663
<
~Y, 1062.07
Y= YR ‘KYI, 0 1.7 5.6 10.6 15.8 21.2 <
At the free end
Y =¥ *KY, =5.6c/b
N N )
(P, = 0.663—,;: = 16.67
The boundary requirements at the free edge are not in- CONVERGENCE

o Lo 3 '
itially satisfied; therefore the assumcd values of ,Y "

and ,Y '’ are not correct. Note that ac the free edge the
§ . . 1
boundar}' value of Y is a function of Y However,
e

only ‘YR is given in the tabulated computations. Inthis
case YR'” is computed from Equation 7(a), which in turn

requires the slope of thc assumed deflection curve at the

free edge to be known. Therefore, ~hen one uf the bound-
. . 4

aries is a free edge the slope ); at that edge must also

be assumed and the final computed slope must agrec wiih
this value, just as the assumed and computed deflections
must agree in order for the solution to be valid, It is us-
nally more accurate to take the slope of the curve at the
boundary from the preceding computation rather than to
usc an interpolation formula. For this case the difference
is slight sitce the slope );' found by the use of either a

three point or four point approximating polynomial is
5.5 ¢/b as compared with the value of 5.7 ¢/ found from
the previous cycle. The latter is more accurate.

Two correetion configurations are required, vne foreach
assumption. Each correction configuration influences both
boundary requirements. The correct proportions of the firse
and second correction configurations (AY, and AY, , re-
spectively) may he determined from the equaticrs presented
just pelow the computations for the configurations.

The values of the required corrections are added to the
values of Trial Y to yield the correct deflections; similarly
the correct end slopes are found. Both YR and ¥, ae cor-
rected independently of each other.

The value of K is found to be 0.603, which gives a val-
ue of the critical buckling stress {(at the free edge) of
16.6 N/b?,

‘Ses “Bounds and Convergence of Relavation and lteration Proce.
furee.” by N. M. Newmurk, theee Proceed'ngs.

In most problems the rcsvlting deflection configuration
Y is a better approximation to the true buckling configuia-
tion than the assumed deflertion shape };. In this case

the prccess is said to converge toward the true solution.
Or: the other hand, in limited classes of problems Y may

the process is divergent. A ptoblem in which the process
is convergent may be handled most simpiy by using the re-
sultant deflection configuration Y of the last cycle for the
assumed configuration ); ot the next cycle. This obvious

procedure will not be efficient when the process converges
slowly; in this case extrapolatiou as described below is
desirable. When the process diverges, an extrapolation
may be used to obtain an answer in many cases. In others,
no solution is possiblc with successive approximation
techniques of this type.

lt is not a simple mattet to determine in advance whether
or not the successive approximations converge. However,
from expericnce Jn soiviug a variety of problems it maybe
stated qualitatively that if there are tensile forces in the
plate, the larger the amount of tensile force the greater
will be the tenrdency to diverge. It may also be stated
that if divcrgence occurs, the successive solutions will
renerally oscillate about the true solution. These fea-
tures are similar :0 those which apply in othcr types oi
buckling problems in which successive approximation
techniques are used.

The recommended extrapolation procedure* is applied
as follows: Let successive deflections at any point be
designated as A, B, and C, respectively, where A is the
first assumption, B follows from A, and C from B. Then,
the extrapolated value A is:

AC -1
. R
A-C-=-28
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If this formula is used, it must be applied separate!ly
to the deflections at each point. Thus, after two steps
in the calculation, which yield values of B and (7 2¢ all
poinrs corresponding to assumed values A, one computes
tiie values of A, and repeats the calculation. Ordinarily
one may have to go through this operation several times
in problems which diverge rapidly,

Problems in which divergence occurs present a diffi-

culty which becoms« immediately obvious to the computer.

He may have to usc other techrniyues to solve the problem
ifthe successive approximations procedure does not lead
to an answer either directly or with the extrapslation pro-
cedure described.

SUMMARY

The procedure described is useful for a wide variety of
loadings. With some mudiiicacions the problem of the
buckling of ribbed plates is easily solved. In addition,
manv other practical problems which do not satisfy all of
the requirements of this mthod can be treated by either
simplifying the probiem or by waiving some of the limita-

ticas of the iwibod which may not Le important for a par-
ticular case. Extension of the procedure to problems which
Jdo not satisfy the limitations of the metlod requires en-
gineering judgment.

The results are approximate but can be made as ac-
curate as is desired by taking a sufficient number of di-
visions in the plate width. As the number of divisions is
increased the accuracy of the solution incteases and also
the amount of work required to effect a soiution increases,
The question of how fine a network to use depends some-
what on the prehlcu, and can best be decided by experi-
ence. Ordirarily, however, for most practical prohlemsnc
more than five or six divisions in the plate width are
needed.
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INTRODUCTION

ASTRESS snlution of most radially symmetric problems
is difficult and tedious by formal mathematical pro-
cedures. In this work a numerical method is developed
that can be readily appiied to solve such problems. The
particular prellcm selected teo illustrate the method is
that of the -estrained cylinder under compression. The
method requires a framework of pin-connected bars ~hich,
for similar load conditions, will approximate the deforma-
tion of the solid body. This method of solving stress
problems is referred to as the lazzice analogy metiod. The
arrangement of the bars in any element of the framework
is arbitrary, Normally a pattern that is simple and suit-
able for the type of problems being considered is adopted.
It is apparent that the smaller the size of the mesh of the
framework the better the approximation of the deformation
of the solid body by rhe frame work.

To determine the deformation of the framework it is
necessary to know the area of each bar. These areasare
derived from the requirement that the disto:tion of an ele-
ment of the solid body and of the framework be the same
for similar load conditions. Once the bar areas are es-
tablished the relationship between the force and this end
displacements of each bar can be formnlated. Then from
the equilibrium conditions of the jcints, displacement
equations are developed. In these equations a component
displacement of a central joint is related to the two com-
ponent movements of the immediate surrounding joints.
The set of simultanecus #ruations that arise in a partic-
ular problem is solved either by an iteration or relaxation
technique. Fc - the problews solved in this work an iter-
ation process was used. ’

The advantages gained in the use of a lattice anaiogy
method are often overlooked. Once the size of the mesh
of the framework has been selected the only apprcxima-
tion involved in a solution of a protlem is the degree of
precision to whicl the numerical work is carried. With
the use of finite differences besides the approximarions
due to the siie of the mesh and the precision of the nu-

sNumbters ir pazenthescs refer to referer.ces listed in the bibliography
at the end of the paper.

merical work, there is the approximation of the differen-
tial equation by differences. Alsc, the difficulties that
arise at boundaries with a finite difference procedure for
example, at a right aag.e or re-entrant corner are not pres-
ent in the lattice analogy procedures. The framework also
lends itself to the solution of elastic-plastic problems.

As with a finite difference procedur~ where the solu-
tion of a problem can be set forch either in terms cf a
stress function or in terms of displacements, the lattice
analogy method can be formulated in rerms of bar forces
(1), (2)* or in terms of displacements (3), (d4). The meth-
od developed in this paper deals with displacements. The
main advantages in using displacements are (1) tl.e bound-
ary conditions can be prescribed either in terms of dis-
placements or forces (2) the body can be eithes singly or
multi-connected. The numerical displacement procedure
of analysis appears to offer the only means of solving
stress problems for which the body i< multi-connected and
the boundary conditions are prescribed forces and dis-
placements.

The assumptions made in the classical rheory of linear
elasticity apply to this work.

NOMENCLATURE

The following nomenclature is nsed in this paper:

r, 0, z = cylindrical coordinates

0. 0., 0. = normal stresses in the r, 0, z directions
r 3 <
r - sheating stress in the r-> plane

¢, ¢, ¢ = nonnal strains in the r, 6, z directions
r F4

v = detrusion in the -z planc
s
e = €+, ¢ =dilatation

1% z

F = moduius of elasticity

G - shear modulus

u = Poisson's ratio
u, w = radial and axial Jisplacement components

area of a bar

2
il

e = straii. 10 a Lar

s = stress in a bar
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force in v Lar

A = iength para:neter

]

n = Lieger
R, 7 = normal force concentrations at a joint
§ - shearing force concentrations at a joint

a, a, A = arbitrary constants used with expres<ions
) )
for the bar arcas

¢, b, m, = arbitrary constants used with the ®second-
q, t, p ary” force systems
W
2 y
o ==— o -0 ) < (a,-a P-lo —uPs6e} "
( r °) (o, z)’ z r) rz

2

~ intensity of stress

THEORY

The stress soludion for a radially synauetric body in
obtained most conveniently wich reference to a system of
cylindrical coordinates. A point I’ (r, 0, 2) is delined by
ire radial, tangential and axial coordinate (cspectively.
I'he radiai and axial displacements of the distorted i:cdy
are designated by v and u, respectively. The normal
stress components designated by o, a, and g, act in the

radial, tangential and axial direction and the shear stress
: acts in the r-z plane. The remaining stress components,
rz

due te symmetry, are zero. Based on the assumption of
small displacements the normal strain components and de-
trusion are respectively

du u o
£ ==, T L
A r T gz
{1}
7R %
YT ———
T 8z o

For an elastic material which obeys Hooke's Law the
stress strain relations are given by

r 3 7
o = (- e+ ple, + ¢ )
§ (e (=2 L f “ * ]
F - z
a.- ~_Ia' = ‘1} [ "" - (zl

(2]

U = _ (F -1 ¢ -vll((llp)

Fotbe -2 L z ’ A
F ¥

I o= —

" Pep 2

The solution of a particular problem requires either a
determination of the stress components or the displace-
ment components. For example, it can be readily shown
trom a consideration of (1), and (2) and the equations of
equilibrium

» - ————

r7u '7/ ag — 0.

4 L {4 :
— — = ()
dr iz 4
or au r

rz z rz

b 4 — =0

dr Jgz2 r

that the differential equarions 0 be satisfied, subject to
boundary conditions, by the displacement components are

u ! de
A'U’——i —:ro
7 -2u O
(2]
! A
Nw 4+ -_—=0
I =2u dz

However, with either the differential equations, Fquation
13}, or those in terms of stress components a solution of
a particular problem 1s intractable by formal mathematical
procedures and an approxanate numercal method of un-
alysis has to Le resorted to. Such a method is developed
in the following work. Since it involves displacements it
can be considered as the analog of the integration pro-
cedure that is necessary to integrate equations (3],

A suitable pattern of hars is shown in Fig. 1. In an
axial plane the framework is built-up ¢f square lattices
with crossed-diagonals. A cross-section is composed only
of radial and tangential bars, To establish the har areas,
the stress systems required to produce identical deforma-
tioas of the framework and solid body are considered.
Since the deformation cf an elemen: can te described tun-
danentally in terms of three strain components, the de-
formations considered are those associated with a uniform
strain in the radiai and axial direction and a detrusion,
Thus for the solid body a uniform strain in the axial di-
rection of

Fig. 1. FRAMEWORK OF BARS.
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e e

is produced by the stress disiributions

w F
ag - 0“_ w ——
2 :
(1) (1 =21
(1 -wE
g, =— {41
(l=p(l -2
r = 0
144
A unifor.n strain in the radial direction that 1s
€=¢= 1
G RO
tequires the stress distribution
F
O, 0(1 =
r ¢
(1 +wfll-2p)
2uE
e & [s]
(1+ (! -2
v O
rz
For a detrusion
e |
2 r
the stresses
1 1
T o—
rz
L+ r (6)
0 =0,v0 - 0

are (cquzxud.

Before considering states of defcrmation similar to the
foregoing for the framework, it is expedient to choosc the
form of the expression for the area of each bar. It is as-
sumed that the ar.a of each bar is proportional to the
correspondiag cross-sectional area of a solid element with
height A, radial length A and average width /n « 172} Ad.
For example, the area of the axial bar is proportional to
the axial cross-sectional area nA? ¢ of the solid element,
and likewise for the remaining bars. Hence the areas for
the radial, axial, tangential and diagonal bars are

1
A'.-(n*— /\’¢>Ao
\ 2

S
1]

m\’ ‘b A
) [¢]

A=a N A

3

where A , a and a are arhitrary constaents A and ¢ are de-

fined in Fig. 1 and n is an integer. All thi arcas withthe
exception of those of the tangential bars are dependent on
the radial distance.

Other selections fot the bar areas are possible, how-
ever, with this selection the resulting bar areas and dis-
placement equations to be develcped, take on simple
expressions convenient for numerical computation.

Because of the selected bar pattern and areas it was
found necessary to introduce into the fcrce system for
each type of deformation a *secondary” svsiem of har
forces. Without the use of these “secondus; ® systems the
coefficients Ao, a and a in Equations {7] would turn out to

be functions of radial distance, thus complicating the form
of the displacement equations. Further, the use ot such
systems with a square lattice having crossed-diagonals
pennitted a determination of the bar areas in terms of an
arbitrary value of Poisson’s ratio. In ptevious work, {47,
sceondary har patterns had to be introduced when Poisson’s
ratio differed from 1/3. The use of secondary bar patterns
leads to complications and is to be avoided.

Without loss of generality and to avoid carrying unes-
sentizl constants i, A and b are taken as unity hereafrer.

Considering the framework, the forces due to a uniform
axial strain are shown in Fig. 2. Component icrces maAo

and qmaAo are the resultant radial components of rhe forces

in the tangential bars. The forces in the radial and tan-
gential bars given by k(n + 1/2) An and maAo are due to

the "secondary” force system associated with a uniform
axial strain. From the statics of joints n and e, Fig. 2,
the equivalent uniform stresses are

a
s, *\—+ 1) A
2 Lo}
[(& ,f_),, > (k +i)‘ qmrﬂ 1 {8]
: 2 2\ 2 e
! n+ 1
8,0
o n o
N
-~
'i{l'l]‘g s A o {pel)
¢ F e T AT
k(n-1}A, I k(nella, splnel)
w p O
mA,
‘i
|
|

" \- ae
a1 . s
._n__.,.1|

At )

Fiz. 2. BAR FORCES DUE TO UNIIUORM AXIAL STRAIN.
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rrom the condition of radial eyui.ibrium of joint ¢ s 2
al .
a . bl i
mG = k v— (91
2
- . . -1 = -“5(10714.
In a sinilar manner the bar forces corresponding to a uni- & (14p)Ag f 2
foeni radial strain are shown in Fig. 3. In this case the 2
“"secondary® system is ma.de up of the force cnA in the » 4
a -
axial bars and-—=(n + 172)14 in the diagonal bars. A _%(1ep) Ao B f
4 P
: - L 2 = N ex(1eplAy
summaiion of forces at joints n and e yields 2
a
s, = c+=—(1+1) Ao o™ ae
2 - - -
' — o+l
[n ..-I_+qa+1(n¢-l—) (141)] AO (10]
>
s = 2 2 = Fig. 4. BAR FORCES DUE TO DETRUSION.
’ n«+ |l
$ i The force :\—/Z-a pA is to be associated with the *sec-
| 2
a » ondary® force system.

In the above work the constants &, m, q, ¢, t, and p are

i \ to be determined along witl. 4, a and 4. These constants
Gle=1) (1e)a, {] % = ’-:-"'lz-)u“)" are evaluated by equating corresponding equations of stress
¢ 4 °| ( ﬁ! Siasi for similar states of deformacion in the solid body and
in-lho N[ (nedlag ™\ ." ne framework. Hence from Fquacions [4] and (8], [Si and {101,
aho (6} and [12) and simplifying by means of Fquations {9]and

{11] and raking ¢ = 172, one obtains the following expres-
sions for the constants:

|
{
i 201 =)
i// A =
4 -5 5

(1)1 =2p)(2 +a)

- ull +aj-a
—ahl— k =
2(1 -y
Fig. 3. BAR FORCES DUE TO UNIFORM RADIAL STRAIN. 2
{ =— s ]
At joint ¢ the sum of the radial forces gives a
a=1+k=n (13)
a
a-1+—(1+1) (1] a
2 md = k Sl
2
. . Y2 . :
Corresponding to a detrusion of — = —in the solid body c=k
2 r
the strain in the diagonal bars is | ~k-a
f) =
1 a
g’{ T —
Soon Since a total of nine constants are to be Jetermined

from the above seven expressions two of them can lie
and all other bar strains are zero. The bar forces for this  chosen arbitrarily, For th= work to follow a value of 1/4
case are shown in Fig. 4. The equilibrium of joints 7 and is (aken for Poisson’s rativ. For simglicity of results a

e requirzs that was taken as one. Accordingly, the values for the con-
, . stantsarek=p=c=n,a=2t=! m=1/4, A ~4/5
S'z n = Sz' (n+1, =all +p) A, {12! and as< previously assigned, ¢ = 172, °
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With these results the bar areas bSecome

4 !
A=—fln+—
s 2

4
A m=—n
s
8
A =—
6
5
4 1
Ad=~ n +—

sv2 \ 2

1t is interesting to note that for plane strain problems
(n = 1/4) the bar areas of a framework of square lattices

4

with crossed-diagonals would be 4 and 2 for the hori-

5 W2

zontal and vertical bars and the diagonal bars respectively.

For convenience and summary the bar forces and stresses
for each type of defurmation considered in the develop-
ment of the bar areas are given in Figs. S, G and 7.

2

D L..*(IOI) .

Fig. 6. UNIFORM RADIAL STRAIN, e, =L

From Fig. S it can be seen that each unit of axial
strain requires, besides the expected bar suresses, a
*secondary® stress of 1/4 in the tangential bars to main-
tain radial equilibrium. Likewise, Fig. 6 shows a "sec-
ondary® stress of 1/2 is required in the diagonal bars. In
developing the displacement equations these *secondary”
suess systems are taken into account.

The area of the bars at the boundaries of the frame-

Fig. 7. DETRUSION e =l/n

wotk are fractional parts of tiie corresponding infarior bar
arens. Thus the radial and tangential bars in a radial

plane have one-half the arca of the same interior bar. At
a coine: the tangential bar arca is one-quarter of the same
interior bar. At an axial boundary a distance n A from the

=
origin thc axial bar has an area of = (n — ;/2). This is

5
consistent with the area 4/5 = of the interior var at a dis-
tance nA from the origin since it is considered that the

o ] ] 2 1
area 4/5 n is made up of two pars with areas -‘—(n - -
-

[

5

andi(n + 1/2). From similar reasoning, the area of each
b

axial bar at nA -~ 0 is 1/5.

Having established values for the bar areas andstress-
strain relations, shown diagrammatically in Fige. 5, Gand
7, one ~an proceed to a derivation of the displacement
equations. For a general intecior joint as shown in Fig. 8
forces, stresses, etc., of all bais radiating from joint ¢
are denoted by the leiter or letters of the joint remote from

¢. For exampiv s stands for the srress in bar c-e, or l-'M
E

-

is the force in har c-ne. However, the symbols « ana u

ow -
la
Be
v -~ ®
ow [ ]
o1 ‘
_a

_JL;-

F:g. 8. GENERAL INTERIOR JOINT.

221

—

-

4o



proye

refer to displacementz ar a joint so that = implies the wsz) d ( l) ( Ysw
se -u e (et B U
radiai dis>lacement of ioint se. Consideting then a de- . 2 2 2 = 2
formed framewo1k and using the stress strain relations
detived one can write for the bar stresses w
- . nw)
nw
s "u ~uUu , S =u —u 2
- e c w c w -
In a manuer similar to the above, displacement equa-
S WYL e Sy tions can Le derived for the various boundary joints that
occur in a problem.
u oW o-w To solve a particular procblem one must first sclect the
5 eyt size of the mesh of the framework. Also, for that portion
g 8 of the surface of che solid body subjected to stress a sys-
tem of equivalent force concentrations must Le laced on
! the boundary of the framework. The linear set of displace-
s =u —u A—(w ~w_) {15] ment equations that occur in a particular problem can best
I S be soived by either an iteration or rclaxation procedure.
A discuszion of such procedures or the details as to how
1 a solution of a problem is carried out need not be given
s mu ~u +—~(w -w) here.
ne nES Gl g el G From the derermiration of the joint displacements the
force in each bar can be established by multiplying the
1 appropriate stress equation, Equation {ISI, by its corre-
S =u —u A—(w —~w ) sponding bar area, Equation {14], The average uniform
G R stress components 2¢ cach joint are ther obtained from a
consideration of sections as shown in Figs. 9 and 10,
! That is rfor an axial section the average radial stress at
S =y oeu b—({w —w]j joint ¢ is
nw c nw 2 nw c
RC
The equilibrium of joint ¢, Fig. 7 requires O e
n
1
R +F ~F —-F + (F +F —-F -F }=0 z
9 e w ct H ne se nw sw
16} ?
_ : e & Ry
Zoab —E se—=ff sl F < _j=0 =

\/2_ ne nw se Sw

where Rc and ".( are the component body forces acting at

c. Multiplying the expressions in Fquations {15] by their
appropriate area as given by Fquation [14] and substitue-
ing into Fquations {16] and simplifying, one obrains for
the radial and axial displacement equations of the joint
c,

n R .’) ( 1 w —-w
C n s
U =2 ——e— i +—Ju + -——ju -—
€ 2m 1 A 2/ N 2/ 4
! 1 w w
+=—1Iin 4+ — U 4o v U - 2E
2 2/ \"° 2 €2
1 ] w w
t—n-—)lu -2=,, 2%
2 2 nw 2 sw 2

L
2

5l

Fig. 9. SECTION Z-Z FOR EVALUATION OF RADIAL STRESS.

The tangential stress is

F
At
(17 o
El 7 ! ! w
w o= m—t— 4l +w)+—{n+—Ju _+ 2 From a radial section, the average axial stress is
3nl A 2 2 e 2 given by

o
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To determine the shearing stress at joint ¢ the horizontal
forces above or beluw section R-R in Fig. 9, or the veru-
cal forces to left or right of section 7Z-7 in Fig. 10 are
considered. Thus for joint ¢

where

F_ F F F F
ne nw &G S

2 v SaraE e e [ —

s, - .
T V2 N2 2 2 2

for section R-R, or equally well from section 7-7,

¥ E F_ F
=

ne se

When F and A are raken different from unity it can be
readily shown that all stress components have to be mui-
tiplied by the factor E/A.

The iaitice analogy method of solution developed in
the foregoing work was applied to the problem of the end
vestrained cylinder subjected to compression. The re-
sults of the analysis are discussed in detail and com-
pared with existing solutions.

END TESTRAINED CYLINDER UNDER COMPRESSION

The problem of the cylinder subjected to compression
was first solv=d in a partiai manner by Filon, (5), in 1902
and later by Pickett, (6), in 1944, The solutions in cither
case were not complete. The solution given by Filon did
not satisfy all of the boundary conditions. Piclett was
unable to secure without difficulty the stress distribution
near the outer contact edges of the cylinder ard rigid
blocks. Except for the axial stress a comparison of these

e et e

+wo soluticns showsd large differences betwzen the vai-
ues of the srress components. Because of its engineer-
ing sigrificance 1t was felt that a siudy to check the
foregoing investigations and to dziermines the maximum
values cf the stress compon~snts at the outer edges of
contact was necessary.

Consider a cylinder compressed between rigid rough
end blocks as shown in Fig. 11. The modulus of elas-
ticity of the material is taken as one and Poisson’s ratio
is 1/4, The boundary conditions are:

| 2]

_ Rigid Plate

I V. e Ll L Pl AL :
II L} [
] U
n
|
|

N I S N

1
! |
: n
i
!
l 1

5 &

: s
"'}‘!z;;r—r"!.r.-;.u,,-;-f,.;l
! TP

:h, e — +.____ 3 ——

Fig. 11, END RESTRAINED CYLINDER.

1. No stress across the curved surface, that is,

a =0 at r=3

r =0 at r=3
2. On the end planes at z = 3,
u=0 for all valuesof r

3.u=31 at z=1%3

Condition 1 does not hold at the edges z = * 3, r = 3, At
these edges the radial and shear stress arc discontinuous.
For a framewoik with a mesna paramerer of A = /2 the
component displacements are given in Fig. 12. The stress

distrivurions cemputed from these resules along with a
plot of lines of constant stress are shown in Figs. 13, 4,
15, and 16. A comparison of the stresses obtaired by the
lartice analogy merhod, wirh those of Pickett and Filon is
iliustrated in Fig. 17. It can be :een that the lattice an-
alogy solution is in good agreement with that due to Pick-
ett. Because of difficulties in rthe convergence of the
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Fig. 12, DISPLACEMENTS FOR END-RESTRAINED CYLINDER

u
(4

w
c

STRESS =4 == 0,348

|

I

Bl ——a0- —‘:—.*-3'_“_2:-:1.
—_— :

AS

ll-\“

J

;

l1~\}° '

) & 2 [ [ [ 3
[-v.o0o {- 00 1000 " 1-1.500 ‘=i OMO {-1-900 | 000
| i |
D .9\9L (3] 151} wl .CeY M
- .82 ; 3} -2 -.910 l’-.ew -.BAT .76
! !
) o K| ~ Fa > SRS Y , A
sas s ™ -9 TR308™ -leed  |-.s9a
o
—9 oel o : 2! wAl____.200)
- .56l [SCTY i-.538 £ i'-.sn - . ABe -4
! 1
| : |
_.0 -1 .g)‘}_ V29, L N8 agﬁ 228
-3 ..382 o3y -3 T.yse o Lo
}
o3 A 82 ) .2ed
-, %4 ERTSY i-.s- Lne oM Tley f.ae
i
o -wl 23] ..2,5‘ & 208 .248
& 3 B) S () )
h 8

E=1] ,,=1’4, A= I/2, AVERAGE COMPRESSIVE

_b_ Jlaais

Fig. 13. RATIO OF AXIAL STRESS Oz TO AVERAGE COMPRESSIVE

STRESSES S = - 0.348.

aat

l.asy

series solution for the stresses, Pickett was unable to
establish maximum values for the stresses at the outer
edges of contact. The maximum ratios of axial, radial,
tangential and shear stress to average compressive stress tice analogy method appears to support rthis estimate,
determined by the lattice analogy methed are 1.70, C.(4,
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0.53 and 0.66, respectively. [t was estimaied in (6) that
!

1 - 2u
our case twice the average compressive stress, The lat-

*he maximun value of o, would be less than or, for

Though a finer size mesh was not investigated it is felt
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Fig. 16. RATIO OF SHEARING STRESS 7 TO AVERAGE COMPRES-
SIVE STRESS 0_ = - 0.348 %
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z = 3, AS DETERMINED RY FILON, PICKETT AND BY THE LATTICE
ANALOGY METHOD.

e

—————

———

:
; ._..L U ey ~3 SR
:
i

v - £
~
] B o ! t
° o2 0.4 0.6 °.8 .o o8
le@nt
Songh Bad 3300 — e
Sacoth Bed ok v —— —
Lea——
v
3
50“;__. 4
]
2
-
4
o .. ..

Pey o °.b o Tvo o/

Fig. 18. COMP \RISON OF STRESS COMPONENT RAT!OS ALONG

X2 *3 FOR CYL/NDER COMPRESSED BETWEEN ROUGH AND SMOOTH
RIGID END BLOCKS, COMPUTED BY THE LATTICE ANALOGY
METHOD.

that the maximum values would differ little from those
given.

Since the solution given by Filon satisfied the bound-
aty condition 2 only at r = 3, the shear distribution shown
in Fig. 17 was required. This difference in the boundary
conditions had relatively little effect on the magnitude of
the axial stress, but it macerialiy changed the radial and
tangential stresses.

Tc show the effect of different distributions of shear
stress over the end faces, a cylinder constrainad by rigid
blocks with smooth surfaces was ccnsidered. The bound-
ary conditions are the same ac those of the previous prob-
lem except for the end planes, condition 2 is v =0 at
r = 3 only, and r, =0 for all the vaiues of . A compari-

son of the stress components, at z = 3, with those of the
previous solution is shown in Fig. 18.

The average :.ompressive scress for the cylinder com-
pressed between rough rigid tlocks was 0.348. Based on
his value the modulus of elasticiry as in a standard com-
pression test would be given 1s 1,05. Hence to obtain the
true modulus it is necessar! to correct that obtain=d from
a siandard compression test by the factor 0.953. Using
the Prager-Synge method, Ede!man, {7), obtained a correc-
tion factor of 0.948.

Shown in Fig. 19 is a plet of che ratio of the inteasity
of stress to the slicar moduius. It is interesting to note
that after initial plastic tlow i1 a locaiized region near
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A

the outer edge of contact of the cylinder and tigid block,
a large central portion of the cylinder w501l star( 10 fiow
piastically,
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