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1. Introduction.

Lot xl,xg,... ,En be a sample of & ore-dimensional random wvarinble
X which has the comiimious cumuistive proubility function F. It has
been observed [1] that, to the authora® knowledge, all distribution-free
statiatics considezed in the past can be writtsn in the form
@ {F(Zl) ,F(Iz),,...,l"(xn)] vhere ) ix a measurable symmetric function

defined on the unit-cube {u: 0=0, <1, 1 =1,2;=.,,u}° It is the pur-

i
P82 of this paper W sWudy the relalionship belwesn UWs class of siua-

tistics which can be written in this particular form and the class of
distribution-free statistics.

2. Distributicn-Iree statistics and statistices of structure (d).
Lot £ and S$2’be two families of cum:lative probability functions.
A reel quantity
¥= 8(:1,12,... ,xn’G)

will be called a statistic in (2 with regard to_S:ZLif, for any G 6(2,
ref), md X ,X,,...,X 1n the n-dimensicnal sample-space for a raudmm
warishle Y wvhich has the cmmnlstivae prohability fumetion ¥,
2 8{X,,X,,00,X_5G) is dafined mlmost everywhers in the sample-spsca
il,xz,e e ,xn (1.9. with the possible exception of a set of prob-
ability zero), and

V.

¥ork 2one under the sponsorahip of the Offics of ¥aval Regearch.



2 y= 8(i\,Xps0es ,Xn,G) has & probability distribution; this

2
probabiiity distribution will be denocted by

(WiF) =P [e(Xy, X5, 00 %500 3F |

For sxample, Kolmogorov's statistic

(2.1) p,=  aup [F (D) -G,
' - XK

vhere Fn is the ompirical cumulative distribution function deteniined by
the sample Xj,Xn,c--;X;, satlsiics 12 and 22 when .Qnﬂ"'-*-({,

the class of ail non-degenerate cumulative probablility functions 2/ s hence

D_ 1is & statistic in {2, with regand tof.)l.

If for a statistic S{X,X,,.00,X,0) in £2 with regard to $J7
there exiatz & function @ defined cn the n-dimensionai upit cube and
symmetric in its arguments, such that for any g eS2 s Fe Qws havs

B(X )X, 000X 40) = ¢ EG(x:L) W)y s GX ) ]
2ilmost everywhsre 3/ 1in the sanple space H,Xz,...ga for the random
varisble X which has the cumulative probability function F, thea ve shall

pay thet S(xl,x,),,.. ,I‘,G) ia a statistic of structure (d).

Kolmogorov's gtatistic (2.1) is au example of & statiatic of
structure {4), siacs it can be written as

. Foe. . Thretr i-1 X ®
== Max naxjna, ) - P = G(X ) }
P e Sl bt "] ’

vhere Xi.X ....,X. are the mmbers I,,X,,...,X,, ordered increasingly.

The notatione 7or varicus classes of cunulative probability functiona
are thoss introduced by Scheffe [2].

The exzeptioneal set of prohability zerc may depend on G.
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12 $2 = £)7 and the statistic 8(X;,X,;...,X,,0) has the property

that the probebility distribution &[8(X,,X,,...,X ,6);G] 1s independent

of G for GE€SJ, we shall say that S(X,%,,...,X,0) in & distribution-

free statistic in 2.

Le% us nov assume Q"Q” Qz, the clasg of all continuous cusu-
lative probability functioms. Denoting by R tis rectangular distribution
in (0,1) we have

[ a .
P{Efoixy) 00010} =D, 0058},

It follows that if a statistic sz vith regerd to £2 » has structure

(d) thea it is distribution-free in .02.

411 distribution-free statistics considered in literaturs happsn to
have structure (d), with Q=Q'=f:2. Nevertheless the conjectura |
that every distribution-free statistic, symmetric in xl,xz,... ,In,
vith $2 @S =52 , must bave structure (4} is not true. This can be
sean from the following emter—omplex '
Lot @), and G, be non-empty, mutually exclusive subsets of €2,
such that @, U @, '“"Qz‘ Denoting by F_ again the aapiricel cumula-
tive distribution function determined by a sample of size n, wo define

sp [P -r(0)]=8, 1f re <
-®m<X<o0 s 04

mp [F(x)-Fn]|=8, it P66 o« .
-®<x<w[n ] 2 2

8=

Since &_L and 8‘2 ars distribution-fres statistics wvith the same proih--
ability distribution; 8 ia a distributico-free statiatic. It is, however,
clearly not e atatistic of structure (d).

3. Strongly diat.rimtienl—froo statistics.

Lot £2* be ths family of all contimious cumlative probability
functions such that if G6SQ™® then G 4s strictly increasing at all x

i R e PRI TV o0 SR 5 il G L i I Y SR et
. ¥




4
for which O < G(x) < i. Clearly if G € 2% then the inverss funmction
6{-2) 45 defined on the cpen wit interval.

Vo now consider a statlstic 8(X,,X,,.e.,X ,0) ia £2* with regard
to some family {.” of cumulative probebility functions. This statistic
shall be called strongly~distribution-free in {2* with regard to S’

1 the probebility alsteibution (P[B(X X ,000,5,,0)sF] depends only on
the funstion T=F ot=1) for al1 aeQ2%, 7 7,

It is casily scen that, for S2=00% o strongly distributicn-free

statistic is distribution-fres. For if (P[8(X;,Xsye0;X,,0);¥] depends

only e P G(2) for al1 7, 0 652", then 1n partienlar P[B(X,X,,...,X ,0)30]
depends only on G G(~1)=1I, hence is independent of G. One also verifiss
immedictely that if a statistic ir £2™ with regard to (2 ¥ has strusture (d)

then 1% 1s sirongly distribution-ires, since then P(Q[e(Y) ,G(xz),..,.;a(xa)];r}
=?{§[ul,ui,...,cn]; r o(-D7,

8ince all practically important distribution-free statistica are
gymaetric in 11,12,... ’In and strongly di;tribuuon-fru, as well as of
structire (d), one again msv conjecture that under some fairly genoral
assunmptions theso two propertiss are equivalent. This conjecture is found
to be correct for £2=5£22£2%, Ve bave siready ssen that if = statistic
has structure (d) it is strongly distribuiion-free; it remaius cnly %o

prove the converse statements

Theorsm. I a statistic V= B8(X,,L,.c0,X ,0) in C2% with regacd

toS2% is symetric in oX ,...,In end strongly distribution--fres,

then it hag structure {d).

The proef of this theorem makes use of & leama vhich will be prosented
in the next sscliom.

A A o oA ST RS 5. 3 o s e Sy S




LV R e 50 A KAAT L 4 M il T s - . g

&o A leams. 5

Let I be a sirictly increasing contimuous function on the
closed unit-intarval, such that H(0) =0, H(1) = 1; s the measure
defined by H on the undt-interval I ; l,u.én) the corresponding product-
neasure on the n-dimenaional unit-cube In" Then, for any eat M C In
nfh/u.én)(n) >0 and any £ >0, there exist sets Q),Q5,..0,Q, iv

I, mesh that

1
12 Ql’QQ""’Qn are disjoint, /bn-moaaurahlo, and
/LH(Qi) > 0, 1==1,2,000,0,
22 for Q =Compl. U @ we bave 2:(Q) > 0
§=1 J B o’ ’
2 ir Q, 1s placed on the y,-axie, 1=1,2,...,n, then the
product-set Qaqlx sz...an in In has the property
AP enm
(n) >1 - Eo
Q)
Proof: it may be assumed without loss of gemsrality that H{(y) =7,
(n) .
that .
8o /LH and /“B are Lebesgus measures. Let c'(’yl""'yn denote

the oubo’!i - yil <7 in the (Y ,!2,-.,.,22) space, with the center

(¥1575002257,)» and the volume (n)(°7,y,,m.¥ )= (27) :

It is well known that

(41) us (2" uPanc, =1
i g | TR &

for almost all points in M (see e.g. [2] pPo 129). The subset of thoes
peints of M for which no two coordinates are equal and none is O or 1 has
the same measure as M. Lotﬂlbothasotcfallpointo of ¥ for which (4.1)
holds end which have no two coordinatss aqual and no coordinate O or 1.

K
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(n) iy ooy, (2
'rhen/uﬁ ) =jd g (M) > 0. Let yg,o..,y: bs @ point in M;, and let

A = rinfatn 52, atn (1 - 7)), iy fl}
(9 1 ”

Clearly 0<A<3’;, and for 0<n< é’ the intervals

(‘.2) Q13 {y‘; -?’ yg "'?)’ = 1,2,-.0"5’

are all in I, and satisty 1% and 2°. If Q. is placed on’the !1-|xis

then the producti-~set Q=le sz'"an is the cube (.‘./’y - ,
1 .0%

According to (4.1) there exiats an 1[°> 0 muck that

{n) . -
(2 7) /l— (an,(’,gw"’:) >1- &

for n< g - Choostng /< mtn ('Z°’ é-) and constructing the intervals
(4.2) ope obtainas the Q requived by the Leams.,

5. Proof of Theorem.
Vhea the random variable X has the cunmlaiive probebility fuuction P,
the random variable Y= G(X) has the cumnlative probability funciion

(1)

H=TFG Setting !1=G(xi) w2, therefore, have

¥ =8(X,,ee0,X ,0) =8 [c(f'l) (X)) 0es ,6-1) (r) )
snd

P [8(xy 0+ 52,50); F] If’{ [‘“"(! )seeersai=H() G5 7O -1‘} s
=RLelal=Vey vy . al-Dev

w L L A 1’ A Y 7

By assumption, this last probability distribution depends cnly on the

cumilative probability function H, and not on G. From this and the
symetry sssumption wvo'vish to cenclude that B[G('l) (Il),...,s('l) (!n) ,G}
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sen bs vritten in the form of a functioen é (I152++,Y,), independent of
G except on a set of H-measurs zero.

To prove this, we assume that for some G, G,€ §2% ve have
si’.al'l)f' Jomena BT HE) al];l: s[e(‘l) (1)) 550,68 2(Y),6, ] on @ set
of positive H-messure. Without losas of generality we may assunme
{5.1) qo>k>8i-‘2§_'l)(l'l),..., ("1\(1 ol 58 ] s G(‘l)(zl),.,,.,c( {1 ),G_]
ca = 2et M in the unit cube In' where M is symmetiic and has positive

measure. For any H, continuocus ard stricil; increasing in I,, and any
€ > 0, we construct sets Ql,Qz,...,Qn according to the Lemma in Sec-

tion 4 and hawve

(5.2) /.Ln)(Q'h() yl-E.
/LH")(Q)
For any
@y ?0, 1=0,1,..c,n
{5.3)

%+, =1

we define the set function

for any measurable TC'-Il. This clearly is ¢ probability measure in Ilo
Taking for T the interval {C,y) ve obtain a strictly increasing continuous
cumiiative probsbility function which will be denoted by X T T

) PX RN ] L

Without loss of gemerality, £ may bs assumsd bounded, since otheriice



a
L

we could consider

'| ! . This asgures the existence of the mathemsti-
i+i8

I
cal sxpectation of S. 8inee i .'; 1) (I ;,...,G("‘)(Y },G } and

gy .
g [G }é‘nl' (X.)seee ,G,‘;’n (In) ,Gz-‘ have the same probabilily distribution if
- 4 n L |

!1’!2"" ’!n sre & sample of a rando: variable Y witkh the cumulstive

probability fimetion K their mathematical expeciations are

'71’"-9 qn!
equal

(5.8) B ol (.0 0{ () 9] -8 @g—n () peeestf M (1) .%];xqrm, < }=-o,..
Using the abbreviations
aia =aflv A f‘v( -1 =
r( )(-11:'"9“1 )( iJ 8 ( 9"°’In)’ i —'lizs

wve vrite the lefi-hand aide of (5.4) explicitly

1 1
[ ove {n:’ 0[81(!1,0 [ X ] ’!n) - 82(_!1’ ene ,!n)] igl

Y,=0 Qysever T, (! =

g TUTT,
i o 3"01[605 !eqj[‘- . L TIRTA
1
a

n “ j sce j

=5 e f / ):s (X, 500esY,) = 8.(¥yp0c0,Y )]
11_0 j OAP.E(QJ]?". R(QJ) Qj ,an i1 a 2°71 n

EH(Y )...dH(T))-

8ince 8,('!,,...,!_,, .,(!..,...,! ) and M are symmetric in Yypeeesl s
all the teraa of the =mum which corregpond t«o different permutations of the
rame o subscripts J;,eee,d) {out of tn- .nf;'l possitle values O,iyeeeyij
ase equal, Collecting these squal terms, we obtain a polynomiel in

de, Ql...., Q’n, wvkhich according %o (;.4) vanishes identically under the
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restrictions (5.3). It foilows that each of *he integrals in ths last

torm of (5.5) must vanish, and in particular

. 7 fa e A = O
i S S Sl(éls.xz’o..,!n) - Sz(I- ;12,...,Yn) ﬂnosoﬂzdl O,

)

vhich, for £ sufficiently smell, contrsdicte (5.1) and (5.2).
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