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znguﬁﬁﬁgggnqg_Qgrain-hardéning on the

Deformation of an Annular Slab!

by
P. G, Hodge, Jr.2

A procedure is outlined for obtaining the stresses and
strains in a circular slab with a cutout, subject to uniform
blaxial teision, An arbitrary stress-strain curve in tension
1s approximated by any number of straight line segments. For
blaxial siates of stress the material is assumed to satisfy a
flow law based on the maximum shear stress, and to bé incom-
pressible throughout, The general equations are given and
then simplified by assuming that boundary motions may be neg-
lected 1i:' the strains are small, and that elastic strain com-
ponents may be neglected if the strains are 1arge. For the
case of linear strain-hardening a conplete solwtion is given
in closed form, If the rate of strain-hardenigg is small,

these results may be furtler simplified.

1The results presented in this paper were obtained in the
course of research conducted as a Consultant under Contract
N7onr-35810 between the Office of Naval Research and Brown
University,

2Department of Mathematics, University of California,
Los Angeles, Jun ASME.
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INTRODUCTION
Consider an annular slab of an incompressible material
of uniform thickness Hp, subjected to a uniform biaxial tension
of magnitude EHy A\ on the outer edge (Fig., 1), It is assumed |
that the slab is in a state of generalized plane stress, even
thouzh the thickness may vary as the deformation progresses.
Due to symmetry, the mechanical state of the slab may be spec-
ified in terms of the following four functions of position and
time:
=or(r,t)/E reduced radial stress, | 7]
s=<h(r,t)/E reduced circumferential stress, |
7 (1)
u=u,(r,t) radial displacement,

h=h (r,t) thickness,

wherc E is Young's modulus,
Regardless of the relations between stress and strain,

the slab must satisfy the equation of equilibrium

d - - 2
5r (rhd) - hs = 0, (2)
and the condition of incompressibility
3h = (3)
ragt g? (rhv) = 0O,

Herc v is the particle velocity:

V=1+°ua.
1+3) 5%

S0 long as the load is increasing, the material will be
assumed to be clastic provided that the maximum shearing

stress is less than half the initial yield stress in simple
tension, It may be verified g posteriori that the principal

——— g

stresses satisfy

%g29% 29,80, (4)

] Pe= 2z

so that the material is elastic provided
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f (6,8) = s4<0, (5)

where p is the reduced initial yield stress in simple tension,

If Inequality 5 is valid, then two additional equations are

¢=s/2, ].
(6)
S=6/2. .J/

The plastic domain is characterized by the relations

furnished by Hooke's law:

du/or

eg = wr (Zoe-dr)/2E

S -}J.ZO 9 ézo .
The general form of flow law obtained by Prager and [odge
[1)3 may be written in terms of the redvced principal stress

components

[ af .
el" =F a-a-l, f

and two similar expressions for éz" and 53". Tere él", 52",

§3" are the plastic strain rate components, dl', 65’ 03' are
the reduced stress components, f is the yield function, and F
is a function of stress to be determined from the stress-strain

curve, If f is given as in REq. 5, the stress-strain law becomes

¢ =0, 84" =F 8, (7)

Let the given stress-strain curve be approximated by a series
of straight line segments, (Fiz. 2), and let a, be the inclina-
tion of the kil segment in the strain-reduced stress plane.

In simple tension, the relation between plastic strain rate and

stress rate is then given by

.

REL = cot ap Oy P £ di/E S Bysl s

s Y. W WP .G AP o Gen A s o @

‘Numbers in braclets refer to references collected at the end
of the paper,
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so that Eq. 7 becomes

srll = (\, ée" = cot ak é, “-k S,S Suk‘*l‘

Finally, since thc elastic components of strain rate must
satisfy the differentiated form of Hooke's law, the plastic
stress-strain relations are

€, = 00/0r = 6-5/2,

N S

C b X5 Sy, (8)
eg = u/r = (1l+cot uk)é-6/2,

Equations 2, 3, and 6 or & furnish four equations for the
four unknowns ¢, s, h, and u, At the boundrries, the stresses
must be in equilibriun witﬁ the applied tractions, so that

s(a) = 0, ()
h(d)s(d) = Ho\. (9b)
In addition, all stresses and strains must be contlnuous
throughout the slab, so that if r = Pk is the radius which
divides one gnalytic form of solution from another,

S(p;),

olpy) = olpy)s s(pg)
(10)

-y - +y  du( .- due .+
ulpp) = wpds gipp) = galeg)-

ELASTIC SOLUTION

Since h and u are both unknown, Eqs. 2 and 3 are non-linear,
and at present there does not exist a general solution to the
boundary value nroblem defined in the previous section, However,
as long as the strains are small compared to one, it appears
reasonable to neglect motion of the boundaries and changes of
the thickness h, For a perfectly plastic material[ 2] it is
known that the errors introduced by these approximations are of

order u~0,001,
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Regarding h as constant, ©q. 3 can no longer be satisfied
exactly, and Eqs, 2 and 6 becoire linear., The solution for an
elastic material is readily found to be

—

u = Br + C/r,

. (11)
%}: 2 (B ¥ ¢/3r9)

where B and C are to be determined from the boundary conditions,

For N sufficiently small, the slab will be elastic throughout

and the boundery conditions 9 may both be applied to determine

the constants. Since boundary motions are neglected, the

initial values of a and 4 mav be used., The resulting solution is

Wl A 2-:-5.3.3_102_2/ _:r2!
u/sr 2 1l-ap=/dg

’

¥ = 202
ol _ l+ap</T
s% 575;@ (12)

l-2a

The above solution will be valid so long as Inequality 5 is
satisfied throughout the slab, Since s is a maximum at the
inner boundary, the maximum load for which this is true is

found by setting s(a) = p and solving for A :
Nym= b ou (1-a2/d 2), (13)

For values of \ somewhat larger than \ 1) & plastic ring will
form against the inner boundary. If p denotes the radius bc-
tween the elastic and plastic rezions, then the siab is still
elastic forpgr¢d,. In this region, Eqs. 11 are still valid,
but the boundary condition 9a 1s no longer applicable. 1In

its stead, the condition
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= 2(3+¢/3p2)
Solving this for C

1

s(p) n

must be satisfied. and substituting into

the elastic solution in the form

2
iz

Egqs. 11 one obtains
u/rL
du/or J

.2
=B(133%) 1

N\

i ) (14)
d 2B(1 ¢ ¥ .
hemato; e |

The boundary condition at r = d will be used to determine a

HI\JDI\J

relationship between \ and p , once the constant 3 has becn
determined from the plastic solution.
ELASTIC-PLASTIC SOLUTION-FIRST STAGE

For values of thc applied load slightly greater than A,
the plastic portion of the slab will correspond entirely to
the first plastic sezment AB of the stress-strain curve (Fig.
1), So long as part of the slab is still elastic, the plastic
stress-strain laws (%®qs. 8) may be intcgfated to yield

e, = OU/dr = o-s/2,
(1%)

eg = Wr = (1l+cot a)s-0/2-p cot a.
The constants of integrétion were determined from the fact that
when a given particle first enters the plastic domain, the

strains must be given by Eqs. 6 and s must equal p.

If Mgs. 15 are solved for
results substituted into tho

ing lincar cquation for u is

n-1

uw/r = Xr

au/ar

n¥r

= 20K
6—2 r

n-1

s ande 1in terms of y, and the
equilibrium equation, the result-
rcadily solved to yicld

# Lr0-l 4 d o, (16a)
- nLr-0-1 4 & ,, (16b)
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s = 20°K on-1 , 2n°L pemel o (164)
2-n 2+n

Here n is defined by

n = (l+cot a)=1/2, (17)
and functions of a have been replaced by functions of n
throughout,

The four functions given in the plastic region by Egs, 16
and in the elastic region by Eqs. 14 must be continuous at the
elastic-plastic boundary r = p. Together with Eq. 9a, this
provides five equations to determine the three constants B, ¥,
and L, However, in view of the continuity imnosed in intezrat-
ing the plastic stress-stiain law, two of these equations are
redundant., After some computation it is found that

¥ (1- 1/8 ), ‘t
- 2+ + !
K = & % pl n, i

“2n (18)
. - 2=n l-
L= B f
where
A = (p/ao)t*™ + (p/ag)t R, (19)

The substitution of Eqs. 18 into Eqs. 16 and 14 then yields the
following comﬁiete solution:

Plastic (ag<r<p):

TR uE » 280 (g)bn - 220 <g>1-n:, (20a)

I N T D e )l'f:, (20b)

: ¢ = u[l - 3 (2)l4n - L (5-)1{ ,. (20¢)
s = u{l + 38 yH4n . (2 )1'11: ; (20d)
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Elastic (p<r< d4):

2 2
s ] = by - 2200 (206,6)

:_%= " E _ _.*%./_r_] (20g,h)

Equations 20 give the complete solution in terms of the posi-
tlon of the elastic-~nlastic boundary. The load necessary to
extend the plastic region to a given boundary p is obtained

from the boundary condition, Eq. 9b:

N =0 (dg) = pL - 19 /dO} . (201)

Since the parameter n occurs as an exponent in Tgs. 20, the
preceding solution is not well adapted to computations, For
most real materials n 1s small compared to one, so that it
appears reasonable to approximate the solution ani obtain a
more useful formulation, This may be done by expanding the
solution as power series in n. Since all the quantities are
even functions of n, the following expressions are correct un

\ .

to terms n's

Plastic (ao<r<p)s

a a P
%55“{1 +—9+2-91¢g;

a 2 . 24
+ 32 (340 108 Ey(10e &) -3(142 1og§)<1og£5)]},(21a)

% = % p,{l -2 Ero -n® log %‘-2 [1log % + (log g)z-ﬂog -55)2]};(2113)
o = pJLl -8 . $n2 2 [(log®. )2 ~(log L)L, (21c)
T . T ap 4

s = @ B +n2%9 log%}; (214d)
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Elastic (p<r<do) :

aﬁ%'r} #p.f. - 9.9.(14'3 5 y [1 - — (1og ---)2 ] f (21e,f)
°_L' pJ-l J"’2)[1-»... (log £ )2 ]17; . - (21g,h)
L 29 I‘ 2 ap _'
Load:
A= p.{l- 801 + 2) [1- 1. (1og - } (211)
- 2p do 2

SLASTIC-PLAS™IC SOLUTION-SUCOND STAGE
The solution given by ®gs. 20 (or approximately by Fas. 21)
is valid so long as the following two inequalities are both
satisfied:
P _gdo; s(a)s v (22)

As thé load is increased so that one or the other of these
inequalities 1s violated, a variety of behavior may be ex-
hibited depending unon the dimensions of the slab and the
parameters In the stress-strain curve,

Conslder first the case where these quantities are such that

the second Inequslity 22 1is violated wi:ile the first remains

- valid, and lotp4 be the value of p for which this occurs. To

the approximationsused in Eq, 21d it follows that Pq is given by
m (14n? 1log py/ag) =V, (23)
Since by hypothesis Py is less than dy the parameters of the
problem must satisfy
p (1+n? log do/8p)> V. (24)
The approximate load )‘2 for which this first occurs 1s obtained
by solving Eq. 23 for Pq and svbstituting the result into Eq.
214,
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For velues of \ somewhat greater thanxz the solution in
the slab will consist of three regions. If{ represents the
redius vhere s = v; then for ay < r £ { the material is plastic
corresponding to the segment BC of the stress-strain curve
(Fig, 2)3; for { < r < p the material is plastic corresponding
to AB; end for p {r £ do; the material is elastic, correspond-
ing to OA. For the lestter two regions, the solution is given
by Eqs. 17 and 14, respectively, where the boundary constants
must be detormined anew.,

For the innermost region, tihe stress-strain law Eq. 8 may
again be integrated to yield )

ep = Ou/dr = d-5/2, L
(25)

eg = w/r = (1 4+ cot P)s-6/2 - v (cot P-cot a) - 4 cot a4
As in the previous section, these relations may be solved for
¢ and s and the results substituted into the equilibrium equa-

tion, The resulting equation is readily solved for us

. ) 2
% = pr-l 4+ Qr-i~1 4 3 (p=v) %{::2. x-:;?- + % v, (26)
where
m= (1 + cot B)'l/e. (27)

The constants P, Q, ¥, L, and 3B may now be determined from the
continuity conditions (Tgqs. 10) at { and p, The boundary
condition 9a then determines the rclation betwecen p and ¢,
while Eq. 9b furnishes the value of the load., The computations
and results become quite complicated and arce not reproduced

here,
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Conslder now the other possibility cheracterized by the
reverse of Inequality 24, In %t is casc the slab will become
fully plastic for a load Xé obtained by sctting p equal to 4,
in Eq. 201 or 21i., Thus froa: Fq. 21i,

2
d 2
)\'=p]'1-?_g+ ?..EQ(IO{;_B)A‘. (28)
2 - do 2 (o] 8o _

For valucs of )\ slizhtly greatcr than Xé, Eqs, 16 will be valid
throughout the slab., Thc constants K and I may be determined
directly in terms of the load )\ by substituting Eq. l6¢ into
Egs, @, Whilec the results mav bc obtaincd accurately, it is
somcwhat simpler to introduce the approximate power serics in

n direcctly., After somc computation, thc completc solution is

found to be
Bl 4y (ao/do)pshep
%o r log (do/20) ?
u do/r r ag do r -
& ° ZTog (do/a0) |"F T (1+2 log 7°) + (A=p)(2 log z--1
+ % b H ?7
Ido/r ao d r
= - “p=2 log -2+ (A-p) log .-+
g log (dg7ag ks €3 (A=p ) log ao] [TI (20)

s =9;9M.°)Ef>\-p S
r  log (do/ag) Ho

where only the lcading terms in n2 havc been retainod.

Equations 29 will bc valid until s(a) =v, assuming thot
the strains may still be considered small, On the other hand,
assuming for simplicity that the cntirc stress-strain curve is
approximatecd by th; three scgments in Fig, 2, the solution

obtainecd from Fgs. 27, 17, and 14 1s valid untilp = d For

o.
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slizhtly greater losds in either case, the slah will be plastic
throughout, but will be governed by the portion 3C of the stress-
strain curve for a,<rg {3 and by AB for{ (rg dy. Therefore,
the solution will consist of Eqs. 27 for a, ¢r<{and Bqs, 17
for{  r<d,, with the four constants P, Q, K, and L to be
determined fror: IZqs. 9 and 10,

If a more accurate approximation to the stress-strain curve
i1s desired, the solution may be obtained in similar fashion,
although the resulting computations would become exceedingly
laborious.

FULLY PLASTIC SOLUTION-LARGH STRAINS

The solutions obtained in the preceding sections are valid
only as h may be considered a constant and the boundary dis-
placements neglected., For an incompressible material these
conditions will both be satisfied provided that the strains are
small compared to one throughout the slab., This will generally
be the case so long as any part of the slab is elastie, at
least provided a,/d, is not too small. However, once the slab
is fully plastic, relatively large strains may occur and the
previous solutions would no lonzer be applicable.

Since h can no lonzer be consldered constant, the cquations
to be solved are non-linear, and it is necessary to make some
other simvnlifying assumption to obtain a solution. The elastic
part of the strain remains pronortional to the stress throughout
loading and h:nec con never bseome lerge, Thercfore, if the
totel stralns are large, it aphears reasonable to neglcet entirely

the elastic component end consider the strains as purely plastic,
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This is equivalent to assuming trat Young's modulus is equal to

e Y

infinity, so that thec clestic prrti-n cf the stress-strain
curve in Fig, 2 is replaced by a vertical line, For sin-
plicity ~f cxpositicn it will be assumed that the plastic
portion of the stress-strain curve censists of o single
lincar segnent (Fig. 3) althcugh the methed can be extended
tr nore general curves as in the previcus scctions,

In the casc ~f small defrrmations, it was nct nccessary
to distinguish betweon the Lagrangian (original) and Bulerian
(current) coordinates of a particle., Hnwever, fer the large
strains considercd in the present sccticn such o distincticn
1s ~bligatory. The stress-strain law is a functicn of the
stress and strain of the perticuler particle in questicn,
and hcnece must be cxpressed in terms ~f the original ccor-
dinate r, of a particle ncw at r , Thus, since clastic

strain ratcs arc neglected, Eqs. 8 arc replaced by

.§r=wmr=o, (302a)
g = ¥ =cotad =[(ln®)/n)s. (30b)

The "dot" in Egs. 30 custonarily refers to time. Howcver,
since inertia. "effcets arc not considercd, time may be re-
placed by any convenicent mcnoteonic functicn of time. In the
present casc, the current radius of the inner boundsry is

such a function.h

- . —— - - Y T

uThc validity of this step may be scen by noting that
the ratc at which load is applied will not affcet the sclu-
.tion, Thus, in particular, the lcad mey be epplicd so that
the inner boundary moves outward at a uniforn ratc. Finally,
the unit of time may be chosen so that this ratec is unity.
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Thercefore Eq., 302 states that
3-2-‘— v (r,a) = 0,
While this cquation mey casily bc integretced to cbtain
the veleeity, it 1s mere cenvenient to first transform it
to the Lngrangian coordinate r, o Since the #“time" g occurs

only s o paranmecter,

ﬂ. = MO =0
or arMAr, ’

henece
v _ 9o Uy _ o
T, T, (w0 O
where u(r., a) is the displacement of the particle. The
integral of this oquation‘shews that
u (rq,a) = F(ry) + G(a).
Sincec clastic strains arc negleceted, the displaccnent of all

particles 1is zero ot the c-mmenccement ~f plastic flow, Thus

u (rg,a,) = F(r,) + G(ag) = O

F(ro) can now be cvaluated, the rcesulting displaccncent being
u (rqya) = G(a) - G(ag).

In vicw of the cholce of a time seale, the velcelty cf the

particle initiﬁlly at the inner boundary (and hence alweys

a2t the current inner beoundory) is unity, so thet

Foa) l = G'(a) = 1.
o) = ao ro = ap

Thorefore G(e) = a, and hence

u (ry,a) = a - ag (31a)
independently of Ty e Furthcr the current pesiticn of the
particle initially at r, is

RSP - PR [P
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r(r,a) =r_ +ulr,e) =1+ a-a.. (31b)
Finally, thc veleelty at all peints is
vel, (31e)
The substitution of Eqs. 31 into Eq. 30b yiclds
9 .2 1
da 1-55 r0+a-ao’
hence
2 (32)
5(ryya) ='°f;§ log (rota-aj) + £(ry).
The functicn f (ry) is to be cvaluated fron the continuity
of s at a = a,. However, since therc has been a change of
assumption between the smell strain and large stroain solu-
tions, this continuity cannot bec cxact. The best onc can do
is to evaluatc s(r,,a) so that it is continuous with tho
solutien given by Eq. 20d for p =d,. This leeds, of coursc,
to a rather awkward cxpression for f(r,). Howcver, this ox-
"

pression may be simplificed by ncgleocting terms of order n'.

This leads finally to

—

S=|.|.+n2 log?..o.;;.a.-fg +p.i.a..9.103%9 ’
0 (o) o

a rcsult which could alsc have been obtained dircctly from
Eq. 21d. Finally, since 4 1is very small comparcd to one,
the sccond tern in the cocfficiont of n? may be negleeted in
comparisicn with the first, once the deformation hes progres-

scd, Thus, to within the approximetions considered,

5 =p +n° log %L , (33a)
o]
where r and r, arc related by Eq. 31b., Equation 314 predicts
that s = y throughout thc slab at thc onsct of full plasticity,

Thus physically the gssumptiohs arc cquivclent to negleeting
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the strain-hardenin: which occurs during the elastic-plastic
stage of loading., In an example considered later, this approx-
imation appears to be well justified.

In Eq. 3lc, the functional forn of the velocity v is the
same referred to either the Lagrangian or Eulerian coordinates,
Thus the Eulerian forn of Eq. 3 (incompressibility equation) may

be retained:

3 ) =
"a"‘a" (I‘h) "' -5~r' (I‘h) = O,

where h is a function of r and a. The solution of this equation

satlisfying the condition h = H, when a = a, is
h = (1-28%) 5, =Iop, (33b)

This result could also have been predicted directly &s follows,
For velocity constant, the thickness Ar of a narrow ring will
remain constant, hence by incompressibility the volume 2mr h (A )
must also remain constant at all times a.

The radigl stress 1s then determined by integrating the
equilibrium equation (ilq.2) with respect to the Eulerian co-
ordinate r:

r

d=-ﬁ:‘fa hs dr

r .
= & m .1.';9.+n2£.9.10g£9-]dr
ro\ a T r r

W
B T1-0 2o 90 o
= T [ r-a-(a-a,) log-a] r°Ja - log = dr. (33¢)
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In the above integrations, ro is defined as a function of r by
Eq. 31b. Finally, the load necessary to enlarge the inner radius
from a, to any value a is obtained from Eq. 9b:

A (a) = h (4,a) ¢ (d,a)/H,

= !, l-?'.- a-89 lo 2
po{ 2 (d) ga]

- Eijd Zo log To dr,
dig r r
where the current outer radius 4 is given by
d =dy + 8 = 8g.
For a perfectly plastic material [2], it was found that
the locad N decreased as thelfully pPlastic deformation proceeded,
so that the maximum load wiich the slab could support was achieved
Just as the elastic ring disappeared. For a material with infin-
ite strain-hardening, on the other hand, the load could increase
indefinitely above the fully plastic value. The question natural-
ly arises as to the rate of strain-hardening which separates these
two types of behavior. In other vords, waat is the minimun strain-
hardening rate for which the initial fully-plastic configuration
i1s stable?®
Since A is[given as a function of a by Eq. 33d, this ques-
tion is easily answered bv differentiating N with respect to a,
setting a = agy, and observing the sign of the derivative, If it
is positive, then an increese in radius must be accompanied by
an increase in load. Afier some computation, it is seen that the

derivative at ap is positive if and onlv if

n? s, 1= 80/do + log (do/ag) (34)
log dy/a,
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' Equation 34 states the condition that the fully plastic solu-
tion be initally stable. As the deformation progresses, however,
it follows from Eq, 33b that the thickness at the outer edge grows
less, so that the same load produces a higher true stress. There-
fore, for any finite rate of strain-hardening, the actual load
which the slab can support will decrease after the deformation has
proceeded sufficiently far., The value of a for which this is the
case can be foynd by equating d\/da to zero and solving for a.
Although this cannot be done in closed form, the maximum value of

A can be found numerically for any given values of the parameters.
EXAMPLE -PERFECTLY PLASTIC MATERIAL

A perfectly plastic material is characterized by a zero rate
of strain-hardening, 1i.e., by a = O. Therefore, the complete _
£ ~solution for a perfectly plastic material would consist of three
stages: fully elastic, elastic-plastic, and fully plastic. The
elastlc solution is still given by Eqs. 12, while in view of Eq. 17

the other two solutions are obtained by setting n=o in Egs. 21, 31,

and 33 respectively: ! .\“s

Elastic-plastic solution for ag < r £ P13 ] ¢
wr s 4 [14+ay/r+2 (a,/r) log (p/r)],

du/br = } p (1-2 a /r),

=u (l-ag/r), s = pu3 > (35)
Elastic-plastic solution for p {r < 4.3

Ou/ﬁr} Yl - ‘Q ‘;%

R A2l
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Blestic-nlastic load:s

= - Bo o
A p [ 1 55 S’oﬂ!do 1

Fully plestic scluticns

uw/r = (a-a,)/r, sw/dr = 0, h = [ 1- (a-24)/r ] H,,

5 - P = 0 = (a-an) icz (l/C) g = B ’ f (35)
T-«a 4 8aq ’

>
]

p [1-a,/4, -(a/do-ac/do)log<[(do+a-ao)/a:} Irs

(1 + a/dy - 80/dy).

In a previous paper [ 27, pho cuthor obtained the
conplete perfeetly plsstic soluticn directly by a perturba-
tion uethod. It moy rcadily be verified that the first term
of coch quantity in the perturbotion procedurc ngrecs preciscly
with Rgs. 3“.5 In the discussicon following the presentation
of [ 2] at the 1952 Annur 1l Meeting of A.S.M,3. (New York, H.Y.,
Dce. 2; 1952), the question was raised as to whether or not
the pc?foctly plestic sclution truly rcepresented a liniting
casc of a strain-hardening soluticni the present example shows

that for the problen considered it dres indced.

G B O G O Wml a8 o - S

STho clastic-plestic soluticn is given by Egs. 32 of
[2], and the fully pl~stic by Egs. 3° thrcugh 46, Noto

that the dinmensionloss stressos therce were defined by divid-
ing by twicce the shear modulusg 2G, rather then Yeung's nodulus
£y and that p was defined by ¥/2G., Sineec T = 3G for un in-
compressible materiel, the results may be ersily converted.
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XAMPLE -STRAIN-IARDENING MATERIAL6

Some results have been worked cut for the follcwing
numcrical datas
p = 0,005, n? = 0,05, a /4, = 1/3.

The plastic part of the stress-strain curve has becon approx-
imated by o single linear segment, Figurc 4 shows the load,
circumferontial strein u(ay)a, of the inner boundary, and
rcducod circumfercential stress s(ao) at the inner bcundary,
all =s functicns of the radius of the clastic-plastic boundary
for the clastic-plastic solutiern given by Eqs. 21. The meximun
strain, when the sleb first beeones fully plastie is scen te be
groater than onc per cent., Since this strain can be shown to
incrcesce rapidly with further incrcase in load, the fully
plastic solution for small strains given by Eqs. 29 dnes not
appear to be applicable for the present cxanple, Thercfore,
in Fig. 5 the 1load, meximun stress, ond maximum strain are
plotted as functicns of the radius of the inner boundary
according tc Bqs. 31 and 33 for the fully plastic slab,: It
will be obscerved thet wrile thé slab becomes fully plastie fer
A\ = 0,0034,i con support a lrad N = 0,0085 with sufficicnt
plastic def-rmaticn, This is in merked contrast to the por-
fcetly plastic slab which, in the present cxamplce, becomes
fully plastic for N\ = 0,0033 and can support no greater loerd,

6
The author wishes to thank Mr. R.K, Froyd feor his
assistance with the cemputations of the present section,
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Figurc 6 1s derived frrm Figs, 4 and 5 and shows the
circumforential stress and strain, rospectively, at the
innor boundary as functions of the locad for the clastic,
clastic-plestic, and fully plastic scluticns. The discon-
tinuity between the last two scetions of the curve in each
casc 1s duc to the chenge of assumptions between the two
solutions., It 1s secn to be snall in coupariscn with the

cthor quantitics invelved.
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’uo 1. Dimensions of Slad.
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Pig. 3. BStress-Strain Curve for Large Strains.
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s Pully plastic load and
sircunfercntial stress
snd strain as functions
of the inner redius
(ae/d, = 1/3).
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