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ABSTRACT

An 018

-enriched oxygen gas sample has been used for exami-
nation of isotope structure in 20 atomic lines between 2000 ana

10,000A. Strong sharp lines were obtained in a liquid nitrogen-

cooled electrodeless quartz discharge tube containing up to

0.5 mm of oxygen in 5 mm of helium, Excited by a 10 mc o8cil-

lator'the discharge was photographed through an external Fabry-

Perot interferometer in series with a large prism spectrograph.
1

The shifts found ranged from zero to as high as 0.5 cn” = for
A4233 (4p 7P - 3d' OP) and A2884 (3p °P - 3d' P).

Enough data was available to allow a study of the internal
consistency of the measured shifts as a test of the mass effect

theory. Relative shifts between pairs of 3p levels wére studied

for conformity with the prediction that they should be given by
the normal mass effect alone. Moreover, the data for two lines
gave empirical values for specific effect integrals which were
then used to predict shifts in other lines having known shifts.
Both tests were favorable. The formal relationship of one of
these integrals to radiation theory suggested the calculation of
a tiansition probability and an f value for the Al1306 resonancé
triplet, resulting in reasonahle values. It was concluded that
the mass effect theory is generally applicable to oxygen, and ~;_
that the abnormally large shifts found for A4233 and A2884 are :
the result of interactions affecting the common upper level. A Fﬁ

comparison was made with 2arlier nitrogen data. *

During the isotope shift survey, untabulated fine struc-

ture was resolved in the triplet multiplets
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ABBA6 (38 73, - 3p 2P, ), A2884 (3p 7P, - 3d' JP,), and A4368
(38 7s, - 4p Zpy),).

Listed as a doublet, AB446 has three components whose
relative intensities allowed establishment of the 3p ~P anoma-
lous splitting as follows: J = 1 1liesa 0.559 em™ L below J = 2,

1 above J = 2, in agreement with Edlén.

anrd J = 0 1ies 0.158 cm”
A2884, heretofore found single, has two components separated by
0.558 cm'l, confirming the A8446 data.

T™wo components of A4368, previously considered single,
were resolved and found to have a separation of 0.300 cm'l, the
weaker component having the shorter wavelength. FPFrom the rela-
tive intensities it was deduced that J = O lies above the degen-

erate J = 2,1 level of the 4p -P state.
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CHAPTER 1
INTRODUCTION

Interest in the hyperfine structure of atomic spectra has
been recently stimulated by the avallability of isotopes in pure

. The two main nuclear effects involved, namely, the mag-

form.
netic interaction due to & nuclear magnetic moment, and the 1iso-
tope shift, are being studied for additional clues to the struc-
ture of nuclei. The hyperfine structure of any line generally
consists of one component for each isotope of zero spin, usually
of even mass, and a set of magnetic hyperfine components for each
isotcope with spin, usually of odd mass. The isotope shifts are
then the relative differences in wave number among the single
components of the even isotopes and the centroids of the odd iso-

topes, the determination of the centroids requiring a magnetic

hyperfine term analysis.

It was found that the displacements of the deuterium satel-

2

lites of the principal hydrogen lines™ could be explained merely

by using the reduced mass of the electron. A more general theory

was first formulated for two~ and three-electron atoms,3 and was

n

later extended to n~electron atoms. With neglect of non-electro-

static interactiones such as spin-orbit coupling the energy level
correction consists of the sum of two purts, both of which are in-

versely proportional to the nuclear mass: The first is the

change introduced by multiplying the levels for infinite nuclear

mass by u/h, as was done for hydrogen and hydrogen-like ions;
this part is called the normal mass effect. The second part
arises in the many-body problem as a result of the transforma-

tion from laboratory coordinates to coordinates of the center

[ S




of mass and relative coordinates of the electrons with respect
to the nucleus. The Hamiltonian becomes essentially hydrogen-
like except for extra terms which couple pairs of electron mo-
menta and which are treated as a perturbation. This 1s the
specific mass effect and is very difficult to evaluate, requir-
ing a precise knowledge of the wave functions of the particular
levels involved. Contributions of the specific effect have been
*, ugd, 86,
and He7. There is fair agreement with experiment for roughly

calculated for transitions in the spectra of L13, Ne

half of all shifts predicted, and poor agreement fcr the rest.
Where discrepancles occur, there 1is doubt as to the precision of
the wave functions used, as well as to the Justification of the
neglect of spin-orbit coupling.

The large displacements and non-linear spacings of 1iso-
topic components found in heavy element spectra cannot be ac-
counted for by the mass effect, which should be vanishingly
small there. A fairly consistent explanation is based on the
hypothesis of the existence of a non-Coulomb field experienced
by an electron which penetrates the extended volume of the nu-
cleus. This nuclear field theory has been applied with some
success to the spectra of heavy elements.8

For elements of intermediate atomic number a superposition
of the mass and field effects has been assumed to be valid. Un-
fortunately, as a result of the mathematical difficulties very
few calculations of the mass effect for such elements have been

made to test the correctness of this assumption. PFrom a consid-

eration of the shifts found in the Zn spectrum, however, Crawford
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et al. conclude that the contribution from the specific mass
effect may be relatively appreciablie despite the large nuclear
mass >

The existing discrepancies with theory are sufficient to
warrant the accumulation of more experimental isotope shift data,
for the light as well as for the heavy elements. This report
consists mainly of an exposition of isotope shift measurements
on oxygen and a semi-quantitative theoretical analysis.lo In
addition, there 1is reported some new fine structure discovered

during the isotope shift survey.11

An analysis of this struc-
ture 18 made to infer the splittings of the energy levels in-

volved,




CHAPTER II

EXPERIMENTAL APPARATUS AND PROCEDURE

The measurements were made with oxygen gas enriched with

18

about 29 per cent 07, kindly furnished by A. O. Nier. By the

use of an electrodeless discharge in a quartz tube containing an

oxygen-helium mixture sharp interferometric patterns could be

photographed generally with less than an hour of exposure, even

for the weaker lines.

Pigure 1 shows the vacuum system used and the electrical -

connections to the discharge tube, the lower half of which was

made narrow for effective cooling. A 10 m¢c power oscillator ex-

cited the discharge. Liquid nitrogen cooling, in addition to

minimizing the Doppler broadening, enhanced the atomic spectrum

relative to the band background since even with cold traps on the

system sufficient stopcock grease vapor could enter the discharge

to produce numerous impurity bands, which were suppressed if the

discharge tube were kept sufficiently cool.

Owing to the small but not negligible clean-up of oxygen

which occurred with time, a discharge was run with the pure oxy-

gen isotope mixture, with fresh oxygen being added a little at a

time until the walls of the tube became thoroughly impregnated

with the mixture and the pressure remained constant.

A Pirani

gauge was used to measure the oxygen pressure since mercury re-

acted with the oxygen strongly enough to cause large fluctuations

in the concentraticn. It was found that relatively high oxygen

concentrations (roughly 0.5 mm of O2 in 5 mm of He) were neces-

sary for optimum brightness of the atomic spectrum.

(If the
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concentration were allowed to decrease to zero by means of the
clean-up process, the bands would become relatively stronger than
the lines and would vanish no more rapidly than the strongest
iines.)

To maintain a stable bright plasma, a minimum power 1input,
depending on the oxygen concentration, was required. That is,
for a given mixture there was a minimum oscillator plate voltage
at which the bright plasma appeared. For strong lines, a small
oxygen concentration (less than 0.1 mm) could be used, with a
correspondingly low power input. When the best oxygen-helium
mixture was achieved, the discharge had an orange color, Helium
5876 and Oxygen 6158 appearing equally bright to the eye. The
minimum plate voltage required to maintain a stable bright plasma
was always used, to keep the power dissipation low without an
appreciable sacrifice in brilliance.

Lines in the wavelength range 2000A to 10,000A were stud-
ied by means of a Fabry-Perot interferometer the auxiliary
crossed dispersion for which was provided by a large Hilger E1l
quartz-glass prism spectrograph. The interferometer was mounted
external to the spectrograph in a parallel beam arrangement. An
auxiliary slit between the source ard the interferometer was

found necessary for the elimination of spurious fringes produced
by the interferometer plates.12 The optical system 18 shown in

Figure 2.

A pair of silvered interferometer plates was used for the
visible and infrared, and aluminized plates for the ultraviolet.
The silver f11lms were re-evaporated when necessary to obtain

optimum performance for lines of different intensity.
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10

A single set of aluminum films, however, sufficed throughout the
work. Figure 3 shows the evaporation schieme and crucible used in
the preparation of the silver films, for which the data of Kuhn
and w1lson13 servad as a valuavle guide.

For the violet and ultraviolet regions, Eastman O plates
were used, and for the near infrared (in which region many im-
portant oxygen lines occurred) hypersensitized Eastman N plates
were found excellent.

Where lines could be photographed with a wide slit, a
Zeiss microphotometer connected to a Speedomax Leeds and Northrup
recorder reproduced the interferometric pattern contours. 1In
cases where a narrow slit was required, the positions of the

peaks were determined with a traveling comparator microscope. ‘p

The 1sotope shift in a given line was found by measuring the

18 16

relative positions of the O and O peaks in the pattern and

using MacNair's method for calculating the shifts in terms of
fractions of an order.lu This method was found to be faster and
no less accurate than second-degree interpolation.
Since the techniques varied among the various lines and
line groups, they are here individually discussed.
»8820: This strong single line was easlest to photograph, re-
sulting in a very accurate measurement. Figure 4 shows ' —

the O18 satellite with two different spacers and Figure § 1

e,

exhibits corresponding densitometer traces.
x8446:1508e of a small spacer reduced the contusion caused by the 1

triplet fine structure. 5 and 6 mm spacers allowed all
18

x.
three fine structure components and their O satellites GG
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DENSITOMETER TRACES OF A8820
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A8222:

AT7995:

ATTT72:

AT4T76:

AT157:

AT002:

14

to be accounted for. PFigures 6 and 7 show the isotope
structure of this very strong line.

Among the members of the multiplet, which were Just re-
solved by the spectrograph, this wavelength and A8233
appeared strongly enough to measure. Use of a wide slit
was possible.

This line was quite faint and very close to a strong line
of argon, which was present as a contaminant in the en-
riched sample. It required a run of several hours with a
narrow slit, and showed an asymmetry toward long wave-
lengths with a 46 mm spacer. Only one component of the
multiplet listedl6 appeared.

Its lower level being metastable, this strong triplet,
which could just be resolved with a narrow slit, showed
marked self-reversal with a thick source. The strength
oif the line allowed the use of a narrow tube which was
observed side-on while completely immersed in 1liquid ni-
trogen.

Only one component of the listed multiplet appeared.16
The largest spacer used, 46 mm, failed to show up any
asymmetry.

Several hours of exposure were needed for this very faint
single line. The 018 satellite appeared clearly with an
8 mm spacer, but hazily with larger spacers.

With an 8 mm spacer, all three components were exactly
superimposed. Since any asymmetry would have been notice-

able, an upper 1limit could be assigned to the isotope
shift.

=

o
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AN6456, 6158, S437, 5331, and 4969: At least one component of

A4233:

A3955:

A3947:

each of these triplets was Jjust resolved from the others
with a narrow slit. A6456 and 26158 were sharp enough to
allow use of a 46 mm spacer.

Listed as a single 11ne,l6

this strong multiplet

was found to have two fine structure components whereas
three are expected from the transition. Fortunately the
fine structure splitting was about double the isotope

splitting, so that the 018

satellite of the strong com-
ponent could be displaced about half an order with an
appropriate spacer, while the weak fine structure com-
ponent was separated by exactly one order. See Figure 8.
This faint line had some band background which was

§1ightly less intense than the 018

satellite. With a
narrow slit an hour of exposure was required.

The only two components observed were so staggered in
wavelength that an 8 mm spacer could be used to assign an
upper limit to the shift.

Although three components appeared, a comparison of ex-
posures with enriched and unenriched oxygen showed an
asymmetry when an 8 mm spacer was used.

The strongest component of a resolved multiplet, this
line showed an O18 satellite clearly with an 8 mm spacer,
but hazily with larger spacers. A narrow slit had to be
used.

The same behavior was shown by this line.

Due to the considerable band background in this region,
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the positions of the 018

satellites of the two newly
resolved triplet components16 were inferred from compari-
son of intensity pattern contours of identical exposures
with enriched and unenriched oxygen. The value obtained
was consistent with that predictable from consideration
of the closed quadrilateral formed by AAN2884, 8446, 4368,

and 4233,




CHAPTER III
RESULTS

Table I lists the lines studied, with transitions and 1iso-
tope shifts. An unprimed symbol for the optical electron refers

to a level in the “s system, which 1s built on the “s term of the

ion. Primed and double-primed symbols refer to the 2D and 2?
systems, respectively. The errors given for the various measured
shifts are estimates of the maximum range of error. Although it
is conventional to give the probable rather than the maximum er-
ror, it was uncertain whether all systematic errors could be ac-
counted for. As an example, & band line unsymmetrically super-
imposed on the 018 satellite could, even i1f lower in intensity,
introduce a systematic spurious shift in all orders of a pattern.
The probable error in such a case could be very small for that
set of data, and therefore be misleading. It was decided to list
esfimated maximum errors for all lines instead of risking confu-
sion by listing probable errors for some and maximum errors for
others. In all cases, the probable error was of the order of
several times smaller than the maximum error, which was estimated
high. Each observed shift given t9 three decimal places 1is the
average of around 12 determinations, taken from one or two
plates. For these lines the spacer was always chosen so that the

018

satellite, for the final plates, lay approximately midway be-
tween orders. The symmetry thus lmposed prevented spurious
shifting of the peaks relative to each other due to overlapping
of the wings. Shifts given to less than three decimal places in-

volved some difficulty in assignment of exact values because of
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excessive band background, haziness, or interfering fine struc-

ture. The signs applied follow the convention that & shift to

16 . 18

higher frequencies in going from O is called positive.
The normal mass effect, always positive was calculated in the

usual way with the formula:

av = Sy (1)
where au 18 the reduced mass change from that of 016 to that of
018, m 18 the electron mass, and v is the wave number of the tran-

sition in 016. Given in the last column of Table I are the dif-

ferences between the observed and normal shifts. These should
correspond to the specific mass effect, since no other theoretical
significance has been suggested for the residual shifts found in
light elements. An energy level diagram with the transitions
giving rise to the investigated lines 1is shown in Figure 9. Two
quadrilateral figures, it may be noted, are formed by the two re-
spective sets of wavelengths: AL233, A4368, A8446, 28B4, and
A3823, AT995, A3955, AT4T6. These closed polygons afford a check
on the internal consistency of the measured shifts. Although the
shifts in lines forming the first quadrilateral are energetically
consistent, those in the second quadrilateral are not. In con-
nection with the latter inconsistency, the classification of the
transition AT476 1s questioned in the following theoretical dis-
cussion, in which an outline of the mass effect theory is given
and an attempt, based on the observed shifts, i1s made to Justify
the applicability of the theory to oxygen.

re—— - -t e ———— AL e




o

2+

rH

 Ge

SWILSAS IO

_
14IHS 3dOLOS! ¥O4
Q3ININVX3 S3NIT

6 J]UNOIL

SL10A 951D L79C9601 | IWIN

4:%A30VIdSId |

SHTTVINHON

&Lu__ Q 4 o G Gg

000013

000021

L_oooos1

de Se G5 dg Sg°




|
|
CHAPTER IV
I
DISCUSSION

For the purpose of testing strictly the validity of the
mass effect theory of Hughes and Eckart,3 it is necessary that
certain integrals be evaluated in the calculation of the specific
mass effect. As in the Slater-type perturbation calculation of
Russell-Saunders term energiee,l7 the problem is two-fold: The
first part consists of the establishment of the desired perturba-
tion energies in terms of linear combinations of unevaluated in-
tegrals, which are treated as algebraic parameters. The second
part of the problem is that of obtaining the numerical values of
the integrals. This requires a knowledge of the precise central-
fleld wave functions for the particular states involved. The un-
availability of the necessary wave functione for oxygen prevented
the second part of the calculation from being executed. However,
much could be done with the algebraic relationships of the first
part. A sufficiently large number of measurements were made to
allow the empirical evaluation of some of the parameters. The
parameters thus evaluated were used to predict other shifts which
had been experimentally observed. Such a procedure afforded a
good internal consistency test of the theory. P

In the following derivation of the mass effect corrections :

some familiarity with the elementary perturbation theory of quan- 4%%
tum mechanics is assumed. After an outline of the general theory ~5
has been presented, the specific isotope shift parameters for h;
oxygen are deduced and an internal conaistency test of the theory éé
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is made. 3ince some isotope shift data for nitrogen is availabdbleg
a comparison between corresponding parameters for oxygen and
nitrogen is possible. Of additional interest is the relationship
of the specific isotope shift integrals to radiation theory di-
pole'moment integrals. By making use of this relationship, an
approximate calculation of the transition probability and oscil-
lator strength for the Al1306 resonance triplet of oxygen can be
effected and should yield reasonable values if the mass effect
theory is applicable. <
I. THEORETICAL OUTLINE

Nuclear mass effect. The theoretical treatment of isotope

shift requires that the masa of the nucleus be incorpcrated into
the Hamiltonian of the system, and thus into the expression for i
the energy of a given state. Hence, the kinetic energy expres- -
sion will have a term for the motion cf the nucleus in addition

to the terms for the electrons. In the laboratory system the

classical kinetic energy is given by:

T = (m/2) {t:léla + (M/2)8°

where m and'?i are the mass and coordinate vector, respectively,
th

of the 1°" electron, M'and 3 are the mass and coordinate vector,
respectively, of the nucleus, and t is the ﬁumber of electrons.
The most natural coordinates for this problem, however, are the
coordinates of the electrons relative to the nucleus and the co-
ordinates of the center of mass. If the transformation to center
of mass coordinates (ﬁ) given by

t

-

(M + tm)R = M8 + m> B
1u)

s e EPTL o O P e e s
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and to relative coordinates (ri) given by

?1 -.‘.1"?, 1"1,2,-..,t

is effected, and if 31 and T be the momenta conjugate to ?1 and
-ﬁ, respectively, the following expression results for the classi-

cal Hamiltonian:
t
H =a/205 p,% +QMZ T, F) + P7/2(M + tm) + V
TS 1>

where p is the reduced mass mM/(m + M), In the absence of an

external field, the potential V will not contain the center of

mass coordinates., As a result, the corresponding Schrodinger
equation
2t 2 2 X2 2
A = AT .Y - s T WP
{%1_171 T Vs - sHERY '4 ’

—
is separable and me be written as the product -_ (R)!*)(?i) .
Correspondingly, the energy U- w + W, where w is associated

with - ('i!’) and is determined by the equation for a free particle

of mass (M + tm):
2
A v2 — —

The remaining Schrodinger equation,
2 2
A 2 A
%-75:1 v --ﬂ-ii_)JVi .VJ+V WV -W‘P 5 (2)

describes the internal motion of the system and differs from the
"normal" form by the presence of the terms in Vi . VJ ,

which are responsible for that part of the isotope effect called
the specific effect.

Normal mass effect. Neglecting the specific effect terms,
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it will be demonstrated that the effect of nuclear motion can be
expressed by the replacement of m by i, the reduced mass, in

equation (2). The exact result of such a8 substitution is the

replacement of wo, the energy for a fixed nucleus, by the cor-
rected energy W = wo(l + m/M)'l. A8 will be shown, this follows
from the fact that the potential energy V, asaumed to be strictly
Coulombic, is homogeneous in the coordinates and is ol degree

-1; 1.ee, V(%Xp5eee, EX,) = -1; V(x;5+.0,%,). If in the equation
-hé 2
-HZ VEeviv ey (3)
the transformation of variable X, = gxi' is applied, then

2
Vi = —?1-2- Via and
-

2 2 ,
f-a—%"‘Zi‘h +—;-v(x1)}w -WY

or

e s ot
?“ET;“-; v,? +v(x1')}w-3wy' (4)

Assuming the solution of (4) with LE =mand EW =W _ 1s known
for the fixed nucleus, the energy in (3) is given by

This is the normal mass effect.
Hence tlie normal correction for finite nuclear mass,

AW =W - wo, is inversely proportional to the nuclear mass
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because
m

-1
OV =W (1 + m/M)™ " - WO wo(l - m/M) - Wo=-gl¥,
The normal correction is positive (energy levels are raised)

since wo is negative.

Specific effect perturbation. The specific effect terms,

c® 2B P, Py = - -:E; V?
717.1 RIS 1> ¥

are now to be regarded as a perturbation, in exact analogy with
the treatment of the inter-electron electrostatic repulsion
terms ;E:ea/bia which appear in the potential function and lead
to a splitting into Russell-Saunders terms when spin-orbit coup- 1
ling is neglected.17 In applying the perturbation technique,
certain matrix elements of ¢ are needed and are constructed with ,"g
approximate wave functions. The customary procedure is to assume

that all electrons move in central Hartree fields without any mu-

tual interactions. The wave functions and corresponding energy

levels of any one of these electrons are characterized by the two
quantum numbers n and Ja the principal and orbital angular mo-
mentum quantum numbers, respectively. In the approximation that
all such electrons move independently of one another, the Hamil-
tonian is separable; that is, the Hamiltonian 18 the sum of the
individuai Hamiltonians and the total energy is the zum of the
individual energies. Correspondingly, the solution of the com-
bined Schrodinger equation may be taken to be a product or a
linear combination of products of one-electroun wave functions.,
The total energy in this approximation depends only on

the set of n's and ﬁ 's, which 1s called the configuratior.. However

two more quantum numbers must be prescribed for each electron:

— 2 T e T e e e o Lt W"\!—. % = F o __.__-"""' “‘ :-“;“ —_—e T
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me and Mg, referring to the orbital and spin angular momentum

projections along the z-axis, respectively. These do not affect
the energy, which is thus degenerate in this zero-order approxi-
mation. A zero-order wave function of a given configuration of t
electrons consists of a product or a linear combination of pro-
ducts of t one-electron wave functions, each one-electron wave
function being characterized by a set of four quantum numbers
nﬂm‘ms. Suppose U is a gzero-order wave function, characterized
by the set of 4t quantum numbers (nll&mflmsl’“"“’ntikm[tmst)’
which belongs to the configuration (nlé&,......,ntll). The di-
agonal matrix element of the specific effect fcr that state 1is
given by 5

(Ulal0) = ’%!'(0'%?13.1“) = - '%— 12> U’vi.VJUd’t‘; %ru

¥
‘

Xt AL

It will now be shown that this matrix element vanishes for com-
pletely "independent" electrons.

One may write
2
H :E: »
uu M 1’JJ[‘1 )

by partial integration. Let U be given by the arbitrary product
U= ua(l)uv(a).....up(t). The Greek letter subscript denotes a
particular individual set of quantum numbers (q]hgms), and the
argument refers to the coordinates and spin of a particular elec-

tron. Thus, °UU is proportional to
- *
%ﬁﬁua(i)viua(i) d7jug () VJuB(J)

which vanishes since each integral i1s the expectation value of

the linear momentum of an individual electron. Therefore, the

T T, e o e e i s o —r—— e+ - —— . — .‘w..m — - e
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electrons cannot be completely independent of each other, but are
governed by the Pauli principle, which demands that the total
wave function be antisymmetric with respect to interchange of the
coordinates of any pair of electrons. The only possible anti-
symmetric 2zero-order wave function which can be constructed from
a particular set “B(I)uv(a)""'“p(t) belonging to a given con-
figuration is the determinant

us(l) e “5(t)

U = * o o o ® e * o o

u(l) . « « . ul(t
o(1) o (t)
It may be shown that the diagonal matrix elements for the sym-

metric function
¢ =2 g(1,3) = 2 8(J,1)
i, i,

are given byl8

(Uj6tv) = uZE//u:;(i)u;un;u,.nuu(,(i)u,s(.nolz:id?{,

S/ waug()e(, ug(1rug(Natia ) (5)
where the integrals with positive sign are called direct inte-
grals. If g(i1,J) is independent of spin, then in the zero-order
n[m'ms scheme the sum over the spin cocrdinates implied in the [f
sign in (5) may be carried out at once. This gives a factor
unity on the direct integral and a Kronecker delta G(m:,mg) on
the exchange integral, so that exchange integrals exist only for
electrcns with like spin.

Only such diagonal elements taken with respect to various
zero-order determinants (wave functions) belonging to the config-
uration will be needed. The diagonal matrix element of & taken

with respect to one of the zero-order determinaents U is thus
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given by (symbolically)
(Uyo|U) = (1/l~'1)2T‘.3 (aipta)(BlpIB) - (a|pIB)(BIpia)
Q>

which is expressible in terms of one-electron matrix elements
because '3;533 factorizes. The first terms, being products of
linear momentum expectation values, all vanish. Moreover, since
'3'18 a vector which anticommutes with the parity operator, the
only contributions from the second terms are those for which the
pair of indices a and B refer to X'a differing by one unit.
Using the fact that (B{pfa) is the complex conjugate of (a(p|B)

one obtains

2 2 * 2
dg = - (M apieN? - - M) 2| Suvugar]®  (6)

Therefore the mass correction due to the specific effect is in-
trinsically negative for each zero-order state. It is not neces-
sarily so for a given Russell-Saunders state of which the zero-
order state may be a part. It should be noted that the quanti-
ties [(alp|p)|? are proportional to the hypothetical probability
of optical dipole transition between two one-electron states
characterized by the quantum number sets a and B, and that the
two states optically combine only if Al_ tl,(;\ml- t1 or 0, and
Ru% = 0,

Use of the sum rule. Just as for the electrostatic per-

turbation, one must determine the shifts in a set of Russell-
Saunders states belonging to a given configuration when the spe-
cific isotope perturbation is applied. For negligible configura-
tion interaction (i.e., matrix elements of the perturbation con-

necting different configurations ere vanishingly small compared

= e =

S
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with the energy separations of the configuraticna) the Slater
method of diagonal sums may be uaed.l7 A given configuration is

now to be considered. There is associated with this configura-
tion a finite set of zero-order determinantai wave functions, all
one-electron factors of which have the same n andjf. The number
of determinantal wave functions possible is determined by the
number of different ways in which the 99'3 and ms's of all the
2lectrons can be arranged, without violation of the Pauli princi-
ple. Let the number of such arrangements be k, and let the wave y
functions corresponding to these be labelled Ul’ 02,...., Uk' In
zero-order, then, k is the degree of degeneracy for the energy
associated with this configuration. Formally, one would then set
up the secular equation for these functions as required by de- i

generate perturbation theory:

(17 - OW) O35 « o . . Oy
0p (050 -BW . . . oy
%1 Opo  *  (Ouk~B¥)

The AW are then the desired specific isotope shifts for

the configuration, but a much simpler technique is available for

obtaining the energies than that of solving this k'

degree equa-
tion. That techaique requires only a knowledge of the zero-order
diagonal elements 0117 %ops etc. It makes use of the fact that
the element o = (UmlolUn) vanishes unless U  and U  have the
same value of :Zn% and the same value of E:ml, these quantities
being the sums of mg and m, quantum numbers of the one-electron
factors comprising Um and Un' This follows from the spin-inde-

pendent nature of the perturbation in question. If the rows and




34

columns of the secular determinant are now labelled by the k U-
functions rearranged in groups having equal quy and Zm , the
determinant will factor into a chain of sub-determinants. Each
subdeterminant will correspond to a unique 2 m,, > m, pair and
will be of very low degree since only one, two, or three U-func-
tions are generally involved in each of these. A further simpli-
fication is afforded by the occurrence of identical roots in
several different sub-determinants. That is,

A
det
(o}

The reasoning 1s based on the vector model of the atom. When

= det A det B det C etc.

magnetic effects are neglected, the total orbital angular momen-
tum L and the total spin angular momentum S, as well as their

sum J = L + S, are constants of the motion. When the perturba-
tion is applied, the zero-order configuration energy level splits
1nto.a number of levels, each characterized by a definite pair of
values L and S. Moreover, the 2L + 1 projections ML of L, and
the 2S + 1 projections MS of S, also characterize each LS
Russell-Saunders level. In the absence of magnetic coupling,
therefore, each LS level 1s (2L + 1)(2S + 1) -fold degenerate and
is assoclated with (2L +1)(2S + 1) functions, each of which may
be characterized by an MLMS pair. If the Ziml, 