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• Thin report  *Wes th«  results of a  theoretical ar.d e^perijaental 

investigate of the properties of a shielded helix when used as a trans- 

suasion line.     Such a structure la dispersive and because of the presence 

ff of both TJC ant' TE eodes it cannot te s*ia to hare a true characteristic 

£   • isipedar.fc*.    However, such an impedance is defined in tertai; of a distributed 
• 
| capacitance and iniiuctar.ee.    These paraneters, the capacitance and the 

&     £ Inductance,  are deterrdned for the case of  infinite wave length  for round 

*     I wire helices.    The equations art' developed for a unlfora dielectric inaioe 

$ the shield and for two dielectrics, one inside the holix and the other 

between  the helix and shield.     These analytic  result*  are   shown to agree 

5 very well with the experi«ent-ii results obtained by the  authur ana by other 

Investigators. 

As a eSeek, an atteapt is made to solve the wave equation for a 

taps helix, the tape being as sussed to be anlsotropic to the extent that it 

ft can conduct onl/ in the helix direction.    The results of this work show j 

that the phase velocity varies as the frequency varies.    In addition, this i 

work shows the pnase velocity and characteristic iopedance of a p.srrow tape 

helix 'caper* very favorably w'.th these »<»s» properties of a wire helix, the 

wire dlsjseter being equal tc the tape width. 
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Chapter I. 

Introduction 
I 

A  brief description is given herein of the various asoects of the 

problem of th* shielded helical tranafissior. Line,   followed by a discussion 

of the theoretical *r.d experimental results <*nJ.ch nave been presented else- 

where.    This  is followed fay a discussion of th-.- results of the present 

investigation. 

1-1.   The Helical TraAgra,»slon Llae Problem 

Helical structures have long been used in various  ways as electro- 

magnetic devices.    In particular, they occur in the windings  o! cor* type 

tr»naformars,  vi^ec delay lines, traveling wave tubes and as antenna structures, 

As a result of the interest in this structure, numerous reports have appeared 

describing the efforts tads to analyze and measure the properties of a helix 

used as an electromagnetic device. 

A helical structure can take many feme.    Sane of these ere: a 

n 

< > 

r * 

if 

helix of infinite extent existing in an unbounded uniform medium) a helix of 

Infinite extent in which the sodium Inside the helix radius is different from 

that outsiue; a shielded helix with either a uniform medium inside tne snield 

or as in the previous situation, two media present.    The greatest effort has 

been confined, in the past, to ths first one of these forms, namely, the in* 

finite helix in ar. unbounded uniform medium.    The problem, in this case, is 

one of finding those solutions of the homogeneous Maxwell exnwtions which 

aatiefy the boundary conditions at the Bells and at infinity.    From these 

solution*, the various modes of operation of the helix can **• evaluated. 

In the case of a  afcieided helical trsii«ml»«lrjn line; tJ»» problem Is 

one of fl~ii:ie ib-jse "»ol<»tion» of the homee;-r.e:rtis Maxwell equations which 

sails f* th» so^evdAry renditions at th* hell* and at ths shield.    When used as 

-»*•» • .*«:•*•   *•--• J3f  
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• *.r-ir\tmi.»*!'»-. ii.-;^  *r-~ greatest   Latereat  ii csnter&d upon *.he rh."..'-ec»-rustic 

imperfir*;* -^r.d chase constant of the helical lirie.    Strictly speairir.g, the 

iHpe^jnce concept Is not a correct one when applied tr> a helical transmission 

line,  aince the wares present ai-e a aixture of both transverse svagnetic and 

transverse electric Wk.-v**,>    Any impedances so developed apply only to rela- 

tively low frequencies,  and they completely break down at a freouertcy where 

the circumference of the helix ie   *<^jal to about one to two wave lengths. 

Beyond this frequency,  the helix operates in many different modes,  each with 

its own phase velocity.     It has also been shown J" that '• f the wave length is 

leas than twice the pitch, no free ooaea of any sort can exist on a helix 

iesersed in an unbounded unifora medium.    This probably applies also to the 

shielded helix if the shield is not too close to the helix 

1-2.    Previous Work 

as has been noted above, moat of the work done on the helix concerned 

a helix iareersed in an unbounded unifora medium.    Very little has been done 

with regard to the shielded helix used as a transmission line.    These analyses 

whether on the shielded or unshielded helix can,  in general, be classified 

into four cl%ssifications.    Theee are the infinitesimally thin wire approxi- 

mation,  the exact approach,  the sheath or butt helix approximation,  and the 

various approximations to a round wire or narrow tap* helix.    These various 

helices  «r«  illustrated  in Figure 1.     In the thin wire approximation,   it  is 

assumed that the current flows along a line helix aj>J that the electric 

field In the helix direction i» aero along this line.    Such an approach 

inevitably le»ds to a phase velocity in the helix direction «qv«al to the 

11 - Superscript numbers  refer to the Bibliography and references at the end 
of this report. 
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vixocity of it«.t.     Sires vai s wjrk will show that tne wire dimensions r>ave 

A significant  effect  jpor. the phass velocity, such a aodel is unsuitable. 

Furthermore, the cnaracteristic impedance of such a shielded 15ne helix is 

infinite. 

The exact approach was used by Nicholson.      He used a coordinate 

system which deacrited the surface of a helical wire and derived the  fore of 

Maxwell's equations  in that systea.    His results are of doubtful validity 

sine* he assumed his  coordinate systea to be orthogonal,  which it  is not, as 

shown by Bagbjr*0.    Furthermore, he assumed rather than determined the phase 

velocity,     An exact approach  >f this sort in which a helical coordinate 

system is used offers    "o advantages in the c*se of a shielded helix since, 

ic this  case.,   the shield does not  form a coordinate surface.    As an ndded 

complication, Maxwell's equations in such a coordinate system cannot be solved by 

known method* end an approximate solution sust be found.    Ser.siper      also used 

an exact, approach  for a tape helix and  fo:m>J that the propagation constant 

was determined by an infinite determinant*! transcendental equation.    He 

abandoned this method in favor of an approximate approach. 

Various authors   '     '      have studied the propagation of electro- 

magnetic  eaves on shielded end unshielded helices by asetmung the helix to be 

replaced by an aaisotroplc conducting sneet which could conduct in the helix 

direction only.    Such a sheet actually forms a butt wound helix.    By its very 

nature, such a model is not a satisfactory approximation to a wire or narrow 

tape helix except in cases where the he) ix pitch is so small that the turns 

butt together.    The main feature of attraction which the butt tape model 

presents is the fact that it cm be solved exactly. 

The approximation to sr. actual s«ire hslix wee used by duchhols 

in obtaining tne inductance of • twin helical line inside a shielding sheath. 

He used an integral ecuation approach to find the vector potential caused 

I 
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by axyeal and opposite direct cnrrnti flowing ir. t«t> parallel helices.    From 

this, he determined the flux linkages «dtn an actual round wire from which 

followed the inductance. 

Secalpar       very completely analysed tM various modes with which 

4 thin tape unahielr'ed helix car propagate electromagnetic waves.    Bis approxi- 

mation consisted of satisfying too boundary condition with regard to the 

electric field ott the center line of the tape only,   and satisfying the boundary 

conditions with regard to the magnetic field over the entir« tape surface.    In 

order to satisfy the latter condition, he assumed a uniform distribution of 

current density across the tape.    However, he did not consider the effect of 

a shield cr the effect of two different dielectric nedia, one inslds the 

helix and one   external to it. 

?i«nif> carried forward a similar analysis in attempting to etaluate 

the effect of dielectric aaterlal outside the helix.    His results were intended 

for application to traveling wave tubes, and be assumed the phase velocity teas 

that for a butted tape helix. 

Various authors carried on experimental work on helices.    Only those 

whose work concerned shielded helices at low frmquenci** are diecusssd in 

Chapter HI on experimental results. 

This section is not intended as a detailed review of all the perti- 

nent literature.    However, the references mentioned will serve as a guids to 

still other work on the helix in general. 

Izln   BfffsTt 2i &» SXUtt. mttgflssWsmt&sm 

This investigation treats the shielded helix as a distributed 

circuit transmission line.    The inductance and capacitance parameter* arm de- 

rived for a cfuaai-rouad wire helix for infinite wave length.    While these 

parameters have real meaning for direct current only, they should prove useful 
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up to fairly nigh  freouencie* as  is shown later by the work on the butted 

i*pe helix.    T>v»*e indue lance and capacitar.ee parameters are used to derive 

expressions Tor the characteristic ixtpedance and phase velocity of a 

shielded helix. 

The *Tt equaticc is Delved for a thin tape and the low freouency 

characteristic ispedanr.e and phase velocity are derived.    These are show 

to agree closely with  thoee obtained froa the distributed inductance and 

capacitance parameters for a round wire. 

The results of the analytical work are coopared with experimental 

results obtained by this author  and others,  and shown to agree very closely. 
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Chapter II. 

Analytical Results 

Because of complexity involved in the development of the trans- 

mission line parameters, these derivations have been placed in two Appendices. 

These are Appendices B nod C.    In this section, a brief description --ill be 

given of the ««c.hodB used to develop the expressions for the transmission 

line parameters along with the final results.    This will be followed by 

an application of these results to the problem of determining the characteristic 

iapedar.ce of the helical transmission line and also its phase velocity.    These 

results are compared in Chapter III with experimental results performed by 

this author end other investigators. 

The results of a wave equation solution are also presented for 

helical taps*, the solutions being derived for a butted tape helix and for 
tape 

a very oarrow|hsliz.    It is shown also that the phase velocity is a function 

of frequency. 

Finally there is a brief discussion of the losses in the wire 

and  sheath. 

Two of the parameters with which the behavior of a transmission 

line can ce described are the distributed capacitance in, say, farads 

per meter of line length and the distributed inducti-nce in, say, henries pmr 

aster of line le««rto.    Since the i.-wnsdesicn  .ine of this report consists 

of s helix formed of rouse wire surrounded by a perfectly conducting sheath, 

there are two possible definitions of line length.    The first of these 

sight be -se-sured in the axial  direction.      The second aigfit be aeasured 

in the helix direction.      Since the propagation of energy along such a line 
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it actually i-« the axial dir«ction; tha [on*? definition of u.r.e length 

is preferred.    The capacitance and Inductance parmmeterc Are developed 

per meter in Use helix direction and then written in terms of lice length 

in the axial direction. 

II-l.    The Distributed Capacjtar.ee 

(a) 1.^6(.riptIon of che Helix 

The transiaisslon line Kith which this  report is concerned con- 

sist* of a helix of roufcd *.irc foneed by winding it upon a supporting 

tube or rod cf dielectric anteriai.    The return conductor consists of a 

conducting sheath vhlch is outside the helix and coaxial with the axis 

of the halix.    The space between the helix and the sheath nay be free space 

or nay be filled with acme dielectric such as oil, polystyrene, etc.    For 

the purposes of determining the capacitance per unit length, the transmission 

line is assisted to be infinitely long. 

(b) formulation o£ the Problem 

In Appendix B a rather complete formulation of the proiAem of 

the capacitance la presented.    It  «dil suffice here to present some of 

the sore salient  features of the darivation.    The method of approach used 

it to divre^arJ the actual boundary at the surface of the wire and to re- 

place it with a boundary that closely approximates the surface of the wire. 

The necessity for doing this lies in the intractability of Laplace's equation 

•hen written in a coordinate *ystee which *ill describe the surface of 

the helical wire,    FurtnerRore, any such coordinat.c systen woulfl not contain 

the *he«tfc *j er.e of it; coordinate surfaces. 

1 
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Laplace's equation  is solved in * circular cylindrical coordinate 

syates.    A potential function is thai derived which satisfies Laplace's 

equation and which also satisfies certain boundary conditions.    These boundary 

conditions are:      that the potential at the sheath is sero and that ;.hc 

discontinuity in tbe radial eosjponent of the displacement rector, at the helix 

radius, be equal to tbe surface charge density on a very narrow tape helix. 

ur.tr. the width of tftis tape is  allowed to approach sero, the tape helix 

degenerates into a line helix of infinitesimal cross section having a uniform 

charge of   Qj     coulomb* p%r neter in the helix direction.     The potential 

function so derived approaches infinity as one approaches ih« line helix. 

Considering only a region in the immediate vicinity of the 

line, the equlpotential surfaces aro very close to right circular cylinders 

formed into the shape of a helix.    This is the case since, «s the line 

charge is approaebed very closely, the helical line appears to approach an 

infinitely long straight line of charge and it is known that the equl- 

potential surfaces around such a line of charge are right circular cylinders. 

One of these equlpotentiml surfaces is chosen ^» the surface of the wire. 

Although such a surface does not coincide with the actual wire surface, 

the agreement between it and the wire for very eiaell wires la sufficiently 

close for practical, applications.    The potential of this equl potential 

surface when divided by the charge in coulombs per neter yields the reciprocal 

4f tee dietributed capacitance. 

(e)    Ihj. Analytical Results 

The procedta'e outline ir. section "I-l(b) is carried out in detail 

in Appendix B.    The results of tnis  work are given on the next pegs in 

several fcrma, 

i 
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or, 

—JBwi — * 

L^4-asftS8WfcM,4wg 
(2) 

where C is the capacitance per seter in the helix direction and Ca is the 

capacitance per aeter in the axial direction.    The Ia and a, functions are 

modified Beaael functions of order • and of the first and second Idnds, 

respectively.    Their properties are discussed briefly in Appendix A.    The 

other distensions are defined in Figures 2 end 3.    Any consistent a?*tea of 

length units e*j be used since all lengths enter as diaenaionlesa ratios. 

The permitiritiee   £;  and   €2 are those of regions 1 and 2 defined in Figure 

3.    MomsUy   €>    is greater than   6»   , but in the case where they are 

equal,  (2) reduces to 

f. 
5??HLo** r (3) 

If the NUz Fit«h   T   i« sufficiently ssimll,   -he summation tc the pair of 

brackets c«r. te replied 07 1 deed form,    A complete discussion of this 
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ia civer. In appendix B~H.    For this case,  (2) becomes, 

12 

2trct U^-^^I^S*^], U) 

Figure 4 shows approximately the ran^e of    -W-    for which  (i») 

can be used «d still b« within a specified percentage of (3).    This 

figure actually shows the error to be expected in the characteristic impedance 

resulting from the use of {k) and a similar expression for inductance.    Since 

the capeclt&nco, inductance and impedance expressions are v«ry similar,  the 

curre* in figure 4       give a good indication of the ranges of helix dimensions 

for *iich (4) is applicable. 

If an the other hand the helix pitch  V   approaches infinity, the 

inner conductor becceiee a straight wire parallel to the axle and displaced 

froe it by a distance i1.    Within the radius R^ the permittivity is   6,   , 

and between &\ and R2 it is    £*   .    For wj long pitches the capacitance 

becomes approxlaately 

1-116) 
m 

IKll i-fc*XftTI 
(5) 

For the case in which    c*# this bee 
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CM ik\ ̂ %+> Mtr 
m*i 

Cost 
ro 

(6) 

This can be written in closed form by applying fomul. 418 on page 85 of 

reference U).    Upon doing this , 

-L--L 5 
c* 211*1 ^ft+i-1"* i-^fr*ftf" 

2(l-o»t) 
(7) 

For very —11 3.3 coopered with unity, this bee cases, 

-mtj «-**K)' (•) 

The exact expression for the capacitance between two parallel 

cylinder* which ere not coaxial is riven in reference (18) page 76.    \ho 

capacitance there derived, in the notation of this •uthor.r.e. 

i - ik Co»h' JIH-*KV (9) 
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This «xjre««icn will approacr. (3)  «s I   ^y^Rx)  o*000*8 Ter7 <n>U<    Depend- 

ing upon the range of  applicability,  my one of the capacitances presented 

above e*7 be \i*ed with the induct:ince per meter to arrive at a characteristic 

I impedance and phase velocity for the- transmission line.    Since tftis report 

is concerned mainly with characteristic impedance and phase velocity, no 

• calculations of capacitance as such were made.    In the sections on impedance 

^ and phase velocity,  the above expressions were used, where applicable, to 

determine a family of impedance   *nd phase velocity curves. 

i II-2,    T& ZiftriWtf* Inductance. 

(a) yorg'ilatiar. of the Probles 

In Appendix C, a rather complete formulation of the problem of the 

f distributed Inductance is given.    It will suffice here to present some of the 

more salient feature* of the derivaUa. which appear in Appendix C.    As in 

g tarn case of the capacitance, the actual wire is not used to form the boundary 

of the helix.    Instead, a different surface which closely approximates the 

IB actual wire i» used in place of the wire.    It is shown in Appendix C that the 

V inductance of the helix can be arrived at by knowing completely the vector 

1    " potential in the region surrounding the helix.    This inductance neglects 

any internal flux in the wire.    This assumption \* based upon the fact that 

at the frequencies at which this structure is used, the current in the wire 

will be confined to the surface of the wire.    TMs vector potential is 

arrived «t by solving in cylindrical coordinate* what might be called the 

vector equivalent of Laplace's equaMon, alon* with the requirement that 

1 the liv**rgerce of the vector potential be sere.    These two equations, 

which •**'  be eatisfled In u\s sagr.siestatie caae, ar«, 

I 

I 
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Where * 1«< the vector potential in the current free region surrounding the 

helix.    This  rector potential and the magnetic field which can be derived 

from it *ust satisfy certain boundary ^<""odition8.    The aosc important of 

these is, that the magnetic field outside the sheath be :ero and that the 

discontinuity in the tangential component of the H vector at tne helix radius 

K^ be numerically equal to the current density in a very narrow tape helix 

at R^.    When the width of the tape is allowed to approach zero,  the tape 

degenerates into a line helix of infinitesimal cross section carrying a 

current of X amperes.    The vector potential so derived approaches infinity 

as one approaches the helical line.    If one approaches the line sufficiently 

close, the distance between the line r.ad (.he observer becomes small compared 

with the radius of curvature of the lice.    In this caB« the helical line 

may be approximated by an infinite straight line carrying current.    The 

surfaces of equl-vector-potential which surround such a straight line of 

corrmnt  are know: to be right circular cylinders.    A round wire carrying 

current in which the current density in th« wire is a function of the radius 

only, has ecui-vector-potential surfaces which are right circular cylinders. 

In feet the wire  surface itself is an equi-vector-potential surface.    There- 

fore,  ae an approximation, on« of the equi-vector-pctential surfaces which 

•urrourri* the lino helix is used as the surface of the wire.    This approxl- 

=->tion af: roaehr* perfection &s the wlr« radius approaches sero.    a* is 

shown in appendix C. the magnitude of the vector pct«otl«l la the helix 

direction »t the wire ^ur^ece whan cultiplied cy (/V^L ) yields the in- 

ductance pme ««ter in tr.e helix direction.    In this report  fj9     is the permea- 

bility "f  frm* *pace «jt!.re«i«i in retiotiaXlaed K^K.S.   uni'.s. 

I 
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! ? 1 (b) The. Analytical gesults 

T T»e procedure cutiirjea in section ll-2(a) is carried out in detail 
i i in Appendix C.    The results of this wurk are given fadiov in several forms. 

1 

L. ^^kiyty^.^ 

where   L    is the inductance In h«nri*e per meter in tne helix direction. 

The other <lixsensior.s are defined in Figure 2.    Any consistent system of 

length say be  ised since all lengths enter as dlmensionless ratios.    The 

prises on the Bessel functions denote differentiation with respect to the 

argument (   \yp   ).    It  L.g   is used to denote the inductance per meter in 

the axial direction,  (12) becomes 

L.' w^fw-*)****^ 
£_\l 1-^S^^^ '»' 

If the helix pitch is sufficiently small,  the IJMUUW in toe brackets 

can be replaced by a closed form*    A complete    discussion of trie is given 

in Appendix C~o.    For this  case (13;  become*, 
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L.-ZTTM. £•)' frf ?)+ **v [HI: - A^ H^-| (14) 

Figure u shows the range of   ~r   for wnieh (li»)  can be used with reasonable 

accuracy.    Although thie figure is  strictly applicable to the characteristic 

lnpedance, it Is sufficiently accurate to indicate for what ranxe of 

good results can be expected frees (lit). 

For a very close wound helix of snail wire, the second tern within 

the bracket becowes negligible and tue above expression reduces to, 

L, - u^(t- i) (15) 

This enecas previously derived results for Tery close woux>- helices in 

shielding cans.    (See reference (19% 

On the other tend,if the pitch of the helix bee ones very large it 

approaches a straight 'ilre parallel to the axis of the sheath and displaced 

fron the axis by « d***""^re of R^.    Hence for s ?ery ion* pitch the induct- 

ance becctes approximately, 

n- 
m« i 

(16) 
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This can be expressed in closed fom by applying formile uld on pare 85 of 

reference («»).    Upon doing tnis, 

— / £(i-a>s£) j (17) 

For very smaU   -=-   as coopered with unity, this becoaee, 
Ki 

•n* 

J 

(u) 

r 
I! 
i 
i 
i 
! 

Il 

•hen this expression is used along *ith (8) to compute the 

characteristic impedance of this degenerate helix (f = o*> ), there results 

.21 an expression which is in agreement with the accepted     ispedance for this 

structure.    This validates equation (14) for the case of infinitely long 

pitch. 

The expressions in this section for the inductance and In the 

previous section for the capacitance are based upon very small wire radii. 

However, if the pitch of the helix beooees of the same order of magnitude 

as the wire diameter, the wire radius,twills still very raU coopered to 

tj^can hardly be said to he small compared with the pitch.    In this ease 

the equipotential surfaces do not satisfactorily approximate the surface 

of the wire.    This difficulty is vitiated by noting that for very small 

pitches all terms tut the first «ithin tae braces of equation (13) become 

negligibly small.    Since the first term is independent of the wire diameter 

it say te condoled tnat for very close wound email wire helices the die- 

vrituied inductance is  i.iieper.uer.*.  of the wire shape.    The saate afty alao 

i 
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be said to be tr;e of the 2istrit"«Jtad capacitance. 

Depending uj>e«n the ranre cf arpiir-ibillty,  any ore cf the above 

inductances n; be used with the appropriately choaen capacitance to arrive 

at a characteristic icpesl.ar.ee and phase velocity fcr the transmission line. 

Since this report is  concerned -aainly with the characteristic impedance and 

phase velocity of a helical transmission line, no calculations of inductance 

ae such were mad*.    In the section on impedance and phase velocity, the above 

expressions were used where applicable to determine a  family  of Impedance 

and phase velocity curves. 

11-),    Characteristic Imge»l*nce ajjd Phase Velocity 

(a) Definitions 

When a distributed circuit transmission line which has an inductance 

l_£    per unit  length and a capacitance     Cg   per unit length is studied, it 

U found that it can sustain traveling waves of current and voltage.     la the 

absence of  losses, it is found that these w«ves travel unattenuated with 3 

velocity  r/e    which is independent of frequency.    At any point the ratio of 

voltage to current it also a constant   Z.Q   «hlch is  independent of frequency. 

These two constants,  the phase velocity and characteristic impedance are re- 

lated to the  inductance And  capacitance parameters as  follow; 

i 

is 
i i 

*-£ (20) 

The  inductance «r.£ capacitance para»«trr»  were derived   .pon UJ* *»oumptlon 



i 

^ of Snfiitite wave length.    Consequently these constants h*ee aeenlng only 

so long as i.he ware length is quite long compared xith the pitch of the 

helix.    The basis for tnls assertion is the fact that the Mutual effect of 

the turns of the helix upon any one given turn become smaller as the distance 

between then increases.    Therefore, it Is the turns closest a given ons that 

ftevw the greatest effect upon its inductance and capacitance.    If the wave 

length is long, the turns in tne vicinity of any ons given turn are 

essentially at constant potential tod carry essentially constant current and 

the above parameters have real meaning. 

In appendix 0 an attempt is made to solve the wave equation in order 

tc find the phase velocity.    Intractable difficulties are encountered in 

trying to satisfy the boundary conditions.    However, a helix is studied for 

whleh the were equation can be solved approximately ssd although this helix 

is sot a very good nodal for a wire helix, its behavior shade some light on 

the rang* of applicability of the above parameters with respect to frequency. 

This will be discussed L*i a later ssction. 

(b) The 9barac*or*sYlc JnsSUSJ 

By using (2) and (13) in (20) one obtains for the characteristic 

n 
i 
li 
i 
i 

. 

! 

f i 

impedance. 

T-/f-/^« (a) 
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(23) 

*-M-$H*-*fc^ HS^H*^<fe)    «*> 

Tha expression |?lv«r. by (22) it of course Terjr general and for certain ratios 

of ( */r )  *l*pler results can be used.    Por (*Vr)  oufficlantly  large, the 

factor* Fj and Fj beeone, 

f 
(25) 

I1 
fr%)+t^.^-j±F4qtlfi*<$£-^ > (26) 

t • 

i    li 

On th« other band for    ~    sufficiently s«all,  using (5) and \18), 

.21) 

I 
I 
V 
8 

wnere, 

r f,rtjf_\ 

1 
;r> 

iY, * I 

-Hy]«*^ 
1  V6.*«J\ B« 

1 
i* 

/ i 
«--• / (29) 
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(e)   A£ teiBei 

A» en exasple consider A helical transmission Una for which 

ths dimensions ar« tabulated In Table X. 

Tabla 1 

I 
! 

I 
I 

0 
i 

ii 
Theee dimensions wcra choaan since they correspond to those for 

a aeries of helleee tested by the author. 
n 

Figure 5 shows the lmpsdaaas as calculated from the close wound 

ballz approximation which is embodied In equations (22),  (25) «nd (26). 

Tola approximation waa applied orer the range of -j±      fram °«02 to 10.0. 

Of course,  at the lower end of the range toe helix can hardly be aald to 
II 

be eloae wound,    Also in Figure 5 ia plotted the exact lnpedauce aa eabodled 

PA mansions oj Helical Transmission 

Una*  U**i ifl ?5Mr*i* 

Kx^ 0.385" 6X- 2.6eo 

§2- 0.750* 

r  •* 0.010" eo» 8.654xl0"12fd/i 

V — veriatla 

In (22), (?3) «nd (24).    It ia interesting to note that at S*-=. 0 OZ    they 
T 

differ by only 0ff. 

(d) Impedance Currej.For Jftre gtttfiB 

By appl«a£ the ebore ••!>»'.ion» in appropriate regions,   f.«adlie» 

.ii 
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of lsEpedanee oxvti have been prepared.    They cover the cue where K-,  - K;. 

j and Mbare K^    Z    2.6I2, *1 **** *2 t*ic* ;h* relative   peraittintiea In regions 

1 and 2 respective!/.    The l»8er choice was made since th*« relative dielectric 

constant of polystyrene is 2.6. 

The first froup of corves give the impedance of a helical transmission 

*a line for JL\    -   I2 and   -p-    fr<m 4.0 down to 1.25.    These curves cover ths 

s> ' R> « rang* °t *-     '«•» 0,20 up to that value of ^r-    at which the turns butt 

tofether.    These are Figures 6 to 9. 

The second group of curves are for l\    ~    2.6X2 &H other dinension- 

loss ratios being that sane aa for the first group.    These ars Figures 10 to 

13. 

(e)  Khaso Velocity 

By usiair (2) and (13) in (21), one obtains for the phase velocity 

in the axial direction, 

**-fat-IE 
where FA and F2 are glean by either (23) and (2a) or by (25) and (26) above. 

fir 
The latter pair are for closs wound helices.    On ths other hand if —*- 

T 
Is sufficiently ennil, using (5) and (lfl), 

(3U reducee to the velocity of light In a mecives characterised by the 

penaaetiilivy ^    «nd the peraif-iTity   *      . 

J 

where C^ and 32 are given by (29) and (29).    In the event   6r, » £*     equation 
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(f) BBM folgcltr Curves 

By applying th- above equations In th« appropriate rang* of -S* -  » 

f as.il j*« vf ph»5 4 velocity curve* nave beer, prepared.    They corer the ca**e 

Ij    -    &2   *°d *1    =   2*^ *2«    ?he **tter choice MM udt sloe* -he relative 

permittivity of polystyrene it About 2.6. 

The first group of curves giro — \r * , &— -ft.- as * function 

of ~5>-- for   K^    -   ^2*    Th*8* curves corer the range of R2/B4 fr«~ 4»S 

down to 1.25 and the range of   -=~-    from 0.20 up to thst value of     4S—      at 

which the tame butt together.   Those are Figures la U 17.    Tas second group 

of curves ar« for   1^   -    *>t*2> *H other diasnsionless ratios being the sane 

*•? for the first group.    Those are Figures IB to 21. 

11-4   X&e nets Equation Solution /0£ *»«» Helices 

(a) Xfaf Putted Tape Helix 

an atteapt is sade in Appendix D to solrs the wava equation for a 

taps helix inside a perfectly conducting shsath.    This is don* for the case 

*1   •   *2- 

The taps MIS chosen because of the relative ease of satisfying the 

boundary conditions.    It was also felt that for very snail conductor cross 

oection the phase velocity would not bo affected very aignificsnily by the 

conductor chaps.      In principle, the boundary conditions at ths tap* and 

the sheath arc a*t, leading to a determinant*! equation fron which the 

propagation constant can be found.    However, the resulting deterniaental 

eojuation has an Infinite maeber of rows and coluexss and as a result, it is 

not feasible to find the propagation constant or phase Telocity in thi* 

nanncr»    If one considers a very wide tape helix such that the &dj*cent 

turns butt against each other, end further laposee upon the tape the property 

that it can conduct only in toe helix direct!KS, the deterainental e***tlon 
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has on» rev and coluan. As in appendix 0, xt is, 

%'*? 
<* 

t ttriWU 
KAW)I«Mi 

.l x*i^e«ft)j 
f Oetfy* = 0 (32) 

/V5 

While it it obvious that a tap* helix which completely covers 

the cylinder at radius &± is a poor approximation of a *dre helix, its 

beharior for small helix angles should be slailar to the bahavlor of a 

vary close wound «drs helix.    Squation (32) can be written, 

\ I&HWM 
I.(tt#«*<)J = o (53) 

for any given frequency and helix anglo, this is a transcendental equation 

in the isknown 7*   .    If this can be solved, the propagation constant   /9 

sr«i the velocity A%   will follov Isaodlately.   This equation can be put 

In the fom, 

•team 
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(34) 

II is otvious froc (34) that if one aeauaes soee particular vaiut for 

"•^.y    a corresponding value of (/% £, Cotfy*   )  can be calculated.    Thie 

calculated value of (/$.«?, 0>tf* ) *»en divided 07 the aeauned {   %R,   ) yields 

a quantity y~tot +    which can be plotted as a function of /\R,Cot& •    This 

is done in Figure 22 for ratios of    -§J-       fro* 1.25 to 4.0. 

It is of interest to find ths velocity   M~t    aa 6J ia allowed to 

approach sero.   enen this is done. 

Limit fUf f^^ (35) 

One result which can be obtained fro* Figure 22 la that the phaee 

velocity la not independent of frequency.    At very low frequenciss it is 

given by (35) and at Tery high frequencies, ainee -p-Cotf   approaches unit/, 

it la givec by 

\M* fin - J^L (3o) 
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This 1* the »«locity whidt a ^ave would bare if it were to propagate In the 

helix direction with U» velocity of light. 

Table 2 

Mifid T*£« Helical Trans*iaslon Line PLaonalons 

1^=* 0.375 inches        £ i«£- 

^=0.750     • €2*6o 

r=» 0.0625    • 6   "=• 8.854X10'12 Fd./e. 
o 

As an sxMqpla consider a butt tap* helix having the dimensions 

listed in Table 2. the two limiting: velocitiea from (35) and (36) are, 

respectively 10.81x10* and 7.96x10* netera par eecond. The phase velocity 

ai other frequencies is shown in Figure 23, These have been normalised by 

dividing the* by the velocity given by (36). 

In order to show the effect of wire site, the phase Telocity as 

computed from equation (30) for this same helix aade from round wire instead 

of tape, has been plotted in Figure 24. Over the range of wire alsea con- 

sidered the agreement with (35) ia very good, as one allow- the wire else 

to approach aero, equation (30) will approach (36). This portion ia shown 

dotted in Figure 24 since no calculations were aade below fAi - 0.005. 

Thoe (35) appears tc be a fairly accurate expression for very close 

wound helloes. It does however fail to agree witr the true phase velocity 

as the pitch Increases aa shown in Figure 25. f« this case, equation (35) 
i 

givse *-«v Mgh a result vf%r a considerable portion of the range . 

The emxlmue deviation is about I0* at ( R>/z  )    "    0.4.    *ven though (35) 

would be of Limited uaefulness in the design of wire helices, it would be 

? 

I 
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quit* useful for tape helices where the tape width is each as to very nearly 

result 1A « butt helix.    This equstion has been used successfully in the 

deeim of a t-ipe helix (s«e r*f«r«cce (20)), 

<b) Xfct Qaag V*lodtT and Characteristic Lspodanco 2f a Barrow 

In Appendix D are derived expressions for the characteristic 

impedance and phase Telocity of * narrow tape helix.    These expressions which 

were derived for an anisotlopic taps which can conduct only in the helix 

direction, *pplj to low frequencies only since they *«re derived on the basis 

of tero frequency. 

The phase velocity is given by, 

JJEu       m   I St t St >M 
(37) 

&- 

S, 

ii3afcE 
Hlwv (Jt) 

(39) 

s- 21T0L 
Tcosf (40) 

O   «• 4- ;--» Up* width (a) 

"B = 
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Tee characteristic ixpedance is given by, 

Zo- 2TC    {€2 j 
Strt)* MH 8 r <«> 

'J 

Both of these expressions apply to the csse wh*r« tne helix is 

*eed in s homogeneous isotroplc medium characterised by permeability 

Mt     sad permittivity    c*,  • 

Expression (3?) was used to calculate the dashed curve of 

Figure 25.    There is      very good agreement between it and the curve for the 

wire helix having a wire diameter equal to the tape width.    As was pointed 

out In Appendix D, equation (37) should give a result slightly lower than 

the correct result. 

Equation (42) was used to calculate the dot-and-dashert curve on 

Figure 5<    It agrees extremely wall with the round wire helix at values of 
m 
•f >I0    » these values being off the curve sheet.    The reason for the 

R. 
discrepancy for 1*** values of -ar-      lies in the fact that the curve for the 

round wire helix includes the effect of a polystyrene core upon which the 

helix is wound, whereas the tape helix curve does not.    If this dot-and- 

daahmd curve is compared with the curve y£--Z.O  y-  Figure 8, it is found 

that the agreement is quite good. 

Lizl   mfflafrgajg kSlill sat x&* iil* *fiS Shield 

Probably the most importani losses in the helical structure are 

those which occur in the wire end ehield.    The results which are developed 

in Appendices B, C and 0 and which- are presented in this chapter are based 

upon the assumption that the wire and sheath tr% lossless.    The presence 

3«S 
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of conduction i;sa in the wire *nu snt^th will chan»# the results of *.he 

Analysis presented up to this point.    With moderate amounts of loan, however, 

its */r#ct   apon the previous results will so sasH a.* to be negligible.    This 

is fortunate, for en exact solution of the problem witn a wire and shield of 

finite conductivity is extremely difficult. 

It the radius of the wire  is very ssall as cospared to the helix 

radios, the wire say he considered to t>e essentially straight.    In this caae 

the well known theory of skin effect in round straight wires can be applied 

(sse reference (22), chapter 15).    This theory neglects the effect of other 

current carrying conductors in the neighborhood of the conductor under con- 

sideration, this effect being called the "proximity effect".    For a close 

wound helix there are many » «rns of wire in close proximity to the one undo* 

consideration.     Fortunately the proximity effect of those conductors on ths 

one side of say given conductor is cancelled by those conductors on the other 

side of the given conductor.    Unless the shield is very close to the helix 

the proximity effect of the shield currants ie negligible and will be omitted. 

from reference (22) there is obtained the skin effect ratio. 

|BmJ (Re. txr I.tor) 
(43) 

«.- /#"/'.* - O'tiJ^gz 
& * the conductivity of the material of the wire 

the r*41us of the wire 

(44) 

(4$) 

U6) 
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This ratio i« plotted ID Figure 26 a* a function of   JCxTJ      .    For value* 

of UM arjwflat is axc«3» of 100, the skin effect ratio la given v«rv closeIj 

by, 

(»7) 

Since the re^icwr* • 

distribution is given by, 

1 

wire 
•rxt length of a roundgfor unifom current 

R^« Trr*cr (**) 

the reeistance of the id re par unit length in the helix direction ia given 

by, 

f\mf 
1 ft* 

irr*<r   ! Rdc 
(49) 

Frcai this the resistance of the wire par unit length in the axial direction 

R^ 
R*c 

(50) 

In order tc calculate the loaaea in the sheath, it la necessary 

to know tha current diatrlbution on the surface of the sheath.    If the 

lessee are eaell, Usey will have a negligibly aaall affect upon the current 

distribution ae calculated upon the basis of infinite conductivity. 

Sections (1*6) and (U?) of Appendix C can be uaad to arrive at 

tne surface current density for a quasi-static case of alternating currants. 
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That is, for * frequency low enough that the currw.t and charge distributions 

- are essential)/ the aeee ae for the static case.    Hence froa \lub) and (147) 
I 

'he surface current densities are, 

1 
• 

__, JiZ. cos. Ibjff - m £>) > 
Rx£(bR^ *'[ (51) 

1 

I 

•^        j i 

where I^g la the effective value of the current flowing in the wire. 

If the frequency is sufficiently high, the depth of penetration 

g of current into the surface of the sheath will be seal! coapared idth the 

radius of the sheath.    For this case the ekin depth will essentially be 

If the saae as for a plane conducting sheet.    It Is tcr that case, 

B      s-F 
T « skin depth has the property tbat if all the <•*«•» at flowing 

* in the sheath were to flow with unit era distribution in a surfacs layer cf 

thickness   £    , the loss would te exactly equal to the actual loss. 

low consider a ring of eery iwaall length    X^Z     and thickness   6 

£ taken out of the sheath as ahown in Figure 27(a).    3ir.ee the surface 

densities   4*    and   -^   are orthogonal the total loss will be equal to the 

i i 
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srlthwetic SUB of the loss due to each individual caaponsBt.    For th«   Z    com- 

ponent cf currant  density, the total rms current flowing in the differential 

•lab AS show in Figure 27(b) is, 

4*f•»•(«* <**) 

This flows in a slab that has resistance, 

&2 

(54) 

MRxd*)0 

and the loss in this elab due to the    /•_     component of current  is, 

(55) 

^^Ttf  (56) 

where tne     -fermi     °f (36) is obtained fros (52)  for sooe particular value 

of   j?     and    0     •    If this expression is integrated with respect to   0 

fro»   0   to    2Tf     the result will be the loss in the ring aue to the    Z    c 

ponsnt of current.    Ho generelllty is lost by taking the position of the ring 

as being at    £     eouals ssro.    Denoting the loaz in this ring due to    ^    as 

^ thars results. 

1 

i 

I 
I 

, i 
! * 

p,= 
I1 A2 

^tr^Stf < 
u5'[BL.taM 1 /   ,    RalsaW 

^•i 

(57) 
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In exactly the same manner the loss in the ring due to the      0    COP.- 

pon«nt of current density is, 

OO 
_;/   _.1 

r>      ^»  t'iff   !\F£r ^/_ P^C(b*») 
m« i 

(58) 

The totel lose in the ring will be the arithmetic sum of equations (57) 

and (5*).    The loss in this particular rir.g will be no different than the 

loas in any other similar ring taken out ol  ihe sheath.    Hence by dividing 

the sum of (57) and   (5*) by (  A 2    )  the sheath loss per unit length in 

the axial direction is obtained. 

If this is  then divided by the nas wire current, an equiTalent 

sheath resist wee referred to the wire la obtained.    Denoting thi» by   &<KZ   , 

there results for the resistance per unit length in the srial direction due 

to sheath losses, 

;>-- 

v. m» i 

This resistance when added to the resistance ot equation (50) gires the 

total resistance per unit of length in the axial direction. 

(59) 
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1 • \    H Chapter HI 
I 

teparlnanteq Beauita 
|    »> 

Other rrtbor* have conducted experimental work on the impedance Hid 
i n 

phase velocity of ahlaldad helices.    However, thin author baa conducted 

similar experimented work because the reports of the previous investigators 

left aojaa doubt* concerning the manner of tasting or the actual dimensions, 

i ate., of 'heir calicos.    As will be shown, the work of all the investigators 

agrees closely with the analytic results presented ID the yreviou* cnaptur. 

after a discussion of the present author's work, the investigations of the 

other lavsatlfat^re will be presented. 

II1-1    The Method of Tee Una 

The method of testing used by the present author does not. measure 

r the characteristic impedance and phase velocity directly.    These are dster- 

*• mined from a measurement of the open circuit and abort circuit driving point 

impedances of the transmission Una.    Figure 26 showa the results of a typical 

sat of mseauxamente on a fiver, lossless helical transmission lino of axial 

length Jjg   .    From transmission line theory applied to a lossless transmission 

line, the open and short circuit impedances are pur* reactance.    They are, 

**" */5 ***{***t/tt) « 

** —ift* uxiiirfAtfiZz;) <« 
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k 
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w.iert    Xtc    and      /C»c *re the start circuit and open circuit drivjrur point 

inpe<lanee* respectively.    The parameters Lx and Cf are the distributed in- 

ductance and capacitance per unit  of length in the axial direction. 

fro. <i) and (2), 

where fj it the frequency of the first "pole" in the short circuit driving 

r driving point impedances for frvcuescies op to thai at which the line become* 

one quarter of a wave-length long, the characteristic impedance and phaa* 

velocity oan be determined fro* (3) *nd (a). 

The analytic results of Chapter U were arrived at by assuming 

infinite wav*-l*ngth.    Eecixuae of this, the experimental results are confined 

to fremmsirlea for t*£eh the tr*s*mieaien line is equal to cr less than one 

quarter eave-iength long. 

The art ring point impedance* were •ceeured with either a General 

til* oscillator uaed wae a General Radio tALA oecillator.    Since the bridge 

•eaeurerent* are dependent upon a Knowledge of the spplied freovency* tnis 

oscillator *ms calibrated t'ron 0.? Kc up to 5 He.    In no case did its *cm*« 

reading differ by more than 0.35% from it*  true frequency.    Because of the 

I 

i 

^o=/zf- /!x,cl-l*.cl O) \ 

1 

point impedance.    This frequency is also that at which the transmission line 
long, 

is on* quarter of a ware-length ^   Thus by measuring the open and short circuit 

•adio 916a bridge or a C*n*ral Bedio 621A twin-T-bridge.    In either case. 
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} ; 
very good ae-iracy in the regicr. of  ^alitrition,  it was used with confidence 

up to about 10 Me.    Tbe 9161 bridge is Accurate to within   -23.    The 821* 
i  * 

twla T bridge it considerably acre accurate than this because it employs a 

I  tj -i-lhij precise capacitor in a "substitution" circuit. 

I 
Ul-2   Description si t&f Helices and Experimental Results 

All of the helices tested had the saae R-., R? and wire radius   T    • 
0.750" A 

Taeee were respectively 0.385»"/lar.d 0.010".    The winding pitch was varied frost 

1/32 inch up to 1-1/2 inches.    The outer conductor or sheath consisted of a 

1.5* copper tube 72" long with a wall thickness of 1/8 inch.    The first two 

I 

8 
II 

t 

•   I 

x 

I: 

U 
I! « 

ft 

helices, He3.  1 and  2, were wound on a polystyrene tube haring a }/u inch 

outsids dlaaeter and a 1/16 inch wall.    These helices were 72 inches long 

and werw supported concentrically in the copper tube by three polystyrene 

supports placed at both ends and tbs alddle.    These supports were 1/8 inch 

thick and their effect was assuaed to be negligible.    The helix wae nede 

very long in order to eliadnats froa consideration any end effects,  the 

maly.ns of Chapter 11 being b-sed upon an infinitely long helix.    Helices 

3 to 8 war* tne s&ae as 1 and 2 in all respects except tnat they were wound 

on 3/4 Inch solid polystyrene rod and were 71 inches long.    Figure 29 (a 

photograph 0/ helix lo. 8) shows a portion of the copper sheath, the rod 

with the wire helix wound on it, and the end support.    Table 3 gleel the 

**/T      of the varicus helices along with the calculated and measured 

properties. 
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I Table   3 

Comparison of ?es 

ka Obtained 
+   «0d Analytic BMUltf i 

by tot Author 
• ••   - ••  

lelix 
•ueber 

Piten, 

Icchea 

»1 
r 

Characteristic lap. 
Obe* 

9ins£ ••s 

Calculated Measured Calculated Measured 

1 0.50 0.770 247* 248 1.068» 1.038 

2 1.00 0.385 210* 216.2 0.930* 0.930 

3 0.03125 12.32 2260 2250 1.347 1.328 

4 0.0625 6.16 1140 1137 1.342 1.321 

5 0.125 3.08 603 605.5 1.302 1.272 

6 0.250 1.54 356 364.5 1.206 1.181 

7 0.500 0.77 247 257.3 1.068 1.052 

• 1.50 0.257 201 212.3 0.874 0.881 
•Calculated for a solid core 

Tbase results are plotted lr. Figures 30 and 31.    At the lower 

and of the ranfa of R,/r ,  the measured impedances lie soaewhet above the 

calculated impedances.    This is probably because of the fact that the 

theoretical result  is based upon the assumption that the dielectric material 

of the supporting red extends out to a radius B^.    In actual!ty,    it  falls 

short of this by an amount equal to the wire radios.    Zn Figure 31 the phase 

velocity compares very favorably with the theoretical curve, the amxiaum 

deviation being Ji.    One thing apparent from the test results is that it 

makes very little difference whetNer the helix is wound on a solid rod or 

upon a tube. 

lilzl   fcttrtrlasntal *s*ults of Other Investlsators 

(a) Xkf gjabiltn  °L JL teener 

The report by t. Keutner of the tests on    a series of shielded 

I 
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helices 1* contained In reference (LL).    In these tests, Keutner considered 

both Mire wound and tap* helices.    Only hie  results for wire helices are given 

hers.    His •ethod of measuring was to determine the inductance per unit length 

from a short circuit test and the capacitance per unit length frees an open 

circuit test, both terts being performed  »t a very lev r;± unspecified frequency. 

freak tbeee tw«sur«»i p*rfc»«x,ers, he {*».• c'jiatei": the impedance and phase Telocity. 

The cables he tested had en R^ of "about" i.5 mm and an P. 2 of "about" 10 mm. 

The insulation between inner and outer conductor* was an air apace formed by 

styroflex insulation.    An examination of a photograph of the cable shows that 

apparently the outer conductor is supported on styrene wafers about 20 mm 

apart,  ecch wafer being about 3 mm    thick.    In addition,  there appears to be 

a double helix of Insulating cord running over the wire, the pitch being about 

55 mm.    However, Keutner makes no mention of the insulation between inner and 

outer conductors, neither with respect to the quantity nor with respect to 

its disposition.    If one considers the effect of styrene wafers 3 mm thick 

placed 20 mm apart, it is approximately equivalent to increasing the dielectric 

constant in the air space between the inner and outer conductors to about 

1.2m.    This would have the effect of lowering the characteristic impedance and 

phase velocity by about 11.5$ as compared with these quantities for a pure 

air dielectric in region 2.    The helix itself is wound on a paper core for 

which the dielectric constant is about 2.0. 

No mention is made of the wire diameter used in the tests.    However 

in Figure i* of Keutner's report it is obvious that the helix of this photo- 

graph is butt wound.    This fact, plus the fact that the highest turns 

density for which he reports any results Is 9.7 turns per e»    Indicates that 

the wire diameter used «•»» probably 1.0 mm. 

in table t, are summarited the dimensions and other data which were 
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probably used in the helices built by Keutr.e»\ 

W*   a 

Dimensions of the Kelic— Built by, leutner 

12-10. 

r   - O.j 

r = 1.03 to IOJ* 

I~2.0 

*3~1.24 

Using the dimensions of Table U, the characteristic Impedance dad 

phaee Telocity were calculated by the aethode outlined in Chapter II of this 

report.    In Table 5, the results of these calculations are compared with the 

teat results obtained by Keutner.   These results are also plotted for -OQ- 

parlson in figures 32 and 33. 

Tabls   5 

Comparison o£ Calculated end Test Results 

Pitch, 

T 

Characteristic 
IamsAancs 

Otsas sin         " 

Calculated* Measured Calculated* Measured 

10.0 0.45 151.5 154 1.037 1.020 

4.55 0.99 213.5 217 1.205 1.207 

2.50 1.80 33* 334 1.280 1,300 

1.67 2.70 492 477 1.295 1.304 

1.25 3.60 655 626 1.300 1.304 

1.03 4.37 
• 

796 756 1.295              1.294 

» Calculated fro* the results of Chaster II of 
inn- report. 
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as c*n be seen from these result*, th« iyiwit between calculations 

and testa i«* roarkuljr good. 

(b)   XSa B—ult* o£ Sx Suasklnd 

The r«r<-n by C. Sussslr.d of th* t«3ts on a series of srieided neiicea 

is contained In reference 17.    This report Is deficient in that no mention ia 

•tad* of the method of teat.    Nor ia any mention aade of the manner in which 

the helix is supported, either Kith regard to the core upon which it is wound 

or the support between the helix and the shield.    lo attempt was made to 

measure the phase Telocity, nor «as any data glean from which phase Telocity 

could be calculated.    The helices tested were all quite short, being    U 

inches long inside * 12 inch shield.    They were all wound with #20 copper wire. 

These helices were so short that it was felt that end effects -ould probably 

have sa Important effect in lowering the characteristic lapedance.    For this 

reason, the helix wnich was chosen for comparison with the analytic results 

of Chapter II was one for which (Rj -hi) was a minimum. 

Figure 34 show the calculated and test impedances for the case 

B^/Ri   =    3.00, Ri   =   0.266 inches, and      tyRi    «   0*060.    The calculations 

as sue) ad m polystyrene winding form upon which the helix was wound, end 

assumed the presence of no dielectric material in the spaee between the inner 

and outer conductor*.   The test results ars 7.3* to XJ.tS below the calcu- 

lated reeulta.    In riew of the uncertainties regarding end effect* and the 

actual method of supporting the helix, the agj aaeout between teat and calcu- 

lation is good. 

(«}   flam iteiaUametflal fcfctssUl 

Two other helices are here conpared with the calculated result*. 

v. lukel, in reference (20) diacuaeee the measurement of the input impedance 

of a tapered helical t^risalssion line in which the impedance chaugea 



«„. ^^^xs^f^utmULiiiMIUmV rfWIOTW>>ll^yttflgBaE>:?gi 

1 

».   A.    » L.:j.-L..U   > ; ^ i; LLUIII:; JT'   JT 

~^?2 



'•** »**•- TTi <ii 

I 73 

1 
I 

approximately 15 p«r turn.    Kukel's helix is sound on Lucit* tubing and has the 

following dimensions:    Rj   s   0.766*,. Rj   S   1.50*,        T «   1.04,, I]i    •   3.0 

and I2    -   l»0.   Tb* characteristic ispedaec* of this helix was measured by 

using pulse techniques and observing deflections upon en oscilloscope.    His 

results also depended upon a knowledge of the characteristic Impedance of a 

ccejverclai coaxial cable.    Using for this, the manufacturer'a nominal value of 

52 ohK9, he arrived at a ralue of 290 ohms for his helix as compared with a 

calculated value of 255 ohms.    This agreement is fairly good considering the 

crude method of neaeurlng the iapedance. 

As a final comparison, a canercial delay line will be considered. 

This line is a Federal Telegraph and Radio Corporation 80 - 65 - 0 cable.    It 

ha- the following dimensions:    R1   « 0.059 inches, R2   •   0.148 inches, 

r    »   0.004 Inches,      V •   0.0089 Inches, and \\    =    K2    -    2.4 to 2.7. 

The manufacturer specifies for this line that its impedance is 950 ohms and 

that it has a delay of 0.042 microseconds per foot.    Calculations baaed upon 

the result* of Chapter II yield for the Impedance 916 ohms to 972 ohms and 

for the delay, 0.0463 to 0.0437 microseconds per foot.   The firrt values ar« 

for K2   •   2.7 and the second values for 1%   •   2.4.    The agreement is very 

good with respect to the impedance, and fairly good with respect to the 

delay. 

(d)   :oncluslon» £& Rs*e.-d to the gg»r*»*lW ISCalii 

The experimental vcrk carried out by this author and othen confirms 

the analytic results set forth in Chapter II.    anile the author made no 

attempt to set ac upper limit for wire site, the work of Eeutner seems to 

v-onfire the validity of the analytic results for wire radii up to about 11% 

of the helix radios.    The experimental work of this author seems to snow that 

It Is immaterial tdieUter toe helix is wound on a tube or a rod. 
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APFKBIX    A. 

Modified B easel Functiona 

A 1«    Differential Eolations; Serlee Expansions 

The basic function* with which this appendix is concerned are the 

independent solutions of the following second order differential equation 

**$ + *& _(v>+<)4= o (i) 

with reel r&lues for x and integral values of a. Whether or not • ia an in- 

teger, one solution of (l) (following the notation of Uatson) is, 

oo m+2% 

I.M- 
(jci 

- {*&{& (2) 

S» O 

Except when si is an integer,  I^Cx) provides e second solution of (l) which 

is linearly independent of IBix).    However for • an integer 

IJfi) «  £m(*) (?) 

and another solutioo ie necessary. The aeoond solution uaed :»ere for • 

an lntegsr is, 



'\M»^j-m*m*«z^^-*~"je,3*&'!3*&*,S£33£S^ 1 

K-W- f-Uj* 
X-^«'(Xi~ ^vt'1 W 

5m (m*£)TT (4) 

Ttaa function Kj.tx) ie definad by tha following set i*». 

(5) 

wh«re  7"   it Bular's ccnsUnt ( = 0.5772 ... ) and wn«r« 

•fr)«i»£*i-+ •   •   «    • JL 

Zt is ovidont froa tha s*riea #iT«n tj (2) and (5) that IBU) am) l„.(i) 

»r« not rafttlar at x aqual to inftnJ ty and a«ro raapactlroly 

For x aamll tht following *pproxiMtlans ar* uesful: 

I 

i 
i 

1.(11)2 i (7) 



i 
I 
] 

I.W» tl>!  1 
Hi m* o 

n 

(a) 

M« - ['• S^SJ] (9) 

Kj*j^ ^ (^r ^ •*° (10) 

! 

For large ralues of x where x »  ° th* following asymptotic seriea sre 

usefuli 

(u) 

(12) 

(13) 

(U) 
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Graphs of those reactions are shown on page* 224 end 242 of reference (7).   The 

tjrmmr pexe showing ^(x) -cr BPO thr~;*h 6 and x from 0 to 6, the latter 

page showing   £• K>JM*r*i S± Kji) for x froa 0 to 6.    The scat complete t&tlee 

of !-(*) *nd IA(X) are contained in reference (6). 

The rseurrence foraulae for the I,(x) and K«(x) functions are as 

follows, where for the saxa of siaplieitj the ar^vrsent has been onitted; 

Xl4= mTn+XT^i ana       XK^^Km-^K^i (15) 

! 

Xli =~wTm^9<rw_,      and       XKi,t=-rwKm~-XKw-» (16) 

ImX^-xl^H-**•»•!     And       ZmK^-  XKm^-XK^v-, (17) 

ir;«rmH*r^, and       2K^--K*H-K mei (ia) 

The Vronsklen tahlcb gives the relationship between the independent 

solutions is 

WQmM 
li KL 

«fct&-&K4-4- d») 

Frow this e*y be obtained the useful relationship. 
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(K«« I„ + K.T.4 (») 

Haqy additional w.fu2 foraula* ar. Eiyen in ratsr«nc© (8) on 

Throughout tti. analy.i. in this report, th« product* I^U) ^(x), 

I,U) «i(x) tat I.U) tj(x)  frecu«rt\v occur.    In referir.n (11), it Is 

•bow that th«M product* Are $1T9E appradaat«i; by, 

1 

I 

I.M K.W ZJrt?+x 

KM*}** =£%& 

1*00 »4«) 8   -^r 

(a) 

(22) 

(2?) 

Pi*ur» 3$ sho«a tho  function      £ /m1**1 £.(*} K*(x}       plotted 

a» * rur.ctlcr of z for • up to ...    Tbia showo 11M vary r>od ipi««i tit. 

the «act  and «wroxla*t« oxprooolons, oopoclalljr slnco u» is MUS* of this 

•pproxlaatlcB for VOIOM of x In oxeooo of about 3.    Ho calculation* woro 

MMIO for • frootor than 4, sod x gr-o*t&j» than 8.    Bovoror, is viow cf tto 

character uf iiko aap&rata *«y*pt=tir aariaa end tho taharior axhibltod tf too 

ctrvoo of Flfuro>5 • It aoana raaaonaila to «spoet that tho roproootttatiwi 
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! i * &it*x by (20) is within & of the true value lor »11 » sxeather than 1. 

?uiiner»ore.  it can be shew that (20) held* with increasing accuracy fcr all 

• *s x increases to infinity. 

1 In Figure 36, there is plotted the function      *"*?  T%ffi*V^ 

1 for x up to ft and • up to 4.    As in the previous case, there ia again 

reaaraably good agreement for x greater than U.    It sesss safe to s*y that 

the representation given by (21) is within 2* of the true value for all • 

greater than 1.    It can be show that regardleaa of*, tMa function approaches 

unity ae x approaches infinity. 

In figure 37, there is plotted the function -2xIB(x) K^x) for 

x op to $ and m up to i».    Although this plot shows that the approximation 

given by (22) ia not aa good as those of (20) and (21), the Banner in which 

thia approximation is used obviates the neceaait.7 for high accuracy.    It appears 

ia an expresaicn of the for*. 

I 

{•fc*(Mi-ggs&Kw*«< 

A typical eats would be      V^sZ.;      and   (bR,| = 3.0 

Fro* Figure 37 for •   •   1,    (bft,)I^bR.) K«(bR.)   is actually V& higher than 

the vAlue given by (22).    However, the entire expression in the brackets will 

be at most only 3BI tec high.    For vsluee of • in excess of unity and values 

of (  b*,    ) In excess of 3.0 the agr tenant  ia even better.    Since this tern 

appears   in an infinite series, the eus ?? the eerlwe using the epproxiaetion 

of (22) will be coseiderwbiy doeer to ins true sun than the 9rr*>r 1/. the 
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Throo ot^er co«binati or.s of Bes*el function* occur frequently in 

the forogoing work.    They are. 

1 X!J>>R)KUM?J 

I^bROK^wR,) 

(25) 

(26) 

For vary ••ell values of    b    ,   that  is fcr very large values 

• of pitch   XT      , all three of tntse t.ecooe. 

*r (27) 

J Consequently,  for lerge value* of a,  they bacose negligible with respect 

to unity.    For largo valuoa of   b    ,  say   b ^ 3 W       #  these three    beco"'* 
f 
£ v«7 elofely, 

4mTr(R,-Ra 

6 r (28) 

For example, with •    =    1,     b a   3, and *oAi    •    2, this io of tht ordor 

0.0O25 ^ich 1«  certainly negligible with respect to unity. 

! These •»;, roxlmations *re  uaed  in the following section- 
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fce   •  —4 

a«J«M (29) 

*:« taoMB ee ScnlBaileh series and are diacueaed in uetail in Chapter HI 

of reference (5).    If in (29), x were rvpifecod by an imaginary argument 

the seriss would be ono of Modified Beasel function*.    A typical exaapie 

fro» Clupter XI would be the expresalon for the diatributad capacltar.ee. 

Thia ie, 

"l-t   ^* 

(30) 

(31) 

Th* infinite series in (30) ia a SehlQadlch eerlae and it tfU! be 

eralssted by aaidng wee of the apprflotiiMtiaa* of section A-3.    Por sufficient- 

ly large waluee of M^/r*     , (30) b9coa*e, ueing thaae approximations. 

5 
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t This ±£ssaM tfcat Zj/C       is sufficiently large to make  the tw terms  of 

(30) in the square braces very close to unity.    It is the  failure cf this 

Sf assumption at snail Rj/f       that accounts for the cunres of Figure U, 

The infinite sua is of the for*, 1 

I 
I 

(33) 

m* r 

By Baking use of forwula 603.2 cf reference (k), this can be 

expressed in closed fom as, 

—ft  — *-°%l*-9,"tt&\ 

and equation (32) becoaee, 

K*) 

(35) 
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J7^ 

c, "2ir«t i ^K fg*-hj?»4&j$ 

(36) 

(37) 

&y A ai*ilar process, the infinite series of Besael functions which appear 

in the inductance forwula can also be expressed in closed font.    This clossd 

form, of course, applies to doss wound helices as dsfined in Figure 4* 
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Appendix B 

As has already been noxea an Chapter 1, one Approach to the problem 

of evaluating the cneraeteristic iapedsnee of a helical transmission line is to 

aeteralr.e the distributed capacitance and inductance per unit length.    Theee 

parameters have weaning only whsre the .A7eiength is very long when compared 

i with any of the dimensions of the hells.    For the abote rwson,  and because of 

the simplicity of the deriration, the distributed capacitance is determined for 

the case of a uniform potential (with respect to time and distance   along the line) 

between the helix and its sheath.    Obviously, this corresponds to the case of 

infinite wavelength.    In the ensuing work, the reciprocal cf the capacitance per 

I ur.it length is determined since it lends itself to store convenient manipulation 

in a later chapter. 

B-l.    Definitions and Coordinate Systems 

In the derivation to follow, use is made of a circular cylindrical 

conn mate system as shown in figure 38m.   A right handed helix is shown in 

figure 3gbapon which are shown the significant dimensions of the helix.    The 

helix is shown full where it is in front of the core upon which it is wound. 

Throughout this report, the rationalised MIS system is used, and the 

helix *. considered to be lseiereed in * »edlua «4>ich is characterized by having 

h-jsegvneous,    isotmpie and linear properties in each of two regions; one Inside 

the radius B^ and the other outside the radius tt\ but inside the radius %2m 

At the radius Ij there is a perfectly conducting aha&th.    The medium in which 

the helix is lasersed is further considered to be lossless and to have a 

psrmcmbllity equal to tt**t of free space. 

The pondtUvity of the region ( O <T /> *  R. J is taken to be   cr, 

aod th*t of the region (8*. <£ /O ^  tj) is taken to   c~^  .    In conformity with 

n 
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these choices t  *he«o regions will henceforth be designated as regions 1 and 

2 ra»p*?tiTcijr, 

8-2    Boundary Conations 

In order to determine the capaciUr.ce per unit length of a helical 

wire inside a shesth. It is necessary to first solve Laplace's equation in 

the coordinate system used, fit the solution to the boundary conditions, and 

then determine i\m charge par unit length on the helical conductor.    Knowing 

this charge and potential difference between the helical conductor and the 

sheath, one can determine the capacitance per unit length. 

\ In this case, the boundary conditions are, that the sheath is at 

sero potential while the helical conductor is at some potential V0.    However, 

difficulties *r* 1 Mediately encountered when one tries to represent in 

cylindrical ccordin*t« the surface of a circular wire wound into the shape 

of a helix.    It in at this surface that the potential is to be kept constant* 

It is not of such help to use a coordinate system in which the surface of the 

belloel conductor is defined by fixing one coordinate, since as shown in 

reference (10) each systems ere either ncmorthogonal or present difficulties 

when one attempts to solve Laplace's souation. 

This dilemma is by-passed by solving for the potential distribu- 

j tier, in the c»»e wr.er* a wire of inflniteeissvl cross section has a charge 

of   Q|    coulombs per meter of length.   This is a came which can be solved 

exactly.    At this point rather then attempting to employ the artual 

surface of the wire as an equipotentiai surface, one of the equipotentiai 

surface* which eurreund* the line charge is ueed to represent the surface 

of the wire,    ehereas the actual wire will intersect the XZ-plane to 

fore «m ellipee, the intersection tl cne of the equipotential surfaces with 
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the 12    plane is sot an ellipse.    The eauipotcntlel surface chosen to 

represent the wire is aede tc agree with the wire at the radius   /& z   R. 

aa shoua in figure 39.    It can be shown that the agreement between the true 

and epprexiaate vires approaches perfection as the radius of the wire 

approaches aero.    Hence the solution will be valid only for —all wire radii. 

B-3.    at gtiaUfla 21 WWf'* aaaaftnan 

In cylindrical coordinates, Laplace's equation let 

where V, the potential, is son* function of/>, 0 and jr. 

Being the art hod of separation of TarUblee, we get for V 

(1) 

(2) 

V «   /f-rBLog,^    j       wb-0 (3) 

I! 

I 

where for the sake cf »iaplicity, the arbitrary constants have b< 

sjalttsd la (2).   The oonstanta a aad b are separation constants of which 

b is to be evaluated later from certain properties of the helix.    Since 

the potential is a single ralaed function of the angle   0    the constant 

a aust be confined to real Integral valsee.    Th^rs Is a third possible 

•olaUan, anally b equal to aero sad a not sero.   This ease Is not of 

later set la this problem, as will aaaaas apparent through suhasquant develop- 

its.    The fuatLions I* end i& ere sadifled Beesvl feaotiaas of order a 

•av^waejaa^aay aavta «*> &&£&& 
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FIGURE 40: TUK MODIFIED BE53EL FUNCTION OF THE YlHsT 
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and of the first and second  Kinds respectively.    Although soae of their 

properties are sectioned in Appendix A, note should be taken of the fact that 

the X^ function has a singular point at infinity while the a^, function has a 

singular point at zero.    The former increases monotonlcally to infinity as the 

erguaent approaches infinity, whereas the latter increases aonotonic&Uy to 

infinity as the argument decreases from infinity to sero.    Representative 

behavior is sketched in Figure i.0. 

The first case (a z b = d)is one which corresponds to the case of 

the potential difference between two coaxial conducting cylinders. Since this 

case has been treated by practically every elementary textbook on electrostatic 

fields, it will not be treated in detail here. Taking the sheath cylinder as 

being at sero potential and the potential of the cylinder^R^ as being at some 

potential V0, the potentials in regions 1 and 2 are, 

f!0 va (t) 

where V,_ is the potential in region 1 when the potential is unifsra over 

the cylinder at radius K\t and V20 i» the potential in region I at a result 

of a unlfom potential at »\.    Tha charge density at ths surface /* = r?, 

is of Interest and is given by, 

(5) 

^-*BSL-€.tB8. U^R, 
<*> 
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•r.ere QQ 1* the surface charge density fct B^ a* a remit of ft uniform potential 

| difference b«i»MD the shefetb and the cylinder At R,.    Upon substituting (4) 

•ad (5) Into (6} tbav results 

Q. - ^f* tyg; W ^4^1 

This can be solved for *0 and upon substituting Into (4) and (5) the 

expressions for the potential are obtained for the case of a uniform charge 

distribution on the inner cylinder. 

fIO 
4£* U3,5L (s) 

^-^Uj,^ (9) 

low in the sore general case where x * 0 and b?tC the potential 

can be written 

Vim- [A«iIe*(yOcofc(bz-ifl#J Oo) 

tt» •E^MXRM * *»» K,(V»j]coi(b£-/n^j <^> 

where T^ and 'a, ere the potentials in regions 1 and 2 respectively each 

seine of spas* he*wanlc order ». 
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In r»*ion 1 the origin of   x»   I- included, hence the faction t^^fi ) 

•ust be omitted from the fern of the potential fraction in this region.    In 

region 2, both I*(b/£) and the £^(1^0) functions may be present.    The constants 

Alm» A2a ',ri4 *2* **il fce determined by the boundary conditions.    The reason 

for combining the   <?     and   0     variations into a single function is as falloust 

If an observer were to aake observations of the potential at soa* fixed radius 

and at the saste time confine himself to the helicoidal surface defined by 

0 v st — Xff 2*)  equals a constant, he Mould detect no change in potential.    In 

other words,  on this path be could not detect any change in his orientation 

with reupect to the helix.    By fixing the separation constant b at 

D     r (12) 

this property of the helix will be embodied in (10) and (11). The choice of 

s cosine variation aerely orients the helix so that it passes through the xy 

plane at the angle   Zp  »   0.    No generality is loet by so doing. 

At this point    two boundary conditions will be Introduced, namely, 

tost the potential Bust be continuous through any boundary and that the 

potential of the sheath is sero.    Expressed analytically, these bec< 

^L. -L<L r 
>*=*> 

(13) 

i (u) 
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These conditions -Aac applied to (10) and (11) yield 

A»*IJ>ftK%*K*{bK.)« /UI*(bR,) 

A» £*(.*.) + B^,K»<1&} - O 

f ran  rfiich, 

(15) 

(16) 

(17) 

(IB) 

(19) 

where the constant A^ baa beer, introduced aa a matter of convenience.    Thus 

tM potential function* In regions 1 and 2 become 

IqnatSon (6) can now be used to determine the surface charge 

density «dth, of course, the subscript  0 replaced everywhere by a.    Bj 

(20) 

(21) 
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carrying out tfi« operations indicted in (6) usirv; (20) and (21) thoro 

r**ulta for ^»* 

^^p'k-^-^^^^^^-^) 

•here the priaea on the 1^ and t^ functions denote differ vitiation with 

respect to *he argument (   bfi  ).    This can be written in the fora , 

G*« CU <**0*-"4) (23) 

tesero < 

(24) 

The quantity Q^ ie the aarlaiai rmlue of the surface charge density baring 

hansoais variation   of order m in both the • and    0    direction*. 

Frosi (24) Uie quantity a^ can be determined in tense of Q^ and 

by eubeUttoting tide eelue of a^ Into (20) and (21) the potential in terns 

of the surface charge density »t P.;t 1» determined.    This procedure yields, 
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r«»*H»r.^g»a>w»~afc«»^~«fe*;*»'^^ 

9? 

£>>! 

(25) 

V 
*{MH 

COi(b«-m0J 
(26) 

As Mill now be shown, the charge on «n infiniteoljeally thin helical 

wirs c*n be represent «d as a Fourier series of tents of the font of equation 

(23).    This fact will peimlt an evaluation of the (^ In tenss of the linear 

charge density on a "thin wire" helix and lead to a subsequent evaluation 

of the potential due to such a line charge* 

Figure 41 shows a helix which consists of as Infiniteslaally thin 

tape of wldtti 2a, neasured perpendicular to the edge of the tape.    If this helix 

ware silt by the ys plane at integral valuee of the pitch   T     , and then 

developed In the plane  us 1^    , the developed helix Mould appear as show 

in Figure 42.    Let tnls helical tape b« charged uniformly with a linear 

charge density In the helix direction of Qj     Coulonbs pmr meter.    Then, jlnee 

the tape is 2a asters wide, the surface charge .tensity at the tape Is Qj/2a 

CouloerSa per square awter.    This Is shown is Figure 43.    It will be noted that 

at any given angle 0     , th? surface charge den*.1 Ly le a periodic function 

of ta« axial caetanoo j?    am at any given   **     the surraco charge density Is 

a periodic function of p   , the periods cear.g   V   «na ZfT respectively.    At 
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fi      eoual to zero,  the Fourier scries for the charge density «~ unction shows 

lr Figure 43 is, 

i 
I 

fen 
(27) 

where. 

A"" TcatV SSTJ (28) 

The tape bellx beesses a "thin eire" helix If the width i. is &ilo*sd to 

•pproach sero.    It Kill still hare a linear charge density of Qj     Coulonbe 

per neter.    allowing a to approach sero, the surface charge density at B^ 

bee jews is general 

Q --SL.L re*** I1* *K*l"Z- 2)  <0s(b*-m 
m«i "] (29) 

The   $   variation has been introduced in this newer since the surface 

charge density function would be ehin*d in the positive   .*•   direction by 

a distance  «:T     tor any general angle  0 .    Hence In (27), which is the 

eeriee for the charge density at    p    *   0,   £  nay be replaced by {2 ~~£ffT ). 

Thus it is seen teat the charge on a thin «dre   helix cw be represented by 

a ier» similar to Uat  of aquation (?) plus an infinite sun of tarns sinilar 

to the tern given by equation (23). 



"•-. »'*•***»••*- 

] 
I 
t 
1 
1 
1 

l&L 

Therefore •» c»n write, 

Qo* 

OM 

= -31 
Tco&j£> 

ZQj 
Tcostf> 

(30) 

(31) 

If Iheae ire Substituted into (8) and (9), and into (25) aid (26) respectively. 

•nd moaned for all a, the potential about a charged helical line ID a coaxial 

•heath la found, the result being, 

! 

! 

I 

; *> fcO, 
*t   etTa>s!£> >   (32) 

.fifli. 
£rca*> 1 (33) 

These equations wars used to prepare figure 44 *hich shows the eaolpotentiel 

llnae la the y* plane for a helix having the dlo»nslans shswo in Table 6. 
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aiMoira of B*IIX o»od to cnicuiats Kquii»t«pti*i Mm 

"*? - *-° 

Ths      nusbers showi on each curve give the relative potential. 

These curres were prepared by calculating the potential along the linos 

2-    -    0 and fim R,     , both at    0  -    0.    These caicuiiticjis sstabllshsd 

four point* OQ each curve,  the reaainder of the curve being sketched in. 

Zt should be noted that those squipotential linos are quite close to the 

•thin wire", the potential    •    5 curve being at most only 6.2* of R^ sway 

from ths wire*    An ellipse having a aa*?r to sdnor axis ratio of ^2 is alsc 

shown, its sajor axis being the ease as that of the potential    •    5 curve. 

In spits of ths fact that ths helical »ire is curved sad is in 

ths vicinity of other charge carrying conductors, the potential distribution 

oless to ths sirs sill bo very el one to that for a straight conductor 

currrlng charge.    As ths distance between an observer and the hslical line 

Tory snail, tho radius of curvature of the lino becoass large 

with this distance and ths wire appears to be essentially straight. 

Ths sqolpotsntial surf sees .surrounding a straight «drs are right circular 

cylinders.    Those cylinder* would fow elliptical equlpotentlal linos, if 

tssy intersected a plir.e si sea- angle y£    fron the perpeAdieular.    In 

particular, if ths angle    /' *   45° those sill pass Mould huvs a major to 

ainor axis ratio of/T.    It should bo axpocUd, therefore, that (3?) *nd 
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t'3r) WUUA* yield e^^poientililines steich are vary close to elliisSes as we 

appro*ch tie wire.    This fact, is borne wt ±i3 Figure 44. 

In« presence of dielectric cateriai in region 1 dos3 not alter the 

above 3 tat scents since the equipotenti&l surfaces surrounding a thin line of 

charge,  the line being placed at the plane boundary between two different 

.dielectric ltedia,ar* still circular cylinders coaxial with the line. 
that 

The problem now is- to choose^ons of the equipotential surfaces given 

by (32) and  (33)^ which will isost nearly approximate a wire of given radius. 

If only ¥ery-s»all wire radii are considered, it  seems reasonable to chooee 

as the eouipotential surface to represent a given wirer trhat 5urf*c*"-whi£h 

intersects tip cylinder   /®  -   H^ along the saae line as does the actual wire, 

The actual wire intersects the cylinder    P s    IU  alocgrJLhe Jlines 

/Or =      R, I 

(34) 

where    f     is the wire radius*      If this is substituted into either (32} 

or (33) at      j§ s   %+ the potential of this surfaee is found to be 

* 
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five potential (35)  divided by Q.     idll give the reciprocal of the distributed 

capacitance in  farads per aeter.     Thus, 

1 
i 

OQ 

_   a 
r-,rccs* 

LOt BJ\ 
i 

*Ri 
(36) 

A special case of this would be where €| '==,(£ig     »  resulting in the denominator 

under the suaaasibn sign '-scorning unity.     Hsr.ce for a helix lasers ed in a 

medium of unifors permittivity. 

c5*- 

zjTxzf Hfc*£ T^K^bgJ 
i;(te)K*{W?) 

m«( 

LPJK^SQCM^I (37) 

There are two points about the *PVVW expression which must bs 

•entlooad.    The  first of  these is that if the the pitch  T*    is such that it 

is eospsrable to the wire diaaeter, the equlpotentials de not clossly 

spfjroxissate ellipses;    they appear isore football snaped, as sketched l;n 

Figure *•>-    if we still cocJTijie ourselves to small wire radii, as compared 

to Ur, then the belts, in w&ich the wires are cisse together is one which 

i&ight be designated as *  class wourai helix.    For such a helix, the term under 

ths suasatiar. sign it."(36) hecoRes negligible with respect to the first tem 

In tlM brackets.    Since this first terse is  independent of the shape of the 

wire,  it swy be coecl.-aS.sd that for close wo-.jnd saa«lL wire helices, the 

distributed cap*cit.«BCt Is- practically independent  of the wire shape-* - -MM*'-- 
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exaaple of this fa-et,  three capacitances are pres«rvted below in Table 7,    The 

first of th&se is for a tape  helix in which the tape width is 5$ of the radius 

§i and the pitch is  such th»t the turns butt  against each other.    The second 

heiir is a wire helix with wire diaaeter 5% of S^ and wound  with the same 

pitch as the tap* helix.    Its capacitance is calculated from (37).    The third 

heiix is wound with sou&re wire having a cross section  of 0.05% x 0.05R^ and 

wound  with the saase pitch a* the first two.     All three of these helices are 

bait helices in that their turns touch each other.    In all three cases,  the 

sheath is taken at  a distance 2Sn  Trsm the axis  of the  helix.    These are illus- 

trated, in Figure 4o.    It is  obvious that the capacitance to the sheath of the 

round wire helix should be so»*where between that for the  tape helix and that 

for the  square wire heiir.    Equation (3?)  used for the round wire helix does 

sire auch & capacitance,    whereas it sigit not b* the exact capacitance, it 

-certAliily canr-ot be in error by sore than 2,cg£, and is probably in error by 

such less than 2*& 

Table 7 

Capacitance* of Three helices Having 

Different Wire Crose Sections 

Tape Helix ••••*• • 10C4 Capacitanca per unit length 

gound eire Helix 101* • "      • • 

square wire Helix     103.iS      " awe 
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Has-jHieead point is ^-that it is illicit Jus the derivation that. the 

essss. «±re o£3*hieh the helix la wosndis saai-isbedded in the dielectric 

KSterisi is region I.    Tula is so because the tiMtaqptloc >*s« sade chat the 
  S.  of 

dielectric arterial rs£ion 1 extends OK to a radius S,, which radius is 

also the radius o»Ji to the center of the round wire.    Such a helix could be 

built by cutting,%dtn an -appropriately shaped tool, a helical thread into the 

surface of the dielectric rod.    Into this thread the round wire could fa* laid, 

the depth of the cut being such as to leave half the wire-exposed and half of 

it buried inTthe dielectric saterlal.    However, in a practical case* itjewla- 

be stapler to wind, the helix of-rouad Mire upon the surface of a smooth 

dielectri«-JR>ff»- It Hi inr~taken as- the distance from the axis of- the helix 

to .the center of the round wireg then the dielectric material will not. 

fijQl?«^JEU^;Jh^^ requisite 

SWg&^^j&'-^M&em^^equal to the disaster' «?-^l$e wire. ^Tlie ei^r introduce** 

^^^^^^^^^^^^^^^^^^^^^y^^^^^- iS^bi^!^^*1^"*^^ ifSSIillSM' anaiysiir is 

WgB,^v3^#^!^ffiij8^i^^ppr BKt aach saalisr than 2&x.    Furthermore,.;-*fe«Jr_ 

i|£eefrof the 11 ol^etyjgr;;yod\ is"mmlt since, jfe any--hflix~of rea*<snabl« rtf + sh^ 

•||^r^^^F^l|5B^S^^^^NBi^,fiM4i *i * anif or* potential.    Being at alaost 

e^sa^^a~pote5tt*l «IWBJ» that-very little electrostatic energy is stored in 

region-1 as cojipered with region 2.    For this reason, th* presence of 

ttel»*trie sftteriel in.region 1 has vary little effect on close wmmd halice*._ 

* stady of Figures 6 to 15 will bear this owi. 

*"$.   *aff-r^saate "%pffSSJ73B for Clog* kfaund Malic** 

1^::i;fitaMi»-a^'w^ la (3?) is-discussed briefly In "%p»»21x A.    -In 

ip-p«cfaiix *,j It  ia'sh^mj tifai'j$.h* term In thersquare bracket iasasdiateiy ift#r 

tim .Ssssaatton • sign in (3?) is differ ait- froar.imity:;^. a" negligibly ..3»*H--value 

^ar'-|BX4Mf «f (   ^y%     i.smich are sufficiently, large.   TB^iOil^itJ in Appendix 

A Is tise^faet ibst/le (b&jj;- &»(%83J is fX^m tft satisfactory aeeare^jr" by,- 
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(WgK»{iR,)S£. 2 /^w (38) 

«*er*  =   der.ot.es "is approximately equal to".    By Eaking use of (12), this 

can be written 

(39) 

or, 

MIMbR.)» 2tn (40) 

iTsereTore^ror^C'   sufficiently mail,  (37) becoaea 

^"rcoij^ 

2SL 
v 

<JLae^- + Su^ fn       f 

ffce Inf Usite s-« in ms «^8<#§*ia« can be'expressed in closed foHt_&s«' 



no 

ftf* ! 

Substituting this into (41), 

f 

-The cvpatiUtt&FC in(43) Is the capacitance per aeter lr. the helix direction. 

If we l«tC, denote the capacitance per aeter in the axial direction,  (Jl»3) 

becoaes, 

(44) 

If sowr the helix is ^sour*l =o lost   2" s   2f   and    f    is allowed to approach 

aera^fe>*e jhftHT degenerates isto a cylindrical sheet at a radius of Rj tem 

the axis.    The angle   {J/    teepees gerg and (44) beeches, 

•*"* * "sir- ^-p* (45) 

«Mch 4# r«6*^PX«i.&l*^as the capacitance per aeter between two co2jd.il 

Cylinders of Us-fisit*  length. 

-?«#»©?* 'general <¥*•*< in **tlch -there is dielectric ssti^sriiii instds 



ill 

*&ugjmlix raoias can be treated is a siaiiar «asne£»    In (3c) the d^iosiicator 

approaches a coast>*nt value, inaependeDi of the index of sisssation, as (     v o  ) 

beeoces sufficiently large.    Thus, 

r r     • i 1 

Z6, 
(46) 

Therefore,   ror vg-y large  (Rx/f    )»   (36)  becomes 

L=±Jp^-^^-^<^i\ 2irt, (47) 

®~5    Approxia&te gxpresstop for Coarss Mfli-^s 

This section *HJ. de*l with the capacitance per unit length for 

the caa« of very large pitch.    This type ef helix,   wiieh will be referred tc 

as ft coarse helix, Will degenerate into a parallel  wir* transmission line 

in «#dch the center conductor ia displaced from the axis by a distsr-^e R\. 

This  Line  will hare dielectric aaterial insids the radius R^. 

The limit of (36-}-as" the pitch   T   is allowed to approach infinity 

•till be  found bsr examining each of-the parts  of (36j  separately. 
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S  . T    i^£ ", •      - i, p - !    . 
AjjtH t   -1~ ^\'T~:~"—T" [      S ] i UC; 

rri US o) 

•*** * <»«-%hr) -•a*        l_ 

_br 
Co: tOi ,   to     i (50) 

L;"I» t 11 — sr-—T~~r—^ s 11 
— 2w i 

(51; 

(52) 

«b*n these arf substituted into (36),  the eJiplCritahce fcr infinite 

F;^~* *»V    S^jw**5HLftS 

>s 

! 

^ 

/ t<*1 i* _£ife- 

2.<*i 

*K t G 

] 
(53) 

tad   for   v,=£j    equation. (?~»  &« cos**, 
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i 
r 
-1 

ill       R* 
2^    "°5feT57 

-a^-- CoSi-^P-J-l 
i 

J 
(54) 

rr * t j 

This can be expressed in closed i'orm cy easing-use of  forauia 418, p^ge 85 

of reference {4}.    Upon doing this and recognizing that (   /R| ) is very 

small, 

J 
r 

c* 

-1 

v. > 

(55) 



Appendix £ 

The Distributed Inductance 

As has already teen noted in Chapter I,  one approach to the problem 

of evaluating the   ;haraci eristic  L-npedsnce of a helical transmission line is 

to deteittiae the  distributed capacitance and inductance per unit  length.    These 

parameters L and C  are  those corresponding to infinite- wave length or static 

excitation of the line.    In practice,  the impedance determined  from L and C 

Js  useful  so long as  the wavelength is much greater than the significant 

dispersions of the helical transmission line.    A complete solution of the problem 

involves a solution of the  wave equation.    This is attaupted in Appendix D,  but 

at this point, the inductance will be determined for infinite wavelength. 

C-i    The Effect of the Sheath 

1st ah infinitely long oo axial trasssi*** on line with a Ji«l±csX inner 

:*s«dsKterji*icft is carrying *^cuFrent^a4-ac^#frecK^egrf, there wiJLi be in- 

duced on the sheath, current and ^charge distributions of such a nature as to 

gre*tly" reduce the fi«lds:jDutside th«j sheath.    The axteat tojwhich the sheath 

si^eeed:§-itt^M«ldin* the ina*r conductor d&f&Bfi* upon xhe frequency f and" 

the sheath conductivity    Cf~>     ihese determine the depth or penetration of 

the electric and magnetic fields into the sheath.    The fieldedecay exponent- 

ialiy as if. function of the distance into the material of the sheath.    For 

this  refssor., a skin depth is defined as that depth at  which the field  is 1/g 

of the  fie la at the surface of tne sheath.    If the :iheath thickness is  say 

less than  four tissss the skin depth,   there may be appreciable fields outside 

the sne*t'H,    The  skin deptn is given by. 
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ttfsere   i>    is tne skin depth',   to  Is the angular frequency 2TTt ,    /U   is the 

permeability of the nseiii'jE and   Cf   is the conductivity.    For copper this 

becomes. 

V* 

The following table shews the behslflor of skin depth in copper asjt function 

pf fregusccyv 

Table   8 

-•"gads' g«3& |a Copper For Different frequencies 

Frequence Skin Depth 

cycles/sec or,, 

100     5*» .,....».   ..r.    0.662 

10* • •     0.0662 

\Q    « • m t * »#•««•«.. •,# «..•***.»»    0.0066 

=-SifH^--tft«Hphi«aifi--wt«E"".'lin:»* WRsSjtferedr in this report nil! be 

*p*r*»t«d in tfee segaeyclc ra.rt^e,  the a»a«jsption will be ma*e- ir> the 

-derirsxioii tfcat the **in dee^tia aero.    Fro* Ci>, it vill b# noticed tnav 
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the 3*in depth is   zero for ftll frequencies greater -than sere- if the eun- 

ductiritv    is assused to be infinite.    At zero frequency,  the skin depth 

for infinite conductivity is  not   defined.    However,  since the frequency can 

te ss.de as close to  zero 33 desired and still nav?  iero skin depth, it will 

be assused that at zero frequency the skin depth is  stilj.  zero for infinite 

conductivity.     Basse* upon this assumption the inductance will be calculated 

with  direct current  flowing in the inner conductor and vitn the  shield 

currents  of  such a nature   is  to  reduce the magnetic  field  outside the sheath 

to s*ro.    In addition the current in the nelicai wire will be confined to 

the  surface of the wire.    Therefore,  the internal inductance will   be zero 

and the only indsetancs of interest will be that due to the external nux. 

C-2    Definitions and Coordinate Systems 

In the derivation to follew^iise Is *ade of a circular eyllhdrical 

coordinate system as shown inrrigure~37.     A right handed helix i3 shown in^. 

Figure 5c upon which are shown the significant dimensions of the helix. 

Throughout  this report the rationalised KKS system of units Is used. 

The  helix lf> considered to be lasers sd' in a ^idiom wiicn is  characterised  by 

having haeogeneouSjistotropie,linear properties in each of three regions. 

One of th*s« resiaris,  region i is inslae T,n# radius Hp.    Another region which 

is designated ss region 2 is out si dt the radiua jti   but inside th*  radius H2« 

A third r*0.m't   region } is Outside the ra-diu* Rj.     All of these regions   are 

c-nsld«r*d to r-&v* perse&tility equal to that of free space. 

£-3    Boundary--Conditions. 

The indu^t-ar.ce is besL'_arrived at by ••let'eratlnirr* the rector 

•jpoiemial. 'of .the. electric^ e^rrwti-*..   Is'wlil be  ah^i** in a later section,  the 

£ftdi*ct*r,ce c-^'cf expressed directly in. t eras of. this' vector potential.    The 



vectsr p^ccti^l which is im&igx^izi. ^^.ss^t^axit&i^k~ptti.t of ds-ff s*T-enii&l 

equations which are presented In sectioBjv-L, a^iir; »idi£,ion.it must- satisfy 

certain tour.diry conditions.    Tnese ar»,   that   the -agnftic fi«*d  outside the- 

sheath be ^se-rc art! that the iarface of the ruund wire  be a surface of constant 

vector potential.    This  iatt'w r-equi resent  is appraxiaate,: in that it  is based 

upon the fact that trie  surface of &n infinitely Ion? round-wire "carrying direct 

j>r alternating current  is an -ecul^ve-e tor-potential  surface,    this  recuiresnent 

restricts the following analysis to those wires where  the wire radius is sniaii 

compared to the radius of cstrvnture of the wire. 

-As in the case of  the capacitance,  the vector potential of current 

can_be fa&ridr for the  case of an inlinitesimaliy tain wire carrying a direct 

current*.,*., aaiceres.~ In the--^iJEsedia"tg vicir.ityj-ff this ir.finiteslffialiy thin 

r/^r# the equi-yector-potential surfaces are ver^ s}%j^ly ^rci^T^csi^^-1^3 

::^:rt^^sija^.the^eii;-ai iinevl Goe of. UieiFe surfaces-is.-tftJserr JSS the surface 

of the wire.'   As a result,  the inductance ia evaluated7£or a wire that is- not 

qui,teT,"'rl5unar but very close to rouSS. —,~-;   •;_:;- XXX~X=X^      ^;:-..,' 

C-^" H* Salutlon of t he CarlCurl^Eguation and :the Sitjjs^riRE ^f^CfTtsin 

eg the Boundary CondiiIons "" 

In &Jr*g%Oi\ in which-there is no current flowing,  the vector 

potential of electric current stust satisfy (3) und jU)  for *. static field. 

This ifi  completely discussed in reference (1):, Chapter IV 
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•fher*  A  ta &  sector  such  tiiat> 

Equations'(3) and  (i)  *#ien written %n cylindrical coordinate are, 
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\7.ft 
(4) 

\7-X A ss   |H       the sagr.etic field intensity (5) 

(6) 

M* 
^ 

4. JL iL^f   _ JL ££k~ = 0 (?) 

Hi (9) 



tdwrr* kf.   , k %    Hjy-z kg      sre the   /»   , 0   «d    i    components' of the rector j 

potential rsaiHscti'/eily.    These ajrv'-e&e*?- scalar functions of the coordinate* - 

/°   t   &•'  i ^d    *-   •    Equations  (10),   (ii) arid   (12)  which follow are obtained 

by ike Following processes":.   Equation (S) is subtracted from the derivative 

with respect to   /=   &f aquation (9) to yield (10).    Equation (?)  is subtracted 

from ~  -j^ ii)  to yield (11).    Equation (3)  is subtracted from.        4^ (9> 

to yield (12). 

(ID 

,  0 

Thua  trie At na?, b«»er.  separated fro-  the ether  two  functions. A -     arid-A ^    , 

Tftis  faRC&iae A    can  be  found  by the usual xethod   of  separating variables. 

%&/t f».cti4»o#. A^ j»*ja * ^   are presisrst in a pair of\aTteiltan"ecus" aecbncT 

~mM*£ v?*rtial difrerenti'Si e^t^tions7.    B>r_pr«p«r (Jirferentiations and " 

.A'idEitianf,  it wo^Jaf^t* pe>sstble: to elis&ina^e on*' sT-bttese fvmctxoti»b«i^<sri 

-Q0£^g=xv£'} •t^sbtwin a  faurtlt orftrer parti e-l-^iif fere-fftxW 1 • ^TosttsfrOJ-f" th #" 

r«&»inm£ f^ictta^,:.   thi.* ^-oce-iure !#**• to an e^atiari^j^ich ia..vsry__ 

uifflcuit to *e'!ve *.*ri Turt.^f^^r*-r'«ta;»l 13 7i:n &eiy&jUsv» v'Slch -4r«  f »r- ssore 

gen*rau  Us*o *re needed  Sn_-iMs nrohleeu; J?or the needs . sf this probleai, 



(10) and  (11)   can be solved xorm siz^l" cj -akixc -JSS .ef  the periodic nature 

of th« -helix and its  field;;.    An observer 'placed it  a  constant radius  fros 

the  t ajtis will .observe GO eh*Bg« is the aa^netic field if he is confined 

to th* surface cf a helloed defined: by ( g ~ j-pp T    )    -    constant.  .This 

ssans that the   ^    and    s    variations -of the vector potent!*! exist appear *s 

(or be -^ipable of assisting the fcra of) s function of ( *^c—i? ~£    ). 

Furtheraore, an observer at constant radius moving in a plane defined by 

0     m    constant, will detect a periodic variation of the field with period   V 

In the plane    z    =    constant he %&11, at constant radius,  ob3erve-a periodic 

variation in the fielu with period 2TT .    the periodic variations are not 

necessarily -sinusoidal, =ruggesting the possibility of representing the field 

as a Fourier series in both the   £5    and    t    directions. 

Hence, let 

^m =-^m~^»*vb3-m^ (13^ 

b# the fora of the   £> ccesconent of-vector potential having harmonic order 

*/i In thisexpression R^m     Is a function o?  /a   ?!*• and    b   £  ~ss~—    . 

The choice sf«4he si«e function al assess rely orients the helix with respect" 

fee the coordinate system lo that it is at 1    -    G-when    0  -    0,    No 

generality is last..-by so doing.    An examination of (10)  or (11)  will reveal 

that  if A-fii'm--- .y*fi*# .aa.:tM_.a,lne of the -arguserft,  the AM* will have to 

vary. ms.-van aml&% -c-i .ih"«>«rg\»«nt. . Thus, 

Iff*** *<WCO*(.bf-*«0j (U; 



f 

I 

I 
1 
I 
i 
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where f rn .» the    £  . coepcnent  of the ^cten-iaj. aivxisc han^snic 

order s.     In this expression H£m  is  a_ function. 61  yO   alone.     If  (13)  and 

(!*,}  ire substituted into (10}  and   (11),   they become, 

dtp* 
1^ 

S        ' — /    • i 

2rTi 
(15) 

If tnese are both added and subtracted from each other,_tbere results 

(lb) 

r- I 
I 

(17) 

^£^-2*^ 
P (»)• 

i - 

I 
i 
i 
t 
i 
I 
i 

Th«9«jeo^aAtlon9 are recognizable as the ^BesKfl-equations,,.©f brdhsr^M^F"!) 

ftfKt (»    *    1)reapeeUveiy wfiieh lead -to solutions  wbiefi are the so-called 

modified Bessel function*,- T-h* solutions of (T?)  and  (16) are 

-i>: 

^ 

R***^ - fcftiz^fbw ^ft^if^j (19) 

-ffi 

t^MB—##y * 2Cmi«»-.',w»] *• 2x4 K, aA'j (20). "'11 

K^rs   *~ are- arbitrary;' cor.ST.anis and tne ip and K^ are 
,.:fi 

II 



-•       .;•_-..:. — <m •••••:..!.     ..•;.-..•   SSsitsS   Big  •' ;     .--•'- " • ——   •    -—•   '--._     . 
.   .    . .•    . ..-•_._ - ~-  - ---   - - .--. 

so^'Le*? B»3-ci function of order r.  ( =mt |     }  ^ of the  fi«?t  ^j 3econd 

itinds  respectively,    In stj&t follows,  wherever the argument? of the Besssl 

functions are omitted,   the argwaetst (£>/:• }  is  to be understood, 

S»lviag (19} and  (20)  for R^ and R^ yields 

r,>7- 
'V» — J^Vi **»*••( .-+   ^fnivnti + ^m  *»«•>}   * ^«, Kffi-| } (21) 

R$ nt Am^wti ^^Kmti~^mtm_i -D-L^w-ivj (22) 

Equation (12) of this chapter is  the aaae as equation (l)  of Appendix B and 

say be solved in exactly the saree way.     Considerations of single valuedness 

for variations of the <6 coordinate and periodicity in both the ^ and z 

directions wiH restrict the solution of{ 127 to, 

A^~ |g^ 1^+ r^ K^l^C^^g^^^^^^pf^         -:     (23) 

i i 

Where the-fit * «   . Qa are arbitrary constants  and the other symbols have 

their usual significance.     In order to satisfy that V^'A — 0    it can be shown 

tkat^G» Bustle identically zero.    Hence, 

^^I^^^^M^Cter-rTi^) {2h) 
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The    f. assfcl p    coopsnents  of the? vector pot-actisl fere as" follows:" 

fym^JA-Cwt^B^, Kr,,, +C^I*... ^DnK^JS^icr-'r^; (25) 

These expressions,   (2u)t   (25) and (2b) fer the  components  of the 

rector potential  satisfy equation (3) .anet-caa-jbe- sfc-.de -to- satisfy" (U) by an 

appropriate ?etof_relationahips-aff<mg the constants Ara to Fa.    These equations 

also are in accordance with the periodic "nature ofHhefielix aiid its fields.- -••- 

-They".are valid  bovever,   for a ?fc 0. •"_" 

Next AJieLcfiaponent^^i* tne~ vector:, potential- will be found for ,,._ 

W^:fr*l} /iV'The ease, 0?b:%..-*'   b    -'" 0 would; correspond t& ^."vaiiati^^iftT i=^: 

th* fields in either the: ^^j^^Yections.    Physically, this woiild require_the 

pnf^errcv-of1 wirrent systems of tfc~e ioiiowing types.    First,  thersradghi- be a 

current "demi^y in-ts*-^ direction wlthjio^^ yariatTon^f thiv-c^reat density  " 

with either-* or £.    Sscfe a current density would produce only a z component 

-of Rector petentia'  . „nc » i> component of -^^etic field.    In the 1st coed ~piace, 

Uv*r*^s.i£ht teer-ft -ggrrewt-^eBaity  in the £ direction witn no variation of.this 

current density witn #iUref t or-if.'=ihis wo .11 produce, only a £..component^ . 

of vector potential  wtf.h ari attendasijt  s 'csstpas'er.l of — igpstic  field.    Hence, 

since for s    =    t   's    0, A^,    A0     and Ajj     c=*e h*vs no variatian ifttH^-iCher 

4> or  JL, *«!*.*«-i£»is ^6), -i?£i -\£r\ z&A-^i^r'fc-ecTee 



Ufi 

j>/'£j2 =   -  -___£. «0 (29) 
¥> 

!>AT = T^^A*  -0 (30) 

These hay* solutions, 

Bo 
AAO -=—3-' (3D 

Aifc  =   Q^ *   §f. (32) 

o"  As+ Slocu/O (33) 

*here the subscript.-»er<* denotes bbab there is no variation of these quantities 

FSHk .--either ^ errs,    the constant* Aa to Eg ate arbitrary cor^iaRts t<TTie„^- 

det.*mir4«d by boundary  e-r.iiticns.    The" origin of    O    is included in the 

ir which the-solution is to  roid, hence the constant En in (31) 

ffiEgjfc. be zmro,   since tits vector fjouefiltal- i* not  infinity at    />—O * a«"^ it 

Equations b?4>»   Co),  (26),  (•>£)  and (33; -constitute &. sejL .oJL^ 

f--.-.cti-;-..! YelAtionships  i'rcss which shall be built up a &oi^ion satisfying 

eert*ia bowi&zfg  eondi&iQn*.    The boundary .conditions will be stated below. 

S^er.  of ..t-htf- '*.-« (MktTsflad in t bis section and tlKS rertiiader in -the section 

fce t«21it*.    §*for*-dois£ r^i,  h«*«ver, the expression    V~ A-O    »tll-b« 



x«r!> 

:.•» ,'tL. ,.-.i.    .er.-i.ii   r";.it.cr:;:up5   '--~~r.?,  '.."••   censtartr   A.T;   .   .   .   Fit. 

scurr«r.ce :"urr.^Iat listed ir. A^eocix A,   ill)   -rui  (<?)   -v  w«» 

<pn — TAmxrr   "   ^   ~-rw ~»* ""   -*" ^"* ^   P*Kmj (30 

^X** — [3mZi. - "gj- A^r,r> * >r <m - "~T Crr K^r. J (35) 

?::«  ^rt—s  or. the 3esseJ   functions   lenote differentiation with  respect to 

t'se irfcument   ( hfi ). 

Kow froa     \7A=0 follows, 

^ * ^ ^ «• f-R*" ~b R^ - ° 

If   »...,   I ,<<J   .ir<i   (35)    .re  substituted  ir.  (36)   r her*   follows. 

(36) 

1 

« 



i'-fc 

! 

-•"- 

<       •    ft 

fro:. wMch  It.  can be reduced that Em    =    as and Fa    *    dr..    Making U3e of 

these relation*,  •.here  results, 

V»-[A«K.-^rBurw t-c-Ki-^-Cfc.Kjsi^bz-^ (3a) 

>   »* sd- ^-^-Kjcei(b*-f^A) 

The four constants AB to «: are ascendent  -.pon the ooundary con- 

ditions and  will   subsequently te detei-dned  frrn th«-..     In  this  section 

only  saete  of   LM*  wundary car-ntions  will  be applied,   the result  t*in#  that 

all  the arbitrary constants  will  be det«rain«d  in  terms   of  one of there. 

In th* n»*T   ••c.ior.,   it will  be shc« how tr.is   -a»e  jrauaining arbitrary con- 

stant   is  related  to the current   ah*»rt.   at  P.±.     7r<e boundary  conditions dealt 

with in »his  section are  tr.«t  « is   cor.tlnuuua  through ar.y  of  the boun-l.irien 

dealt   ><lth  in  this   report   vSer  r« ferer.cc   (i),   p**f.e   *^)»   *nd  that   H =ust 

vvnish   for all     fO > F'^ .     In  t.v. la  analysis  H  is  r.he *&? n*>ti c   field 

intensity   in  *.-j»rr*3   . er 3et.*r  a.-'   is   re" «?.*--  »••>  • *»  trrtcr  ;:or«r.tt»l   ry 
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Ul#'fallowing  equation, 

H rr   V XP (a) 

Let  tft« field be divided into four regions as tabulated in Table 9. 

tr^m  these" definitions, it  is apparent that 

m*Ak±&4 (42) 

2*~ ^k+ & (43) 

A^A^rA^; (tt) 

JZable    9"       _. •.;;• 

^ejaani Into iteleh. J1 eld la DlTJded 

Region Definition 

j SysJboi for 
r-~ : »   

Vector- 

Foteritiftl 

o</°a1 

\v/>< 
4- 

oo 

Ctirr«!t Vftiich ia 
Seat of 

V actor-Pot ent ial 

Helix currant at K-, 

v - 2 
r-f A -c 

'V 
Sheath current at R- 



»*».,  «•,.•   r»  »r   ; :-:.-.i   frcn  *r.» ex; r"3 jirr.*  for A^ 4..-.: Ac.     5^c:»-;se  nf   •„::« 
"it infinity ~ 

f-:.cM'/-.5.A•.:.*»•.- aust  tre  "jcrljiea  f.-xr.  -.he •        <• 

expr»3»iona  for At_ <*nd Ar      Tn-±5, 

A^r-.>. —       A«rcx.— «v _   —— ti^^ X/y. j Sir.'. Dp -ir.0.) (^5) 

•• C J 

Af^=   /wI„JCOS(fc?-n*0J U?) 

In regiori b: 

v 

U9) 

A^^l^VC^cs^-**) (50) 

A>*< -" [A^I^ — -~~ B^C^A-J '->V,t2-r**5) <r;i) 



I 
1 
i 
! 

I 
i 
I 
1 A^t = S^ KM]cos^t-.^0) 

1 
x«y 

•Aw « [AnjiC" -^--^K^J^^ifc^-^?j (55) 

(5&X 

! oxr.o e vector potential must be  fjontinuous across any boundary, 

conditions yield  trve following set of  relations among the coefficients, 

I Aa aust  e^j&l Ab a*     /3 -..- g| and ^ sa3t ecual Ad^iat    p =    Ro^P'" These^ 

I 
I 

D bR,    K^bgij "      JiL.^   ;    L   -C^L.1   -"'•-;    , 
&m4-"  ~~    <r,      K   f|,Ri) 

Mfl^       -     - _;   _;rJl.^- 157) 
m 

% _ M f- -Ij^tyu/- n--- —   ~—------ " 
I     I -wk.—    "TTTT <H«nfc- (58) 

i     I 
1     1     - 

iJmb—   ~ "m       1/   /to :^«& - -•-       (59) 

1 
e 

I 
r»      — bRv     E*Ce2,} 
MTU C .* 

If       m: - ^       .y! /i„r. '. 

I   I B^= — ——j* AjSZ (60) 

1 
I 

. 

A** (61) 



130 

Thus the convinuiLy_of A-has established six of the eight constants 

in terns of the re-saining two.    The fe-.ct that the aa^teiie field ^ oust 

vanish>/Gg» ~^>-Rj_     will establish a relationship between Ama and Amc".    Frota 

eou&tion {uuj, the components of the sector potential "in region 3 &re 

A**33 |^*tei^ §rt^ K^&|^(bjt-m^ (64) 

A-^-pC^^C^Kmj^O^fea-m*) (65) 

. JisiL",^jR..V.*fep-f^-lD-sa th«; cspipon&nts of the magnetic field in rsgicn-3, 

B**S» [KS*»^U1 Ki J Suwtb?-"3/ (66) 

g*ee# t$ on£sr _th*t:-H-. wr.tsn- for all   fJ"> S?,  (**** ^   aKi) eu8t °* 5£«ro« 



iSiftg  this   fact  &Ioru   -tth   159)   and   (62) ,   - -   b - - » 
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Api--^-^SStA*, - (69) 

and  equations  (60),   (oi)  and  (62)  becomej 

(70) 

Cr^" — "B7 -.,, „ I j>        '£ A»* (71) 

(72) 

Since the Intro luctlcr;  of tnss« constant*  ir. terms  of Ar.a  will 

sake  t-he  exj-ressior.s   for  the vector potention  CtBbars&Mj   they will  not 

i* ^e-i until  l«t«r.    Proa (42) asd (43) follows, 

VW 

A*». .= [(&*» *a~:,-* -—(A^tA^j^J^oifb?-^^) (?4) 
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t*itr - V A^»*A«K)*-«-J zi'xi-r*a (75) 

Ao«i=iAm,T^~^B^Iir*-CmtKw- — D^KJSULOO*-***) (76) (^ -"-'. -«•      ^mb •»        £j$ ~*+b^r* 

r' - H.A   — J. r>   v  _ r* /•    ^ 1 A*m*-|B*trw- ^|-AWirw+DwbKi»-"^-C^bK^jcos(kJ*'W«; (77) 

Afffl* [A^CI^ - C^t <„]ccfc(fa?-">0) (78) 

Frjre (73)  tc   (,70;  <»nd K    -   \7 *£ the components  of awgnetic field 

In regions  1  vicl  <' fcl-ow, 

r -\ 
H^,=»   b^^B^+B^jr^JS.^'e?-^^) (79) 

^w= -^l's^+B*c)rJG<fa?-^} (so) 

-««  -   b}(EW* B>*»c) ^^jCci(b?-ry*.flj) (el) 

*>W2 •» oj 5^'K* * Bwcrj. jSu<c*-fy2/ (8.2) 

16*2 ~|&»W ^* *• B^tT^j^OiCbt! -«*0J (83) 



h**t^ *> 3"»= '•* ~ B^I^jisiJca-^aij (84) 

As will   DC shown in the next   section,     tne   current   flowing  in a 

• "•; r ~.alix   .f   »c;^   r.iT'*ow width cm  :e .-• •pr-rer.t«*d ^:   2  pair of Fourier 

s»ri*3  of  "<urf-ice current  ".er.sity  sheets   ir. both the p   md ?.   lirecticns. 

A Knowledge of tne  ccefficlents of  these series will  enable us  t.o -:«*r.*m1nw 

the remaining constant HJT..I   ~r.icn up to the present  is unknown.     In  preparation 

for tr.is process,   (79)  to  v^i.)  will  Le   ;sei to detentir.n the current density 

vectors  at  the r-.'i-s    /° =    K]_.    Let   ^s   iencte tht 0 .cid z  components of 

surface current  density as    jjc and  J.nn respectively. Then, 

l*m «      HanM-  Harw2! (85) 

*fi* *     ^mj"   n^miL. *««, 
(8ft) 

'.; >r,  s-tstiv-tlng   (81)   and   (8A)   into  (»«)  and  (30)   and   (ft?) 

Lr.tc   (3r,;   there   result*, 

**        *»*"   7"^    CeS»b*-"W^ (87) 

^•tifcfcj 

J' 



1 I 

1 
134 

arriving at  {??}  «r,J  (88) 

relationship sent ion ed i:: Appendix A-I. 

Zt is  lnt**r*?stin*" to r3* ? that 

.aae  ol the  nr'ronskian 

since tne current  in the helical 

eof-ductar is confined to  flow in the nelix direction^which dikes an angle.: 

'Z'    with a circumferential lire drain or. the cylinder cf radius R]_,  any 

current density sheets derived froc the line current by a Fourier analysis 

rnust al30 have its direction of naxLnuH current density in the helix direction, 

Therefore the r*tio (  **f7'5»w ) -ust ec-aai tan #.    This is borne out by (8?) ' 

and  (38)  which..--give, 

(89) 

Before grss^giiyj to the next   -•"-tic--  where'the current in a 

thin helical conductor will   r-=  "-r^rt»waw by two Fourier  series of  current 

density sheets,  the  case of B  T|T   b    -    0    will  be discussed. 

Again .consider the regions  {is,  b,  c,  ifxi d)  tabulated in Table ? 

above. 

In region z.r ^ 

1 
I 

!:3S 

• I 
.7 a 

k0oa Coa/> (90) 

Ax*** Ao*:+ B^to^/3 

- ••- 
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ir.  region   b, 
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D, 
*c e — (92) 

A^oe — X^,^ 4   Boe Lo^t /° (93) 

In  ragion  c, 

^ec-c —   -acy- (9i0 

A^ - A 9i ~ B* -o^ /? (95) 

in region d, 

Arfo<i 

Tne Cwr.tir.uit7 of tha vector potential at K,   ana R2 reouires 

(96) 

(9?) 

DU =  *. C DO. (98) 

'-*. (99) 

'Aoo.-Acii-* (B»U-FWjLoBL R. (100) 

(A«t- Aod) =»  .Boi- Boc)^, R,. (101) 

I 

I*   a^iaitior   to fh* -rortin-itj  -vf  A-     '.r.er«  ar*   3»v»r-ti  conditions 

on  4- or.-l  H^ irf-.ich sui'   bm satisfied.     Tnese «rf tlw i'v   1:. -  ,-, tor   /0> hi# 

0  for   >0<   R;,   -»nd A^ B.;.'.  approach  ?er^   *«    ^o    <»,-.proach»^  infinity. 

i: 
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The applicator.  zT *.^^  c—litiona  requires  in tun:  that, 

'.0oW + So<O~G (102) 

(Baft,t- Boc) *"0 (103) 

;.Aob* A«i) = o (104) 

Uiir.fr these  results,   the vector potential  ir.  regions i  and 2 are, 

A*,  =   (GxH-CocjyO (105) 

A*CM *   (Aoo-t Aoc) (106) 

A*>2 »   "^   1-   Coc /O (107) 

AJCUL- (A°b + A^ 4- (&*>„* s^, Lo^ ^ (ioe) 

Froc  Hc>       =    S7x Ao  :ac*s, 

H.*M m    - (109) 

H#ci *  C (UO) 

Vai -: !c«* * Cocj (in) 

*^>x-   -» (U2; 
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nlGl —     -<. woe VJ-»*»' 

Kow in region 2,  the line integral of H^2 on a. circle of radius 

p     ( > R, } aust equal the total current enclosed.     Hsnce, 

(B0b+B*t)-   "R.^o (U5> 

where    4*° l9 thc s'JiTac« currant density at radius R^ flowing la the 

% direction.    This currant density is independent of i> and z. 

Also since the sheath has perfect cendueti vity, the total magnetic 

flux in the z direction must be zero.    Hence, 

z fc* * C c) ft Rf + z Coc rr( R* - eg) ~ o (116) 

front which, 

Coc e gr £©s-        - (117) 

Th* ct-.natan*  Coa can be deterri:*ed fron the surface current 

toBtiiXf Jlfl the i dir«JCticm a*,  follows.     If *cuition, (8$)-is applied wi tt 

the *utscrij.>t B replaced «verywfc«?r« by C,   i*e gf-i^ 



f 
i 

•   •   • . 

13S 

I ~oo. 2,   C70O 
/ i -. a \ 

I 
_ 1 

' " 

- 
- 1 
1 ' 

I 
1 •" 1 
1 I 

*nere  ^po,   the  sjrface corrent density ir. the ^   iirjeetio&j   is  independent 

of 4 and  z.     The results  from  (9c) tc  (113) yield, 

._- .   _. 

*&H* R4*oLc,5* R* 

(119) 

(120) 
1 

' 

n 

I 
1 

&— 

(121) 

(122) 
I 

""In suraaa ryf   ^luations   C7})  to  (^6)   ±rA  (119)  to (122)  constitute 

«   art  ©f  vector  potentials  which c«tn be  used to represe-nt the vt.ct.or 

potential   caused  by •  helical  line of current   shielded by a perfectly con- 

ducting sheatr.. 

f"~-    T.-U* Fourier oeries Rep reggtt•*tion of the Helical Current 

the Fovirier series represent«t ion of the currant  in a fine wire 

hell.*  at II   pt&# be developed  »dth  the aid of  Fig urge 4'* to u9,     Figur* **7 

- 

• 

sh-:ws a i^p* helix of width <a carrying * total current of I ampere? in the 

hell* .Hreeiicr. The surface current density at the tape in {l)/2& -aaperes 

p«r *et«sr  in the helix  Itrttr&iaa.,    Tnis  current density s*n he broken up 
If 

i 
• 

i 



I 
1 

139 

t 

riOUFfc 47:     A  NARROW TAPE HELI2 CARRYING A  CURRENT OF I AMPERES 

f 

I 
! 

FIGURE 4«: DEVELOPED NARROW TAPE HELIX 

«: 
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FIGURE 49(»)I AXIAL COMPONENT OF SURFACE CURRENT DENSITY 
AT 0m*i  *«* #"»0. 

:o»*> 

* 

fl 

-^ X 

FIGURE 49(b);    CiKCUMFEREHCIAL COMPONENT OF SURFACE CURRENT 
DEIS1TT AT /©•*-  and   0*0. 
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in*, a two coup<x>ent<i, one axial vid on* circumferential.    The &*ial coapcnent 

Jt has a magnitude at Ihe tspe of ~i- sir. y^     .    It  is plotted in Figure 

49(a) as a function of i at the articular rslue    p'   =   0,    The circasfere.ncial 

coapooart   i^ has • aagnitude at '-he tape of _*_ cos >J/ .    It is plotted in 
2a ' 

figure 49(b) as a function of t at the value /    =    0.    *s can be seen fro* 

Figure j-9,  these current densities are periodic functions of t with period 

IT   •    They can be represented by the Fourier aeriefe below, 

u 
4rrr «- raft* - m*\ 

Cos> bB 1 (123) 

4,-I^Jl^ 

where b   2 ~Jgr"ir 

Cost* i 
f 

(124) 

If the dimension, *„  Is allowed to approach ;cro,  the tape approaches 

as inflrltesisAlly tiiin wire.    If this is done and &t the sane tiae recog- 

ttiaiotf tnat t can be replaced everywhere by (   2 — jjr* T   ) there resulta 

i#- r (125) 

i 
i 
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! 

; 

i 
! 

I 
i 
IS 
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1*- ^Jl*.2VcDi(te. 
m* i J 

(12o) 
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FrcEt equatiwa 107),  (33),   (125) and (126) the constant A*a car. be 

detained.    It i», 

A^« *7jr-Kw(bR») (12?) 

*r,ere • 2 U.  it can also b« recognised that the ;cc and Jxo of aquations 

(119) to (122) ar« 

1 

J frcB uhleh, 

s 

Atoi-ilr^f^ cm) | 

AM*-fr(-/^-T© (132) f 
> 

a «•    > Rl ,, - - ' 

below are UV. *rf the complete eolations for the vector potential 

j    2 about ar. iPfiGitmaljmaUjf thin *lr* hclij- ^ATTJIC^ direct eurrait, the r»«Mx \ 
\ 

ahlelArfo* a j*crfectiy coscactlng ahe&lh.    these expressions are &w*ir.ed 

by •**!:»# (IjO) to (133) above plus an Infinite e>a of terns like those in f 
l?.J) t^ 17£).    Sech cf t>s*e tones in the iaTlnits seria* eorreepocds to 

i 

•   *•»—"— > •••*«. 



% c-wtrrer.t sheet of fc&mooic  orter a &e obtained in (i2;) And  (ir6).    In 

eet-aiiung toe  flowing ccruatioca, \** is *lsc xad« of (57),  (5e),   (.59), 

(70),   {71} ar.d  (?2). 

1 r*si v J 

I ^ j 

| m-j i ^ 1 
^5Ltan^-^]^(b^Imlcw(bf-M8j)   (135) 

I 
I 

1 

Afj-I^f +• |~ >    ^[l-^jMbR,)^ L CK(bf-«i0j (136) 
•He) ^ 

!H* i 

r 
go 

Ac FK2   R*1 ]  x 

JJ      (13a) 

^-£L^&*£^   <UW)K.-fwK.CM.)t^sft»^i^ 
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where. 

^ a saa&M* CUD 

Using theee exponents of th« vector potential, the magnetic field 

cen be found frcs» H   -  V*« 

1 

(U2) 

m«i 

•V- ^^bR,ti-C]KUbrtilc4<ba-i«ij (U3) 

i  „ ...   erVl j   Jj Ha—T)   W&iW*C-^^53 Wbf-m0) (H5) 

u**~k +S/ jw[cft»K>-<a.»omtj j.o»(ht-«) <Uo) 

1 

i i 

|j H. - f^ff)- ^^^^^^^^^^(^^J (Ufc) j 

» - j. .*» 
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U5 

The iGd-actsnce rer umt length can te calculated fro* the vector 

potential aoe-ve.    Toe ascetic fields given In (1U2) to (U*?)  are presar-ed 

only *2 a xatter sf interest.    Soao cf these, notafal;- (li»6)  and  (14?) sight 

be used to calculate  the looses in a sheath with finite conductivity.    This 

i» discussed in Chapter II, Section 5. 

C-6   Th» Inductance Per Unit voructh 

Consider any surfaes S enclosed byA»i*pl4 closed curve C as ir. 

figure 50.    Let it be essuftssi tnav this curve C if situated in a region 

abere tnere is a aagnetic fiald K.    Then linking this closed curve C wil1  be 

a aagnetic flux .riven by, 

where /tt»    Is the permeability of the aedijsi (free space in this case)*    If 

the field H is caused by a currant I flowing close to the path C, this field 

will be proportional to I in a region characterised by linear properties. 

Consequently the total flux   ^    which passes through the surface 3 will also 

be proportional to the current X.    This constant of proportionality between 

tne total flux   £/    and the current Oiirh causes it is generally called tbe 

external inductance of the path.    The total flux Jf   in (U*8)  can be written 
( 

in t-r-»» of :h~ wclor potential.    By m •*!';   Wtiu^i Ui*uf«A fr<» -ector 

calculus, 
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FIGURE 50: A SURFACE THREADED BY MAGNETIC FLUX 
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FIGURE 51:  PATH OF INTEGRATION URED TO DETERMINE 
THE INDUCTANCE ! 
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; whars C is any rector, a is t^e unit noraai to the element of surf-.ce d* 

I and ^ it a rector eZeaer.t of length tster. or. the p*th Q.    oince H    - V<*&» 

applying (U9) to (143) yields. 

I 
I 
I 
I 
I 
I 
I 
E 

i" 

I 

<£ - /*»Q&r U (150) 

\ 

Thi» result can be applied to determine the total f\ux linking 

a p»ih which is formed by the  L-.to-r-ection of the helisciJal rurface 
ft 

{S — jfjf T ;    •    0 -«iih both the sheath and the hire.    Figure 51 show* 

a portion of the wire and sheath, showing the path around which the integration 

of (150) can be performed.    As in the case of th» capacitance which way dis- 

cussed In Appendix B, the surfaces of equi-rector-potentlal are very s.earij 

the same as the surface of the wire for very aaall wire radii.    Hence the 

(*-&r)« o 
tractor potential along the Una      < f        is very nearly 

equal to the rector potential along the lines 1 
These latter lines are formed by the intersection of the wire with the 

cylinder       fj  - n>.    the use of this latter path of integration will lead to 

S slightly simpler results.    In performing t*ie integration srouna the path in 

figwe 51, U*e scstributioas to the tiile^r-l along the two radial lines 3C 

and 0A will cancel each other.    This is so because kp±      is th» same along 

•ith*r of taeee paths, and since the integration is performed in both directions, 
5 

they cancel. 

1' $•(&* proceeding to the eraluetion    of the  inductance,   it will 
1 f 

i 



I    P 
be *tx>vn that the component of rector potential a*   th« sheath along tbe ?.lne 

!C0 i* zero.    Let   j^fc   be the helix an^ie at the sheath.    T:il* i* the ir^le 

between the LL;e CD ens! & circuaferencial line dra-«i on tho cylinder at radius 

il R2.      Consesuentlj, 

I 

! 

I 
I 

I 
L 

ta*&mjtfe ua) 

nvvtftr,  aince    ul*vt —  JS     the tefB 1A the first pair of brackets is 

aero,  and tne vector potential at the ah*eth in th« helix d1r«et<"^ is 

I 

i 
The vector po'.ential k^     in the helix direction at the sheath is givan bjt 

I 

A** = [A02 COS ** + 4«&* *!. (152) J 

Upon substituting (13«> and (13Q) into (IJ2) one obtains 

i 

Q -R.K^(bROUbiy]^b|-w^ 

identically sero. 

Thus t^i» inductance of a length of f.e wire  </ afters long  is 

siven by the Integral («»t the surfecr of the wire) of *.he rector \ r.j^iai 

Ix. the direction of the wire alcr.g this lengtn S  .    Th*rwfor«f   -he 

i     i 
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l-ytuctai*!* ;.«•.- s.e;.er ir. Knm hei±r  rUrsctieo ii glvea by, 

(15i) 

Upoo subetUutinx, (135) and (136) ir.to (154y one obtain*, 

*#H±(>-$)+t~>^ 

If   yU«   is the perse&bility of  free space expressed in the units of the 

rationalised KK5 system, the inductance glvtn by (155) is henries per meter 

ir. the helix direction. 

c-?   AwrffiiMV* frgr«ff*9flf tSL Siose Wound Helices 

For the case where    **/£< > I ZS"   ****     ^/t ^ 1       th« helix nay 

be defined as beinx close wound.    This definition is not  based upon physical 

appearance, but upon the fact that under these conditions the expression 

(155)  can be written  in closed fore.    Thus,  for   V    snail, the expression 

under the su—atlQD  sign becor.es,  very closely, 

K]tMK:MU-|& 

1 
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ur. 

Mhst this is ya-^stiu^c- *~tc (i>5;  a/vi us? 2*de of forarula 605.2 on p*ge 1.32 

of reference (i), 

I; 

[I f , 

uw) 

This c4.i be expressed in closed font by applying fcrejuie 418 on page 35 of 

reference v*).    Upon aoiiv? this end eiao recognising that   f/Es  it •«r/ *»*!' 

1 

This is the inductanca per »eter in the hells direction.    If the 

inductance per sever in the axial direction is desired, the above expression 

auet be divided by slnt^  .    Denoting the induc***ce c»r unit  length in the 

*xi*i dS ration by La , there follows that, 

- 
i 

C-«    Agproxlaste Expression for Coarse Helices 

As the pitch of the helix becomes very large, it degenerates Into 

n i a transmission line in vhich the inner conductor is parallel to the axis of 
II 

the sheath and distant fits it by Rj..    Upon allowing f «° approach infinity, 

ll (15$)  beccfr.es. 
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(160) 
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Appendix    D 

The Wav* Equation 

In this appendix,  a tape helix is considered in an attanpt to 

solve the wave equation.    In particular,  if  the helix is assuaed to be wound 

of a very thin tape,  exact expressions  for the   fields can bs obtained in 

terms of the surface current density.     An exact formal solution is obtained 

for '-he tape helix, but the completion of this solution requires the solving 

for the roots of a determinantal equation in the form of on infinite deter- 

minant.    By assuming that the tape i3 so vide «s to result in a butt helix, 

this determinant reduces to a lxl determinant and the propagation constant 

can be found.    It is shown further that such a helix is dispwsive and as a 

consequence one might  expect a close wound wire helix to also be dispersive. 

1>-1   Maxwell'3 Equation and the Vector Fotentials 

In the nonconducting,  charge free ra«diuro surrounding the tape helix, 

the electric and nagnetic fields with harmonic variation Bust satisfy the 

Maxwell equations, 

7x£ * -!<*>/*& (D 

V* H -   1*> t £L (2) 

y*(ai-lW o o) 

where 5 *&& H **"•<  respectively,  the electric and ragnetic field intensities. 

Tba aedijs which La r.or.cor.ducti rv homogeneous,  isotropic and Ixnea- is 

ch*r«ct#r1 ee-1 by the p*r»*ahility/U and permittivity   ez  . 
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Prom (1) and (<) the «,»» eouatlor.s follow, 

7^x0-^*^*0 (5) 

V*V*&-/££^-0 (6) 

where, 

r?C«   CO>6 (7) 

These are teoat conveniently solved in terms of two vector potential 

functions such that 

y-y*A (e) 

&-V*F (9) 

In (8) and (9), A   and   £ are vector potential functions from which as? be 

derived the electric and magnetic fields.    For harmonically varying fields, 

these vector potentials are related to the Herxtian vectors by a simple 

factor of proportionality.    Equation (6) will be solved in the circular 

cylindrical coordinate system as defined in Appendix B.    The solution to 

(?) will be similar.     In both  (3)  end   (9),   it will be essuned thst only 

the t component of the vector potentials exists,  si ice it has been show, 

that a»y wave may be synthesized iron the two ssiutisr.s based upon this 

eneunptisrs.    (See reference 1, page 351). 

§ substituting (3)  into (5) there results, 

i 
I 
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i 

i 

Vx[^*^xA-A*A] * 0 

fro* wfclch, 

*h«r« <$ is *aj arbitrary acaiar function of flt t and ' 

km if It i» a»a\aaad that A^* A^ - 0 , th# fvllvwsg 

b* u»«d, •!&£• Aj» 1« * raetaitgular component of th« T«ctor 

art COOM^MOtlor^ 

&lV-&\- V*A»-A'A, - t^«i 

If the arbitrary ic*Ur function $    !• dafload aa, 

^JB ^7*A 
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t\<} 

»n<l has as it* 

(16) 

i of simplicity. 

(17) 

t w-lued function 

tero.    Tha Ifl, 

irat and 

U«i to a 

lie properties 

i   f5eld* «q>#rl- 

ciear alnea* 

,  it roin- 

vi by only 

font of s 
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.-4,,     -iV* -i*** 
fc •   6 =     £ (IB) 

where   6n ie given by 

S^/3*^01 (19) 

An additional requirement due to thr pericdlcity of the helix is 

that if one mores at a fixed radius,  on the surface of a helicoiri  defined by 

| (-y.*~ 0 j        s    constant, the fields are multiplied t; only some complex 

constant.    Thus the   rv    of (18) and (19) must equal the m of (16) which can 

now be written In the form, 

fi-M 

• further, since the complete set of functions must b« used to 

satisfy the boundary conditions and since the field equations are linear 

f so that elementary  solutions  can be addad, th« representation for At becomes, 



'  —n.n*'. -V~~;.*.-.— .—   •.»--.iir..,- .   _j.':-r. 

i 
i 
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15Y 

where in* constants A„ and B,  ire determined b7 boundary conditions.    In 

exactly tho saae asmner, the rector potential F% can be written 

F, = £        >    [GJCM • Cv, K»(V)j € (22) 

Froe) (21) a sat of £ and H vectors can be derived, which set is defined as 

s transverse setgnetic »ca*. Froa (22) a set of E and H vectors can be de- 

rived; in this cise, the set defiling what is called a transverse electric 

node. The eloctrojaagnetlc field obtained by superposing trie transverse 

Magnetic and transverse electric fields is of such generality that one can 

satisfy * prescribed set of boundary conditions on any cylindrical surface 

tetasi separating eleaents are parallel to the » axis. 

Let  regions 1, 2 and 3 be defined as follows: 

region 1 corresponds to   O^/3 { R| (23) 

region 2 vorresponds te   R,£/0$ Rt (2k) 

region 3 corresponds to   f%$ /0 <, OO (25) 

Then,  because of the knoytr. singularities of the Bess el functions, the 

victor potentials in these regie*;a are, 

4*"* A*«*€   zl^L(v*l6 .}(b*-">tf) 

/.ji 

-W^sT^r n  -die*-"**) 
,Ir.«tfj< 

(26) 

(27) 

I 
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A-,= 6     ^   [A»JJy)+ Sw^vV)]^ 
'f%*-m£) 

(28) 

_i(br-"^£i 

m 

A^-£ 
-fot-nt) 

Rb-€     >  |Dm3Kjrwrtj6 

wh«r«, 

(29) 

(30) 

(31) 

k>- 
^htff 

(32) 

•ow, fro« (x),  (2) and (il), th« tctal electric and u&gnatic 

fields *T9t 

*• 
1      /F> 

(33) 

& 

i 
i 

JL_   1  *Ft w-im^0*t m urn       *   J-  -    . - (34.) 

s 
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"!C< 

— R? n* J^M (35) 

(36) 

0* -— - 1_    1   oA, 
(37) 

E.- 'm 
^u>6 A, (3«) 

Equations  (26) to (33) define the electroaagnetic fields la 

regies (l),  (2) and (3) in tint of the constants Ag to Ey.    These constants 

snst be found fron the boundary coaditieaa. 

D-2.    Ihe 9<wnd,ary <?°lrteUm» 

There are two boundaries at which the electric and magnetic 

fields oust satisfy certain boundary cc*vHtio««.   These are at the surface 

of the shield defined by    p •   B2 and #1  the *Mrf*c* of the taps defined by, 

/«=*« I f i (39) 

where the tape width perpendicular to Its edge Is 7H end the helix angle 

is 'i' .    The center 11M of the helix is -ss^ed to pass through t    -   0 
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vnen   0   =    0.    Vc gerertlitj la lost by so aajsusaag. 

At the shield, since it lc assuaisd to be perfectly conducting, the 

teng«r.t»i taepaasxt a? slectrit field aust vanish everywhere.    When this is 

satisfied, the normal 'ocpor.ent of sognetic field will automatically satisfy 

the condition thst it vanish.    This follow iossediately frost (l). 

For ell  ^O   greater than %i, both the electric and magnetic fields 

aust vanish sines the shield is assumed to be perfectly conducting.    At 

th« radius Rx lhe tangential component of electric field smst be continuous 

everywhere, and the discontinuity of the tangential cooponent of the s»gn»tle 

field aust equal the total surface current density.    That is, 

£,= tfj~0  ,   ^>Ki (40) 

Egi m  &0Z j r*«*i <W) 

(rW~M#t)m J* ^*R; C45) 

where  •/ end Js are the total surface current densities in the I end s 

direction* respectively.    li is natural to expect that these current 

densities would have the sm» farm as the rector potentials* consequently 

w» *.*& write, 

I 

/ , 
si 

(46) 
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/i-»\ 
\«»i / 

-here J^ And J_B are the Fourier cceffi-:'.&»ii.« of the currant density 

distribution.    Before aaicing use of conditions (iC; to (47), it is 

desirable to nave the eloetric and sagnetic fields in regions (1) and (2) 

vrltton explicitly.    These are, 

5 

[gA^ljM+^CaXfV* 
1 -jO»*-*f) 

-4£*\        f , c 1-4 (b*H*#) 

J&LGMIUM 
^(•i-m^j 

ArfT t^-i^)     p<-3^)-^AJfijfM]« 
>(fe*-«*J 

r. 

-***Vi 
rfC* 

^(b»-m«) 

J^A^LIV) 
-a(b*-w*#j 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 
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*> (55) 

-4** 
H,f-   e / W HUM* WCM] | e 

ml J 
(56) 

•a •j?- ^ADWK,(VJ 
-j(k*-*rf) -^^(V)^^(M]U^^   (57) 

EW~€ 
.^i 

*. ^TdtVi^^j^v^ 

(56) 

t1 (59) 

fro« (35),  (36) *nd (40),  th«r* follows i««diat-ly thai 0^3 aad 

D,3 of (30) *od (31) *r« idw.ticfcUy s«ro.    Pro» (U), (•.?) and (43), 

ih«r# foil* 

A*,« t_ C«[l-6^ ;} 
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(61) 

^-i^r-A** (S2) 

(«*) 

where A^2 ^ C*s2 ,>AV* b**n Introduce** a* % natter of eor.y-r.ienc*.    The 

definitione of the G^ and G^ function* are obvious from (60) and (63).    Froa 

(44), (45),  (46) and (47), the constant* a^J and CB2* can ba evaluated in 

tone* of the Fourier coefficient* <*'*« and Jffa .    Uaa ia made of the ortho- 

gonelitj of the apace hanaonic* for-TT^ §£ 4" TT   and  -£•• £ 2 ( 4-   •    Theae 

%ao eonetante are, 

£x = R, K^4ft:)[^ - ir^r T*«j (66a) 

<£*•--**? ^ft-*)^* (66b) 
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Udir-i  (50) to (66), the electric and rajpstic fields In regiar.s 

(1) and {::) bee see 

-**r"f 
rV =    -it •*»\ 

^W-*1 ,   ^r.  _.-!... ..   _v_i  - -a<bt-«*«) 
(67) 

(«) 

-4** U (69) 
r -i .si   -i(bt-wrf) 

H«,«   -€'       )  <X.Rl[l-6j^Kw,(y-.R.)rIMU 

4-1 J 

-**<$-'-Jfc^5jW4R)« ^ (70) 

E* 
-, ]     i(W-«0) 

f^jMH.R)XmyC (71) f 
s.a,~i%t<r\ \ 3j£ [l-c] jr..- gig J-^K^^P.)^ I ^2^; 

(72) 

.$(**-«•] 
-^k'^||?i:]j^r;(rwp^r       (73) 

§ 
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16* 

4«S    "Y 

~»i 

-^[^'S^^r-^K^W) <7*> 

HM«   ~<: 
-*S*\ 

t 

**• ^2 Jf^-S^M*^ 
-k*-!&fc-&4-«4 

-jfceiwj 
(76) 

-&?-**) 
(77) 

^tffe4" Y{^V|^*^ *jMfc"»p 
^t**-"*) 

(78) 

In the foregoing equatlorj*  a*id in «hat follows, where the arguments 

of the Btt^sfl functions -ire endued, it is un-icrstcod that these visaing 

a*fis**sr.U &re ( 1£»/9   ;. 

It c«n seeily be tiocYistrvted that (67)  through (70) satisfy 

Maxwell* s aquation as well as tho continuity conditions iul) through (i»5). 

In addition, tov «r# slugla v».u#«l Loutidod functions having the pr--p»r 

form to represent the field* eurroisnding a unifor* shielded h*lix.    They »r* 

aad« up of « cowplste set of  functions in    0   and    *    aaauring that the 

final bow.-i-ry conaltior. at   G »   R>  can be sast.    This regaining boundary 
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•-WI.S**»ii •"- " «•»-... 

Iti 

condition is that the tangential component of the electric field be zero 

et  the tape.    That in. 

E*« O (?9) 

<«*>} 

,0» R, 

j 
It will now be assisted that fcurler expansions exist for   E^ and 

I, at Ri OT«T the interral (Jf^-aJ^r) <* < (*rr+5»?r) •«<* *<>r -TTv<0$ir 

of the forte. 

(a) 
w 

E,-ifff*\      *,.f 
-i*BK**-**) 

(«2) 

when* CteA   *nd 0(^n  are proportional to the Fourier coefficient* of the 

electric field expansions.    The coefficient b   iff #fual to *y . 

Equating corresponding cosponents siren in (71) and (72) with 

vCi) and (62) /ielas, 
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1 
! 

\ 'J«^)-&gT^,icf*.«,icw.».i 
4et 

j%*(V*-.*) 

F- ̂ M^w^^^r 
-jfa »-"»#J 

A 

m 

-iWb'«-*^ 

it>7 

\o;j 

(84) 

If (63) and (34) are swtllplied through by   £ 

*ti«r« q it an Integer anJ then integrated front 2 * (jtffi**"*^t?)       to 

2m'*SrZ+ JA+ ')  kMP^aC 0 constant at any particular value, it is found that 

for n    =    q the right sides of (83) and (84) are non-sero.    They become 

respectively, 

2d     .... (85) 

I 

1 
•f 

Since tt is know that S, and Eg are zero over the surface of 

the tape, the coefficient*   Ot^   *r** 0^*      the*«>elves oust b* 14*fi*-i?*2l« 

*ero»    therefore (83) and (84) frecoevt, 

186) 

i 
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1 
I 
1 

I i 

lft*» 

/  1 
q«^ 

••sH<IM>****»«J^^-o <«> 

^IfcH^w)^ = o m 

Employing matrix notation, these night be expressed 

|QJX|M|-|MXW| <*> 

%*•»-» llfl     II    It C>       S      u   < IIMM*  it T    II £T-S  ag»«M ..t^xM  af infinite ,e*7*UMa»tt) ii^^B^ ii -<*•< ii*• ii !«»j|£'e --• ** — ww" 

attest s«!     || T~- j| o«A || J>^ ||      ere infinite coi»—r «*tr1«*«,    Thm 

tjwisol X deustss the usual row on coluam ctulti plication.    The elements of 

the coefficient s»tric»s are. 
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(91) 

R^.. ^m^^O-^l^^Wr^Sfi^a (92) 

S^. (m^Rl[)-G^]Km(^i)l^R.)|i|^ * R* (93) 

1^» {tf^-^fc(*^(W,)Jsgl (94) 

>^»»* [*-»?£?> (95) 

Asaustin* tfcAt the usual aatrUc rules for q and * flnlts apply, 

*•!   thAt J^vll    i« not singular, frca (59) ou« obtains, 

I 
9 
I 

3 

Ii 

K£j<M'lsJ- !-".-! 
rl 

Mh«r» P**"*!! in *^* inverse sf     |Rqm|    ±zA^ 

(96) 



f •      ..—-•*•• -»f'^--»»*. t-)+*m C*""-: 

I 
I 

17: 

iiM^SR^i^i^ (?7) 

1 
i 

is the Infinite unit matrix «ith all tire elements on the 

diagonal equal to unity and all the ofi diagonal eLeaents equal to aero. 

Upon substituting (56; into (90) there results, 

s*»||- ||^||^|(R^^1<V||»X||J^||« o 198) 

In order that (96) have a nontrlvi&i solution, the deter&insnt ci 

the matrix ins lie the braces susi vanish.  That is, 

s*I- ^i*||^4xI(M I = o (99) 

I 

Since it Is preeuaed that R^, R2, V    , A  and a. are know, (99) provides 

an equation fro* which the propagation constant /S    can be -Jetered.net!. 

The method by which (99) was derived Is essentially the same as 

that used by Scnslpsr for a hell* in free apace.    This oathod has been 

eodi/ied to account for the effect of  the perfectly conducting ehi#16, and 

(99) reduce* to the deteminantal equation developed by Senaiper when %2 

is allowed to approach infinity. 

This infinite jetanalnanwl equation of every ?.r**t eoaepiexity 

present* intractable 'iifficultis* in ootalning an exact wolut^on.    E»*n 

•» solution using perturbation sethoa* would be af doubtful utility because 
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I 
1 
I 
I 
I 
I 
I 
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I 
I 
I 
I 
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I 
I 
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ft' the trea*^«naaotal nature of ti.« equation.    Ap>.-ruxi»»te solutions arc 

available, how«v»r, by specifying tha* tn* !.ape b« anisotropic to th* extent 

that it can tO!Sfci*t enly la the helix dirtc+ion. 

D-3   The AniaotrcBle ?s£2 

In this section, it Kill be assisted that th* Up* c«n conduct only 

in the nallx direction.    This could be achieved practically by forains the 

tap* of a i'.reat nuabar of very s&all parallel  wires insulated fro* each other. 

At low frequencies in a true tape, this situation would exist since the poten- 

tial difference between turns would bs rr*ll and there would be no tendency 

for current to flow perpendicular to the tape edges.    In any rrsat, this 

restriction •odifiee the boundary conditions (79) and (80) to read. 

- 
Ef&tfi +• e^^utj^ ~o    at, 

In addition, th* en lot ropy of the tape requires! 

(100) 

R«M|x|«.|-|c^H%-ll (101) 

ItSlftjMl     *"<* H"" v^l are a by • »e trice* which heee respectively *inj£ 

and soe p   on the diagonal and sero off the diagonal.    Sapioj-r.r ths  saw* 

j-rocedur* ueed in ootaining (89) and (90), the requireesat of (100) leads 

to. 
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K Qq»Cos/ ~ S*n 5l*f^X jj^rj^ ||rV»3Kj* -Tqm SUt)i<||x l! J£M j| C.02) 

where O^"* '"^«j arc as defired in (yi)   .   .   .   (95).    Py eliminating 

II 3*>w li      formally froe (101) ana (102), there results 

l^x^^-S^Sui^ (1«0) 

! 

1 
il 

1 

In order that (103) hare a nontririal solution, the determinant of 

tile coefficient matrix must be aero.    This will proride a determinantal 

equation from which formally the propagation constant   /3  can be found.    This 

determinantal eouaticn is, 

js^^K|o^coi|t-S^suM^Jx|^la«|t-T;wlsov.^||-||c«^| = O (104) 

This is again en infinite determinants! equation and Mould present 

ccralderaula difficulties in its solution.   There are two cases which can 

he evaluated exactlj.    These are the butted tape helix and the line helix. 

»•*   Ba, &.U3& Iifcg SL SfifVl **U* 

If the aniaxroplc tape of section D-3 has a width such that the 

edge* tutt trainer,  t.'.e helix loses all of it* properties of periodicity 

with refard to   J?   and 0 .    This is tantamount to melting 



.. i Jr 

1.105) 

Ox, - < *,*ti-Go] &«igi.(*R.) doe) 

f^»» S»« O (109) 

| 
TsQ-tO    and    Ttfo^O (106) 

1 
• Under these «>nditi<5is, 

f G«i»*« Raw *•  5^m»7^w=s  O       W   W»«CW(l»*0 (107) 

1 
I 
1 
| Too - *V[l- G,X(«*jI#R.) <"»> 

§ »reJ  (104) b«ce»«#, 

1 

Thi* is  th« MI* *« •***»» ior   (?Jj) of Ch*pt»r XI which •*» obtained 

fcfr * tllffttljr different procedure.    Tr.e solution of this equation Is dieruaee<«t 

la Ch*p**r IJ,  it 9#r9l* KM** «.•^fst^i«»tt   »r> «»» n»««» th*t it is?  tr vise •=*»••*- 

entai ttBS *u»t  :e »olT«d l>   .-.**« Acei or j^r-phlc*.!  croc «?Jt res.    The solution 

•»-**• *%*%**3»w 
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shows that for tnt fcuttsd tap* he* lx, the phase velocity in a function of 

•j| frequency, decreasing *lth lr.crensirg frequency.    Vh«*« /St   is allowed to 

approach zero In (111)  it is possible to *olvs directly for the phase 

jg velovit/ is the axial direction far rsry low frequencies.    Upon doi*g this, 

there results, 

(112) 
^ 

V1       *lWVRA 

S-5    lijg V«a jyjxgi   Ta^e Helix 

(a) BUM Velocity 

If the width of the aniaotropic tape is «ade very snail compared 

to the pitch, the factor (   ^jjj**    ) ^ ^71) to (&) *U1 beceae 

epprcodnetely, 

f   1      -for     q=G 1 

UU) 

I 
f 
• sis ^*<w — / s 

! 

ViMVl      »»»•<»»•    vwgi*x<»i« |     «np      ,   •     •<y, 1 « *%f        ""•'*        rTf*» ' =^     *•=?**     - — -      •; 

not e.>iai to .ere and, 

i 
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I 

i I 

i I 

3*- S^- {m^R.O-«*liC«i«.)i^«,rj} <U5> 

7^ = (*x Rz\i-^J]<JX. *)U(K*>)\ cii6) 

Substituting these into (102) and asking use of (101), thsrs results, 

I j 

1 
! 

I 
I 

This is s determinant*! equation from which /3 car. be found 

provided the current density distribution across the tspe ir xr.T^r.,    Since 

the tspe is extremely csrrow with respect to the pitch, it would not be 

toe greet so error to sssume thst the current density is uniformly distributed 

seross the tspe. Thus, Jje* would hsve the form. 

| 

*>ere, f- ^^ / 

Title isjumjFuos". «iv.-. r*gar«i to tn* Fourier coefficients ie tsnta- 

•ou^t to »»!*u*xri£ that tint ilr.es of  ca,.»t*r,t  phAne front of the currert 



1 
1 
s 
1 

1?6 

•ier.slt? distribution or. tim ,^»iix occur fer constant #.    Ihis is quit* satis- 

factory for rrrr narrow habeas,    Ko.uation. (117) could also be written with 

^9m    * •placing    J^B-,  and the fora of (llej used for the ^^ » leading to 

th* ease result.    Since the actual constant phase front of the current density 

aawt lie birt-Mws the two extremes   2   "   constsat and j8   *    constant, it seems 

likely that the condition* of (11?) and (11B) will  1,-ad to a-tisiactcry results. 

Equation (117) is essentially the cquiv-isct s»  tr.c dstsrsinantal equation 

arrivea at by Senslper for a helix in free apace by a store cuabersoae process. 

This can be solved for the case /S^—• 0   , that is;  for the very low frequency 

ease. 

Let 

(119) 

A- (1») 

where T0 is the velocity of light in * e»«l!u» characterized by yU and   6    , 

and v    is the phase velocity of the propagated wave in the axial direction. 

Then, 

rV 
(121) 

TMe fraction wJii :eaaln Unite aid noo-iero a* /3  and  /3Q 

•pi.ros.cii zero.    Bqustion (117) CUJ'. '.* sr«»i*»sr. \r **>« fallowing font by Baking 

use of the »pprcatirtS)tlaRs ±»«ilable in l*»pendix a.    It ehwld b« noted that 

•v*-—•—-**>. w^wiwef'^'i*"^- - NW»"V -' MT—liisil 
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Lb*    *    =   0 tens has beer, witter. sepirsteiy anu that the suncstiao hat; been 

par for—d froe 1 to 00  and! wultipHw: by 2. 

[gf-tHfr-K'-iH 
+Z V.^.^ 1 1 _<*»* (122) 

ihla equation hold* •trictij for  /%  -   0, hut it should b« uaeful for low 

frequencies in general.    Frnc reference (2), pi.ge 58, 

£^.}.^S+1L(^X^.... (123) 

For the rant* of & fro* 0 to TT this can be written to a high aegree of 

*eeor««y «•, 

oo 

Li •  

sat»s te , _ fe)     g' 
^5 Lcq> 5/      £8 (124) 

*tzj 

i 
8 

s i 

UftiA* i!2*)*«qaati<st £121) bcccce* after *cmm »*ig«br»lt s»nipuU?,i >r», 

& 
* 
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I 

i 
I 

it 
i 

where, 

(124) 

sx 

(127) 

tfeon wiring (12$) for        *T     - , tMr» r«wlt».. 

. I 
I   
I AS        m.     LA-±J*?±!L- (US) 

I 
i If  S   ii allowed tc approach TT    , the helix becoaes » butt wound 

unity,  *AOWXO£ U>*t the phas* velocity 1A the helix direction  for a iin« 

helix la the «T*«d of LUnt.    The «!*»  >f (113) 1* actually •ajitaaourt to 

aatisfyinf the condition (100) an the center line of the tap* only>    For 
Una 

tbte reeeon, it should be expected that eouatlon (128) will faror the thin/^ 

tape.    In this ceae, S2 baeosxa xero and (123) raducaa to the expression in 

1 (112).    On tha other hand, if %    is allowed to apprnacn tero, the neiix 

becoaes • Una balls *nd 92 approaenes infinity.    Equation (12*) W»e#» hecones 

::^-v*»*i*»i«ii-' 
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>*otfe of opcr'itioi; over  tee ohecth or butt sod*,    k study of Figure *?5 

show» this to be trsa.    The true low frequency plveae velocity for a thin 

t*pe Li Buw«rwher» b*twe«?; that give., b>   (112)  «~»u \12o). 

(b) Characteristic Iapedance 

The characteristic iaped^nce for the narrow tape helix 

This result la compared in Chapter II with the result for a 

wire helix taring a diaaeter equal to the tape width. 

i 
! 

1 (76).    Thia expreaaion, whan integrated fro* /3*Pi ts^»RjsA (bf»-rh0J=-O 

will dee the difference in potential between tho shield end the center line 

I 
I 
I 
I 

can be found for low frequencies by allowing /Q  «o approach s«ro in equation 

will glee the difference in potential between th -. shield end the center line 

of the narrow tap*.    Upon dividing this by the current, the characteristic 

iapedance reaulta*   Thie is, 

Z.~ETJT m^R " 5?#Nfet #] \ • 

»—'     -•^•••r* • 
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