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1. Introduction and Sumrarye

Consider é —andom sample of size n taken from 2 contimuous
distribution f(x). Let another rendom sample, indapendent of the first
sample and also of size n, be dram from the same population. let U: bs
the random ariable associated with the number of values in the fecond
sample which exceed the rth smallest valus in the first sample. Similarly
let V. be thie random variable associsted with the numbsr of values in the
sscond sample which exceed the sth largest walue in the first sample. Duse
to the fact that the rth sma2llest value in a sample of s:ze n is at =

saze time the sth largest value in the sample with s = n-r+l, it follows

that
(1) Pr(U, = x) = k(v: = x), where 8 = n-r¢l, r *= ), 2, eu., B azd
x=0,1, 2 oo, 0o
The probability distyibution of Ir:f (and hence of T:) is givon bys
(2) Pr(Ug = x) = (n'::fl) N/ (zzf), x®0, 1,2 aeey Re

Formuiz (2) can be proved by combinstorial methods. Detalls are left to



the reader. in eltermcotive formmla, derived in amother way, 15 given In
[1]. If the values of Pr(tg ‘x), forx= 0,1, 2, «coy n-l(l); = 3(1k,
are written (for fixed n) in matrix form, one notes certain usaful symmetries,

which can be expressed by the folloving identities

(3) Pr(Up § x) = Pr(U, €r1)
and
() Pr(Up € %) ¢ Pr(UD_; € B-x-1) = 1.

If one takes x = n-r 4in (L) and uses the relation (3), it is readily

verifica that
2
) Pr(U_ € =-1) ~ 1/2.
Proots 2’ of (3), (L), and (5) can be obtained by using the results of

pages 257-258 of [1]. Bacause of these symmetries, tiac complete matrix can
(for any fixed r) be constructed if cne knows only the quantities,

Pr(U} € x), r = 12)(n/2], x ® r1, ¥, ™1, ..., n-r=1. In Table 1 these
values are given for n 2(1)20(5)50.(3)10 see how the camplste matrix is
obtained from Table 1, it is interesting to verify using (3), (L), and (5)
that the somplete matrix is, in the special case n = 5, given bys

1) Pr(u:‘ n) =3 for any n and any r.

{2) Vie wish to acknowledge with thaiks a communicstion from Dr. E. J, Gumbsl
on this point,

(3) The case where ths two samplos may be of unequal size is of practical
importance. Formulae for this case and tables for selected pairs of
unequal values of the sample size will appear in a subsequent report.
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r* 0 2 2 3 L

1 AP 0238 .0833 2222 .5000

2 .0238 .1032 2619 .5000 7778

3 .0833 2619 .5000 7361 9167

L «2222 5000 .71382 .8968 9762
5000 .TT18 9167 5762 .9%303

Table 2: Values of Pr(!lf_ < x)

A somewhat different, but related exceedance problem, iz to take
two random samples of size n from a contimuous distribution f(x). Let us
for converience attach the letter x to one of the sauples and the Ilstter
¥ to the other sample. Further let xr,n and yr,n be respectively the rth

smllest observations in each of thi samples. Let us define

%rn " mx(xr o ’r,n)' Ir 'r e zr o’ count the nuxber of y's which are

7x_ 3 ifs . ,mttbnnmborofx'ewtd.chm?y )
b 9. | Ty r,n

Denc _Ing R S w:, it is readily seen from (1)
that the probability distribution of " is given by

(6) h‘(‘n ox)e 2( ) (M.Z)/(h) x=0,1,2;..., N°T»
It i3 evident from the definition that,

(1) Pr(I:S x) =1, for x ¥ ner.

Clearly on: can find the valuss of Pr(‘:$ x) by using Table 1. Thus,

(L) Since £(x) is contimuous, it is assumed that Pr(x, n® 7 n) = 0.
» »
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 0.g., in the special case & = 5 une gete

r 0 1 2 3 b

1 %790 0476 21667 Lkl 1.0000
2 0476 208, ° .5238 1.0000

3 »2667 5238 1.,0000 1,
L oLliliy 1.6000

S 1,0000

Table 33 R(Wf,‘x)

2. Applications of Exceedance Theory

There are three principal uses of exceedance thoory. These are:

(a) Floods and droughts. This theory has been used by H. A. Thomas, Jr. [L]
in naking predictions about the occurrences of floods and droughts in the -
future on the basis on what is known from past data.

(b) Hon-parametric tests for slippage- The functions UL, V and Wi

can be used to give two-sample non-paremetric tests for slippage of the

mean. There are close conmmections Lotween the results in this paper and
recert tests for slippage by Losteller and Tukey [2,3].

() Life Tepting. 1t is a characteristic feature of lifs tests that data
become wailable in order of sise. Thus it becomes very natural to apply
axceedancs theary, which is based purely on order statistics. DIy s doing
it is possille in many casse to shorten both the average time and average
number of items d;atroyod in order to reach a decision as to whether or not
the items in one population are in some ssnse superior to the items in
another population.
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3. lHumerical Sxamples

Example 1t W%hat is the probabllity that the tidrd largest flood
during the past 20 years will bes sxceodad at least once during the next 20
voars? Answar. The probability is p 81-?r(V§o ® 0) » 1-Pr( 1g = C)
* 1~.115L = .88L6.

Examile 23 During a period of 20 year< the lowest observed annual
rainfall in a certain locality was 8.6 fn.reg. Wiat is the probability that

in the next 20 years at leus? two of the years have rainfall \< 8.6 inches?

Answer. The probability is p = Pr(Uio< 18) = .2l36.

Exs cle 33 (a one-sided test)

Vie are now interested in making a choice between two lots A and B,
In particular we are interested in some chnnciedstic such as life or
gtrength vhsre data become avallable in order of magnitude. Lot it be known
a priori that the probability density function associated with lot B ia
either the same as that of lot A or is displaced to the left (e.g., is
inferior). Put in another way we are thinking of a case where the only
relevant parameter is some measwre of slippage. We wish to test the hypo-
thesis Ho (no dispiccement) against the alternative B (B is displacsi to
the left of A). The Type I error is taken to be  .05. Let 10 items be
drawn from each of the lots and placed on life test. It is decided in
advance that & decision will be based on how many failures occur in the
sample from B befors the second failurs occurs in the sample from A. 7Thbe
two samples are put on test simultaneously and one gets the <following
pattern (g denotes a failure in the sample drawn from A, } denotes a failure
in the sarple drawn frcm B): bbbabbb... The experiment is stopped at the
sevont! failure with the rejestica of the nuil hypothesis. This is because
Pr(U:zlo.’ &) = 0286 €.05. If, hovwsver, we had obtained a pattern like
“abba... we would have stopped experirentation after the rifth failure with

v

the accepiance of Hc




Example 4i (two-sidod test). Siven two lots A and B. \Vie wish
to test the muil hypothesis that the 1life distribution of A and B are the
same against the alternative that they are diffesrent. As in example 3 let
10 i%em3 be drewn at rendom (rom each of the two lots and placed on life
test. 1t i3 decided in advaace that our decision will be based on the
statistic Ngo. Suppose e.g., the failure pattern obaserved is asasabaa... ,
then the experiment would be terminated on the eighth trial with the rejesction
of the null hypothesis (on the .05 level of sigmificance). This is because
Pr(i;°¢ 3) = .0198. On the other hand a patiern like babba... would lsad
to accsptance of the mull hypothesis on the fifth trial.

It might be remarked that fairly extensive random sampling experi-
ments have shown that the statistics Wi'o, !;'o, and !%o are more sffactive
than ‘he sun test and somewhat less effective than the Wilcoxon rank test
for detecting slippage of the moan in the case where the underlying distri-
butions are normal, all with the same variance. Since the improvement in
pover obtained by using ‘%0 or w§° rather than iio

case there are sound practical reasons for prefcrring Iio » Decisions

is 4nor in this

based on this statistic can bs made at a great saving in average time to

decision as well as averags number of items destroyed. It should bs noted

in Example L that if decisions were based on wio, w6 would have truncated

tosting on the fifth trial with the rejection of Ho since Pr(ﬁi()‘ €) = .032%5.
A detziled discussion of the points raised in the last paragraph

will appear elsewhere,

L. Aginowledgement.
We wish to thank John Lay for his work in computing the tables.
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