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SPECIFIC HEAT OF VITREQUS SILICA

Abstract

A method 1s developed for the study of the thermal
motions of the atoms in vitreous silica, This enables ten-
tative calculations of specific heat based on various forms
of binding between atoms and on vibrations of single atoms
independent of their neighbors., First comparisons with'exper1~
ment are not very satisfactory and rniethods are developed for
the use of larger and larger groups in order to approach more

closely to the actual network vibrations,

Introduction

(1)

In an earlier paper ~ ‘it was shown that a snecific heat
curve agreeing reasonably well with the experimentally deter-
mined curve cculd be calculated from a simple model., This
model consisted of silicon atoms which could oscillate in
three directions with three equal frequencies and oxygen

atoms which could oscillate in two transverse directions be-

tween pairs of silicon atoms with two equal frequencies and
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with a different higher frequency longitudinally between the
silicon atoms, The values of the frequencies were not derived
from any detailed model of the structure of vitreous silica
but were rather chosen to give the best fit with the experi-
mental curve, It seemed worth while to extend this work by
trying to derive the curve of specific heat versus temmerature
for vitreous silica from our knowledge of its structure and
some rcasonable assumptions as to the nature of the forces

between the various atoms making up the structure.

Nature of Interatomic Forces

Considerable doubt exists as to what is a reasonable
assumption as to the nature of these forces. On the one ex-
treme there might be considered the purely ionic nicture
where the forces would be Coulomb attractions or repulsions
modified only by repulsions varying with a power of the sc-
paration much higher than the second, 1In this case, in com-
puting the field of force in which each ion moves one must
consider the effects arising from a large number of neighbors
since ths Coulomb forces fall off so slowly with distance.

On the other extreme the forces might be those arising
from pure covalent binding. In this case the interatomic
intaractions would arise only from close neighbors but some
doubt would arise as to the exact mathematical form to use

to express these interactions, For purely central forces a
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Morse function might be choegen such as to give the correct
heat of formatién but the effect of specially cdirected covalent
binding might still be difficult to handle,.

In all probability the true picture 1is somewhere between
these two extremes, Paulinng)on the basis of thc electo-
negativities of silicon and oxygen, describes the binding as
50% ionic., In order to obtain more exmerimental indication
as to the nature of the binding it is justifiable to consider
elther of the two extremes and use the lack of agrcement, if
found, as a stepping stone to a more exact description., The

- prcsent paper considers mostly the ionic model,

Ionic Model of Vitreous Silica

As in a previous paper by Smyth, Londeree and Lorey,(u)
each silicon lon i1s considered to be contained in the field
arising from four oxygens tetrahedrally arranged around the
silicon, four silicons at twice this Si-0 distance end lying
along the extension of the Si-0 lines and twclvc oxygens at
a slightly greater distance, Only one half of the effect of
these twelve oxygens is considered so that the charge on those
ion3 affecting ecach silicon ion is =4 and the remaining structure
outside these 1s considered as neutral and, bscause of the
increasing randomness of the glass structure at these separations
giving effects, which, averaged over the whole structure will

be effectively zero,
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Similarly each oxygen ion is contained in the field of:

(1) Two Si ions diametrically opposed to cach other,

(2) Six oxygens., (The remaining ncarest ncighbors of
the above two silicon ions).

(3) One fourth of the six silicon ions at thec second
closest Si-0 distance,

These surroundings exactly balance the charge of -2 on
each oxygen ion, The effect of the remainder of the structure
is neglccted, bYeing neutral,

The question of the velidity of neglecting thesc neutral
surroundings is onec which deserves a more rigorous treatment
beyond the scope of this paper, In crystals, because of the
regularity of structure it cannot be neglected but rniust be
exactly considered, as in thc methods of Dwald(S)and others,
The assumption is made here, however, that the lack of a re-
gularly rcpeating structure beyond the neighbors considered
Justifies our ncglect of any contribution to the celectrostatic
field from this source, Any conclusions reached must there-

foro be subject to critical exemination from the standpoint

of this narticular assumption,

Calculation of rcqucncics

As a [irst asproacn to the problem of studying tho
vibrations of thc atoms it mipght bc considered, as in the

Zinstein thcory of spccific hcats of crystals, that each etom
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vibrates in a manner independent of the motlons of its ncigh-
bors and in thc field which would arisc from all of its
neighbors becing in their cquilibrium positions. Later there
shall be taken up the problem of allowing also for the cffects
of the vibrations of each atom on its neighbors.

Tho restoring force acting on any atom when it is dis-
placed a distance i in any direction from its equilibrium
position 1s the same in direcction and megnitude as if it had
been at rest and all of the other atoms had been moved a distance
{ in the opposite direction, The first problemn is therefore
to compute the force acting on an ion at the origin if an ion
of known charge at somec location (a, b, ¢) is displaced to a
new nearby position (a+u, b+v, c+w), This must take into
account both the Coulomb forces and also the higher power
repulsions which arc important for very near neighbors.

As far as the Coulomb forccs arc concerncd this is
equivalent to finding the electric field at the origin arising
from a dipolc placed at (a, b, c) whose axis is parallel to
the displacemont (u, v, w) and whose magnitude is the charge
on thc lon at (a, b, c¢) multiplied b; tho lincar displacement,
This 18 a well known oxpression worked out in any text book
on clectromagnetic thoory.(é) Putting it in thoe form con-

venient to the problem in hand the exprossior. may be written:

— o oy
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where Fx, Fy and Fz aro respectively the x, y and z components
of the force on an ion of charge o, at thc origin duc to dis-
placcement (u, v, w) on an ion of charge ¢, located at (a, b, ¢),
and )" is the distance from thc origin to the pont (a, b, ¢) so

that 2

v ot 2

Fe w+ 0+ C (2)

It might be montioncd that these relations hold rigidly
only when the displaccments arc small compared with thc interionic
distances involved,

The forces arising from tho highor powcer repulsicns can
be oxnresscd in very much tho same form, If the ion at tho
origin and thc ion at (a, b, ¢) reopcl cach other with a force

of magnitude

A (3)
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whon scparatecd a distancc 7 from cach other then thc components
of tho forco on thc ion at the origin when the ilon at (a, b, ¢)

is displaccd an amount (u, v, w) aroc:

= A u}LL+ (l(."'\v“kuau-”.~J
Fo= =2 )= 0 7T W)
< Tl ) ’ ;
, vidrwe G o ]
r -) v v o
fy s T3 ZU (e o T j (4B)
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Here tho approximatlion is not quitc so good and the
neglccting of higher powers of u, v and w than tho first be-
comes lcss and loss Jjustifialbc as N incrcasecs,

Thc modol to bo used in calculating the natural froequencics
of cach ion can now bc sot unp and the mathematical cxprossions

workcd out for thosc froeguencics,

Tonic Modol

The interactions considercd in this trcatment will be:
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(1) Coulomd intoractions votwecen cach ion and thosc
noighbors proviously discussod,
(2) Ropulsions of tho form _)f‘m botwcen cach silicon

ion and its closcst oxygcn noighbors,

(3) Repulsions of the form -:E%.botwoen each oxygon
and its closcst oxygon ncighbors.

Ropulsions, othor than cloctrostatic rcpulsions will not
tos considcrcd botwecn silicon ions and thelr ncarcst silicon
noighoers or betwcen any pairs of ions with groater scparations,

In ordor to compute the froquonciocs of a silicon ion tho
following arrangcment i3 considorcd., Tho silicon ion placod
at thc origin. Its ncighbors arc locatod as follows:

(1) Four oxygon ions at (s, s s), (s, ~s, -8), (-8, 8, -8)
and (-s, -s, 8), Thcsc aro totrahcdrally arrangcd about tho
silicon ion at a distance 7 such that

1. B

(2) Four silicon ions at (2s, 2s, 2s), (2s, -2s, -2s)
(-2s, 28, =2s) and (-2s, =23, 28),

Thosc arc at ¢ distanco f; such that g P de

(3) Twolvc oxygen ions at
(3s, 39, 8) (38, s, 3s) (s, 3s, 3s)

(-38, -3s8, s) (-3s, -8, 3s) (-s, =33, 3a)
(3s, -3s, -s) (3s, -s, =38) (s, -3s, =3s)
(-3s, 38, =s) (-3s, 8, -38) (-s, 3s, =3s)
Tho total offcct of theso twelve will bc computed and thon

e S

2-amval




~——

-9-

divided by two so that the neighbors altogother will just
exactly balance the charge of the silicon ion at the origin,
while we at the same time avoid the necessity of meking in-
vidious distinctions between theze twelve 2xygen ions., Each
grouo of three of these oxygens, together with one of the
oxygens of zroup (1) tetrahedrally surround onc of the silicons
of group {2). Each of these oxygens is a distance‘fgfrom the

origin where

+, = J—'b:q ¥ ()

All of tnese neighbors (1), (2) and (3) will be displaced
an amount (u, v, w) and the resultant force on the silicon
ion at the origin computed.

Using equations 1A, 1B and 1C it can be easily shown that
if all of the oxygens at distance‘*ffrom the origin are given
the same small disvlacement (u, v, w) the electostatic forces
alone give a zero rosulting force on the silicon ion at the
origin, Also 1f all of the silicons at distance'f;cr all of
the oxygens at distance'*;arc disnlacocd by the same disnlace-
ment (u, v, w) the resultinz force on tie silicon ion at the
origin is zero, Hence, if all of these neichbors are held
at rest and the silicon ion is 3iven a small cisplzcement
there 1s no restoring force arising from electrostatic
attractions or repulsions. All of the restoring force on
the silicon ion arises from the higher power repulsive forces
of its neighboring oxygens (if we can neslect the effect of

the high power repulsions of more distant ions).

Ag’-‘- %

LU L Y -

-y



-10.

S

Using equations LA, B and 4C it can then be shown that

if the four oxygens in group (1) are given each a displacement

of (u, v, w) then the resulting force components on a silicon

at the origin will be

U8 SRR g e T AP i AN

_r ya \ ~|
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= 4 -Z\ o o
B =2 ) e

1 L0 ] (6B)
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fram which it can immediately be deduced that if a silicon

ion is given a displacement L in any direction it experiences
a restoring force
A
oW A R O
.&5 :\,,—/‘,/ _7L:-\'. (L
in the exactly opposite direction. The field in which it

moves 1s quite spherlcally symmetrical for small displacements.
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Forces on Oxygpn‘Ions

In the case of oxygen ions more attention has to bte naid
to the dircction of dasniacemest., It is obvious thet there
is likely to be a difference in the restoring force depending
on whetihcr the displacement is along the linc of the two
neirshboring silicon lons or transvcrse to 1it, It will be
shown that i1f three mutually psrpcndiculer directions are
chosen such that one of them lles along the silicon=-silicon
dircction then displacemcnts anéd vibrations in any onc of
these directions are independent of what is haprening in the
other two, This docs not hold for three mutually perpendicular
directions not so chosen, The model will be sc¢t up as follows:

The oxygen ion in question will be locatcd at the origin,
Its neighbors will be:

(1) Two silicons at (s, s, 8) and (-s, -s, -s8)

(2) Six oxygens at (2s, 2s, 0) (2s, 0, 2s) (0, 2s, 2s)
(-2s, =28, 0) (-2s, 0, -23) (0, -28, -2s), Thcse are at a
distance T, where ‘f:' -yst or T, = .\E +

(3) Six silicons at (3s, 3s, -s) (33, -s, 3s) (-s, 3s, 38)
(-3s, -3s, s8) (-3s, s, -3s) (s, -3s,-3s). Of this last group

Bt WA AR
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we divide the total effect by four for the same reasons discussed
previously.

In order to study longitudinal vibrations (i.e, along the
silicon-silicon line) a displacement of (u, u, u) will be im-
posed in place of the general displacement (u, v, w) used for
the silicon ion,

A displacement of (u, u, u) imposed on the two silicon
fons in group (1) gives rise (using equations 1A, 1B ard 1C)

to an electrostatic force on the oxygen at the origin whose

components are:

[i = T eahaiis: (7A)

Fe= T T3 (7B)

o 32 (,1%()
= e (16)

Therefore a displacement of «{{, 2long the silicon-silicon line

of the sxygen ion at the origin brings to bear on it an electro-

static force of

5 "\'
+ _?_{-_%;‘9. (8)
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meaning that as far as the electrostatic attractiosns »f the
two silicons aloné are concerned the oxygen would be in un-
stable squilibrium,

Using equetions (4A, 4B, and 4C) the force on the oxygen
at the origin arising from higher pcwer repulsions of the two

8ilicons is

_ 2An i (9)

(WRAR N |
._)

for e displacement ‘! of this oxygen along the silicon-silicon
line., This leads to stable equilibrium,

A displacement Y/ of the oxyien i»n at the origin along
the silicon-silicon linc will, because of electrostatic forces
from the bBix oxyzens in group (2) give rise to a forcoe on the

oxygen ion of

1

The repulsive forces of these six oxyzens zive a force on the

oxyzen moved lonzitudinally a distance “¢{ of

’,‘J:. /,zn.- /] - (11)

The six silicons in group (3) will cause a force (purely electro-
static) cn the oxygzen when moved a distance ‘(/ elong the

8i1licon=silicon line of

% i z‘ o
2¥8 ¢ W (12)
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Again the two groups of attracting ions pulling against
each other tend to produce unstable equilibrium. Of this
quantity only one quarter is consideroed for reasons already

discussed leaving

S 2 o
fiockte £, (13
"‘1' —:'C‘S LL('
; )5
Using the relations thav
2 P ~
R I N S
2 +
¥ o~ 4D
2
__,Lb g /17 f-}?
L 2
T, = 395

tho complete effoct may be surmed up. The resultant force
on an oxygen ion displaced a distance ‘(L along the silicon-

sllicon 1line 1is

2 24 ¢~ g " 7 7
bledt ALK 7Y e Z2Ar 2B 2 5
,.\L: 3 -"'.,[;.'3 7[7 ‘_’(3} -f%n.l‘{,{, = “)‘ET"/\J " l’l-l{, (1,4»)

or arranging 1t all in terms of'fy the nearest silicon oxygen

distance, and going through the various numerical calculations,

the final result is

.
’\J.Q.’?S CL H)

ot g mengis. S A e - e S i L s

1

—
>

; fa_t- 5



o~

sasl

-15-

It so happens that the second and third ¢torm together are

numerically greater than the first resulting in stadle cquili-

brium, The restoring force increases as‘fj is decreased,

Transverse Oxygen Vibrations

To study vibrations of the oxygen ion in & direction
perpendicular to the silicon-silicon line each other ion is
given a displaccment perpendicular to this line, The dircction
cosines of the silicon-silicon line ere (;%,;ég,'jg). A
direction with diroctions cosines (1, m, n) will be perpecndicular
to this if 2 + m + n = 0, If thereforc each ion is given a
displaccment iu,, U;-(un')i where u and v are arbitrary this
displacemcnt will always be perpendicular to the longitudinal
direction and propcr choice of the ratio of -, to U’ will cover
all possiblc such trensverse directions., It will be shown that
in each cuasc the restoring force will make an anglo of O or 180°
with the displacoment., This holds only for displacomonts parallel
to or perpendicular to the longitudinal direction and would
not hold for any dircction in betwcen (except for the specisal
case whether the rostoring forccs in thc longitudinal and
transverse dircctions arc the same),

First tho two silicons at (s, s, s) and (-s, -s, -s) are

given a cdisplacement i’u’ U;—(“'V)j . From cquations JA, LB

/4"

and L4C, the components of thc force on tho oxygen ion &t
(0, 0, 0) arc




()

fy

P manan.,

16 € 0
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1t

e Ly,

(16A)

(163)

(16C)

Therefore :if thec oxygen i1on is given a displacementl in a

transverse direction there is exerted on it a force

which means a nositive

direction.

The renulsions of

if the oxycen is given
Similarly the six

16

1
| &

‘"*":p"s"""{,(,

2 A
;L—m%

action give a force of

restoring force back along this same

these two silicons zive rise to a force

(17)

a disnlacementd{ in a transverse direction,

xysens of group (2) by electrostatic

(18)
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ﬂ.
(} on an oxygon ion at the origin moved transverscly a 2istance L,

Thc non-Coulomb rcpulsions of thcse oxygens glve a forcce of

= (5 w) (19)

W,

Taking ono quartcr of thc cffcect of the oleoctrostatic
eIl'fuet of the six silicons at'f; there is obtaincd for tho

forcc acting on anoxyzcen at the origin displaced transverscly
a distance L

(5

5
EA-3 - Ny (20)

5o

B

("

Tho complctoc transversc cffcet may then be surmed up to

give
_8E sz 36 et 2A B /. ,
R AT ?%f’*h e g ‘1""("“}“ .

Putting this in terms of 77 only therc is obtaincd
('Q‘ r‘H 3 e, ’2
<L = Do/
~/3.3b 5% + =Sl F —_-—:—.,(4 AN
3 é’—*f' - \ }5 ,L" ) b) W

{

tability depends on the first torm boing numorically
greatcr than the sum of tho othor two. Thc restoring force

hcre decrcascs as'#j docreases,

P RPN N

e i AR s R S S BRI ST T L TR ORI b .

o
E T



PEN

-18-

Choice of Constants

There remains the prchlem of selecting the most probable
values for A, B and )], Acccrding to Fowler(7)two neon like
ions might be expected to repel each other wilth a force varying
as the inverse eleventh power of the separation and y{is thcre-
fore taken as eleven, Furthermore there 1s listed also in
Fowler a value for B givinpg the magnitude of the interaction
between two oxygen ions, This value 1s if - is measured in

centimeters and the force in dynes.

'3

B=i7bxn (23)

A must then be chosen so that the energy of the networl: is
a ninimum for the known value of the silicon-oxygen senaration

in vitreous silica,

Eneray of Network

Limiting attention to interactions between each ion and
those neighbors previously considered it may be easily shown3

that the electrostatic contribution to the energy of the network
is

v L & L i )
32¢  3Ze tle, 24 ¢
- T —-:ﬂ“ — -:;»3 + "713:— (24)
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which 1s a quantity becoming increasingly negetive as 7#,

(2longz wiﬂxfl, f}and “ﬁ, in the seme retio) is decreased,

This reduces to
‘L

.= \€I4
~//)v 2 / --x
61 =
This negative energy is offset by the positive energy
crising from the repuisions between ions as they ccme close

together, For the structure considered this is

4 A 5
B = ISR ¥ . Yo (26)
m-q1 35 ey )y
3 J e i &

The total energy is therefore

Ty f;f B s BT }ZZS._“_"_ (27)
_/O- G .)Vl + (h—l) o T O", ;.‘)/ _g.\) ;.::: .'L )
<~ 2 !

The equilibrium distance ;, will be such that this energy
is a minimum or that its derivative with respect to '75

will be zero.

Hence
1 n~! y
= €. A A L2\ I e R ~
I G -T5 — —— —~ i 2= —
’ )- (( \TA )lj —- 5_\ 75) ..7\' "w U (28)
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from which
1 9 sl
R N SR U ! -2 - o
A =DM e, - :\/‘%g) WS, (29)
Using
& =4.77 x 1010 ¢ 5 L
')‘," =1.62 x 10"8 vl
B =17.6 x 1078
1L =11
1 n-2 .
3.90200 £+ = .682 x 10758
1.5 B = 196 x 10°°8
!, :52)) '.‘.'i-
Hence
H = 486 x 10700 (30)

Calculation of Frequencies

Equations (6), (15) and (22) may now be used to compute
in ectual numerical vclues the restoring forces on the oxygen
and silicon ions, and hence calculate the natural frequencies

of oscillction of each of the three different modes of vibration,

'tﬁ-;—-—
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For a silicon ion displaced in any directicn the restoring

force is

178.50 x 10* dynes per cm. (31}

for a longitudinal disnlacement of an oxygen ion the

restoring force is

247.13 x 10%dynes per cm, (32)

For a transverse displaecement of an oxygen ion it is

50,75 x 10* dynes per cm, (33)

If the restoring force per unit displacement of a

mass 'L 1is 7Q,then the frequency of oscillation is

/g

Using the known masses »f the silicon and oxyzen ions,
the frequency 1is easily computed. The relation connecting

frequency with the characteristic temperature @) to be used

!
\.

GRS et
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O in the Einstein specific heat functions is

A (35)

where h 13 Planck's constant and‘é,is Boltzmann®e constant,

Table I 1ists these numbers for the three modes of

vibration,
Table I
Characteristic
Ion Direction of Vibration Temperature
Silicon A1l .. 1495°
Ooxygen Longitudinal &DL 2328°
oxygen Transverse @l 105,°

The specific heat can be calculated from these characteristic

temveratures using the relation

-

Cov B{BE8)+ 26(8) 2E(8)] oo

where Z:(L) is the usual Einstein function

1L L

= X e
(L) = T5% 2
[ > (€. " /)

(37)
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R is the gas constant and M 1s the molecular weight of silica,

The specific heat computed in this way is shown plottcd ia fig, 1e
along with the experimental values, The agreement is not good,
and the theory must be examined to find where it should be
modified to give better agreement with experiment, By comparison
with values cf the characteristic temperatures which have to

be assumed to get reasonably good agreement the cheracteristic
temperatures used here are all too high which means the fre-
quencies also are too high,

Eefore raising the question of the validity o>f the
completely ionic model, it is expedient to examine how the
Einstein treatment of the specific heat can be modified
to permit an approach toward the Debye method while retaining
at the same time the connection between the calculations and
the atomic model, The characteristic frequencies have been
calculated on the assumption that each ion vibrates in a
manner independent of the vibrations of its neighbors which
is obviously not the case, If an ion is displaced from its
equilibrium the effect at each other ion is as if, to a first
approximation, there were added, at the location of the dis-
placoed ion a dipole of moment equal to the charge on the ion
multiplied by its displacement, Each vibrating ion therefore
creatos a harmonically varying field at the lccation of each

other ion of a magnitude and direction which depends on the

e

anmum—
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geametry of each pair of ions, In very much the same way as
equations 1A, 1B and 1C were derived it can be shown that if
an ion cf charge e, at the pcint (a, b, c) 1s displaced a
distance '({ in a direction whose direction cosines are

(1, mg, ng) then there is exerted on an ion of charge e,

at the origin a force whose component in the direction (1, my,

m) is:

N ;
z'(f‘*”mﬁn.n) - i‘j’t’ (é,afh),‘{r‘i-l'];CYélafmL{'*nt('yi L0

L

P . -
where Y= a+ X+ C

The effect of the repulsion terms can be considered in much
the same way and the result is that if two ions distance "

from each other repel each other with a force

A (39)

’_f'\l
then the component of force along the (1, my, n, ) direction

excrted on the ion at the origin by a displacement {{ of tho

ion at (a, b, ¢) in a direction (lg, m , m ) is

A
—“:;" ({'("M‘M"'n"“‘]*u/ o= n;,‘ A {(t +h, ‘{’fn C '&Qf M, ﬂ'l I'hL)‘% (LI.O)

T ——



~25-

Instead then of handling one ion independent of the motions
of its neighbors one may then select a group 8uch as, for

instance, a single S10; group or two S10p groups tied together

or a group of say, five S1i0p's arranged in a compact unit

and study the vibrations of one of thesc group as a whole
instead of merely cach isolated ion, In each case the ions
outside the group under study will be considered as being at
rest, The frequencies will then be the frequencies of the
independent modes of vibration of the group as a whole and

in this way one might expect to find some modes with con-
siderably lower frequencies than those of thc ions vibrating
in fixed surroundings which would allow the specific heat
curve to rise more rapidly at low temperatures, If the group
were made large enough and the assumptions as to interatomic
forces were correct then one would expect to be able to
calculate correctly the specific heat, The hope is that,
because of the lack of similarity of nelghbors teyond the
fourth or fifth nearest neighbora the groups chosen could be
small enough for reasonablec ease of calculation, If this
should prove to be the case we would have a useful tool for
caloulating other physical nroperties such as coefficient

of expansion, Free cnergy at any tempersture could be computed =
by thec regular methods of statistical mechanics and that net- ~

work spacing chosen at each temperature such that the free :
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energy is a minimm. One might even be optimistic enough
to foresee that the effect of additions such as any of the
usual network modifiers might be so ccmputed,

As an illustration one can take the case of a single
S10g group, i.e¢, any siliconion and any two of its immediate
oxygen noeighbors, There will be nine degrees of frcedom
and thero should therefore be nine modes of vibration of this
group. The Si will be taken at (0, 0, O) one oxyzen at
(s, s, 8) and the other at (-s, -s, 8), Any three mutually
perpendicular axes may be chosen for each ion and one must
then investigate what linear combinations of these will give
those ninc normal co-ordinates which will recpresent the nine
independent modes of vibration,

In order that the three dircctions chosen for an oxygen
ion be independent of one another one should be along the
oxygen=-silicon line and the other two transverse to it, It is
also convenient to choose ono of these transverse directions
for each oxygen perpendicular to the plane of the S10g group.
For tho silicon the three directions of motion will be chosen
(1) perpendicular to the plane of tho Si0, group, (2) along
tae bisector of thc 0-51-0 angle and, (3) in the S10. plane
perpendicular to tho bisector, The direction cosines of these

directions are given below:

-




(ﬁ) First oxygen:

Co-ordinate x;
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Location (s, s, 8)

A
Direction (-, , 72 » 71 ) along Si-0
line N3 2432 V3

i '
Direction (93 , 42, O ) perpendicular
to 310z rleane

Dircction (g% ,J@,'é%)
Location (-5,-5, 5)

Co-ordinatc xg

Co-ordinate x5
Second oxygen

Co-ordinate x4 Direction.(~g%,-ja,és) along S510g

line

/ ]
Co-ordinatec xg Diroction ( #3, W43, O ) perpendicular
to S510g plane

!
Co-ordinatec x, Direction ('J%"ﬂZo'é%)

Silicon Location (0 , 0, 0 )

Co-ordinate x5 Direction ( é},*;i, 0 ) perpondicular

to S10g plane

] !
Direcction ( §i, Vi, ‘ O) perpendicular
to 0-S1-0 bisector

Co-ordincnte xg

Direction ( O , O, | ) along

Co-ordinatec x9
0-31-0 bisector

If co-ordinate x; is givcen a value x, and if thc force
excrted on the ian whosc co-ordinate is x, along the xp
diroction is Fpp then the quantity ky, will be defincd such
that

- = = ).
l[ AEVNA ) ()p‘ w x’ (A 2WY (41)

e
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From the symmetrical form of equations (38) and (40)
it is apparent that

by ey

The three quantities k., end k and Ly will be defined
as follows.

If a silicon ion 1is displaced a distance ‘({, while all

other ions sre held at rest the force on the silicon ion will be

kSi \(L
If an cxygon ion is displaced a distance {{ along the oxygen-

silicon linc the force oxerted on £t will be (all other ions

remaining in positions)

kY,

If an oxygen ion is displaced a distance {{ in & transverse

direction the forcoc on it will be (all other ions remaining

positive)
k. W

. are all

T
ncgative quantities, Their numerical values have already been

For equilibrium it is clear that k_,,fand k
L

given in expressions (31), (32) and (33).

Z
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|
!
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Since a number of the kj,'s go to zero it iy convenient
to evaluate these before writing down the equations of motion
in each of the nine co-ordinates, From our choice of co-

ordinates it is clear that K, o, k23, k}l’ kh5’ ksé’ kéu’ k78’

k89’ and k97 are all zero., The values of the rest are given
below:

1' 5

20 ¢ B [ )

k = — = e — {4
Wy QD '1,""3 \3.70;"'/ kairbfl
k15 = 0

1
WU - S - L VA
16 3 ..,;‘5 oY L )

3
25 T,

34 3 e




-

« ) 5 O L w3 < H n
18 ’\/6 ‘7"3 l/é _.).I- Vie f
) L(- 61 .-..9._"2 g
A V3w V3
k27 = 8 = . _’FI:._I
1’28 = O
k29 = O
k37 = L)
2
) 5 S5 - H‘..v.;‘
k38 - .\73- ‘7‘;‘} 4/5
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The nine equations of motion may then be set up omittlng

O

terms for which the k!'s are zero.

2

h . <! < - CLL:
’él. Ky+ K, Ly + K L+ “/Z., Ly -rAj, L -Me 76 ey
f : . Litl-

v/}z'r X':L + xéze; La‘ t %’2'7 Z’? B e —d_é—i: (L5)

: A"y
7(’,—);5 *+ 343“ L+ i, + \'éag 4 +ﬂ3qu = Vi, i (46)

/{:L
L[‘Za +\'/ds‘, $+‘—é1_ L4+\é4,’ L'./h‘é }")) -.C—.i ('47)

\ N oL,
B X+l Xor ok M, “GEE (8

oL
ﬁ,‘ X, t \"éﬂ, X+ /é, Y.6 + “)Q.G&)(,g +é,ql'q = 7, '?T.t—; (49)

Ay,

dL
\—Ié/g I.,+ \-és? Y + é431,++ é x‘f' é l_" i‘) S: LLt:— (51)

Co-ordinates xz, Xxg and x7 are independent of all the

other co-ordinates, Further, becauss Kog = k57 equations

(4S) and (46; can be combined to give

(ér"’ bégy)( Ko— )C,,-\) = M, 174{::' ()[_‘- )66) (53)

— A e,

.t

& '.c,-_'c\ -
Y .
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which gives immediatsly one of the independent modes of
vibration and corresponds to both »xyzsn ions vibrating
perpendicular to the Si0z; plane so that one is always as
far on cne side as the other is on the other side. Such
e mcticn can continue without exciting any of the other co-
ordinates into motion,

Similarly equations (45), (48) and (50) may be combined
by multiplying both sides of (50) by some number ¥, and adding

(using the fact that ¥ = k_ )
. 27~ “s7’

(Kot )c))(ir«f %, .+ M,)# L2k AR )= Mo (i) (58

Folirng, S

J'f d e seti i Chail
-
S 4 “,(’“,4- sé’»é:,_—, i n, (553
2%177 f%,vés‘_ ’M‘ N9 o

then equation (54) will reduce to & simple harmonic equation

for the co-ordinates

Wise
Lo+ Xs + oL w3, X, (56)

Actually equation (55) yields two such values °f<{L giving
all of the three (countinz equation (53)) independent modes

RN

e
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of the co=-ordinstes x5, Xx_ and x_e«

7

To obtain the other six modes of vibration it should

be noted from equations (43) that

kg = ¥y Lol
Ky = ;“ue (58)
kg = khg (59)
kyg = ~Kgg (60)
kyg = Kgg (61)

Using these relations equations (4l4), (46), (47), (4L9)
and (52) may be combined to give

L

ﬁ( ,f&.) + ‘éu,(x.« L4)+¢8,6(Q,+z‘) +28, lq-.nf)o-‘%; (x,, L) (62)
'ﬁ.s (x:* &) t b:ér(kS*l‘)*‘ ﬁu(lsrl,(,) ;-,?‘ﬁ“ L= m, ‘%; 6[3, [‘) (63)

3

o/ -/ o
,éh,(lﬁ l,)/— éz,q(lyu)/-ﬁs‘ L= h’a _LTE{ (6L)
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7
To obtain the other six modes of vibration it should

of the co~-ordinetes x5, xS and x_.

be noted from equations (43) that

kg = Ky (57)
kig = -kw (58)
kg = kug (59)
kg = ~kgg (60)
k3g = kggq (61)

Using these relations equations (4h), (46), (47), (49)
and (52) may be combined to give

ﬂ(.+&,)+‘é,,(x,+L4)+%,é(y,+z,_>fzé Y "‘"’%Zt%':- (l.fb) (62)

15 ¢

d‘l.
%, (x,, zJ # “ér(xs*h)sL ix(ls*l«) K, L= M, g7 6‘3* "‘) (63)

A R A | K
,é/,,(lﬂl,}f-é;q(lwlg)/-és‘lq‘ m% g’g’; (64)

o b ah Qlanilon ati ] L 4a
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If (63) is multiplied by-/, and (64) by ‘/5, there is obtained
\'{L & ézq +, "é(,* Z .{:'i‘!{x"‘ Y"’) +< 0t [,‘ﬁr+;(, 7*/5;( +, e "ésq Ky Ze)
™ oo : L
/ A3/ . 4y
(ol 2k 38, )= M, g (e rd (1 W 3m, T4
(65)

This transforms to a simnle harmonic equation in the variable
)’)75‘
Nl

X, t Xq + if the following

JZ'(X:5 + xé) +:’5,;\’)zq where.‘.O =
tvo reiations hold

é + tu.‘f‘b(l' ,6*’,,"3,‘é_ﬁ /

— (66)

"é,(,‘* ’[l“é.,."' 7(!"&3"*, 3 vfésﬁ ) %J'

and
bk(_‘/"-élq*’l él“"/; / (67)
2% 20t B A, e
These may be rearranged to yield
<] b ,é b S
‘/5 = Kis * Z// (r'r" A/ﬂ- = 14 ":(’ ___’_(: (68)
M AN T
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ogVad B

TR (é,g-./mt__ww - A0,
| Bo - 2 s

which can be sclved graphically for xﬁ and 3,. There are

(69)

PIRWSRVIFST P TR 'Y VAR 4

three palirs of values forcj' and/éBlyielding three more of
the nine modes of vibration, The final three may be found
by combining (L4L4), (46), (47), (49) and (51) tc yield

1 A}
A )—‘é,,(/k,-l,)—ﬁu(u-lc%2*4319=“7oz(cifz (H4} bio

S REAPS R AR SACARE I BE M k) )

1

’ d r
‘é/t (L"'Z‘)"L -;ése(xs" XL)* ﬁsh k? e h)g‘-_ "'d:z—‘g (72)

. e S el AN

Again multiplying (71) by .)(1, and (72) by/gL and combining

there is obtained an equation which will be a simple harmonic

equation in the variable
/ ) . ,
(X.;'l—q.) + DC, /KS' Ké) + 62. OX.? = /’ %'&. (arvel /'ng_
/ I' /
i
=

are connected by relations simiiar to (68) and (69) and

which actuelly are

92 . —*‘—/f-i);-l.‘)é A ("(j/- é,(— \ﬁ‘-{ ’/2,.,4)
4 v Ky T (SR

)( %3/9 (151'/ _)_“__“(Jé b - %%
v 427}é39 /,3 9, 7g,‘

4
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This agein may be solved granhically ylelding three pairs
of values for({L and,:gband giving tihe final three modes of
vibrations, ;

It remains to insert the numerical values for the k's
and determine whether the move toward this larger groun is
an improvement over use »f the single vibrations of the
separate ions, ihen this is done there are obtained nine
frequencies and nine characteristic temperatures for the
Si10;, group, These temperatures are listed below in order
of increasing magnitude

795°K

962

985
1020
1332
1518
1601
2376
2477

Of these the first four corresnond to modes where

transverse oxyzen vibrations are dominant, The next three

EESOVIPENEE UE LS i
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arise from modes where a silicon vibration is dominant and
finally in the last two & longitudinal oxygen vibration 1is
dominant. The larger group has introduced some lower
characteristic temperatures and gives a slightly better but
still not good s3grcement with the exncrimentel velues,
Presumably now if the assummtions as to structure and rorces
between ions were correct and if the various approximations
used along the¢ way were justified, then by choosing a lerge
enough neutral group of ions and working out all thc proper
modoes of vibrations of this group a specific heat curve could

be computed which would fit the experimental data, Unfortunately,
to work out mathematically the proper modes of vibration for

any group larger than that troated above requires a prohibitive-
1y lonz computation,

However, 1t is possible to set up an electrical analogue
in which the movements of charges arc determined by exactly
the samec equetions of motion as would zovern the movcements
of ions, As an illustration, the circuit of fig, 24 re-
presents the circuit for an ion vitrating in one dircction
indepondent of the motions of its neighbors, The charge on
the condenser corresponds to the displacement of the ion,
the inductancec L corresponds to the mass of the ion and the

reciprocal of the capacity C corrosponds to the restoring force

per unit displacement.
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By virtuo of equation (42) this analoguc may bc¢ cxtended
to two lons where tho movement of one causcs a force on the
othcr, and vice versa, Hcere [, rcpresents the mass of ion (1)
and Lz thc mass of ion (2)., Thc quantity 1 + 1 reprcscnts
the restering force on ion (1) becausc of(éll %%s neighbors
at rest and 1 + 1 represents tho corrcsponding quantity for
ion (2). l.%%pgﬁgents the force on ion (1) for a unit dis-
placomontcg} ion (2) or (by cquation (42)) tiic force on ion
(2) causcd by a unit displacemcnt of ion (1).

Fig. 2c rcprcsents one of the possible ways in which threc
degrecs of frecdom could be couplced togethor, It is nlanned
to usc¢ such a system in tho inveostigation of the »nroper modes
of vibraticin of largcr ncutral groups. A large frequoncy
range can be covered with & vacuum tube oscillator and the

rcsonant {rcquencies can easily bo picked up with a vacuum

tubo voltmeter or oscillograph,

Future Work

The methods dcveloped herc 3ive a means of quantitatively
checking the experimental valucvs of spccific heat with any
chosen fileld of forcc botwoeen tho constituent atoms cr ions,
The first agrecment is not good and thc most obvious places

to try to improve thc assumptions mad¢ arc as listcd bilow:
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{1) Choice of purc ionic medcl, Posslbly a mirxture
of this modcl and a model shovins clso potential cnergics
betucen nearest neighbors of o ferm likke & lorsc function
might givc better results, Constonts wouid be chisscn so
as to 7ivc azreement betwecn the calculoted and experimental
hcats of formation,

(2) Inclusion of morc ions in thec groups considered to
vibrete indepcndently, Thils hes alrcvady tecn discusscd,

(3) A good deteiled geometricel investigation of the
probablc deviations from the regular cristobalitec structurs.
It should be possiblc to find a limited number of ways of
introducing the irreguleritics which differentiatc the vitreous
statc {rom the crystalline stete, From the results of the
paper on Comprc¢ssibility of Vitrecous Silica by Smyth, Londere
and Lorey it appears that beceause of such irrcgularities
somc but not all of the Si-0-S1 lines are actually bent,
This would lower the frequency of the transverse vibrations
anG hclp to give a better fit with the cxperimental spocific
hcat curvc at lower temperatures,

If by one or more of these methods it is found possiblo
to gct a rcasonably good agreemcnt betwecn caleulatcd and
experimental spocific heot values using a recsonably limited

numbcr of indcpendent modes of vibretion it should be possible

s e
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to sot up the partition function for the system end calculate l
the fre= encrgy =t any tomperature and any S1-0 spacing,
Minimizing tho frco encrgy at oech temperaturc would cllow ;
calculation of the thcrmel expansion, In vicw of the fact
that at modcratcly low tomperstures only the transverse oxygon .
frequency plars any importart part and since it is casy to
show from equation (22) that on the basis of tho model
considered this frecquency decrcases rathcer than incrcascs
with decreasing volume it scems vory probable that this
alone will be sufficiont to oxplain the ncgative and low

cxpansion of vitreous silica ct low temperaturcs., Extension

of this work to glasses conteining a second oxide might not

bo out of the question,

Conclusions

The results show that a calculation of the frequencies
of vibration of silicon and oxygcen ions separately on a pure
ionic model is not sufficient to get a good agreecment botween
calculated and experimental specific heat values for vitrcous
silica. They also show scvoral ways in which this very
naive picturc may bc modificd to give better agrooment,

Tho fact that the transversc vibration, which is the
only important onc at low temporatures, decrcases with de-
creasing volume suggests that this may be the cause of the
negative expansion of vitroous silica at low temperature, A

more detalled investigation of this is planncd in a later papser,
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