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A IKEOHSriCAL ANALTSI3 OF ACOUSTIC WAVS MODSG IE LAIERSB LIQUIDS 

ABSTRACT 

The investigation is devoted to a theoretical study 

of acoustic vavs fields arising frcr. a single frequency point 

source in slightly viscous, layered liquids. The acoustic 

fields are derived in their Kodnl representation for three 

particular shallow -water oorfiguraticnaj one and two-layered! 

media bounded by perfectly reflecting planes, and the two- 

layered aeni-infinite raediua. The resulting mode foma are 

compared with respect to orthogonality, completeness, finite- 

nes3, .-nodal identity and discrev.onoss, physical representations, 

and "cut-off." Particular attention is given to an analysis 

and extension of the research of Dr. C. L. Pekeris on the two- 

layered aetai-infinita mediun. \  derivation of the general 

pover an! energy orthogonality conditions, based on studies 

of electromagnetic wave raodr.c, is also presented. 
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CHAPTER 1 

I.\TR3DUCTI0N 

One of the most significant advances in the theory of submarine 

acoustics was the recently published re3Curch of Pr. C. L. Pekeris on 

the propagation of exolo3ive sound in ehallovr uater-  In this paper 

'"Jr. Pnkeris developed a theory of acoustic wave propagation in a layered 

liquid medium and successfully applied the salient features of the results 

2 
to some experimental data obtained by Drs. Norzel and Swing.  ±n his 

theoretical work, Pekeris represented the fields, arising from a single 

frequency point sou: o in a horizontal liquid Layer underlain by an 

unbounded bottom of different density and plane-wave velocity, by a sum 

of acoustic "nioden,'1 and a non-vanishing ,:branch-line" integral. Although 

..he representation was adequate for his practical application?; IV. Pekeris 

left unsolved the theoretical problems of nodal orthogonality and justi- 

fication for the existence of the branch line integral. The search for 

the answers to these questions led to a complete re-examination of the 

entire problem. The results are embodied in this paper: a ne\v derivation 

of the fiM.d integrals, a new transformation and representation of the 

final solution, a detailed discussion of the physical interpretation of 

the mathematics.! results, and c.n  eiaDeration of some general properties 

of acoustic modes, in tl.-o mulli-layere^ system. 

The deve Io•-.•:".^\:':,  Kapifii ^n 0]y.r5ter 2 with the derivation of the 

fundamental acoustic pi'essi >  • id oartiele velocity field and wave equations 

for u    vertically stratified, slightly viscous medium. The small viscous 

offeet was carried through only as a first order correction term. A second 

I i 

r 

r,;; 

"Pekeris [12]. The bracketed numbers refor to the entries in the reference list. 

^.'orzel [17]. 
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Drder approximation would include the effect of shear waves in tho medium. 

In Chapter a, the wave field3 arising from a singlo frequency 

point source in three particular raeria are derived and expressed as a sura 

of nodes. The first two "ledia are one and Iwo layered homogeneous liquids, 

bounded by perfectly reflecting planest the third is the Pekeri3 config- 

uration. The study of the first two problems provides a convenient means 

for developing relations which ^an be compared with the Pekerie results. 

The examination of these problems also suggests the form of the solutions 

to be expected in multi-layered media. The modes in the three systems 

are compared with respoct to orthogonality, completeness, finiteness, 

nodal identity and discreteness, physical representations, and ;lcut-off." 

The derivation of the solution is given at the beginning of each of the 

sections, and is followed by a descriptive discussion of the more important 

features of toe colution. 

Whereas the investigation in Chapter 3 is primarily concerned with 

the modes as they occur in  particular media, Chapter 4 is devoted to the 

study of some characteristics uf acoustic nodes that are generally valid^ 

Particular emphasis i~ placed upon the. derivation of the power and energy 

orthogonality conditions and the Physical interpretations of the propagation 

factors from 'Energy consideration?. 

Tho'jgh thf problems are restricted to vertically stratified systems 

in the cylindrical co-ordinate sy3t^n, the methods can be readily adapted 

to general wave problems Ln other co-ordinate systems, ar.  long as the 

stratification d<ies not lie aion;; the preferred direction of wave propaga- 

tion. The general source distribution as a function of time and space can 

be handled by well-known Courier integral methods combining solutions of 

i 
; ! 
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the single frequency point source.. 

The application of the results given in this paper to the numerical 

calculation of acoustic fields in shallow water problems is severely limited 

by the idealized representation of the medium as a system of homogeneous 

liquid layers. For this reason, it was felt that numerical examples using 

average oceanic data would ba superficial* It is hoped, however, that the 

discussion will fill the need for a relatively simple explanation of the 

physical processes occurring in shallow water sound transmission media as 

represented by these idealized models. 

The historical background for this research is contained, for the most 
1 2 

part, in Pekeris's article and in the publication of Dr. J. :.. Ide. et al« 

Although his theoretical work has been entirely replaced by Pekeris's contri- 

bution, Ide's descriotivo material:, is a good introduction to the problem. 

The IlPiC Reports are readable summaries of the general activity in submarine 

3 • 'A 
acoustics undertaken by the United States Government during '..'orId War II. 

Several selected references, each having an extensive bibliography, 

5 
are suggested as complementary reading material* R. B. Acler on the subject 

of inhomogeneous electromagnetic waveguides, an excellent report which has 

greatly aided the author* II. W. M:.rsh, Jr. on anomalous ceanic wave propa- 

7 
gabion, M.I.T. Radiation Laboratory Series, volume 15' on anomalous radio 

i ! 

1 

LPekeris [12], p. 33. 

"Ide [2J. 

National Research Council [8]. 

National Research Council [9]. 
5Adler [l]« 
6.. _t,   TjT 

viaX Sti   i *aj • 

7M.I.T.  [5]. 
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wave propagation ^rour.ri the earth, and K. .^viands on the aeis-.ology of 

the two-Layered 3olid ^ediun. \  general bibliography on Uifl subject of 

wave propagation in inha-io;;eneou.'; media hu^  previously been prepared by 

2 
the author. 
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^lowlands [10]. 
2Stona [15]. I   r. 
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CHAPTER II 
*A.| 
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e 

Figure 1. 

THE DERIVATION OF THE FUNDAMENTAL EQUATIONS 

The orientation of the cylindrical co-ordinate system used in this 

investigation is shown in Figure 1. Positive r, and r are denoted the 

"depth" and "range" respectively.  It is assumed that all fields are inde- 

pendent of the azmuthal co-ordinate 6. 

The acoustic medium Is assumed to be 

stratified in tho sense that its char- 

acteristics art functions only of the 

depth. 

The symbols are defined as follows: 

1» Medium parameters... time and frequency independent: 

P 'z) ^ Equilibrium pressure. 

P (z) " Equilibrium density. 

c(z) * Proportionality factor for adiabatic wave motion. 

VThen constant, this quantity represents the velocity 

of a plane wave in the unbounded medium. 

F(z) * Vector body force/unit mass. 

M(z)  " Viscosity coefficient. 

2. Field quantities: 

'v* P (z) + ~p(r,z,t) « Total instantaneous pressure, where p * 
time dependent excess pressure. 

p1* P (z) + p(r«z)  * Time independent total pressure, wherep* 
time independent excess pressure. 

"p1* p(z) + p(z) s\'r,z,t) * Total instantaneous density, where 1? ^ 
tine dopRndent condensation. 

p'« p(z) + p(z) s(r,o) Tir:e independent total density, where 

s -time independent condensation. 

. i 
:   J 
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1.1 
6. 

v (rtw,t) • Instantaneous vector particle velocitvr 

Y iris)  * Tine independent vector particle velocity. 

The source-free "avier-Stokes equation fo: hydrcdynamic flow is 

postulated for regions in which the neriiur parameters, field variables, 

2 
and their derivatives are continuous, finite, and single-valuedi 

' ci>C - ^ 

The following assumptions are reasonable for acoustic problems of interest 

here:0 

1. The equilibrium pressure dependence upon depth is negligible. 

Therefore, from a consideration of th« equilibrium state, p£ -V-fp^O. 

2. The pa.rticle velocity vector is irrotational. This is equivalent to 

neglecting shear waves, an assumption which is reasonable when the 

vlsocm terns in 1.1 are relatively sricJ.l.  Thus? 

\7xysrO or   V(V*\?)TZ V'fv£)¥ 

3. ]5.3\v' are snail quantities. Products of these terns or their derivatives 

arc negligible to first order.. 

Equation 1.1 on the basis of these assumptions reduces to: 

vp = -?§ + */**(?*£) 1.2 St  ^3* 
which is equivalent to Newton's equation of motion in a lossy (viscous) 

acoustic medium. The equation of mass continuity for a constant-mass system 

; t 

• t 

iFor simplicity, the particle velocity field will often be termed the 
"velocity-fi«Id," and the adiabatic factor c(z) the "velocity parameter-" 

-Page [11]- Chap. 3c 
5Marsh [4], p. 6. 
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is also postulated: 

ot 
By virtue of the previous asauriDtions. this equation takes the reduced 

7. 

1.3 

form: 

dt 1.4 

A relationship between the pressure and the condensation arises from the 

usual assumption that the vave notion occurs adiabaticaliy, which implies 

that the excess pressure is proportional to the condensation: 

1.5 

The condensation is eliminated by the coabination of equations 1.2, 1.4, 

and 1.5 whereupon t.ho basic acoustic field equation:.: result;- 

1.6a 

1.5b 

It is observed that the viscosity effect is found in the force equation 

but does not enter the equation of continuity. 

The generalized "wave" equations are found by performing the diver- 

gence operation on equation 1.6a and the gradient operation on equation 1.6b? 

where the substitution: 

from equation 1.6b,was introduced. The solution of the wave equations in 

f'p 

lSince the particle velocity vector is irrotational, there always exists 
a velocity potential \/,S-V(M      which can be manipulated as a scalar field. 
However, for the problems considered here, tho use of the velocity potential 
affords little added convenience. 
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the (general case is clearly a difficult analytical problem because of the 

complicated interdependence of the field variables. But for the medium 

consisting of stratified homogeneous liquids the wave equations are simply 

thesei 

' I ! : 

c*-St* T 3 pc*   St 

c*4£*      3 pc%    3t 

1.7a 

1.7b 

where the medium parameters are considered constant over a given layer. 

ltot 
For harmonic tin-a variation C  , the field and wave equations read: 

Vp -. -fr**v _ - 

v-z - -imp 

V**+g(77TL)x*0> 

1.3a 

l=3b 

1.3c 

1.8d 

A 4 (XLL 
where L * g —r? . and equation 1.7b was substituted into equation 1.6a. 

pcfc 

In cases of practical interest, the loss factor L is snail compared 

with unityi expansion to first order in L provides the final form of the 

fundamental equations: 

Vp = -<.iupO~iL)£ 

pc*r 

1.9a 

1.9b 

1.9c 

1.9d 

T..._;.. 

i 

i 
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The loss factor thus enters the field equation 1.9a as a "complex" 

density, and the wave equations i.9c and 1.3d as a "complex" velocity. 

The complex velocity parameter i3 readily interpreted for the case of plane 

wave propagation in the infinite homogeneous medium. The plane-wave expo- 
•y A. 

nentlal representation e     ""   has a propagation factor 2f*A:—te6 

whose magnitudes can be shown to be: 

As expected, the loss factor in the complex velocity parameter gives rise 

to exponential damping and a very snail modification in the free space wave 

number. 

The boundary conditions of continuity for the wave fields are specified 

from purely physical considerations as follows: 

Consider wo liquid media which are in contact at the equilibrium 

plane :; • 0. The medium parameters are specified as shown in Figure 2. 

Figure 2. 2*0 
/art 

K^Xx. 

Across any surface in the m«dium, and, in particular, across the 

interface ; * 0; 

A. The pressure is everywhere continuous, precluding infinite 

acceleration of a finite mass. 1.10 

3. Except at a source of energy, the normal component of particle 

velocity is continuous in order that continuous surface contact i3 insured. 

These conditions are sufficient for the determination of the unique 

solution of equations lu3. No specification on the tangential component of 

particle velocity is necessary since shear waves have been neglected. 

: 

<   i 

Sag V 
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Fno equation 1.9a- it is noted that the normal gradient of pressure 

la discontinuous at a discontinuity of the complex density. This statement 

is interpreted physically as the fact that a moving ir.terfaco can support 

a pressure field which is continuous but may change di3continuouely. On 

the other hand, the fundamental mass continuity equation 1.3 is not defined 

over the interface at a density discontinuity 3ince the divergence of the 

discontinuous density-velocity product does not exist, even in the presence 

of viscous effects. This essentially means that the mass transferred 

across the interface is not conserved since the moving contact surface 

involves the sang particle displacement of different masses on either side 

of the boundary. The wave equation^ therefore, are not applicable on the 

interfacial pianos between liquids of non-uniform equilibrium density. 

These peculiarities account for the rather interesting orthogonality condi- 

tions to be discussed in Chapter IV. 

i j . 
i 5 
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CHAPTER III 

I 

i 

THE SOLUTION OF PARTICULAR PROBLEMS 

Having established the fundamental relations among the field variables 

and the medium parameters • we now concentrate on the determination of the 

wave fields arising from a single frequency point source in three particular 

stratified media= The main concern is the derivation and analysis of the 

fields in the acoustic mode representation. The investigation le aimed 

toward the following objectives: 

1. To extend the analysis of Dr. Pekeris on the mode solutions in 

the two-layered unbounded medium. 

three major forms of acoustic modes in vertically stratified liquids. 

5. To demonstrate the power of the Fourier-Bessel integral trans- 

formation method of solution and the lic.itecl application of the well-known 

orthogonal mode expansion technique. 

4. To present, where possible, a reasonable explanation of the 

physical processes involved. 

The formal problem is the determination of the pressure and velocity 

fields due to a point source in a layered liquid medium when the fields satisfy 

particular conditions at thj boundaries and at the source location. It is 

known that for this type of problem, the unique solution can be found if 

either the pressure of the normal component of particle velocity is specified 

over the bounding planes.  This paper will be concerned only with the 

solution of the inhomogeneous form of the pressure wave equation 1.9c and 

the subsequent determination of the particle velocity field by the U3e of 

equation l*9b. 
_ 

Stratton [16], p. 485. 
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One possibly ambiguous aspect of the uniqueness quality of the 

solution is thi.3: although the solution is uniquely determined by either 

the pressure or velocity designation en the boundaries, both conditions 

1.10 will be applied at non-totally-reflecting surfaces. The difficulty 

is resolved by noting that these conditions of continuity are concerned 

with the total resultant field at the boundary, from \/hich we find the 

fields that exist independently on either side of the boundary. Once the 

field is found everywhere, the uniqueness theorem states that there is no 

other possible solution. 

It is necessary to add these supplementary conditions on the wave 

fields to insure uniqueness when the iur.dti.fln extends to infinityi 

A. The amplitude of the total field approaches zero at large 

distances from the source along the medium co-ordinate which extends to 

infinity. 2,la 

E. Active acoustic energy that is transferred must be diverging 

from the source when observed at large distances from the source along the 

medium co-ordinate which extends to infinity. 2.1b 

The Single Homogeneous Layer 

The single-layered medium bounded by perfectly reflecting planes is 

ehown schematically in Figure 3. The medium represents a shallow-water 

layer bounded by a zero pressure surface at z * 0, and an acoustically "hard" 

LSannerfeld [14], p. 186. 
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surface at z = H on which tho vertical component of particle velocity la 0. 

The layer extends to infinity in the radial direction. The density, velocity, 

and viscosity parameters ara constants throughout the meJi'jn. 

**o 
\ 

loJP 

Z*H  7—7—7 7 7—7—7 > 

Figure 5. 

A point source Q c - which has a total outflov of 1 unit volume/second 

is located at (0,d). The source as it appears in the inhomogeneous form of 

the pressure wave equation it: represented by the product of Dirac delta 

functions:~ 

where: 

ZTT 

fffffc'WM'JrJ&J* * 1 . 

The exact statement of the problem is the determination of the 

solution of the inhomogeneouc pressure wave equation: 

yfc+J££(/-tL)/>* ~<«op(/-iL)t(r)f(i'<t)i 2.3 

and the determination of the velocity field from the relation! 

! ! 

n 
2.2a ;j 

? J > 
- 

2.2b t 

a 

2.2c * 
. i 

f 
-•• 

2.2d i   m 
i 

I 

Worse's form, wiJih the substitution of tho complex density [6], p.  312. 
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subject to the boundary conditionss 

A. At 3 " 0: p = 0 

14. 

1.9b 

B. At z » H: 7z" J£ » 0 

2.4a 

2.4b 

C. At large r, the total field tends to zero. 2.4c 

D. At large r, the field represents divergent radiation, 2.4d 

if radiation exists. (The particle velocity in component form is 

Kr £**/>t^ V   » "here l0  and £>   ar0 unit vectors along the positive 

direction of the co-ordinate axes.) 

•iQ  shall first solve this problem by the method of orthogonal modes 

which can always be used in the homogeneous layer configuration when the 

honogeneous coalitions are satisfied over the bounding planes. 

AM p+#(*>)*'=o . 2.5 

This equation represents the familiar i ..->.,.,,.„    V .,~-4 
UUCUUllv?       U\* 

,,„,3..—.,     «.„J»U...      ..V-'-V- 
ui.'.'oij      l.jmilk.i'JU    WUJ.UJ1 

will bo briefly discussed later. The method is outlined as follows: 

1. An infinite set of discreet solutions of the 30urce-free wqve equation 

is found, all members of the set individually satisfying the boundary condi- 

tions. Sach of these solutions is a "modo.'1 

2. Theaa nodes are shown to comprise an orthogonal set of functions whose 

properties provide a representation of the source term by a linear combina- 

tion of the modes. 

3. The pressura field is then found to be another linear conbiaition of 

these modes, whose amplitudes are evaluated in terns of the source expansion 

^•Sannerfeld [14], p. 169. 
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coefficients. 

In cylindrical co-ordinates, the homogeneous form of equation 2.3 is: 

2.6 

If it i3 assumed that the pressure field can be expressed in the separated 

fom: 

p(r, *) = Rlr)F(i) , 2.7 

than equation 2.6 is directly reduced to two ordinary differential equations: 

<strp- 

J23-   T \C*- / 
2.8b 

whore 2J is the separation constant. For Later convenience, let: 

2T- k + ia, k and a real, £ a Propagation factor. 

^*A (^0'^L3'f3m)> B - Distribution factor. 

The s co-ordinato boundary condition;; ar« nc« applied tc 2,9b. The 

result i.~ an infinite number of discreet uol^tiens of 2.3, defined by the 

relations; 

B_ = fa -')£ 

* 
» 

2.9a 

2.9b 

2.9c 

2„9d 

Now let us assume that the z dependent delta function can be expanded 

;' 
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into an infinite series of th<? F-functions; 

£.10 

The constants A    can be evaluated by application of the orthogonal properties 

of the F-functions: 

MO 

As*-/*«*.*;:£ > 2.11 

where the fiolds in the ranje &<0   Zy^fi     zr&  everywhere 0. An integration 

of equation 2.10 over the range of z determines the constants;: 

A - 7 (*i(*-j)£ fad* = ^ >c~/^; 

This series representation of the delta function, however, does not converge 

for any value of z.    The justification for its use lies In the feet that the 

final representation of the fieW as a series does converge for all r and z 

except, at the source singularity r e 0.J' 

The solution of the inhoraogeneous wave equation 2.6 is now assumed 

to bo a linear combination of modes: 

pfo) m Z-ftMfJ*), o 2.:13 

in which each of the functions R contains an unknown constant factor which 
n 

will be evaluated in terms of the source expansion coefficients. Introducing 

this expansion an'-, the preceding relations into the wave equation 2.o, we 

can produce the following equations* 

X F»($(f& +±j& -t *~%)=-><rt'->L)&}zy$)zu). v..\A 

A. similar situation exists in civ-  vibrating string problem discussed by 
Morse [6.1- p. 93, 
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17. 

The application of the orthogonality conditions 2.U provides tho equations 

for the R-functions: 

Let: 

Them .15 

The H functions are the Green'a fur.cx.ions fez* the cylindrical system which 

represent diverging radiation and vanishing amplitude at large ranges, and 

satisfy the singularity renuirems.it at r a 0.  Corresponding to the tine 

"actor c  , the aporooriate soiution.3 of 2."!f> am tho ^ero order Hankel 

Functions of ths second kind with a normalizing factor of Ti. That this 

Hankel function represents diverging radiation is seen fror: its asymptotic 

form at. large ranges: 

The pressure and velocity fields are now completely determined: 

*° fa) 

2.16 

v - y&$rx 
S'"P»* v(JI'"P» Z tttfo)) . 

2.17a 

1.17b 

X  discussion of the solution will be undertaken later. 

Ve shall now 3olve the preceding problem by the Fourier-Bessel 

integral method which alone will be applicable in the later problems. This 

method is considerably more powerful than the method of orthogonal modes 

since modal orthogonality, among other qualities of the modal set, is not a 

•SlorBe [7], 
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13. 

prerequisite for a rotation'but rather a consequence. The technique in 

outline form is an follows: 

i. *no point, source tern is "xpressod UG a Fourier-Bcsael transform 

which physically represents a linear combination of a continuum of plane 

sources. 

2. The pressure field due to thn presence of one plane source is 

found. 

3. The field of the infinite continuum of plane sources acting 

simultaneously are linoarly conbined to give the field of the point source. 

An/ reasonable function of the range co-ordinate can be expressed in 

an integral form: 
cO 

f(s)~Uk)Z(kr)Mk 2.13 

when the integral existsT  J ^kr) is the zero-order Bessel function of the 

first kind, k i3 purely real, and g(k), defined as the Fourier-Bessal trans- 

form* is found fron the inverse transformation: — 

ffi) ~p(r)JJkr)t4r 2.19 

I^et us era^ss the radial delta function as a Fourier-Bessel integral.     Its 

transform is: 

and the final expression for the Fourier-Be3sel integral is: 

.20 

<f(r) -fe(k») k A z.zi 

It is easy to shew fi*om an integration by parts that the above integral does. 

Somerfeld [14], p. £40. 
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19, 

in fact, diverge for all r. This representation, hovover, will be used by 

analogy with the previous cane of the non-converging series representation 

of the z delta function, v.-here the justification is, again, that the final 

expression i;. everywhere convergent except at the source axis, r - 0. 

The source tern of equation 2.5 in it.-j integral forn is: 

Q = C-lu>e(l-iL)£(i~4)T0(kr)ktl!<-. 2.22 
o 

V.'e can give a direct physical interpretation to the above expression. The 

integrand represents a plane acoustic sourco at z *= d, with a radial amplitude 

distribution of magnitude kj (kr). Figure 4 is a schematic representation 

of the olano source distribution. 

t*o 
P/one  Sourer rfr^phfuae 
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lot us nov assune that a single plan-? source exists in the nedium at 

the plane z a d with a radial amplitude distribution corresponding to the 

number k. U'e shall first find the fields due to this source by solving the 

wave equation* 

2.23 

subject to the same boundary conditions as before, equations 2.4f  The 

pressure field lz  assumed to be composed of two tennst^P f- -lf>    . jfa   is the 

This nethod was suggested by the derivation given by Adler for the ease of 
electromagnetic radiation from a dipole in a cylindrical dielectric rod 
which exists IT. free apace i_ij» App. 4. 
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"particular" solution of the wave equation! it completely represents the 

presence cf the source, and only tho aouroe, and is chosen as though the 

nedium were unbounded, dp 13 tho "complementary" solution of tho source free 

wave equation anrJ i3 so combined with 4ti   that the total field satisfies 

the boundary conditions at the reflecting plane3. It is explicitly stated 

that neither of these terras satisfies the boundary conditions independently. 

The field transition conditions across the source plane must first 

be established. Lot the fields above and b-rlov the plane z « d be denoted by 

the subscripts 1 and 2 respectively. Since the pressure is everywhere 

continuous. 

At **J: £   *£    . 2.24 

However, the particle velocity vector is not continuous because the fluid is 

moving in opposite directions above and below the source. The magnitude of 

the velocity discontinuity is found from the fact that the vertical component 

of parcicle velocity at the source surface is equal to the total volume out- 

flow/second in the z direction. Since the delta function represents a volume 

outflow/unit volun'.e/second, the total outflow in tho z direction is simply: 

J 
o 

\S(i'J)k%(kr)Jl*  =£<Z(Ar). 2.2 

The noiinal component of particle velocity at the source surface, therefore, 

has the Magnitude: 

Consequently, the velocity discontinuity at the source plane i3i 

At B ~J: IKU.1' 1*^1*-&*•%(*') } 2.25 

"rhe minus 3ign is chosen for correspondence with the sign of the downward 
travjlin-3 pressure wave in equation 2.27b. 
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21. 

The particular solution ^P can nov h*» found by assuming aoprooriate 

solution." of the vavo equation 2.24 in the regions c.bove anr1 be lev the source. 

and matching the fields it tbr plane z * d.  .-ince the boundary conditions 

will be applied ta the total field, wo can chocsa a solution which represents 

upward traveling waves above the source and downward traveling waves below 

the source. The acceptable choice is: 

fa =te^*~J>J'Jkr)  ,OigiJ 

A,* 
provided \.Y.: 

r 7a1 

2.27a 

2.27b 

2.28 

The constants A and C are evaluated by lutchinj the above equations o~er the 

plane z - C        by the application of equations 2.24 and 2.26. The particular 

solution if found to be: 

•fid -<*) 

Tic complementary solution is s imply ohosor as 

2.29 

)   xo 

which represents, respectively, upward and downward traveling waves in the 

absence of a source. 

The constants are found diroi. './ly fron the application of the z-co-ordinata 

boundary conditio.13 2.4a and I to tho sun of ;&,  ar.d •#£   s 

/W « D fie **">&* ;   /V ^ -Dkt*sp(H-4) t 

where />- -CtA>fO-u) 

J.Sla 

2.31b 
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The conditions 2.4c and d will be applied only to the final solution 

since tney are car.putible only with source distributions located entirely 

1 
within a finite radius of the orijjin. 

Tho fields of the criminal point source are found by integrating 

equation 2,.13 over the complete ran^e of k» that ia to say, we sun the pressure 

fields due to the contributions of an infinite continuum of plane sources 

operating simultaneously ovor the plane z  m d: 

The field of the point source in the single-layered medium is, then: 

2.32 

//*.. 

2.33 

rite firnt integral must obviously represent the source completely and 

should he expected to reduce to th<=> field of a point source in the unbounded 

medium. That this actual 5} ^curs is shown by an extension of the oomnerfeld 
o 

transformation to the lossy case: 
-?o 

J: 
r*tf*i> kxtwt = 2 ~,4 

For sase in manipulation, the expressions for tho tota? field can be contracted 

into the following for::s: 

Stratton "16], p. 485. 
23onnerfeld [14], p. 240 
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P =/ <ZOXUr)£Jk Sina^cosp/JcasfiJ + st»Bfts"*&4)jO$&*J 
pcoiftf 

or, In tho abbreviated fashion: 
9* 

f> + U6Jg)T0(Wk<lk, 

2.35 

2.36 

The remainder of the derivation is dsvoted to the exact interpretation 

and evaluation of the field integrals 2.35. Considered as functions of the 

real variable k, the integrands ore not analytic everywhere due to the 

presence of branch points and simple pole3. '.-/e shall therefore extend the 

integrant, by ir.eano of the orincioie of analytic continuation, into the ccr.piex 

plane where the integral can be properly def'ned by an appropriate choice of 

a path in the complex k plane. To this enr% the co-piex variable "^ = k + ia, 

k and a roal, is substituted for the real variable k. 

The major objective is to transfon the evicting integrals into line 

xFioegraxs axong cxoseo piui:s auout the pci.es OJ. the integrand in such a 

manner that only integrals along the pole contours contribute non-vanish...ig 

terns. Particular attention is given to circular contours with large radii 

on which the integrands provide, vanishing contribution as the radii approach 

infinity.  In their present formulation, the integrals will nowhere vanish 

for largo 0  because the Beece.1 function grows in nagr.itude for large values 

of a conoD-ex argument. The transformation 

Oh Mb iT^ij^Hjr^ + HoVr) 1.37 

is introduced to injure that the integrands will vanish for large 2f,    From 

their asymptotic forms, 

t<0/„   t <-/< (j),_ v ~./r KW-e", Hrfr)~<? 2.38 
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it. is apoaront that the IlanVel function or t'ie first i'ind will vanish on an 

lr.fir.it'*? contour in fie upper half fl-plnne, -inn trio liunkel function of the 

second kind -..'ill vanish on an infinite contour in the lover half J-piane. 

•ro shall next clear the -natt-ar oi' the double-value*'ness of the inte- 

grand;-, of 2.35 duo to the rouble choice of tho sign of £:', as seer, from its 

definition in equation 2.23. '<ach choice of sign defines, essentially, one 

branch o^ a tuo-sheeted Reii^ann surface. ' i.".v.j sign of the root, ajic hence 

the choic!) of sheet on which the integration path is to lie, is chosen so 

that the integrals 2.35 will converge for la"go k by insuring that the inte- 

grands rapidly approach sero as k aporoachss Infinity.   jeeept near tne 

branch p->:'.nt p~0, it is observer* that ;2 id easo.itiaiiy imaginary Tor large k. 

The positf.ve sign of the rcct is thus indicated with i defined as follows: 

for 0*A*£L   .fi- (jg?lj-iLj _ k^, *r*p KO 

A^**      : 0  « - cf/C*- 2L[l-iQ)% as* &*-]]: ,39 

Noting-tho restrictions on  the range:-} of z- :>ne car. easily show that the 

Integrant; of 2.35 vi?.l assuredly vanish fir lnrgo h. 

It is no:.' necessary to insert a ;'bra"ich|! cut into the complex plane 

in order that the anal'/ticity of the integrand is preserved. The cut starts 

...t the branch point and extends to infinit, » ;:s lor.,: as the phase specifica- 

tion;; on ['•  in equations 2.69 are adhered ts, the cut can be oriented in any 

c'irection. A tentative choice is a cut parallel tc the imaginary axis as 

rho,-n in Figures 5» where the snail in-aginary part of p has been negJ-ected in 

':he drawing. Appro:cii:iate phases of [i  are ;ivon at four points near the cut. 

Viorse [7j. 
'"Sommerfeld [14], p. 251. 
'"This particular cut is suggested by Pe'oris's method [12], Part 2. 
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rIjure 5. 

Regardless  of the branch cut orientation,  th«3 argument of p changes 190c 

across the cut.    This is easiest seen by expressing f5 in ths form: 

p~(g-^ ,(t-rr(f^^^ 
y <7-c^J 

Defining the complete vector f)€  '  , /,  and <f  real^as^.y , we observe that: 

3 * l/SLe~Z 

It is rtleex that <r  changes by 2Jr radians for choices of n on eithor 3ide 

and acjactnt to the branch cut- 
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The next operation is the denc'rc-ation of the poles of the integrands 

of 2.35 vhich lie at the values or i  for which: 

ccsafi «0 , n=itz -~J> . 

The poles are those- 

fr * (r, -*)£, 

K,* = 4Ai<*^tU - J*LO-V -/& . 2,40 

All of the poles in the right half of the plane lie in the fourth quadrant 

in the region k < co/c. From the imaginary part of the above equation it is 

seen that the pol^s He en «* hyperbola which approaches infinity along the 

negative imaginary axis. In the lossless case, thera exist a finite number 

of poles en the real axis, and an Infinite number on the negative imaginary 

axjs. 

The field integrals will now b3 defined* in the complex ^-piane of 

Figure 5. Introducing the Hankel function transformation, 2.37; the integrals 

in 2.35 take the form: 
via »o 

w 

Cauchy'a Theorem provides thr following representation of the above equations; 

in vhich the direction along the path is given by the order of the subscript 

letters, and the last integral represents the sum of the integrals on contours 

encircling all the poles in the fourth quadrant, taken in the Lilockwise 

direction. The paths CB, FE, and JII are chosen to he segments of a circle 
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vhosa canter is at i-ha o_igin.  \s the radius of the circle tends to infinity, 

the integrands alonn the piths DC ind HJ ;ecome "ranishingly small for aij z. 

and all r f  0.  V.oag PF however* the integrand will vanish only when the 

range is at least of order of the depth and of the wavelength since the 

imaginary part of {? is positive. This restriction is rather awkwardi a 

3 
representation which is everywhere valid is noro desirable. This aia can 

be achieved 'oy  choosing the branch-cut orientation so that the imaginary 
r 

par1-- of p 1? negative ever the entire rifcht half X-planet      The remainder 

of this paragraph  is restricted to the lossless case.     It is easily shown 

frca equations L«."9 that the branch cut should  lie along the path lrr\(&) " 0» 

:r;or^ precisely,  the branch cuti^ along the real axis  from J to UJ/C,  and along 

the  n?g*tive imaginary ar.ls from 0 to oo.   as jhawn ir. Figure 6. 
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..>'jggested by the ••'or'', c    h,:rv-aJ : L. .. 
3 % Fi")m the viewpoi.a?. of  practical  rv'iv^.i.voicn oi* noar-field phenomena. The 
question of  th«   •'.•»3.idid;/ of the Pourioz--'»:•.&:.••<! point sor-rco representation 
(£,2l) air-, ar :;••*:   *1 .';:•  *-'.e s>iv.t "•>•"= i.-. not aver/wl-^re applivahlo. 
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The phases of p  are also indicated on this figure. The pole3 are considered 

to lie ?n  infinitesmal distance away from the branch cuts by the assumption 

that an infinitesimal loos is present, however slight. Cauchy's Theorem 

then provides this representation of the integrals of equations 2.35, refer- 

ring the contour designations to Figure 6: 

Jo~ JACttB 

The paths CB and FE are again choson to be segments of a circle whose center 

Is at the origin, and the integrands along these patns tend to zero as the 

radius approached liifinity for all z and all r f 0. The 3um of the integrals 

along AC and Gf are shewn to vani 'h by Pekeris.  The integrals along the 

branch LLisj 

OhtH<* OH 

sinco ,6 simply changes sign on either side of the cut and the integrand is 

even with respect tc £. The only remaining contribution to the field comes 

from the line integrals around the polR3, which, of course, is the sum of 

the residues of the Integrali thus 

p*zmR«ZG(p)H?(*ft]. 

The residue at the nth pole C    ±3  given by the application of a well-known 

theorem 

2.41 

Pekeris [12], Port 2. 
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where: 

The residues can be evaluated easily, and the result 1 the same for fields 

both above and below the source: 

2.42 

This expression is precisely that derived by the method of orthogonal modes, 

equation 2.17a. The particle velocity field is, of course, also the sane. 

This correspondence attests to the validity of the Fouri9r-3essei method. 

Tae effect of a srr.all loss does not change the derivation signif- 

icantly. A branch cut can always be found such that the imaginary part of p 

is negative over the right half 0-planei it takes the form of a segment of 

a hyperbola starting at the branchpoint, and extending to infinity along 

the negative iraginary axis. The line integrals aloujj all the colours 

except th'3 pole contours will vanish for exactly the same reasons as outlined 

above. Tie residues have the seme form as equation 2.42, except now the 

poles are all complex. 

Tie solution will now be discussed in detail. 

1. A comparison of the two methods of solution indicates that those charac- 

teristics of the modal field representation which are necessary tc success- 

fully apply the method of orthogonal modes are actually consequences of the 

solution vhen derived by the Fourier-Bessel integral method. These charac- 

teristics are completeness, orthogonality, and satisfaction of boundary 

conditions. 

A. Completeness of a modal set essentially provides the guarantee 

Suggested practical references for these concepts are the investigations of 
Somnerfold [14] and Korse [8]. 
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that an arbitrary, continuous acoustic field in the medium can be exactly 

represented by a linear combination of the riodes. The set of nodes was 

assumed to bo complete in the orthogonal node method, whereas completeness 

of the modal set was insured from the integral transformation method ::r. view 

of the disappearance of all cc ltour integrals but the residue components. 

We shall later find that the sot of discrete aodes is not complete when the 

medium is unbounded in the z direction. 

B. !lodal orthogonality is, of course, the major prerequisite for 

the application of the orthogonal mode technique. This property, however, 

is clearly a by-product of the solution by the integral transformation. 

C. A further requirement for the use of the orthogonal mode method 

is the necessity that each of the modes satisfies the boundary conditions 

independently., In the Fourier-3es3el method, the initial form of the solu- 

tion contained tvo terms which did not independently satisfy the boundary 

conditions but eventually were transformed into the mo^al set. It is thus 

reassuring but not requisite that the integral transformation should result 

in an Infinite 3et of discrete solutions of the wave equation. This point 

id quite significant for solutions in medium configurations which are un- 

bounded in the 7,  direction. 

D. A3 long us the medium is homogeneous, and subject only to tha 

homogeneous boundary conditions, we can say that orthogonality and completeness 

imply one another. However, in th9 multi-layer, o?  inhoraogeneous Ci.se, *e 

must exraine the final results of the integral transformation method in the 

individual case before a judgment is made,  "in the next two problems we shall 

find, respectively, examples of completeness '/ithout orthog nality. and 

orthogonality without completeness. 

<i.  It is noteworthy that t!r- final solution *etamined by the Fourier-Bessei 
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integral transformation is essentially independent of the choice of branch 

cut since the pole contours alone contributed to the solution., './hen the 

\nediutn is unbounded In the %  directions, «e shall pay thia severe penalty 

for extending the integral into the complex plane: the field representation 

will depend upon the choice of branch cut, resulting ir. an infinite number 

of available repressntations. 

5.  Several physical interpretations of the individual modes are possible 

when the Hanks 1 function is approximated by its asymptotic forms 

P*   *  5">/3,* f 
-o(nr-<.kr t   t,*^ t 

2.43 
'A   .->/- 

I^*tat«/'  ' 

Tt is clear that the mode represents an inhomogeneous (z dependent) cylin- 

drical wave, which is diverging from the source. Thin wave propagates with 

the phase velocity and damps exponentially at the rate of °^  nepers/ 

unit range, in addition to the geometrical spreading indicated by the factor 

-'A 
f      .  In the lossless medium, there are a finite number of nodes for which 

°V) - 0.  A term of this nature represents an undamped cylindrical wave 

which, as 3hown from considerations in Chapter IV, radiates energy without 

loss.  A term for which Kn 
n  0 ."eprosents an oscillatory, damped field which 

is easily shown to carry no real energy. 

At large ranges where the factor f  '<*> can be neglected when compared 

to the exponential fy.ctor, the undamped oi freely propagating mode can be 

interpreted as the resultant of two constructively interfering traveling 

"plane'1 waves. For a Riven mode, the plane uaves are traveling at discrete 

angles ft   with re3D6Ct to the vertical given bv the well-known relation: 

S*n&n-*k&   • 2.44 
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We thus fin^ that the plane sources with propagation factors f(v± 

operate into a "resonant" condition in uhich energy can be transmitted without 

ference with no resultant radiated energy. 

4. It wan found that second quadrant poles, representing converging waves 

did not appear in the solution because the contours did not leave the right 

half 6i-piane. There were no first or third quadrant poles of the field 

integrardc. These poles, which correspond to waves who36 amplitudes increase 

exponentially in the radial direction are deluded as a direct consequence 

of the fundamental equations and not 33 a result of a separately imposed 

boundary condition. In Chapter IV, this statement is proved to be applicable 

in the multi-layered system. 

5. It is recalled that, even in the generally lossy case, the distribution 

parameter p    is real and a function only of the layer depth H. The modal 

dependence upon the vertical co-ordinate is consequently a purely sinusoidal 

function which is fixed when the layer depth is specified. It is therefore 

possible to use the p ,  and the resulting vertical field distribution, as 

a label identifying the nth node. It is particularly important to note that 

the nodes ere clearly identified when considered a function of source frequency. 

6. Let u£i again study the lossless case. From equation 2„40, it is observed 

that ail of the pol^s on the real axis fall in the range 0*-k*^-~r   » for 
\* 

all frequencies. It is also clear that k decreases from «j^ at the high 

frequencies to 0 at a certain finite frequency, which is defined as the 

"cut-off" frequency of the rth mode. Below the cut-off frequency, the pole 

on the reni axis disappears, and a new pole, corresponding to the same p , 

appears on the imagin;u-y axis; the node thus changes from free propagation 
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tO a purely damped field. 

By compaction with equation 2.44, "cut-off" can be described as 

follows: A.t a finite frequency, there exist a finite number of sets of con- 

structively interfering plane traveling waves, propagating at angles 9 . 

For the nth set, the waves travel at near grazing incidence (0 ts. 90 ) at 

the high frequencies, to normal incidence  QuO )  at the cut-off frequency. 

Below cut-off, the constructive interference is no longer possible {&n 

becomes iir.aginary). The meaning of the cut-off frequency is especially 

precise in this problem because the mode is clearly identified by the B  tag. 

The situation is radically different in the nulti-layered systaos and will 

OS uj.seussec in dotail later. 

7. The wave propagation exhibits phase velocity dispersion through the _ - 

dependence of A#, on frequency (equation 2.40), Since the phase velocity 

^rJJi  , it Is clear from equation 2.40 and the discussion above that the 

phase velocity is °0 at cut-off, and decreases nonotonically towards C   at 

the high frequencies. The velocity of energy propagation or group velocity. 

always different from the wave velocity in a dispersive system, is derived 

in Chapter IV. 

The nature of the propagation factor ,\^  also provides us with an 

explanation for the appearance of a branch point. The possibility of K^ 

having the value at the branch point, which is just the propagation factor 

of a plane wave in the unbounded medium, implies the possible existence of 

a wave which is not influenced by the boundaries. 

8. The fa-niliar representation of the acoustic fields by image source con- 

tributions is derivable from an expansion of the denominators of the field 

integrals, equations 2.35. Dr. Pekeris has shown that the ray series and 
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mode series are related by a Poisson suamation,  "Image-type" representations 

of fields In the multi-layered system are possible but will not be discussed 

2 
in this paper, since Dr. Pekerls has examined then in detail. 

9. The solution for the modes in the astern with the general homogeneous 

or "irpedance" boundary condition has the sane form as the solution given 

in equatior 2.42. This condition represents a fixer1 relation between the 

pressure and particle velocity fields over the bounding plane, and conse- 

quently, can exist only when the wave phase fronts are approximately plane 

or where ,:ray" theory applies. Dr. Pekeris has derived an expression for 

the limit of applicability of tho impedance boundary aporoximation in the 

2 
layered Liquid medium. 

The Two-Layered !tedium Pounded by Perfectly P-eflectinr: Planes 

The configuration for the bounded two-layer medium is shown in 

Figure 7. The upper layer represents a shallow water layer bounded by a 

zero pressure surface at z * 0. The .* awer layer represents an idealization 

of the ocean bottom in which it is assumed to be a "'iquid with appropriate 

acoustic constants. Tho liquids are in continuous contact at the interface 

z * H. The lower layer is boundod by an acoustically "hard" surface at 

a « H + h. A point source of energy is located at the point (0,d). 
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35. 

Tho constants of the lower layer are asstsmed to be greater than the corre- 

sponding constants of the upper layer. Tho subscripts 1 and 2 refer to 

quantities in the upper end low^r layers rosoectiwely. 

The exact statement of the problem is the search for the solution of 

the pressure wave equations in etich of th* layersi 

V*ft   +^6-U,)f>   = -.»f>,(l'cL,)£{r)f(*-J)) Oiliti 

and the determination of the particle velocity fields: 

2.45a 

2.45b 

subject to tho boundary conditions: 

A.  At z ~ 0: p,-= 0. 

B,  At z " H; p « p., and v ," v 
1   £. zl zZ 

C. At z - H + h: zv. 0. 

2.46a 

2.46b 

2.47a 

2.47b 

2.47c 

2.47d 

2c47e 

D. At large r, the fields tend to zero. 

E. At large r, the fields represent diverging radiation, if 

radiation exists. 

tfo shall now f;hov that the method of orthogonal mode3 is not applicable 

in this pi'oblen. Following the established procedures we assume that the 

pressure fields have the separated forms: 

The homogeneous forms of wave equations 2.45 are thereupon reduced to ordinary 

differential equations of the formt 
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The F-functions are first chosen to be solutions which fit the specifications 

at a - J and H + h- 

the unknown constants will bo evaluated fron the boundary conditions at z-*H. 

It is 3uf 'ieient to assurae that a constant factor lies in the R-functio.is, 

and take the constant A to be unity. The continuity conditions at H are 

satisfied when: 

at values of p. and p„ which satisfy the transcendental equation: 

where, from equations 2.48, 

2.49 

4, «/3 -ZLJI-'L) +jg(t-'Q. 2.50 

The orthogonality properties of the F-functions can be calculated directly: 
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where th© final result contains the substituted equation 2.49.  It is* clear 

that tho functions are not orthogonal unless the ccrpiex densities are iden- 

tical. For the lossless system, the mod«s are orthogonal only In the absence 

of a density discontinuity. This situation aricos from the peculiar behavior 

of th9 fields at a medium discontinuity as Hjscu3ser' in Chapter II. The 

method of orthogonal modes is therefore not generally applicable for the 

two-layered medium, and we turn our attention to the solution by the Fourier- 

Bessel transformation."1" 

The point source term in equation 2.45a is a.£ain resolved into a 

continuum of plane sources and the solution of the pressure wave equations 

J,Jf. *, •'•1-= a* *rr -v1 at- - i r.**   J^a i1 ana    «»<•,».•}..«»*. *•»" ..->.r~ ^••K^.». V •»-. <7.-.i,..V+. 

2„5<ia 

,52b 

The oressure fields are expressed as: 

2.55a 

2.55b fit.   " ^ic 

where /P   and jf?    arc the oarticular and complementary components of the 

total field in the  upper medium.    Tho field in the lower medium has no par- 

f I'MI1QT»     c*r\"! 11+- -^ iiiti r\r>      o -; r.r* * r. r*r*    + 1m « r>o     * ©    r\r»    or*MTv*rt    -**»•• a T**n+.    f!iftT*0 

The particular solution can be chosen to ho the same a& that 

derived previously: 

A 
tCfite-J). * j ^ i 

provided 

c# -> AZi±* 
2.29 

<> 

and the complementary solutions can be chosen as foliouas 
"Jweirrhted orthogonality conditions of the type found in the familiar vibrating 
membrane problem ui"j aico cxciucca here* cince the pressure field if? not 
everywhere twice differentiable. 
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2.55 

2.56 

2.57 

<u 

The fielS of the point source can then be found in the sane manner as before. 

and expressed in a contracted form: 

If the medium were completely homogeneous, the abovg representations would 

reduce to the integrals found for the case of the single homogeneous layer, 

equations 2.55. 

The remainder of thl3 derivation will be concerned, only with the 

completely lossless medium. 

The above integrals can be carried into the complex Q-plane in the 

same manner as ths case of the 3ingie homogeneous layer. The major difference 

is the foti2*~vsl.usdnsss of the Ir.tsTanc's since there exist four r*ossifeilities 

of sign combinations for the °, and po parameters. V'e shall choose the 

positive nigns for the roots for the 3ame reasons discussed before! thus: 

2.59a 

2.59b 
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To insure that the integrands along the infinite arcs vaniph for all ranges 

and depths, excluding the radial origin* the branch cuts are cho3en so that 

the imaginary parts of both p. an<1 f>2 are negative over the entire right 

haJf ?-plane. The cuts are shown in.  Figure 3. 
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Figure 8. 

T'hf pole3  of the integrand are found at the zeros of W%  which is 

precisely the deteminantal equation for the distribution parer.aters of 

source-froe nodes» equation 2.49.  In the lc3Sless cu3e, the transcendental 

equation y**0  is comparatively easy to 3O1VP.  It is rot necessary to look 

for cc-mplcs: p since it is proved generally li Part 3 that there cun exist 

no corple* p in a completely lossless i->edit>m ir. which the fields vanish at 

large :J  . The ,-co,.-j  in the ri^ht half plai. - that do exist fall into three 

T. 

ill 
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types: 

A. A finite number with a real, tx^c^- & < ^Vc,» p, real, 82 negative imaginary. 

B« A finite nuaber with % real, 0 Ck<.ja/c2, B, and f.„ real* 

C. An infinite number with X negative imaginary, B, and {?« real. 

The roots are demarcated in Figure 8 at typical locations. 

The Dessel Function is transformed into the sum of the Hankel func- 

tions, and the contours I and II of Figure 9 are chosen. All of the line 

integrals vanish in the same manner as shown for the single layeri only these 

encircling the poles are nai-zero. In particular, the integrals over the 

branch line on the real axis disappear because the integrands are even with 

respect to both B-, and E9. The final rorn of the solution is then the simple 

sum of the residues: 

*° (a) 

»*'  dpi 

The field conditions at large ranges are, of course, satisfied by the presence 

of the Hankel Functions. The series converges for all depths and ranges, 

except for r•0. 

The solution will now bo discussed in detail. 

1. The power of the Fourier-Benn«1 integral method of solution is clearly 

demonstrated in this problem, 3ince the non-orthogonal character of the modes 

in the two-layered cysten obviated the use of the orthogonal mode technique. 

There does exist, however, a set of relations among the modes in n multi- 

layered medium which are analogous) to the usual orthogonality relations 

applicable for the single-layered system. They are derived for the general 
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case in Chapter IV. 

Tho integral transformation method again ensures that the modes form 

a complete set since only the line integrals on the residue contours are 

non-vanishing. 

An examination of the solution reveals that the modes independently 

satisfy all the boundary conditions. The solution is also independent of 

the choice of branch cut. 

2. Ths dependence of the nodes upon tho posit5r.n ^o-ordinates closely 

resembles the form' of the modeu in the single layer problem. On the other 

hand, the distribution oar&T.etars 3,  and 6,, have a very conoHeated deoend- rln    r2n        '   ' 

ence upon the frequency a:..d nediuns p-iranoters, t!irough *hc determinanta! 

equation £.49. This behavior makes icraossibla the identification of the 

modes as frequency independent entities in a fixed physical configuration. 

It should be explicitly noted that the radial dependence of the 

modal field is identical in both layers. It is, therefore, proper that the 

k rather than the p be termed the "eigenvalues" of the wave equation. 

One other mijor difference between the form of the modes in the one- 

and tvo-lsyerec systems is the appearance of an additional stimulation factor. 

*tr 
, v/h;'.ch,since it is a function only of B , does not merit 

' n 

further attention,  fheso px-eceeding comments are also applicable to the 

mode solution for the next problem. 

3. The similarity of the modal form3 in the one- and two-layered cases 

allowr the ph.y3.ical interpretations of modes given on page LI to be applied 

here, with some modr'.fication, ^restricting the discussion to the completely 

lossless nedium, we find that the freely propagating mode3 represent two 

independort ferns. The first form. Type B, page 40. reoresents elementary 
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plane waves with 0 < k < co/cp which are propagating at angles of incidence 

less than critical eagle, defined as Q> i_ ere sin c./c„.    These waves travel 

at the angle  dSj " arc sin k c,/a> in the upper layer, refract into the lower 

layer at the angle &zn * arc sin k c2/u>, and are completely reflected from 

the too and bottom surfaces.    Typical ray paths are given in Figure 9.  It 

is noted that the vertical field distribution i3 a purely sinusoidal function. 

7it*e 

Figure 9. 

The second form of undamped node. Type A, page 40, represent? elementary 

plane waves with ^yS„< k < UJ/C, which are trapped in the upper layer as 

shown in Figure 9. The waves are propagating at angles greater than critical 

angle, undergoing total reflection at both the interface and the top surface. 

Trapping is further evidenced by the fact that the modal field dependence 

upon the depth co-ordinate is a purely hyperbolic function in the bottom 

layer, Indicating destructive interferonce. For both modal types, uctire 

power is transferred only along the range co-ordinate and not across the 

horizontal cross-section. 

Modes whose propagation factors lie on the imaginary axis, Type C, 

are purely attenuating radially and carry no active energy* 
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4. A -yps B mode has cut-off frequency characteristics similar to a mode 

In the single homogeneous layer. Considered a function of decreasing fre- 

quency, the set of interfering plane waves travels at progressively smaller 

angles, ranging from critical angle to normui incidence. Below the cut-off 

frequency where k * 0, the propagating mode disappears and a new pole on 

the imaginary axis srisca as the nth propagation factor. The mode is iden- 

tified,  aa the  frequency is changed, only by its sequence in the ordered 

series of poles of the field integrands, and not by its vertical field dis- 

tribution. The Type \  node, considered a function of decreasing frequency, 

represents interfering plane waves which propagate in the upper layer at 

angles ranging from grazing incidence to critical ang.le. 'Then the frequency 

is lowered beyond critical angle, vhcre k " ov/e0- the node disappears, with 

no subsequent appearance of a new pole on the imaginary axis. This mod<* 

simply drops oat of existence beyond the "cut-off" frequency* cut-off frequency 

for the Type A mode is thus defined as the frequency for which k = 0)/cp. The 

proof that the Type A node cannot exist below cut-off in the general case is 

given in Chapter IV. 

5. Thf ;'*-aae v&^rxjity-frequency characteristic of the Type B modes is a 

monotonically decreasing function fromV^fO at cut-off to c« at the high 

frequencies. Th3 Type A modes have a similar behavior except that 1A" c„ 

at cut-off( and approaches c, at the high frequencies. 

S. The results can be extended qualitatively to 'no general case of a 

multi-layered medium which is bounded between perfectly reflect5jag planes. 

In all cases, the f5.ald of an .arbitrary source can be found in terms of a 

complete sot of modes, which are not orthogonal in the presence of a density 

discontinuity. Since the modes independently satisfy the source-free wave 
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aquations and all the boundary conditions, one can find the nodal dependence 

on the position co-ordinates by solving a transcendental equation of the 

type resembling equation 2.49. The amplitude factors must be found by 

recourse to tho Fourier-Bessel Integral transformation. In general, a finite 

number of nodes represents waves propagating between the outer walls, a 

finite number represents trapped snergy between layers of large velocity 

parameters, and an infinite number of strongly attenuating modal fields forma 

the remainder of tho series. 

The Two-Layered Semi-Infinite Medium. 

The schematic configuration of the two-layered semi-infinite" medium, 

which w.".3 the primary concern of Dr. Pekeris, iz  shown in Figure 10. The 

lover layer represents a liquid bottom which extends to z~e*?. The medium 

parameters in the lower medium are a33uned to be greater than the corresponding 

parameters in the upper layer. A point source is present in upper layer at 

the location (0,d). 

_ (oj) fi&Li 

Figure 10. 

The major physical difference between this problem and the preceding 

ones is that energy may leave the system through the bottom as well as along 

the radial co-ordinate. 

The exact statement of the problem is tho solution of the pressure 

wave equations in each of the layerst 

Vfa    *&*(/-£l*)fi. *  O    ,    *%>!* 2.61b 
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and the corresponding velocity fieldsj 

J5- se-r—r-, 

subject to the boundary conditional 

A. At 2 • 0: p.* 0 

3. At , - H, Pl- P2, Y - Vz2 

C. At large 2 and r r the total field tends to 0. 

D. At large s and r * the fields represent diverging radiation* 

if radiation exists. 

2.62a 

2.,62b 

2.63a 

2.63b 

2.63c 

2.63d 

It ic fi^st shown that the solutions of the source-free wave equation 

are generally non-crthcgcnal.    '..'e can easily find that the F-functions for - 

this configuration are* 

provided that       fi *« e^fi-i Ls) - /?   jS-^Z ^ 

2.64a 

2.04b 

2.65 

.66 and T^ &J&c'0S&#tcf3&>»fiMsO ,   £>s " '^(i('-^s)'      2.( 
A 

The F-functions are not orthogonal unless the complex densities are identical* 

since: 

fte 1 e^/-^o  /  K~r& 
_ L_J.^__ 2.67 

The representation of the fields as ^ourier-ReMsel integrals can be 

found by the previously established raethodi 
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wnsre j^ia defined in equation 2.33. 

When the medium is complately homogeneous, the last integral on 

right-hand side    cf equations 2.63a vanishes, and from the Sorauerfeld trans- 

formation equation 2.34, th« acoustic field reduces to the contributions 

S3a 

2.S8b 

from the source and its Ina ge in the surface: 

n -A 
-(c&'-W^f -Mfc$&to'i$ 

- £. V^Wl^ 
2.69 

Squation 2,33a can conveniently be expressed as the integrait 

°fi IT o, '       ' 

In the abbreviated form, thj above equations r»ad« 

2.71 

The remainder of the analysis deals only uith the lossless configur- 

ation* 

The Pokaris representation of the field integrals on the connlex ^-plane 

lThe same ond result of Pekeris'o, with the introduction of the complex 
parameters [12], p. 45. 
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1 
vill first be discussed.  As in the previous problem, there exist two branch 

points at £,* p2* 0. T ie cuts chosen by Pekaris are taken parallel to the 

imaginary axi3 on the Reinann sheet defined by the positive signs of the 

roots of the p parameters, where» 

The J^plane for this configuration i3 given in Figure 11. 
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2.72 
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The poles of the integrand are those values of X for which J^"0« 

These quantities are precisely those propagation factors of the modes found 

fron the solution of the uource-freo wave equation, and the associated tran- 

scendental equation 2.66. The poles in the right-half X-plone fall into two 

categoriesi 

^Tekeris [12], Part 2. 
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A, A finite number on the real axle, X>**/>> ^«C^,4 — ,' # 

is purely x*eal, Bg negative imaginary. 

B. An infinlta number in the fourth quadrant located in the region defined 

by k < o)/c2» These polos have *6 complex, 6, and 82 complex with 

positive imaginary parts. It is particularly noted that these poles 

exist even though the system is lossless. Dr. Tekoris did not introduce 

these poles in hi3 formulation. 

The poles ore demarcated at typical locations in Figure .10. 

Sach of the integrals of  equations 2.71 can bo handled in the same 

manner. The Beasel function i3 transformed into the Hansel functions, 

referred to Figure 11, tho paths ai'e defined as follows: 

ftytfi)*CfrM<t* = [tytfjlffirMr 
* -'AC tee 

2.73a 

2.73b 
* Mtfi!LtLi<-Hc.j+-JntHG+6f:iFetPoies-. 

The integrands along the paths CB and FB vanish as the radiU3 of the circular 

segaent3 extends to infinity. The Integra: d along the path MLJH vill vanish only 

'•hen the rajige is at some value greater than the deptht this fact arises 

upon examination of the original integrals in 2.68 where it is observed, from 

Figure ll»that the imaginary parts of both the 8 parameters are positive over 

this path.1 The integrands along tho paths vanish AC and EM as before. The 

integrals alonn HG and GF cancel because the integrands are single valued 

with respect to B„ along these paths, and are even with respect to B which 

possesses a simple sign change on opposite sides of the cut. The integrals 

along the branch cut through co/cp do not cancel, however, because tho integrands 

are mixed functions of 8p« Tie transformation of equations 2.71 then takes the 
2-To be prfccioa, Im(3]_) and Im(B<0 are oositiva on ML, IinCBoJis negative and 
£1(6,) is positive on JH. 
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The difficulties with the Pekeris field representation are observed 

to be thesei 

1. The solution is only applicable for ranges which are sariewhat greater 

than the depth.. This situation is not only undesirablo from a practical 

viewpoint, but it appears to be inccapatible with the fact that the solution 

for the hounded systeras of the previous sections wan valid everywhere except 

at the origin. 

2. Type B modes contain p. and f9    with positive imaginary parts. The 'In 2n 
*«? 

residue of such a node will contain the factor €       %  the node thus repre- 

sents a field which is exponentially Increasing with depth. Such peculiar 

racdal fields are definitely admissable in the Pekeris formulation, slice 

the condition that the field vanish at infinite depth is applied only the 

total field representation. It 2hauld oe explicitly stated that these nodes 

do not contradict the energy conservation requirenents 3tated in Chapter IV. 

Furthermore, the presence of a viscou3 losn, to the first order approxima- 

tion stated in Chapter II, will not cause the fields of these nodes to vanish 

at infinite depths. 

5. Dr. Pekeris ha3 shown that, under certain conditions, the branch line 

integral has the asymptotic form at large ranges of a nodified dipole field. 

At first, it seems roasonablo to ascribe this physical reality to the branch 

line integral, since such a field would be expected when the undamped modes 

are all "cut-off." However, if one considers the Type B modes as an integral 
iFurthermore, there is the ouestion of the validity of the Fourier-Bessel trans- 
formation of the radial delta function when the solution is not everywhere 

^applicable. 
In the bottom. 
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part of tli* solution (which Pekeris does not), then it la got clear what a 

branch-lino Integral represents. The situation is this: The undamped (Type A) 

mode9 repr^sert energy trapped in the upper layer. The Type B modes represent 

the acoustic energy which enters the bottom layer, and comprise an infinite 

set. All the physical expectations are thus accounted for. What added 

physical feature is presented by the non-vanishing branch-line integral? 

These difficulties are all removed when the branch cuts are taken 

so that B-, and p2 have imaginary parts vhich are negative over the entire 

i»ight half of the % -plane. These cuts *re along thf> lines Imag[p, j3,lmag[p,
2],,0, 

and are identical with the cuts in Figure 3 for the bounded two-layered medium. 

Tne only poles that are present on this sheet of the Reimann surface are the 

Type A. poles previously specified. The Typs B poles certainly exist but they 

are now located on the other (non-physical) sheets of the Reimann surface, and 

consequently do not appear in this solution. The field Integrals can now be 

evaluated in the sa:ne manner as given previously. Each of the integrals 

along the paths of Figure 3 vanishes, except those along the branch cut. 

0 < k < cc/cg. The final result for s residues isi 
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The solution converges for all r and all z, where the convergence 

of the branch-line intograi is .justified on analytical grounds given 

later. 

The solution id now discussed in detail. 

I. We are now able tc answer a basic point which PeVeris lest open for dis- 

cussion, namely the reasons for the existence of the non-vanishing branch- 

line integral, and why it does not vanish in the two-layered seni-infinite 

neditn which contains only a velocity discontinuity. First it is clear 

fron the above derivation end the discussions of the preceding problems that 

there is no mathematical restriction present which requires the solution 

to have the form or  a sun of discrete modesi hence, there is no apriori 

reason for expecting such a solution in the unbounded medium. Secondly, the 

critical point which led to the non-zero branch-line integral was the inte- 

grand dependence upon the distribution factor f>.     In the semi-infinite medium, 

it is recalled th.vt the integrands were even with respect to p,. but nixed 

with respect to f>0.    Comparing this fact with the situation in the two- 

layered med'.'jn with perfectly reflecting boundaries, we can explain this 

dependence on the physical basis that the presence of a downward traveling 

wave alone in the bottom o? the semi-infinite medium appears as an asymmetrical 

terra in the integrand. For a nuiti-layered mediun bounded by perfectly re- 

flecting plinec, there exir.t both upward and downward traveling waves in each 

layer which are represented by a symmetrical dependence of the integrand 

upon both the £'3. The appearance of the branch-line integral is only a 

consequence of the fact that the medium is unbounded in the z direction, and 

is not associated with boundary conditions at the layer interface. Third, 

the necessary presence of the branch-line integral is suggest»K< from the 
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analogous quantum mechanical problem of tho one dimensional finite potential 

weli. The solution of this problem, has the form of a sum over a finite 

number of discrete modes (energy levola) plus an integration over a continuum 

of "~»odes.n Fourth, we can ascribe a realistic physical interpretation to 

the branch line integral, to be 'iscus3od in a later paragraph. This char- 

acterization lends considerable justification for the validity of the field 

representation in the form given in equations 2.75. 

2. The set of discrete modes is obviously not complete. As described later, 

these modes possess cut-off properties similar to the Type A nodes of the 

previous section. There exists a frequency below which all of the poles on 

the resJ £  axis disappear, and no nev poles appear on the imaginary axis. 

An arbitrary field distribution thus cannot be expressed, solely by a sum of 

discrete modes* the branch line integral is present to account for the complete 

solution. 

It i3 thus possible to have a solution for the Pekeris problem in which 

the discrete mode3 are orthogonal ;by eliminating the density discontinuity) 

and are not complete* this 'act lios In contradistinction to the solution 

for the case of the single homogeneous layer. 

3. There exists an infinite number of possible representations of the solu- 

tion, 3ince the branch line choice is essentially arbitrary, 'e know, 

however, that the solution should be unique. The difficulty if resolved by 

the physical interpretation of the form of the solution. 

It is recalled that, for  the lossless case, the fields wore originally 

represented by integrals over tho real variable k. By extending the path 

of integration into the complex plann, we admitted the possibility of new 

field representations which are analytically correct but do not correspond 
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to physical reality, since th*3e representations contain kasa complex 

variable. The clearest example of a non-phynicai component of the solution 

is the Type B mode, page 43, which la  exponentially increasing in the bottom 

layer. The appearance oi the non-physical forms of the solution i3 attrib- 

uted to the inadequacy of the initial assumptions in Chapter II» particularly 

the neglect of shear waves in the fundamental equations. The solution as 

given in equations 2*75 is believed to be the only physically meaningful 

form, and in this sense is unique. j'on-phys ical solutions for problems con- 

cerned with vertically bounded media are precluded since the final forms are 

essentially independent of the choice of branch cut. 

It should not be inferred, however, that the Peksris solution does 

not have va.lue for calculation purposes. Dr Pekeric, in fact, showed an 

adequate correspondence between sone numerical integrations of the original 

field integrals, and the asymptotic behavior of his branch line integral. 

Dr. Ide used the Type B modes to illustrate their theoretical correspondence 

2 
to some experimental measurements in shallo1.: water.  However, Ide treated _ 

these modes a3 though they were physically meaningful, an action which does 

not seam justified. His misinterpretation may have arisen from an error in 

3 
the choice of signs in one of his introductory equations.  Ide13 mode 

incorrectly represents a wave moving upward in the bottom layer with vanishing 

amplitude at large rlepths, instead of a wave moving downward with exponen- 

tially increasing amplitude. 

4. The branch line integral of equation 2.75 is, in a sense, a blend of the 

Type B modes and thy Pokeris branch line integral into a physically realistic 

l I 

^•Pekeris [12],  Figure 23. 
2Ide [2],  App.  E. 

Ide [2],  App. A, Equation 6. 
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component of tho total field, described as follows: 'Ve first recall that 

the now branch line integral is taken over the real Y axis, 0 </'< ^/cp. 

In terns of the plane wave" concept f*1*' a niods, the branch line integral repre- 

sents the sir-nation of tho continuum of plane waves propagating in the upper 

layer ut angles vhich are less than critical angle, and undergo multiple 

reflections between tho tor surface and the interface. Energy ig refracted 

into the bottom at each reflection from the interface. The individual waves, 

represented by the branch line iatearand at a particular value of k, do not 

vanish at large depths, but the integrated.effect of these waves vanishes 

1 
at large depths *anc ranges) since: 

:. 
wnere V\lz)  is any re^sonsble function of k. 

A detailed analysis of the approximate foras of this branch line 

integral is beyond the scope of this study. Numerical integration nay not 

be too arduous, at least for low frequencies, and s:aali ranges and depths 

5. The trapped mor'eg, Type A, page 43, have the sar.e general characteristics 

as the.Type <-. nodes in the bounded two-layered system. These nodes represent 

sets of elementary plane waves which are propagating in the upper layer at 

discreet angles with respect to the vortical. The angles fall in the range 

between between grazing and critical angles. These waves are, consequently, 

totally reflected from both the top surface and the interface* The rrode 

thus represents energy trapped In the upper layer, and propagates, without 

loss, in the radial direction. The field of such a mode is observed to have 

an exponentially decreasing amplitude with depth, and, as can be 3hown from 

tho discussior in Chapter TV, does not deliver active energy across the 

Udler [l], App. 4. 
x-ai the bottom.. 
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interface. "Cut-off" occurs at the frequency for which k a oi/e„.    Below 

the cut-off frequency, the mode disappacLr:- since no new poles arise on the 

inaginary axis of the ^-plane. 

The phase velocity of this type of rsocJe is quits almilar to the 

corresponding modes in the bounded t*,.>o  layer medium, and need not be discussed 

further. 

6. '.'hen the parameters in the upper layer are .greater than those in the 

bottor. layer, the solution, when derived in the fcm of equations 2.75, 

consists solely of the branch line integral component, since there are no 

poles of the field inte;^rar.f)s in this cas«. 
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CHAPTER IV 

3i'?. C--T~;RAL PROPERTIES OF THE ACOUSTIC MODES 

Introduction 

Thf> ^."onoation contained in thio chapter suppJements the discussion 

of the trave examples oi acoustic nodal solutions described in the preceding 

chapter. The analysis i3 bused on the work of A.dl<-r in studies of electro- 

nagnetic wave propagation.  The results are applicable in the case of the 

general multi-layered medium when fields have the form of equations 2.75 in 

which each coir.oonent vanishes at z**oc The symbols p and v reoresent the J • n   -n 

pressure ai:- particle velocity field of a typical more. \  branch line integral 

can also be represented by the same sjTnbola since double integrations over z 

and '«:, to te subsequently psrfomed, are independent operations. 

"Hie next two section? oT Sihis part are devoted to the derivation of 

the /general arthogonality conditions that exist amonj the mode3« The lossy 

system is included insofar as tr.3 result;.; have a single physical meaning. 

The last section provides a  physical interpretation' of the propagation factors 

for the ^iccrete modes in the multi-layered systems froa energy considerations. 

Some DsoftJ Identities 

3ir.ee the modi! sum is 'i linear combination of the solutions of the 

source-fref wave equation, it is certain that each mode is a solution of the 

field equationsi 

'    •:•' 

1.9 a 

1.9b 
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5,1a 

5.1b 

3.1c 

S.ld 

3.1e 

The median constants are, of course, those appropriate for sfcy particular 

layer. The following identities c m thereupon be rrerivec' directly from these 

equations: 

Power Orthogonality Conditions 

The power orthogonality conditions can be conveniently interpreted 

as specifications on the power outflow due to modal interaction. The starting 

point is the transfer of the familiar Poynting vector of electromagnetic wave 

theory to the acoustic wave case. 

The instantaneo'-is Poynting vector S (r,z,t) is a real quantity which 

represents the instantanoou3 acoustic energy transferred/unit area/second at 

the point (r»z) and at the time t, with a direction indicated by the space 

orientation of S. From, its definition. 

£ ~CMpe)][Ke(*e<-"l)J. 3.2 

xho superscript  denotes the complex conjugate. 
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It is observed that the Poynting vector has the same space orientation as 

the particle velocity vector. Substituting th& complete set of modes for the 

fields in the above equation, wo havei 

Ve are interested in the total instantaneous energy/second outflow 

fron the cylindrical volume V shown in Figure 12. The height of the cylinder 

extends over the eutire vertical depth of the medium. The cylinder i3 hollow 

with radii r. and r? at the inner and outer surfaces, which are noted A. and 

A«. The top and bottom plane surfaces of the volume are noted A^ and A.. 

<*,*,„•£ i 

fxtl>,L>x 

?s,CxL 
To ***>+ 

3,<-3 

FIKUT' 12. 

It is assumed that no sources lie within V. The inner radius must be greater 

than zero because the acoustic field equations are singular at the radial origin. 

The total instantaneous power outflow from 7 is compute^ simply by integrating 

iin«-. fct"jg 3ur. 
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Thero is no contribution from A_ and A- since the Poyating vector is aero 

on these planes. The vertical component of particle velocity is tangential 

to surfaces A. and A2« Equation 3.4 thus reduces to: 

C xA </* i A 

3.5 

vu *&**. 

The computation of the instantaneous real power transfer is facilitated 

when the modal fields are expressed as the following qvantitiess 

Reff^"') = &?"* + &"* z 
3.6a 

Refo^e )= &*e       ***** 
2 X 

3.6b 

It is easily shown that the integrands of equation 3.5 have the form: 

A. The "self-power" term: 

3. The "interaction-power" term: 

3.7a 

*'(& 
r 

t e&s + ft* ** +£ Sa; • *u"*) • 3.7b 

Let us now consider the identity: 

vi/uin-r^^o . 3.1c 

jp 
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Thi? dl-'orgsnc^ operation in cylindrical co-ordinates Js explicitly: 

vhere it is recalled that the velocity vector Jf* £o £ *jj» ^   • T!l9 l*>€t 

hand term of aquation 5.3 is everywhere defined and continuousi the second 

tem is piesavisa continuous yhen the tanc^pntial component of particle 

velocity is discontinuous at the interfaces. Equation 3.3 is integrated 

over the rangj of z, and the boundary conditions applied? 

.©» 

o = (±4rle> vr-PL* \Je 
5o9 

The 2«ft hand 3ide vanishes for all r.    It is necessary therefore that* 

ft %<*,-&**)** ~o 3.10 

It is recalled that each mode is a solution of the source-free wave equation 

which satisfivi-j aii__i,he boundary conditions. V.'e have, therefore, thR alters 

native possibility that the mode represents a converging wave. This situation 

is represented by a fthange of sign of the racial velocity conponent. The 

change in, for example, the »vth node producer thn relation thatj 
aO 

fiL"m+Al~)S*'a 
3.11 

The addition of 3.10 and 3.11 results in the final form of the time dependent 

power o »thogonallty condition, valid in the goneraliy lossy casei 

3.12 

The time independent power orthogonality condition can be derived in the 

same manner, atartteg from identity 3.Id, but is valid only for the completely 
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lossy system 
oO 

Jfi»K>»J* sr0  ,.*»/"• 3.13 

In view of equation 2.12 and the fori of the power flow terras of 

equations 3.7, it is clear that the time-varying parts of the interaction 

power outflow terms vanish. Thus the tine-dependent part of the total real 

power outflow can be computed from the nodal 3um as though the modes were 

propagating independently. For a completely loasy system, equation 3.13 ia 

validi with the application of both equations 3.12 and 3.13, all the cross- 

product terns of equations 3.7b vanish, and.the total tins dependent power 

outflow i3 the s'Xi or tne ::seIf-v>GV3r" loins, equation 3.7a, 

The tine average real acoustic power outflow from the volume 7 can 

be fomv} by averaging the total outflow over one period of the oscillation. 

Equations 3.7 thereupon reduce tot 

A. "Self-power" terns:   fie (&*£&) 

Z 

3.    "Interaction-power" terms:    ^W/£, *£„  ^fn^) 

3.14a 

3.14b 

In the lossy median, the interaction tersn3 give a definite contribution to 

the total real power outflow. 0,i the othsr hand, these cross-product ton's 

vanish in the lossless configuration since condition 3.13 iz  applicable, and 

the time average outflow car be computed froa the sun of the time average 

"self-power" teris, equation 3.14a. 

The single hcaogsneovs medium bounded by perfectly reflecting ijulls 

i3 a »rv?cial ca3e. It is a simple matter to show, by direct integration of 

the wave equations, that both orthogonality conditions 3.12 as! 3.13 are 

valid even if the medium is loscv. The crpss-product terms in the power 
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if 

outflow sura vanish in this situation, and outflow is computed from the simple 

sum of the "self-power" contributions. 

Energy Orthogonality Conditions 

We ahall begin the derivation of the energy orthogonality conditions 

by deriving the "conservation of energy" theorems for the acoustic nodes. 

Let us consider identity 5.1a: 

5.15 

V. —- 
_ 

- 

>          -      ' 

"^^    ,u 

*£L& 

This equation is integrated over the volume in Figure lZt  and the term on 

the left is transformed with the aid of dauss's Laws 

/Ire**. y* . (- <~ J 
-•  . 

where p, c, L are new functions of 3= The left hanc! side of the eauation 

represents the instantaneous "complex" power leaving tb*> vjlune through 

wj radiation and viscous loss. The right hand side represents the time rate 

at which the instantaneous potential and kinatie stored energies are decreasing 

within the volume.  Identity 3.1b provides a similar relation for the time 

-Independent energies: 

;.* 

/&&*& 4-j»(^£JV~f^ 17 

r v 
It is observed that the time independent complex power outflow through radi- 

ation and dissipation is the difference between the time independent potential 

and kinetic energy storages. 

The general time depen.isni energy ~>v'Aogonality relations will first 

be derived. The left hand ter.a of o.lo disappears when n f m upon application 
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wave where the nign cf v  is changed: 

of power orthogonality condition 3.12. We have thsmx 

An alternative relation exists when the rath ruode represents a converging 

flli&Myfc^tyi^^KJItY'o 3.19 

Adding and subtracting 3.13 and 3.19 produces the tine dependent energy 

orthogonality conditions: 

3.20a 

3.20b 

IT we assume that the radii o: the volume ir. Figure 12 are separated only 

by an infinitesiraal distance, Taylor's thoo:--w  can be applied, .and the above 

equations enter their final i'om as energy storages/unit radial length.._ 

/ft , [&%+(>('':L)l'^Jt*0   >•"*" 
J 
ref'-'VM^-o ,**}¥*} 

3.21a 

3.2ib 

The time independent energy orthogonality conditions can be de7eloped 

in the same scanner when the system is completely lossless. The results are 

these: 
oO 

O  < r< *****     **?** » ^ 

3nrt _ 
• «-«ia 

3.22b 

The bounded 3ingle homogeneous medium i3 the case in which the familiar 

orthogonality z-elationa hold. For this configuration, it can be shown from 
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an integration of the wave aquations tiiat each of the terms of eqivitions 

5.21 end S.22 is independently zero even if the medium i3 lossy. 

We oan now understand why tho nodes in the two-layered configurations 

are not orthogonsd in the usual 3ense. From 3.21 and 3.22 it is clear that* 

although the total contribution to the energy storage from Interacting modes 

is always zero (in the lossless case), it is not necessary that the potential 

and -:in?tic interaction energy contributions be independently zero. We can 

expect, however, en the basis of the discussion in Chapter III, that the ,. 

usual orthogonality relations will hold in a multi-layered configuration 

when tne medium has a uniform "complex" density. 

"Physical Interpretation of tho Pi'oparration Factor from Energy Considerations 

The concern here is only with the discreet modes that may exist as 

components of the field representation in a muiti-layei-ed medium. 

Let us consider the identity 3.1b which is written for the case m^i: 

3.23 

This equation is integrated over the volume V of Figure 12, and the left 

hand term transformed by Gauss's Law; 

*t*A2. "if     • 

3.24 

where the integrals over ths surfaces A, and k.  vanish in viev of the field 

values thereon, p, c, L ate again functions of z. Equation 3.24 can also 

be expressed in the form: 

;.25a 
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/iacnne that the nth \ao6o  i3 diverging. At large ranges where the asyaptotic 

form of the Hankel function la valid, the fields have the following tarns t 

Mr/* 
o/^ J/n^ /fee Ih i.^b 

3.27 

3.28 

The left hand tens of 3.25a can thus be written asi 

where : ,0'(s) is a positive real quantity. 

Over A. tho particle velocity vector is-anti-parallel with respect to the 

normal to the surface. Over A0 thia vector is parallel to tho outward normal. 

The net powjr outflow is then: 

fit*** * * a 

5.29 

*he second terra on the right is always positive, proving that a diverging 

cylindrical uavo does actually correspond to outgoing radiation. The first 

integral on the right hand side of the above equation is always negative. 

i'o satisfy equation 3.25a, which states that bho energy in at A, must be 

greater than the ener^* out nt A9, a must have a negative sign. A similar 

analysis of the converging wave providos the general result Ahat equation 

5.25a is satisfied only when k and a have opposite signs. Thus no first 

and third quadrant poles will ever arise. Since tho derivation of this 

theorem sterner! directly from the fundamental field relations, it is clear 

that the exclusion of waves that increase in the direction of propagation is 

not the result of an extra condition imposed en the solution. 
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The attenuation factor can be ^iven an interpretation by further 

manipulation of equations 3.25. 'Tith reference to Figure 12, if r? i3 sep- 

arated fron r, by only an infinitesimal distance, Taylor's theorem provides 

thi3 approximate form of 3.25a,applicable at large ranges: 

Thus the attenuation factor represents the constant ratio of the average 

viscous power loss/unit radial length to the total power transferred through 

the radial cross section at a particular.range. 

An interesting incidental point is the ratio of real tc reactive 

power in a tine average "self-power" tern for the completely homogeneous 

medium. From previous considerations, tMs tern has the form: 

o.ol 

For /'  >?oin   the ratio is approximately lAi For   /^^<.°<n the ratio 

is approximately L. -When k *" a. . the ratio is slightly greater than 1. 

The remainder of this section i.z  concerned only with the purely loss- 

less medium. 

'.\'e shall first prove the following theorem i 

In a lossless multi-layered medium, a discreet solution of the source- 

free wave equation which vanishes at large %  cannot have a complex propagation 

faetori if, in particular, the medium is unbounded in the z direction, the 

propagation factor must be purely real. 

Let us assume that the qth mode has a complex propagation factor "<$  . 

The mode can be written in the formp - F (z)R (r) where: 
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and, as U3ualt 

3.53 

The Telocity parameter :5 c now considered to be a function of the 

depth, but in, of course, constant- over a given layer. The complex conjugates 

of the above equations are these: 

3.34 

3.35 

l.'e next multiply 3.32 and 3.34 by />,      and    /v      respectively, and integrate 

the two equations over the entire range of z.    The intagrand9 are not defined 

at the values of z where there i£ a r?isco-itinuity in the medium parameters, 

but- the integrals nevertheless exist.    The first tern of both the equations 

can be integrated by partss 

3\3S 

3.37 

Since the field is zero at   /2./ *o«J     , we find, after  yubtraction of the 

abova equations,  that* 
rtfi> 

5.38 

and 

fntfi 3.39 

S:r.c? the distribution naraneter:: B cannot bo comelex, the eropagution factor 
G * 

r,   cannot be comnlex,  and the first noit of the theorem has b;>on oroved. 'q 
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Ws next consider the net aodai power outflow fron a cylindrical 

volume of the typ*» ivon in Pir^are 11:. The volune extends frorc z=oo to 

interface between Vie bottom two layers.  i single node is assumed to have 

a purely iaagiriary propagation factor, in which case the field is oscillatory 

with time, arid has an exponential decay with ran^e. The real power transfer 

across the cylindrical surfaces 1? aero .13 shown from equation 5.31. The 

fields, of course, are sero,at infinite depth. There is a non-zero i*eal 

power contribution '.Yon enei -j  entering the top plane surface of the cylinder, 
mt-pnt 

3ince the mode has an g»     r!'?pendence in the bottcra layer. The result 

is that a finite ataount of energy flows into the cylinder, but no energy 

leaves or is dissipated as a viscous Idus.  This conclusion contradicts the 

conservation of eurrgy equation  3.1b . The proof of the theorem is now 

complete. 

For a '"ircrete node .'hirh exists in the lossless ;y?tc-.w equation 

3,30 reads: 

•i 
s 

**m£/*m0 
3w40 

Thus either a or the time average integrated power transferred radially nust 

vanish.  If a is vcro, then, from tho abox-e thoorea, k f 0, an-- the node 
n n 

represents an undar per1 cylindrical wave* •- stuJy of the acoustic Poynting 

vector for this ca:e show.-; that :<uch a aodc carrias only real tine average 

power in the radial, direction. When a j-  0, it is clesir that only reactive 

power ir. carried :1> the field. The interpretation of a for this situation 

is found fvcm  equa- Ion 5.25b* L?. is ratio of the not tirie average energy 

stored/unit radial ' nn^th ts t*v total reactive power '.ran3ferred/radian at 

a given ranges 
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'6.41 

'ie now turn our attention to the real propagation factor k * The 

sign of k • in conjunction with the time factor e  , indicatos the direction 
n 

of an undamped cylindrical wave. By direct computation it was shows that the 

wave direction was also the direction of radiated energy. However, although 

co/k 13 the velocity of the propagating vave, the velocity of energy travel 

will now be shown to be the group velocity, t?as/£\t  . Froc identity S.lg: 

ft 
3.1g' 

Let us integrate this equation over the volume 7 in Figure 12, applying the 

usual boundary conditions over A.r and A^: 

J 42 

*fe can proceed with the same method introduced earlier. The field quantities 

on the left hand side of the above equation are approximated by the uso of 

the Hanfcel Function asymptotic form. If this term is now computed at ranges 

.v. and r„ which are separated by an infinitesimal distance then there results: 
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The group velocity is thus Interpreted as the velocity of energy 

propagation in the nth mode since it represents the ratio of the total 

povsr outflrw across a cylindrical csross section at given ran^e to the 

earrgy stored/unit radial length. 
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