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1.

ON SYMMETRIC REINFORCEMENTS OF
CIRCULAR CUTOUTS]'
by
E. Levin2

A slab with a circular cutout is subjected
to stresses in the plane of the slab, The
cutout has removed material which would
have participated in carryini the load,
hence the slab with cutout will fail under
the application of stresses which the com-
plete slab could have cupported. In order
to eliminate at least part of this weaken-
ing, the slab with cutout may be reinforced
by Ehe addition of material about the cut-
out. Such a reinforcement may, of course,
be designed in any shape. The present
paper is concerned with extending the_re-
sults of Welss, Prager, and Hodge [1])3 for
a cylindrical reinforcement to a reinforce-
ment of arbitrary symmetric cross-scction.
In particular, a method will be described
for the determination of a lower bound on
the collapse load for a slab with circular
cutout and a general symmetric reinforce-
ment,

Antroduction.
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Consider a uniform planc rectangular slab with a ccentered
circular cutout of radius ae The cutout is reinforced by addition-
al material extcending to the radius a + b; the cross-section of

the reinforcement is prescribed (Fig. 1), The slab is subjccted

1. The results prcsentcd in this paper were obtained in the
course of rescarch conducted under Contract N7onr-35810
between the Office of Naval Rescarch and Brown University.

2, Graduate Student, University of California, Los Angelcs.

3+ Numbers in square brackets refer to the 3ibliography at the
end of the paper.
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to arbitrary uniform tensions along its outer edges and the inner
edge 1s stress free.

The present paper is concerned with the determination
of a lower bound on those values of the loads which may be cone
sidered sufes In the next section, the physical assumptions made
in discussing the problem will be stated, and a precise mathemati-
cal problem formulateds In particular, a domain of safe loads
will be defined, Section 3 is concerned with the problem of equal
biaxial tensionss The next three sections are concerned with a
reinforcement whose cross-section is symmetric about both axes
through its center and whose boundary in the first quadrant 1s
monotonically non—increasing.* Somec general results are estabe
lished for all symuetric reinforcements by approximating the true
interaction curve by a parabola, It is shown that the cylindrical
reinforcement, which was first solved by Weilss, Prager, and Hodge
[1], appears as a special case. An estimate of the error intro-
duced by the parabolic approximation 1s obtained fpr a quasie
toroidal reinforcement, Limitations and conclusions concerning

the rcsults are prosented in section 7.

2. Statement of the Probilgp.

The analysis will be based on a limit theorem of Drucker,
Greenberg, and Prager [2] which says that a given system of leads
is safe 1f stresses can be found which

1) are in cquiiibrium with the givcn loads, and
2) do nowhorce excced the limits set by the yield criterien,

* Non-symmetric reinforcemonts may bo treated numerically, _The
mathod 1s 1llustrated with a bevellod reinforcoment in tS]

e =SS

B o P

BRI



[

y
}
g

B11-17 3

The slab and the reinforcement are assumed to be of a uniform
perfectly plastic material which satisfies Tresca's yield criter-
ion [3).

Following Weiss, Prager, and Hodge [l1], the reinforced
slab will be regarded as consisting of a uniform part under con-
ditions of plane stress, and a hub which behaves as a curved
beam (Fig. lc). Let the applied tractions on the outer edge of

the slab be xxs and A\_ s, where s 1s the yield strength of the

material in simple te:sion and it is assumed that the applied
loads would be safe if there were no cutouts It follows that in
the uniform part of the slab, the homogeneous state of stress

Oy = SNy oy = sxy, Txy = O satisfles the two conditions of the
Drucker, Greenberg, Prager thcorem, and transmits total loa:ls

of intensities hskx, hsky per unit length to the hub, The prob-
lem, then, 1s to find values of A, xy which lead to a safe stress
distribution in the hub,

It has proviously been shown [1, 4] that the safe states
of loading for the uniform slab without cutout may be represented
by the points on and inside a hexagon, and that any such safe
state can be obtainad from the stress-frec state, the state of

uniaxial tension and the state of biaxial tension, by the follow=

f ing opcrations:
(a) If T, T, 1s a safe load, then =Ty, -T, is also a safe
load,
!
(b) If Tyy T

J "

y y

1 " ] "

pTy + (1 = p)Ty, kT, + (1 - p,)Ty i1s a safe load for

and T;, T, are cach safe loads, then

any 0 £ p< 1.
For tho roinforeced cut slab, the domain of safe loads will be
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defined as the largest hexagon which may be obtalned from the
stress-free, uniaxial, and biaxial states by these operations,
Hence the problem of determining the domain of safe loads is
reduced to the problems of finding lower bounds for A in biaxial
tension (A, = A, = A\) and uniaxial tension (A, = \, Ay = 0)e
The case of biaxial tension is fairly simple and may be treated
for all reinforcements simultanecusly. Uniaxial tension is more
difficult and only symmetric reinforcements will be considered.
For a curved beam the state of stress in any section
is specified by a bending moment M and an axial force N caused
by tenslle stresses, and a shear force caused by shear stresses.
The e-fect of the shear force is negligible for solid cross sec-

tions and will be disregarded in the subsequent analysiss

3. Blaxial Tension.

Consider a cutout slab shown in .fig. 1, and let A be
the total crocs~sectional arca of the hubs In biaxial tension
the hub is subjected to a uniformly distributed radial force of
magnitude hAs per unit len~th of “he circumference of radius
(a + 3)¢ To satisfy the equilibrium requirement, the stress

resultants in the hub must be given by
N=1(a +dhks, M=0 (3.1)

at all cross scctionss Such resultants are furnished by a uni-
form tensile stress of magnitude N/A. From the yield criterion
this stress cannot excced the yield stress s, hence the axial

forco must satisfy
N S_AS. (3.2)
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Combining (3.1) and (3.2) leads to the inequality
N <Ay = A/[n(a +8)]. (3.3)

Hence for the case of biaxial tension any value of N satisfying

Inequality (3.3) furnishes a lower bound.

L, General Symmetric Reinforcement.

The type of reinforcement considered here has the follow-
ing properties:

1) the hub is symmetric about the x and z axes, where the
x axis lies in the plane of the slab and passes through the
center of mazs of the hub and through the center of the cutout,
and the = axis is normal to the slab and also passes through the
center of mass of the hub, and

2) 1n the first quadrant the boundary of the hub, z = f(x),
1s a continuous, single-valued, monotonically non-increasing
function of x (Fig, 2a).

To find limiting combinations of bending moment M and
axial force N which the beam can support, i.e., which do not
violate the yiecld criterion, consider a fully plastic stress
distribution of the type shown in Fig. 2b. Part of the scction
is stressed to the yield 1limit in tension and the rcst in com=-
pressions The absolute values of the bending moment and axial

force for such a strass distribution are

f 272 4 X %
f IN| = |s(2 ' £(x)dx = ! 2 f(x)dx)| = IMSB f(x)dx, (4. 1) |
i J( -4/2 0

¢ :.9/2 F(x) !'( A£(x) p/2

% IMl = [s(2 | xdxd~ - 2 xdxdz)|= |bs | x f(x)dx].

% v VO Js2d0 Jc (%, 2)
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If N/s and M/s are regarded as Cartesian co-ordinates
in a stress-resultant space, then (4.1) and (4,2) define an inter-
action curve in the NM plane. It can be shown that this curve
will be closed and will bound a convex, symmetric region which
will be defined as the gafe regione Any point within the safe
region repregsents a bending moment and an axial force which do
not violate the yield criterion. The boundary of the region is
described parametrically in terms of { and represents the limit-
ing admissible comhinations of bending moment and axial force,

The exact safec reeion is defined hy Eqs, (4.1) and
(4.2), vhich contain integrals of the arbitrary function f(x) and
xf(x)s Therefore, it is not possible to obtain a dircct limiting
rclation betwecen N and M, However, any region which lies vholly
within the safe region will itself consist only of safe stress
resultants, It will be shown that the domain bounded in each
4uadrant by a certain paraholic arc is such a safe approximation.

From symmetry, it is only necessary to consider the

first quadrant, Here

8/2
M/s = L r xf(x)dx, (4.3)
g
&
N/s = L j f(x)dx. (e l4)
0
Define 8/2
My/s = 4 r xf(x)dx, (44 5)
"o
b/2
Ny/s = b f(x)dx, (4 6)
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where M, and No represent the extreme values in the positive M
and N directions respectively. Thus the end pnints of the inter-
action curve in the first quadrant are (0, My/s) and (N,/s,0)
which correspond to { = 0 and §{ = &/2 respectively, The approxi-

mating curve will be taken as the parabola
5 .
MMy = 1 = (¥/N) (4. 7)

which passes through the same endpoints with a horizontal tangent
at N = O,

In order to prove that this curve is an admissible
approximation it is sufficient to show that for any given value
of { between zero and /2, the ordinate M/M, of the approximate
curve never exceeds the ordinate M/My of the interaction curve.

In terms of U, the ordinate of the approximate curve is

) ﬁ) £(x)dx]2
M/MO =1 = (N/No) =]l - /7| » (4. 8)
kr f(x)dx
T Jo
while the ordinate of the interaction curve is
B/2
xf(x)dx
'V(/Mo = . ("”09)

2
xf(x)dx

Thercfore for all 0 < { £ 4/2, it must be shown that

b/2
xf(x)dx jﬁ f(x)dx']2
0

IRVES
g(q) = 275 -1 4+ 575 > 0. (4, 10)
J( xf(x)dx f(x)dx
JO JO

It is eovident rom the definition of the approximate

T o 8
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curve.that g(0) = g(%) = 0, and g'(0) = O. In the appendix it
is shown that g'(%) is equal to or less than zero, and that- the
equation g'({) = 0 has not more than two roots in the closed
interval 0 < { < 8/2, Since g({) 1is continuously differentiable,
it "ollows that in addition to its extremum at { = O, it has
only one relative extremum between zero and d/2, Since the slope
is non-positive at { = 8/2, this extremum must be a maximum.
Thercfore, Inejuality (4.10) is valid, since otherwise g({)
would have a minimum in the interior,

Thus the approximation is safe and the yield condition

for the hub may be aoproximated by
2
|M/M ) <1 - (NN, (4 11)

Under uniaxial tension (Fig. 3) the stress resultants
M and N at any cross section @ of the hub may be computed from
equilibrium considerations to within a redundant bending moment,
X. This statically indeterminate quentity represents the bending
moment at the crocs scetion © = 0 and from equilibrium is seen
to be the only non-vanishing stress resultant therce The stress

resultants arc found to be

i = F sin © = h\s(a+3)sine, (4.12)
ﬁa+b)sin0
M=X+ ’ hs [(a+b/2)sin @-y]dy=X+ % hksa(a+b)sin2?a )
.13
4o
or 2
N/N, = d sin“e, (Lo 14)
MM, =Y + ¢ sin’q, (4. 15)

e n g et g s Mgty £ el S e o a e
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where Y = X/M,, c()\) = hisa(a+d)/2M, > 0, 4(\) = hra(a+d)/N, > 0.
The substitution of Eqs, (4%.14%), (4.15) into the yleld condition
(4s11) leads to

Y +c sin® <1 - d231nh°’ (4 16a)

.Y -c sin®0 <1 - a2sin*e, (4. 16b)

These inequalities must be satisfied for all 0 £ 0 < n/2 :
Let w = sin29. Then (4.16) may be written ;

P(w)

2w s ewsy -l £ 0, (4e 17a)

Qw) =dW° - cw - Y = 1 <O, (4 17b)

Here P and Q represent parabolas concave upwards, hence a necess-
ary and sufficient condition that Inequalities (4,17) hold for
all 0 ¢ w < 1, is that they hold at both end pointss Thus

2.c-1¢¥ (4 19) ?
Yl (o 20)
Y¢1ac-ad (4 21) 3

i

The actual choice of Y is immaterial, provided only
that some Y exists which satisfies all of the above inequalities,
A necessary and sufficient condition that thls be the case is
that each left hand sidec be less than each right hand side,

Thus
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-1¢1, (1 22)

2
«1<1«c=-d", (4. 23)
2-¢c-1<1-c-ad, (L, 24)
2 -c-1¢1. (4, 25)

Since ¢ and 4 are positive, the above inequalities are equivalent

to 2

d“ + ¢ <2, (4. 26)

d < 1. (4.27)

In view of the definition of d, (4.27) leads to
b/2

AW | f(x)dx/h(a +3) = N (4. 28)
where X\, 1s defined in Eq. (3.3).
With the aid of the definitions of d, ¢, and A,, to-
gether with D = LMy/N, (4.26) may be written

FOO =22 4 (2a/DA = A2 < o, (1. 29)

F(\) represents a parabola concave upwards, hence (4.29) will be
satisfied for all N between the two roots of F(A) = O. Since
the smcller root is negative and X is positive, the restriction
on N\ becomes

Aghy = a Y2+ ()P - (), (4, 30)

Thus any value of \ satisfying both (%+.28) and (4.30)
furnishes a lower bound for uniaxial loeding. It follows from

(4.28) and (3.3) that if A\ is safe for uniaxial loading it is

. « P T R R it A . P LT e e e o e A gt 22
L’, . LAl e sl SR
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also safe for biaxial loading. Therefore, the domain of safe

loads is fulls defined by
A < min(hyy Ap), (431)

where A is grven by (3.3) and Xy by (4.30)s In particular it
may recadily b shown that (4,31) 1is equivalent to

NS N if a/D g
(4. 32)

5 Cylindrical Ring Reinforcement.

The results nf the preceding section are readily appli-

cable to the case of a reiniorcement consisting of a hollow
cylindrical ring about the cutout (Fig., 4). The hub cross sec=
tion is now a rectangle and z = f(x) is a constant, H/2, where H

represents the total height of the reinforcement. Hence

Hd

A, = —— (5 1)
17 n(a +8) ?
D= b, (502)
HY
irf 8 ¢4 (5+3)
Sha + 8) 8 <2 >3

A S_g (T—:L(W) {\/1 + 2(b/a)?- IPIL if -g 2_%. (54%)

For a "full strength" rcinforcement of this type,

A =1, and the ring must be so desisned that

11%7.8& if (a/s) < 4, (5. 5)

1 + (»/a)
if & > &, (5.6)
Vi+a/aZ-1 ° s

H/h

"

H/h

JSURTPIEN
. o TR
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? These results coincide with those obtained directly by Weiss,
Prager, and !llodge [1)s The exact agrecment 1s accounted for by
the fact that for this case only the actual safe region in the
stress resultant plane is bounded by an interacting curve which
consists of porabollc arcs. Hence the parabolic approximation

used in section 4, coincides with the true interaction curve.

6. Quagi-toroidal R .

Consider a reinforcement of the type shown in Fig. §
where the boundary of the hub cross section is an arc of a circle,
£(x) = Vr2 = x2, A lower bound may readily be obtained from
Incqualities (4%,28) and (4.30). Further, an upper bound may be
obtained for the error introduced by approximating the true
intcraction curve by a parabolic arc,

It can be shown that the interaction curve in the first

quadrant is given by

3 u=cos 3 4 (w3 V1 - (w3, (6.1)
where u = N/sr2
and v, =3 Wsrd 4 (n/an)’,
1
The appropriate parabolic approximation 1s
2
(v/vy) =1 = (u/ug) (62)
vhere
v = Wsrd = % (v, - (h/2r)3],
; Vg = Mo/sr3 = % (1 - (h/2r)3],
; 2 -1 \/ 2
E u, = No/sr® = 2 [cos™ (h/2r) + (h/2r) \1 - (n/2r) 1.
|
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The curve (6.1) may be plotted in a uvy space. However,
the parabnlic aprroximation as well as the actual position of the
u axis depends upon the ratio h/2r. .To pbtain an estimate of the
error made by using the parabolic aporoximation (6.2), a second
parahola is passed through the points (u = 0, v; =1), (u = x,

v, = 0)s Such a parabola is

vy = 1= (w/m, (6.3)

It can be shown by methods similar to those employed in
section 4 that the limiting parabola (6.3) lies below the approx-
imating parabola (6.2) for all values of h/2r, so that, independ-
ently of the dimensions of the reinforcement, the approximating
parabola must lie between the limiting parabola and the interac-
tion curve., As may be secn from Fig. 6 or Table I the approxima-
tion is a closc ones The dotted curve represents a typical
approximating parabola for the case h/2r = .5,

- At least for this type of reinforcement (and of course
for the cylindrical rings of section 5) the approximation appcars
to be very satisfactory, In view of the rather drastic physical
aprroximntions vhich were introduccd in setting up the problem
in section 2, it appcars cntirely rcasonable to adopt the para-

bolic a proximation to the yield condition.

7« C us I ationg.

The rcsults in scction 4 for a symmetric reinforcement

e G s

provide mcthods for obtaining an apnroximate lower bound on the
collapse loade The principal approximation made was that of ;

treating the hub as a curvod bcam with no shcar. Although this
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has proved successful in the elastic range [6] certain limitations
mst be observed when applying the results, If the maximum
thickness of the hub is much larger than that of the slab, the
question of the carrying capacity arises. If ®a ghe other hand,
the width becomes too large in comparison with the inner radius,
the cntire concept of a curved beam becomes questionables Buck-
ling in compression is not considered and must be treated sep-
arately.

The abovc avproximations tend to predict an optimistic
load capacity, On the other hand, the assumption of pecrfect
plasticity which neglects strain-hardening will make the estimate
conscrvative, Also, thc slab was rcgarded as being in a homo-
geneous statoc of stress and no stress concentrations in the slab
wvere conslidered,

At present thore is insufficient experimental evidence
availlablc to detormine the extent to which these various in-

fluences teoend to cancel,

Appendix.
The diffcrentiation of Eq. (4.10) with respvaect to {
lecads to g
' f(x)dx
- (0 r
g'(y) = /é + 2 ?';22 ] £(%) (A1)
ip xf(x)dx B: f(x)dx)2:
Jd 0 g 0 "
b/2 b/2
g'(ﬁ) T — ‘ xf(x)dx - 5 f(x)dx| . (A2)
MONO LJ
0 (o)

The sign of g'(%) will be the samec as thc sign of the bracketed



B11-17 15

expression since the factor outside the brackets is always
positive. 3y combining the two integrals and performing a change

of variable, t = (x - &/%4), it is found that
o/ 4

2 ''p .

g'(6/2) < LRLDRS 1 e dr(a/h + 0) - 10/ - 0]} ate (43)
Yoo Jo

But throughout the range of intesration f(s/4 + t) < £(6/% - t)

since £ is moaotonicilly non-increasing. Hence the integrand 1s

non=-ncsitive throughout the range of integration and
g'(d/2) < O. (A4)

In fact g'(8/2) = O con hold if and only if f(a/4 + t) = £(d/4 -t)
for all 0 < t < d/4, 1.,e., f({) = c and the hub is a rectangle.
For thls case the interaction curve 1s itself parabolic and

g(g) = 0.

Consider the number of solutions of g'({) = O. Cince

£(%)

LS

O, the problem 1s to determnine the number of solutions of

h(g) = K{ - |f(x)dx = 0, (A9)

.

b/2 v, 2

where K = [ /df(x)dx]d/Q[ il xf(x)dx], The number of distinct
0 40

zeros of h({) may exceed by one the number of sign changcs of 1its

derivative

h'(%) = K - £(Q). (A6)
Since f 1s monotonically non-increasing and £ is constant,
h'(¢) may change si-n only once. Therefore h({) and hence g'(y)
have at most two distinct zeros, 3ut g'(0) = O, thus there is
only one extremum in the interval which must represent a maximum

since g'(d¥/2) . O whenever g({) £ O.
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Table I
\41 su, interactionlu, typical parabolaju, limiting parabola
1.00| 0. 0000 ‘ 0. V000 | 0, 0000
0.95 0.7287 | 0. 7077 | 0. 7025
04 90 | 1.0299 E 1. 0009 E 09935
0,85 1. 2595 ; 1, 2257 | 1,2167
0.80 1.4521 | 1.4154 i 1.4050
0,75, L6211 1. 5824 ‘ 1. 5708
0,70 1.7730 1.7334 L 1.7207
0,65 - 1.9118 | 1. 8724 ; 1, 8586
0,50 20406 2,0016 | 1,936 7
0.55 |, 241606 2,1230 ! 2, 1074
0450 - 2.2735 ¢ 2,2378 | 2,221k
045 2.3801 243471 | 243299
0.40 i 2.4812 i 2.4515 i 2,4335
0,37 ! 24 5775 ; 2. 5515 | 2, 5328
0.30 2.6593 2.6480 ‘ 2.6285
0.25 ' 2.7571 ' 2. 7408 | 2. 7207
0,20 2.8411 2. 8307 i 2. 8099
015 ©  2,9215 2,9178 ; 2. 8964
0.10 29985 eeee- E 2,980}
0,05 3.0720 b emeee ; 3.0621

0,00 | 3.1416 A 3.1416
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