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On Distribution-Free Statistics 
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X. Introduction. 

Lot X, ,3L,»> *. »2  be a sample of s. one-dimensional random variable 

X which has the continuous evatul&tive probability function F„ It has 

been observed Fl J that, to the authors* knowledge, all distribution-free 

statistics considered in the past can be written in the form 

$JF{X,),F(J^5f,,.,F(X )J where Q  is a measurable synmetric function 

defined on the unit-cube fo* 0 ^ U. *£l= i« l,2^..,nfo It is the pur- 

pose of this paper to study the relationship between the class of sta- 

tistics which can be written in this particular form and the class of 

distribution-frse statistics- 

2« Distrlbutldn-£xw«> statistics and statistics of structure (d). 

Let •* c and ^ be two families of cumulative probability functions* 

A reel quantity 

W=rS(X1,I2,...,Xn,Q) 

will be called a statistic in .Q with regard tojQf if, for any Q € Q, 

F £ W', and I. ,!„,.»W,I  in the n-dlmensional sampla-sp&ce for a random 

variable X which has th* gussula'teLve n?ob*bilit'*' function F. 

1  ©{l.,!-,.,.,,! ,&} is ^^Hiyfl almost everywhere in the sample-space 

Z_ ,!,.,«»»tX (i.e. with the possible exception of a set of prob- i. z n 
ability aero), and 
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2^ W ss S(A.,,I2,...,X ,G) h&e a probability distribution! this 

probability distribution will be dsnoted by 

v°(¥fF)« ^>fg(X1>I2, . .. ,1^0) }Fj0 

For example, Kolmogorov's statistic 

(2.1)        D„=    sup  |Fn(x) -G(x)j, 

where F is the empirical cumulative distribution function determined by 

the sample X^X.,,*-.,^, •**i«*i«« 1* «ad 2& when .Q = -Q/* i^, 

the class of all non-degenerate cumulative probability functions •» , hence 

D is a statistic in.O. with regard toW-. 

If for a statistic SCl^X ,...,! fG) in Q  with regard to Q* 

there exists a function $   defined on the n-diasnaional unit cube and 

symmetric in its arguments, such that for any Q4W, Fs^ we have 

S(XltX2,...>Xn,G) « #[G(X;i),G(X2),...,G(Xn)] 

aiaost everywhere .2/ in the sample space X-,X,,,«..,X_ for the random 

variable X which has the cumulative probability function ?, then ve shall 

say that S(X ,X ,...;X ,G) is a statistic of structure (d), 

Eolmogorov*a  statistic (2.1) is an example of a statistic of 

structure (d) •. since it can fee written as 

D » 
n  i= 

Max   f«ax[G{2j)-i^,A . G(X»)]j, 

where X, X,,.., ,lL    are the numbers X, »X3,...,X.., ordered increasingly., 

2/ The notations for various classes of cuiiiulative probability functions 
are those introduced by Seheffe [2}„ 

The exseptioneJ. set of probability «*rti may depend on G. 



3 

If Q - Q'' asd the statistic   8(X1»X2,...,Xa,G)    has the property 

that ths probability distribution ^|s(XlfX2,...,X ,G)jGJ    is Independent 

of Q for   $€&, ve shall say that   S(Xj,X2,...,Xa,G)    if« a distrlbution- 

free, statistic I&JSL* 

Lot us nov assume S^SWSJ<,, the class of all continuous CUGU- 
2 

latire probability functions* Denoting by E the rectangular distribution 

in (0,1) ve hare 

<P(ffG«X1),.-»0(Xn)],G]«5
){$(V—'V|R}- 

It follows that if a statistic injQu vith regard to S^2 has structure 

(d) then it is distribution-free in Oy 

All distribution-free statistics considered in literature happen to 

hare structure (d), wiih Qt^^t'-^L^   nevertheless the conjecture 

that erery distribution-free statistic, symmetric in X.»X2>...,X, 

vith i»*'»i«*J "*-*«it Bust have structure (d) is not true« This can be 

seen from the following counter-examples 

Let £0L and CJ^ be non-empty, mutually exclusive subsets of Cj 2 

such that <*> U &>_ = Q„. Denoting by F again the aapirieal cumula- 
12   2 n 

ti-3 distribution function determined by a sample of else ny ve define 

/        sup   jr(x) - Fg(x)]=» \,      if F 6 tJx 

8 
- 00< X < 00 

I sop       fr (x) - F(x)] = 8 ,      If   F««J. 
V-03XXK091" 

Since 8, and S«. are distribution-free statistics with the same protv- 
x <, 

ability distribution. S is a distribution-free statistic. It is. however, 

clearly not a statistic of structure (d). 

3* Strongly distribution-free statistics. 

Let jQ* be the family of all continuous cumulative probability 

functions such that if GfiO* then G is strictly increasing at all x 

^•^»«P. wwgjiM Mt»inii' e—MB 
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for which 0< G(x) < 1. Clearly if G fe'Q* than the inverse function 

0* ' is defined on the open unit interval. 

V* now consider a statistic 3(1,»!_,...,1 ,G) iu .Q* with regard 

to some family i «r of cumulative probability functions. This statistic 

shall be galled strongly^ rbribution-froo in-Q* with regard to £*j[ 

if the probability distribution d3/s(X1,X2,...,Ij.,G)jF] depends only on 

the function T»F G*"1* for all G eQ*, F €.0'. 

It is easily soen that; for i^'«0*, a strongly diatrlbutlsa-froe 

statistic is dlett?lbutioa~froe. For if fp\ji{l,^lni«**sl> ,(*)%?]  depends 

only oa F G*"1* for all f9 G eQ*,  then in particular 3:>/8(I1^2,...^n,G)jGQ 

depends only on G G^'srl, hence is independent of G. One also verifies 

immediately that if a statistic JSUQU. vith regard to .Q* has structure (d) 

then it is strongly distribution-free, since then^f§[G(X1)fG(X2)>...,G<XB)]>FJ 

Since all practically inportant distribution-free statistics are 

eymaetric in LX;,,..,!  and strongly distribution-free, as veil, an of 

structure {&),  one again «§y conjee tore that under scsie fairly general 

assumptions these two properties are equivalent. This conjecture is found 

to be correct for i^>».0'sO*. ¥e have already seen that if & statistic 

has structure (d) it is strongly distribution-*-free, it remains (inly to 

prove the converse statements 

Theorem. If a statistic V« 8(1.,!«,...,J,ta) .In O* with regard 
—— 1— — m a. 

toid* la-symmetric in XL.,1 9*..,X  and strongly dictrlbution-free, 

then it bag struoture (d)t. 

The proof of this theorem makes use of a lemma which will be presented 

in the next section* 



Let B be a strictly increasing continuous function on the 

closed unit—interval, ouch that H(Q) = 0, H(l) — 1; My.    the measure 

defined by H on the unit-interval L,| /*-An' the corresponding product- 

measure on the n-dimssa±onal unit-cube I . Then, for any set MCI n n 

vith/t*n'(M) > 0 and any £>0, there exist sets Q^.Qg."-"*^ *° 

I* such th©.t 

1  Q,i(Lr'<>Q  «re disjoint, U*  -measurable, and 

>«1(Gl)>0,    i=r-l,2,...,n, 

2* for Q = Coapl.  U 0, w have /^(Qj > 0, 

3^ if Q  is placed on the /.-axis, i = 1,2,...,n, then the 

product-set Q»(LX (^...ZQ  in I  has the property 

Proofs it may be asswed without loss of generality that H(y) =s y, 

so that /£„ and ii2   are Lebesgus measures. Let C      _  denote r H   /^ ^»y!f«»Jn 

the cube 11. - y, l < n    in the (l-jlj,.*.,!^) space, vith the center 

i7vJ2,^t7n)>   and the volume /^Vl'"''^ = ^^ 

It is veil known that 

(4.U u»» (2n)"°^Sn)(Mncrt ) -1 
L e -•-    n 

for almost all points in M (see e.g. £2J p. 129)* The subset of those 

points of M for which no two coordinates are equal and none is 0 or 1 has 

the same measure as M. Let K. be the set of all points of H for which (4.1) 

holds and which have no two coordinates equal and no coordinate 0 or 1. 
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ThanfA-£' (M^ ~/x&*(H) > 0,    Let   y?,a..,y°    be a point in Mp and let 

A =ndafaiay?, ndn (1 - y?),   mia Jyf - y*|?. 
Id) * (i)       *   i^-j' l    J'/ 

Clearly 0</^ <$, "ad for 0«*)< 4* the intervals 

U-2)        t^« £y* - /), yf + q ),  i = 1,2,..„n, 

are all in I  and satisfy 1° and 2°* If ^ is plaaed on'the Ij-exiB 

then the product-set Q=Q r QJU..XQ  in the cube 0„ _©   „o • 

According to (4.1) there exists an n   > 0 such that 

U^/fW^ ^>i-e 

for  fl < jo    •    Choosing  rt < sin (n  ? 4-)    and constructing the intervals 

(4*2) one obtains the Q. required by the Leone. 

5. Proof of Theorem. 

Vhen the randas variable X has the cusolaiive probability function ?, 

the random variable   X «=* 6(X)    has the cumulative probability function 

i=F0^.   Setting   I±—G(X ) va? therefore, have 

V«S(X_,...J ,G)=sfG<-1)(I.),...,G<-1)(X 3,Q1 
J> n *» x. n     — 

and 

^(^,...,2^0), ?] = ^(sfG'v^CX^,...^-1)^)^, Ffi'-1?} - 

Sy assumption, this last probability distribution depends only on the 

etsaulative probability function H, and not on G.   From this and ttie 

symmetry assumption wSriLeh to conclude that   SloS    '(I.),«..,G^    ^(1 ),G I 
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can he written. In tho form of a function i? (Xly**«.#XD), independent of 

G except on a set of H-aeasurs sero. 

T© prove this, we assume that for some G„ s  CU€ -Q. ve have 

8[4^(l1),...,G[-
i>(Ia),aJ^sfQ^(I1)f„.,oJ-

1>(^|)faa] on a set 

of positive H-aesaure« Without loss of generality we may assume 

(5.1) oo^sls!"1^,...^-^ 

cm » set M in th*> unit cube I t   vhers H is symmetric and has positive 

measure. For any H, continuous and strictly increasing in I,, and any 

£ > Og  vs construct sets Q, ,(!,.. »,Q  according to the Lemma in Sec- 
12    n 

tlon U aad have 

For any 

qVX),   i=0»l,. ..,n 

/ 5.3) 

«o + L^i58 

ve define the sat function 

cr i v; j-3)j TVV 

for any measurable Td; „ This clearly is c probability measure in I,« 

Taking for T the interval (0,y) ve obtain a strictly Increasing continuous 

cumulative probability function which will be denoted by K * .,, 

Without loe-3 of generality, S say bs assumed bounded, since otherwise 
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we could consider  §-—• . This assures the sxistenee of the mathsnati- 

eel expectation of 8. Sinoe sfoj^ (X,) , . . . ,G[""^ (ln) ,G1 J end 

S 1^2  (I,)«•• • >&i~1J (Xn) ,G2 [ hire the same probability distribution if 

X,.!.,..,,!  are a ssssle of a rondos Tari&bis X with the ci&ruls,ii'?e 

probability function K -     -,  their mathematical expectations are 

equal 

(5.*) i^jo^cy 4'4)<V^]-Bf4"1)<V-"4J><V»%]»I<%....^}-0- 
Using the abbreviations 

a!n("l)/-<r \ o(**^)|T \  n      s8 (T Y } 1=12 
*»i«4      \*2."#*"' i n     iJ       11 »*•»«'» i*** 

ve writs the left-hand side of (5*4) explicitly 

f   — /  fs (I,..„X) - 8,(1 ,...,1 )1 f[  «        (I) = 

(5.*-i... i f    ...(   k<i1....»v-82(v-'V],nA(...,fW
a 

if0 'A^XUQ,   X.6Q. l -i-1 V  '*n 
Jl      3» 

a.  i.  *V" \   (        (  r T 
\£b""j?o W-/VV <;" 4„ Iv^—v -s^ T»'j 

dH(X )»..dH(X,)= 
n     i 

Since S,'(X,»..^»X_), S„(I,»...»X_) and M are symmetric in X19...,X. 

all the terms of the sum which correspond to different permutations of the 

sane n subscripts ^i»***»^B (out of the nfi possible ««Iu*>» 0,1,.• •»&} 

ave equal* Collecting these equal teras, we obtain a polynomial in 

4Tn» <Ti »•••# <0 which according to (5*4) vanishes identically under the 



restrictions (5.3). It "DHOWS that «ach of the integrals In ths last 

tana of (5*5) ssuet vanish, and in particular 

f4       n f* 

vhich, for £  sufficiently small, contradicts (5.1) and (5.2). 

1 
I 

S i 

OffCWMUW-JtettHtifeWii. >»»i#«.-««»»*i«»»«--.-*&*n*fv &£ ». -J... ^I-M^..^.. ***.*:* 
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