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Abstract

Fileld quantization is appllied to an electrical oscilllating
circulit. Danping effects are treated by perturbation theory. OQuantum
effects occur both in the damping and in the noise, and are discussed
in detail. An interpretation is given of the infinite zero point
contribution which appears in the theory of Callen and Vielton. The
avaorage: electromagnetic fleld energy of an oscillator with capacltance

C, conductance (G, and natural frequency w, as a function of time is

given Ly

i 1l
UL! 2ﬁw+
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The mean squared noise wvoltage which would be measured in an experiment

witih a damped oscillator 1s given by

_-_2- = L’-— ‘ Hw ATk | e aa
k clL. 2 o + exp (hw/kT) -1 _l 3

The maximum noise power which a conductance G at temperature T can

transfer to a damped oscillator approaches the value
c [exb(‘ﬁm/k'l’)-—l ]

These results are extended to include interaction of the circuit

with radiation fields.

The vacuum r'luctuations are shown to be observable in electro-

motive force measurements and in electron stream noise.
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During the psst querter of a century & numker of theoreticlans
izcve turned thelr attentlon to the yproblem of constructing & satis-
tactory quantum theory of the electromagnetlie field. The problem 1s
a very ciificult one; because 17 Jy intlisately tied up with the
structure ol the elementary particles, sabouz which almost nothing is
known. For a large number of caleulations the theory geve infinite
results. TFecr a long tine it'ﬁas not understood whether the infinite
result s were a conaeguence of feults in the theory or « lack of
knowledge of the elementary particles, rurther difficulty lay in the
scarcity of experimental data on the order of magnitude of some of
the effects for which calculations gave Infinite reaultso

One of the effects for which calculations gave an infinite

result was the shift of the energy levels sof an elecﬁ?bﬁ in a

Hydrogen atom due to 1ntepact;on witr the radlation fields This

s e e T s s
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shift was measursd with preciﬂlon 1n i947. Bethe end Jeisskoﬁ?oﬁE?ENN"

shovn thst the theory correctly precicted the magnitude of the shift
if we handle the intsraction of the electron with the radiatlon field
in the following %8y,  The Infinite recult for the btound electron in
& hydrcgen atom is compared with the infinite result for a free
electron. The difference does ot diverge and predicts closely the
sorrect value jor the esergy level shift, Sibsequently, T. A. Welton
showed that the 3hifl could be caleunlated 1f we aésume that each mode
of the electromagnetic field naz zerc point fluctuations corrcsnonding
to a zerc point energy 1/2 £w. Vie then caleulsate classically the

interaction of the electron wxitii the fluld fiuctuations,



Ascribting a zero point energy }/- 4w to each moce of the electro-
magnetic field lezds to an infinite zero polint energy for the vacuum-
It can be shewn, however, that the zcro point fluctuation° of the
fields are entirely independent of the choice of zerc point energy.
They are.rather, a consequence ¢l field quantization and are due %o
the random interactions betw=en the vacuum and the apparatus for
neasuring the tields. The zero point Tield fluc£uations have been
shown to produce observable effects on the energ& levels of atomlc
hydrogen. The gquestion considered 1n thils 1nvestigatioﬁliévwhethér
these fluctuatlons also give rise %o bbseriéble effects inveiectric
circuits and in eiectron stream ncize, If/thesemfluctuations do in
fact_hgve obéervabié ofTechs In oleoist s $1rcui§s, then they set an
‘ultimate limit to 'the precision of crdinary electrical measurements
»andwtO“-he"Q°rsitIvity*6 TeYTCtroe dsvices 1rn gedETZT'M-EHI;w;;~;~
limit whicb wculd be approached as the uanti £y %%ﬁbecomés large.’

(1.e. low temperature -or high frecuency).
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To_investigaté thiz polnt, the simplest circuilt aend electron
beam problems ere investigated rere, using the quantum theory of

fields and the cguantum statistics.



Section I

Quantum Theory of a Damped Electrical Oscillator and Noise™

Virtually all of the phenomena occurring in electric circuits
are described classically in a satisfactory way by Maxwell's equations
Application of classical statistics has led to a satisfactory under-
standing of mast electrical fluctuation phenomena. The classical
description is usually adequate because ordinary measurements are
made at room temperature with circuit currents exceeding noise currents.
If measurements were made at low temperatures, with smaller eufrents,
the quantun effects would be significant. Nc experiments have been -
carried out under sueh conditions., The present paper is an effort to
provide some basic wcrk fer a general quantum theory of circuits and
noise.

1

Recently Callen and \elten presented an elegant quantum theory
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of noise. Their results showed as one of the quantum effects an
inf'nite zero-point noise contribution for a pure resistance, Tae

theory to be presented here gives insight into the origin of the
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infinite zero-point contribution and predicts finite quantum effects'

in certain experiments.

An 0scillating Circuit With No Nissipation

We consider first an electrical oscillator which we imagine made
up of perfect conductors with no radiation. One is temnted to treat
such a system as FPig. 1 as an ensemble of particles and to discuss its
behavior in terms of charges and currents. This procedure leads to

difficulties because with perfect conductors there are no tangential

& This section was published as it stands in the Physical Review
Volume 90, 5, 977, June i, 1953.



electric fields neusr the conductore. In order to allow currents to
change without electric flelds, charged particles without mass or an
infinite nuaber of carriers with mass would be required. To avoid

these difficulties we cinoose to discuss the flelds. The energy is

U = l—/ (r¢ + 19)drt, : (1)
87 : ;

where E and T are the electric and mapnctic fields, and the intepgral
is throughout space. e represent the magnetic vector potentlal-as
the product ol s time-dependent and snace-dependent part q{t)A(r). 1In

terms of tre vector notential,

T=-(1/c)qh, H = AVE I ' (2)

s
g ' I ' Fig- 1- FElectrical oscillator
L' E _.I C with no dissipation.

From (2) we'get, using MaQﬁéil"s equations,
; . I 2 e ,
Vrie [P@R-TR] 1o or ’

Thne fields arse eniirely outsicde of the per©Te:ily conductine

[ P
boundaries, and the most general) aoluvtion of Maxwell's esquations

R
j¢)
o]

D& expressed in terms of potentials sixh that the divergense of 7 is
zzro, and the scalar »notentlal is also zeruv. 1If g osclillates har:

monically with time, with anpular frequency o, {3} becomes

‘C/ 2R + (WFR/FY = G

PN

2. Lo I. Schiff, Quantum Mechanics {r,‘.cf}rawailll Book oy, Inn., New
York, i949), r- 265




%e normelize A so that

J/AedT = lwe?.

v

We intrcduce & varlable p canonically conjugate to q by letting p = &;
from (2), E = - (1/c)pA. The total energy in the electric field

becomes
2
1 2dr=L_.. Aay = R . ()
> _

8 8nel

The magnetic energy 1is

gﬂ Hdrnﬂ—f (VXK)2d7=9-—[f ExVxEK- dF
8

+/’;e[wv- 1) -V2%) ar | (6)

v

Substitution of (2) into the first term on the right side of (6)

reduces 1t to
(qc/ﬂaml/r ExH - ag,
- ) s

where the surface integral 1s over a closed surface surrounding the
circuit. Fronm Poynting's theorem this term 1s proportionel to the

radiated power which is postulated to be zero. Equation (6) becomes
8n & 2 -

The Hamiltonian (1) is now

H--z-(p2+wq2) . (8)



Our variasbles p and q must be noncommutable operators; otherwise
it would be possible3 to measure in the same region simultaneously
the electric field and the magnetic field with arbitrarily great

precision. Ve therefore adopt the commutation rule:
pq - qp = - 4. (9)

Expressions (8) and (9) make the problem of the undamped electrical
oscillator formally identical with the harmonic oscillator. The wave
functions for q are the well-known harmonic oscillator wave functions.

The allowed values for the energy are U = (n + %J‘ﬁw.

Harmonic Oscillator With Dissipation )

We represent a damped oscillator by an oscillator of the type
discussed above,'coupled to a resistcnce, as shown in Fig. 2. We

1

follow the zeneral method of Callen and Welton.” The Hamiltonian can

be written as
H o= %(pz + PqP)e B+ fo‘" YA (20)

Here Hp 1s the Hamiltonisn of the ensemhle of ﬁerticles meking up the

resistance; ¢ 1s a function of the coordinates and momenta of the--

particles of the resistance, and the line integral is over the lengfh

of the resistance. In terms of the capacity C we can write

2 .
1 2 1[ = = 12
8"[ Edvugclf E.dL] =31 (11)

Making use of (11) the Hamiltonian becomes

3. V. Heisenberg, Physical Principles of the Quantum Theory
{Dover Publications, New York, 1950), p. 50.




= % (p< ¢ Sq) 2w

% (rﬁfafc)c (12)

ve treat the lasti term as aa interasction term which will cause trans-
itions with es;chenpge o energy between the ILC circuit and the resist-
ance. "e assuue that che oscilletor is weakly damped; 1if we use first
order perturbetion theory, the transition probability can be shown to

W, = [ e )L QIE+ R0
XEAEIE ) + © (B
X CEHQIE RS (Ef T E5

~Tbg symbol.(ﬁﬁ[Q‘ER~+1hé> indicates the matrix element of the .

(13)

operator correspcading to O between the quéntum states of the resist-
7 + Aw, <EF ‘p/w/b_

corresponding meaning for the quantvm states-ofwthe~ﬁield;’f365?*'KLU)

ance with eigenvalues FRr and Ep m‘ﬁw>; has the

is the density in energy of the quantum states o' the resistance in
the viclnity.cf the energy‘ER + fiw. Expressicn {13) gives the total
transition probability fron an eigenstate of the unperturbed system in
which the field has the eigenvalue Ep, and the resistance has the
elgenvalue Ep. Ve may assume that initially the circuit is in an
eimenstate {before being coupled tc the resistance)- éhere will never
be enoush infcrmation about the resistance to say that it is in an
eigenstate, but its state will be partially specilicd in that its
temperature wiil be known. It Is therefore necessary to average {13;

ov2r an ensemb’e of =imilar systenis, the result is
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W, =5 <t:,.1%|5;m>a o (E+huw)

(EJRIERS € (B)F(E)AEy
CE e f o (6t

X €€ QIEhup e(EJF(E) AEr
. (lh}
Consider f(E) the statistical weightiné factor, and f(ﬁ + Aw) /f(F) =
exp - (Aw/kT). The second integral has fiw as_a lower 1imit because
energy is conserved in these transitions, and no resistance in the
ensenble can undergo transitions which reduce its energy if its energy

is less than fiw. “e introduce the quantity
« 00
z 2
S = E;I,'r e (E+ K EJQIE.+hw) (o(fr))c(fr)cQE,. (15)
b 3 . ; o

By making a change of variable in the second integral of (14) and

making use of (15) we can put (1) into the form:

p = 8 '(F:F. [o/vc| pp - fi0)? +Qe [p/vC)Fp + AuPexp - (ﬁw/:c'r)]o (16)
The first term of {16) is the prcobability per unit time that the

circuit and fields will lose a quantum, and the second term is the

probability per unit time that the circuit and fields will gain a

quantum. The net probability that a quantum will be lost will be the

difference of the two terms. The average rate of change of enerzy of

a circuit in the ensemble will be
di/dt = Sﬁw[<l,p | /’\/C' e ¥ ‘ﬁo)>2 exp - Mhw/kT)

- | o/ | Ep - oY ] (17)



If we insert the well-known harmonic oscillator matrix elements

into (17) the result is

2 _
g_g = ﬂ-gg”- [ (n + 1l)exp « (hw/kT) - n] P (18)

where n is the gquantum number of the circuit. Equation (18) states
that the circult may either gain or lose enérgy, depending upon no. It
is interesting that the equilibrium value of n for which (18) is zero
is

n = 1/[exp(hm,/k'1‘)-a 1) s

The priincipal quantum effects are evident in (18); classically the
rate of enefgy loss would be proportional to the energy at time t.
This 1s only true in (18) if n 1s large.

If the reletion for the energy, U = (n + % )ﬁw, is inserted 1qtd

(18) and the resulting equation 1ntegrated,f we obtain

U = -]-'-ﬁm + o
2 exp (hw/kT)- 1

x l 1 - .exp(a %%’S— [1 - exp - (ﬁw/kT)J t]

+ Uy exp{- ﬁ-g-sa['l - exp - ﬂ‘m/k‘l‘)_] tj . (19)

In Eq. (19), U is the average encrgy of a circuit in the ensemble as
a function of time and the initial energy Uy; C is the capacity, and
S 1s defined by (1§)° For large energy (classical limit) the second

term 1s the only significant one. Comparing this with the known classica

-Gt/c

solution Us er , where G is the conductance, we obtain:

T The procedure of this section is based on the discussion of E.C.
Kemble, The Fundamental Principles of Quantum Mechanics (McGraw-H1ll

Book Co., Inc., New York, 1937), Chapter 12,




(= b—“-‘;.’—é [: - exp-(%—)] =Tw i ~exp-(F)

o0

X [|e (E._ﬁ-fiw)(E'_‘Q‘Er'\'tw}z-(?(En)f(En—)cQ E- (50)

iu agreement with the resnlt of Callen and Yelton. In terms of (20),

{19) becomes _

' | R &t |
exp(hokt) -1 |

FEquivalence of Reslstance and a Noise Generator

In this section we prove th=2 followins theorem: The Johnsonh

noise plus "spontsneous™ emission is entircly equlivalent to all

Flg. 2. Damped elsctricel L
oscillator

BTV TEETT)
O
i 1
|
)

Pig. 3. Flectrical

oscillator ana )
L'ég

C = L81nhul. T

current generator

I e T L e e _
4= B. Johngon, Thys.-Tev.-13Z2, 47 in2l,

i
=i
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damping effects which the resistance has upon the oscillating circuit.
The noise is seen to play a role in the damping process. To show this
let us imagine that the resistance is resmoved, and that it is replaced
by a "current generator" which has an infinite internal impedance.

It may feadily be shown by comparison with the classical
differenﬁial equations that the Hamiltonian of the system of Fig. 3 1is

H = % (p? + wq2)- (qi/4/C) sin fwgt)o (21)

' It is well known that an interaction ferm of the form of the
last term of (21) will not give a transition probability proportional
to time. To obtain transitions equivalent to those of the resistance
we need a current generator with a continuous spectrum.in the vieinity
of wo Under these conditions the transition probability is

12(w) a1
W = ie — “’Jﬁv[(EF,qp + fiw)® +(Fr,,|q|FF 58 ) 3 IR £-2)

where C 1s the capacitance, and the mean square value 6f the current
over a range dw 1is [}2(0ﬂ ]Avdwf Inserting the harmonic oscillator

matrix elements, (22) becomes

Vo =

> 4

ga[;ii_w_(_“i\.! [(a+1) + n], - . (23)

where n is the quantum number of the oscillator.

In order to compare the transition probability induced by the
current generator with that induced by the resistance we insert the
appropriate matrix elements invo {15), Making use of (15) and (20)

and rearranging terms, (16) becomes

=G (n+l}4n }
"r T [exp(‘hw/k‘l‘)-l * n], =

Comparison of (23) and (2}) shows that the transition probability

%111 be the same, in so far as the first term of (2}) 1s concerned, if



2 . 208w .
[1 (w)]Av n[éxp(‘ﬁw/k'r) -»1] £2)

Fquation (25) 1is the Nyquist5 formula in the equivalent current

representation, modified for quantum effects.

There is still the last term of (24). It is apparent that the
last term in (2};) is just the transition probability at T = O, that is,
the transition probabiiity i1f the resistance is in its lowest state
and the quantum number of the circuit is n. This is closely analogous
to the spoﬂtaneous siulssion which aooms undergo even.if the radiation’
-fields are in their lowest states. We therefore conclude that the
transitions required.by (24) will be produced by a noise current.
generator described by (25) plus spontaneous emission, that is, plus
the effect of the absorber in its lowest stateo

We can get a more formal analogy with the Spontaneous emission
induced by the radiation modes in atoms if we 1magine the second term
of (Zh) to be equivalent to that of a current generator which can
only induce downward t"ansitions. Comparing the second terms of (23)

and (2)4) we see that the equivalent current for such a generator is

[12(w) ]Av = 20fw/n. (26)

This result is formally analogous to that obtained in the
treatment of spontaneous emission of radiation by Park and Epstein.6

Mean Sqguared Noise Voltage and Available Power

We can calculate the result of precise measurements of the mean
squared noise voltage of the damped oscillator by averaging the
2
equilibrium value of the quantity{/E -d@J over the ensemble, From

5. He Nyquiet, Phys. Rev. 35, 110 (1928).
6. D. Park and H. T. Epstein, Am. J. Physics 17, 301 (1949).



{11) we Obtaiu

e UE i L <EF~I/|Em> expl-(n+ 2125 )
Zh exP[-(m»a

(27)

carrying out the summetions indicated in (27) we obtain

? = i .1. < ﬁw .
B C Z'ﬁw exp {hw/kT) -1 l
&w 1 A /ﬁ.w I . [y
el hoe ¢+ 2 ’28}
G l,é exp (Aw/kT) -1 | ° !

where & w is.the ciassical nalf-breadth. The first term or {28) is
fw/2C and represents noise which wéuld bhe observable esven if the
osciilating circult were in its lowest state. * represence the
fluctuations of the vacuum surrounding the circuit. It wiil now be
shown that this term cannot be remuved by making formal changes in the
Hamiltonian which remove the zero-poiit energyﬁ7 The proof folliows
" the discussion of the corresronding prob.Lem*3 in the quantum theory of
the fields in vacuum. Ye introduce the auxiliary variables § and B*;
defiﬁed by |

q=p+p% p= - 10ig - p¥.
The Hamiltonian 8 can be written

H = o [B*ﬁ + BB"‘]- (29;
The corresoondence with the classical theory is equaily good ir {PQ)

is written

o= 2,2n¥3 = % ‘p2 2 w2q?) - = fw  {29A}

Nt

7. The author 1ls indebted to the referee for supresting investiaeevion
” this point.

~

- V. Heltler. Guan® . Thesry 61 Padiaticr (oXiora University
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The eigenvalues of the Hamiltonian (29A) do not have the zero-point
energy, but the eigenfunctions of this Hamiltonian are the same as

those of the Hamiltonian (8). The quantity

<*“ Flew) /%w(/ Yz, dz

is unchanged and the summation (27) 1s also unchanged. The zero-point -

noise contribution is seen to be independent of the choice of -zero-
point energy. It is in fact due to the random interaction of the
épparutus for measuring the electromotive force, with the circuit, and
1s related to the uncertainty principle. Equation (78) does not assert
that one can observe the zero-point energy; it does assert that one cén
observe the zero-point fluctuations.

Another quantity which 1s specified in the classical discussion
of resistance noise is the availéble power. To calculate the power
vhich a resistance would transfer to another resistance within a
specified frequency range we consider the experimentai arrangement of

Figo‘h. The: Hamiltonien of such a system is

Ho=2 (02 + wPa?) + (p/v/C) [0y + 02]. . (30)

"Me can deduce the expression for the rate of change of the field
energy in the same manner as (18) is obtained, the result 1is

U %)% (o |
&L . S._‘;_E. le | (n+1) exp - (Aw/kTy) - “] _

+ Sg[(ml) exp - (Hw/kTp) -n]} (31)

where

oo
2 \2
sy = 28 fo (2 (Fpy +Bw) CEp, |oy|Fp) + 8P x o (Bp )1 (g g,

(00}
S? = g—- j {O (F,Rz + hw) (DRZ 02|FR2 '.’{1(0> p (FRz)f(LRZ)dER?a
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The stationary value of di/dt i1s obtained for a value of n which

makes (31) zero. In terms of the conductances Gl and G> this is

G G
n = 1 + = ]/(Gl + 32)- (32)
exp (Aw/kTy) -1 exp(‘ﬁw/sz) -1

The average rate st which G, transfers energy to the system 1s

obtained from (18) if we insert the stationary value of n as given by
(32). The result is

G G
G1fiw - : 1 - £ /clmz)] (33)
c exp w/kTy) -1 exp (hw/kT, ) -1 exp (fw/kT5) -1

Fquation (33) gives us the net power transferred to the system by 6y.

Fquation (33) will be a maximum if To—>0 and GZ/G1—>00°

P Gyfiw | Awl{d w)i. (34)

= ’

max —> c Eexp (‘ﬁw/le) ~]J exp(‘l’iw/le) -1

where (Aw), = Gy/C. Equation (34) is somewhat different from the
classical value because we have chosen to specify the maximum power in
a way which is different from the classical one but more precise for

our purposes.

Noise Measurement Experiments

Callen and Welton have given an integral for the nolse of a pure
resistance.  They did not discuss the spectrum of the noise, and their
integral contains an infinite zero point contribution.

’ Ve might measure the power spectrum of the noise by employing a
filter with a flat response within the pass band and infinite rejection
outside of the pess dband. For simplicity we choose instead to measure
the power spectrum in the vicinity of w by comnecting an LC circuit

of natural frequency w to the resistance, as in Pig. 2, and measuring



=7
the expectaticn value of the square of the electrorotive force. The

result o! such an experiment 1s given by Fa. (28). althourh (28) was

63T, L ——C G3T

Fig- 4. Flectrical oscillator coupled to conductances at different
tenperatures. b .

calculated as an aversage over the eﬁseﬁble, the ergodic theorem-
guarantees that the same result will be obtainéd if réneated measure=
ments are made with a single resistance. ?his is tecause the measure-
ments do hot affect theAknqwn bartial Speéification of the state of
the system. This measurehent glves the noise contribution in the
vicinity of w. To obtain the nolse over all frequencies we would need
-an infinite number of circuits of the kind c¢iscussed in this vpaper-
The resulting zero-point ccntribution is therefore infinite, This 1is
believed to be the interpretation of Callen and Veltcn's result.

A1l resistances have physical size, and there will always be a
certain amount of' inductance and dist?iﬁnted canacity. Ve weuld aliways
have an arrangement somewvhat similar to- that of Fig. 2. 1In makin;s the
meésurements we can always couple to either a singls mode or at most
a finite number of modes, and the zero-pcint noise zontribution iz
Tinite.

Fanation {3L) shows that the maximum power wnich a resiét&nce san
transfer to a system tends to zero at low temperatures, while according
to {28} the mean squared valie of" the eiectromotive fnrﬁe arproaches

G i .
the 1imit fw/2C. .LawsonY surrgested noise measurements 28 4 me-hoqa

Q. A, 7. Lawson and i 4 Loner, Thys  Pev. 70, 220 AT
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for measuring temperature, If the noise measurements are mrade by
measuring the transitions induced by the resistance {power measurements)
there will be no zero-point contribution, according to (34). On the
other hand if we measure the mean squarda value of the electromotive

force threre will be a zero-point contribution as given by (28).



Seztlen I

An Electricel Cscillator Demped by Radilation Resistance

The results of the previous section may be extended to include
the radiation resistance, iIn the following way. We assume that

the radiation resistance is a series element, as in Figure 1.

5

Figure 1.
~ C

L

—

A%
R

For the hamiltonian of Figure 1, we have

<. 4 ! ! l
s Pl tles e A Ll R
| | P |

LY

C

The first terms of 1 are the hamiltonian of the dissipationless
oscilltor. The term H.,1s the hamiltonian of the unperturbed |
radiation fields, the term Hé' represents part of the hamiltonisn
of the electrons in the circuit which interact with the radiation
fields, the lsst term is a sﬁmmétion over all the electror.e and
represents the interaction between electrons and the circuit and
radiation fields. "y is the electronic mass, ti is the momentum,
C') is the charge for the A th electron. A' i3 the magnetic
vector potential of the radlation fields. We assume that no
resistance other than radiation resistance is present. The same
analysis can bes carrled through if other resistance i3 present by
employing essentially the procedure of the previous sgesilin,

Vie consider our oscillator to be weakly damped, and employ

2
first order perturbation theory. The term in A'” in (1) can then

be neglected. The hamiltonian {1} becomes
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H = E_’;(,D‘*-WZ_‘/ + Hm 1-/‘/‘., - ZQ\E A—- (2)

PN m, C

P
The term é‘ ~£  has been included in the term He « This is
A e"‘ﬂ, 3

tne wnperturbed hamiltonian of the electrons which interact with
the radiation fields. The last term in (2) will always be a linear
function of the oscillator cuwrrent. 'In.the previons ssction we
showed that the magnetic energy is -‘-Lu %, ~ The magnetic energy
in terms of the inductance 1, and current I 1is —I_I o Tho last term of 2

¢can be written,

Z /J /" - IAF= 5_«)/4'/: . (3)
V L

In (3), F ‘1s a function of the geometry of the systema_ The inter-

action term in (2) willl cause transitlons with exchange of energy
between the clircuit and the radiation fields through the coupling
f.'ur‘n:i-s};ed' by the electrons. The transition probability can be
shown to be

e 4, . F, &
\*\/;- & % C(Eﬁe *%‘“‘Ksﬁ»’A |Ecer b/ CE %!ﬁ“*“} W)

+ C(Ern~BwKER A1 Epihw) 26’ ‘8;-—’:’ & ‘*“’)‘
C

In (}}) the symbol <E,=refA‘lEpg+‘hw) indicates the matrix
element of the onerator corresponding to A' between the quantum’
states of the radiation fields with eigenvalues £:n and 6,.&4 Fou o
<L-I IE;,J'UJ> has the corresponding meaning for the fields
of the circuit, e can proceed in the manner of chapter II to
derive a forrnula for the ficld energy of the circuit as a function

of time. We assume that initially the circuit is in an eigenstate



but that only the temperature of the radiatlon field is known. Ve
therefore neec to average {i4) over an ensemble of similar i3yatems.
In (4) P(EFRf-t,-w) and @( -*w) are the density in
enerpy of the quantum states of the radiation fieldes, and are
functions of the frequency alone. To average (4) over an ensemble
i1t is only necessary to avera:re the squared matrix elements of the
radiation fields. We Imagine the radiation field to be expanded

; : squared
in normal modes, A :%,Auﬁu o The average of theamatrix
: d: L ¢ s

eiement_ <EFR'A"5:R‘H§N>; - is

. ¢ R BT S
S L EdA|ELprtis) € ﬁg_ _i,c Alneme AT ()
S i e

Pl o

(Making uss of the harmonlc cscillator matrix elements for

the radiation i"lelds and no<ing that E,_-Rt(hrt)#lv) {5) becomes
kA
s (; %‘)
squared

>
Y/e average the/\matriy elemant <EFR ‘A'IEFg°t“'> over the ensemble
to obtain:
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Expression iy tecomes

lA/ ﬂ'eiﬁ)lqao i F +tw ‘§¥ -
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If we insert the harmonic oscillator matrix elements into 7 we

obtain o
W =F(°(“’)A-F5 V\r(nw)e/&r ' (8)
r 8[_.(/—-'-4"') '

In 8 the first term represents the effect of a downward
transition and the second term the effect of an upward transition.

The rate of change of the fleld energy U . associated with the

circuit 1s

J(t E.L_(:— o AY

-slf-*

et

v/e can employ the relaticn U = (nf-'&-)ﬁw and integrate .

(9) to obtain

§ I e Fr] (zOMFB)T
wl_ :
[)=|thos Hol/ o e (10)
! e % ' i

~For large energy (classical 1limit) the second term 1s the only

sienificant one, fomparine (10) with the well known élaséical

R
U = Ue s’ we obtain after noting that /[ 4

result.
17‘ he

< & 4
m (0(‘“)/“.0 <T’l- - AW F w

R= & 4rct (11)
= s 9 -
s -2t 5 - B3
: ! -
U z —E:Rwo- oo ‘ |- & 1+ > C (12)



"qulvalence of Radlation Resistance and a Noise fenerator

In the precedine 3aaiion we showed the squlvalence of 8 nolse
cwrrent generastor and s conductance. In this sectlon we will show

the equivalence of a2 nolse voltagze ganerator and a radiation
resistance. WYe imarine first that the . resistance is removed and

replaced by a voltage

generator. s
Flgure 2, ! = C '
- e The hamiitonian of the system
) of (igure 2 1is
o/

Vcos uéT’ ' -
H - £ (e pU Vot 1

1% 13 well known that arn lnteraczciion term of the form of :ihs
last term of (13) wili not eive a transicion orobability provcritona:
tc time. To cbtaln transitions eauivalent tc those of the resist.

(o3}

o
-

ance we nea2d a voltage generator wlih a continucus ssectrum in the

vicinity of w., 1Under these caondltions the transitis»n probabili~y iz

where C 1s the capacitsnce and the mean square vaiue of whe voii -
4 - = ;
age Jver a range ow 1is VQw)&hl - Insertins the hoprmordc czollidaoor

matrix elements, (13) becomes

\/\/‘ = w v?w)wrj
“ et

(V\f‘l) + ehe:

———
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In order to compare the transition probability induced by the
voltage generator vith that induced by the radiation resistance
we employ (11) to write (8) in terms of the resistance. "ith this

<
substitution and the relation w = — (8) becomes

- e
e f(n+t N '
W, = RCw®|rtien o | (16)
By
-64\1 __l

Comparison of (16) and (15) shows that the transition probability

will be the same insofar as the first term of (16) is concerned if

Viw) = —=R5

R (17)
Te®o ] - .

Equation (17) is the Nyquist formula in the equivalent

volfage representation, modified for quantum effects, There is
still the last term in (16). This term 18 just tﬁe transition
probability at 7.: o -; that-is, the‘transition‘probability*if’the =
resistance is in 1ts lowest state and the auantum number.oﬂ:gfrcuit
1s A4 . ve conclude that for the radiation resistance the trans-
itionsrequired by (16) will be produced by a noise voltage generator
deseribed by (17) plus spontanecus emission, that is, plus the
effect of the absorber in its lowest state.

Again we can imagine the second term of (16) to be equivalent
to a voltage generator which can only induce downward transitions,
comparing the second terms of (16) and (15) we sce that the equiva=-

lent voltage for such a generator 1s

—————

Vie) = hwR (18)

*
=

rey
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Mean Squared Noise Voltage and Available Power

Ve obtalin the mean squared noise voltage by averaging the

-

equilibrium value Ofl‘/25442 J over the ensemble. The result

1s the same and is obtained in the same way as in the previous

sectlon. The available power 1is also the same and is obtained in

the same way.



Section II™

Interaction of an Elqugggm§§p§gy with an ¥Flectrie Circuit

In the previous sections we have shown tnat l'or a damped
oscillator the results of precise measurements of the mean squared

electromotive force are given by

R Fw hw l
e i et o

> Rw
M1
C e " =]

The first term of 1 represents the effect of the vacuum
fluctuatibns and the second term represenﬁs the effect of the thermal
fiuctuationsn One way to observe the small voltages given by the
first term of 1 1is to allqw_the damped oscillator to interact with
an electron stream and amplify the resultant electron stream noisé
with a radio receilver. Ye might argue that the first term of 1
would not be observaﬁle bécaﬁse it represents tﬁe noise of the
oscillator in its lowest state. Since the oscillator cannot trans-~
fer energy to the elcctron stream when the oscillator ie in its
ground state, one might be tempted to conclude that {uere should be
no zero point nolse contribution., However, the circuit can gain
energy from the electrons even when it is in its lowest state, This
transfer of energv from electrons to the circult takes place in a |
1random fashion and therefore contributes noise to the electron stre-m.
Here the electron stream and assocliated equipment constitute the
apraratus for measuring the electromotive force of the circuit. The
first term of 1 represents the effect of the random interaction of

the measuring apparatus with the circuit,



It 1s well k.own that the use of electronslgoes not Iin
general lead to precise field measurements. It will, however, be
shown here that in this case a measurement of VE using an electron
stream does lead precisely to the value given by 1.

Consider an electron stream which interacts with a damped

electrical osciilatorc

el

ey Figure 1.

s

Tr‘ g

'léu:c.‘:‘:eou
STRLAM
The interaction can be imapglned to take place by sending the
stream of electrons near the conéenser plates or through holes in
the condenser plates. T™he eircuit is assumed to be in thermal

equilibrium with the conductance which in turn is maintained at

temperature T. If the damping is small, the effect of the condvet= ..

ance is mainly to determine the average electromagnetic field

energy of the circuit. The wavefunctions of the quantized fields

of the circuit will not be significantly different from those of

the undamped oscillator. Under these conditions we can employ the
following hamiltonian to discuss %the interaction between an electron

and the fields associated with the circuit,

P -
H - S T E(P ‘*‘aﬁr‘)"fz"\ P (2)

10. %. Heitler, The Quantum Theory of Radiation (Oxford University
Press, 1944),v. 78.
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The variables f> end ?T are those already defined for the
circuit in section 1. F:)is the momentum of the electron, /% is
the magnetic vector potential. It is unnecessary to include terms
in (2) representing the conductance because there 1is no direct
interaction between the electron and the conductance.

‘%e can make calculations assuming that the circuit itself is
in an eigenstate of its unperturbed hamiltonian before the inter-
action begins, then for the period of the interactiocn we have for

the wavefunction of the fields associated with the circuit

-l
" t
1‘/ = i, A, 1“"“6 » initially a =1, a_ =0 (3)
™
mpgEn
[]
we define MH_, by

H ien —%(EFJAIE,.-,V)(E@K[ Pfﬁm> (4)

e <E-‘«‘A(Em> is the matrix element of the operator corres-
ponding to the vector potential A between the quantum states of
the field with quentum numbers K and N . < v:‘e<lpl ,_:M> is
the matrix element of the operator corresvonding to the electron
momentvm F) between the two states of the electron corresponding

to the K and N states of the ficld.

ve 1ot  Ee | PlEcnD = fon (5)

e assume that the energy of the electron is sufficiently large
so that Ei, is almost the same as the momeintum of the unperturbed
electron. Ve again assume the vector potential /q to be a product

of a space and time dependent part, A’.‘q’rlb(ﬁ - Ve can now



write ¢4) in the form
Hen = = P Am1<Eeelg|Een

b . )
It can be shown that

4 |Hu| 4t wrat

e
\“k(r),
}.‘.3 e
QJK”
“e assume that the Interaction wap 1is JZ arilts loaeg.

3ection 1 we have

2'"é Fuﬁ. f’ C:\/ C:(QEIQJ

The toctal iInteraction time will be denoted by

T im

il

Making use of {8), (G), anc 6, (7} can be written
&
&&né:hﬂoft

2 -S.. z ______
qu.«(t)‘ =5C <En‘6{t’:u e

ve et W = © A w‘w; @ is ine eticiron transi
K~

akine use of the matrix slements for the - szn-ur 2late

field we cbtein for (10)
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~a,

(8)
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Fxpressions 11, 12, @nd 13 state that the exchange of energy takes
place in one quantum steps.

Suppose that ' electrons interact with the circuit and that a
sufficiently long time elapses between interactions so that the
circuit can return to a state of equilibrium with the conductance.

This will be the case if the current in the electron stream 1is

small. Under these conditions we will have k(k(tjr'Pﬂ electrons
. ) K=ney
lose a quantum and‘aﬁ(tﬂ [1 electrons gain a quantum. If an
Ksn-l

electron neither gains nor loses energy vwe can say that the electro-
motive force of the circuit during thet interaction time was zero.

Tf an electron gains or loses a quantum we can say that the electro-
motive force during that interaction time was VY = Aw . The measured

¢

mean squared nolse voltage is

I'? c & g l ) . c
h : : o
Ve = _Zq:‘_l/'l_ = 27 awr| +lae| |1 =t'w(mi:)(3‘-”‘-—‘-) (14)

mYE < e
M “M Ko K=n- €

- -
—

If we consider an ensemble, the value V® must be the enserble

average. The equilibrium value of I from section 1 is

|
Nn = —
‘6 L1 (15)
AT —
Inserting (1) into (14) we obtain
h ey
\/¢ _ 4 Hw i s a4wm =
= - " .
cnsEMeLE C | - 61?«" ~ | g_ (16)

If the transit angle ¢ is small, (16) becomes
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2 _ t;w -hw

+
iat (17)
C a e j\-‘l’ - ]

e gee that (17) agrees with (1) and that both the thermal
and tlie vacuum flucﬁuations will affect the electron stream noise.
"'e see thatmggghsgggg: chaneces in velocity of the electron stream
resulting from passape throuch the gzap are the same as one would
calculate classically assuming a mean squared gap voltage as given
by (17).

Any circuit will have many modes. Expression (17) gives the
mean squared voltage for the mode of angular frequency w. In
general the higher frequency modes will not contribute to the noise

becsuse the electron transit angle for these modes will be -large.

a -

_ am

Their contribution will %e r&luced by the factor(i—‘-‘-) o
g :

Accordingly we will get, 1n the usual case, the contribution of;the
principal mode alone.,

‘One might wonder why the vacuum (radiation) fields outside of
the circuit do not also contribute to the noise. The radiation
fields do not contribute because a free electron cannot radiate.
This is because the conditions of conservation of energy and
momentum cannot be simultaneously satisfied. The electron can ex-
change energy with the circuit because in a sense it is nof free,
that is, 1its momen tum is not precisely known whils it i1s between
the condenser vnlates., FPFor these reasons the circuit contributes
noise while the radiation fields outside the circuit do not directly

interact with the electron,

P2 Ve

ey
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Conclusion

In this report we have examined some of the consequences of the
application of field quantization to electrical circuits. The theory
glves th9 familiar classical effects and includes in addition the
noise and quantum effects. It shows clearly the role of noise in
damping. The zero-point noise contribution which appeared first in
the theory of Cellen and ¥elton is shown to represent an observable
reffect, independent of the cholce of zero-point energy. Fxperiments
atnlow temperatures and high frequencies offer an opportunity to study
in detail the quantum effects of a single mode of the electromagnetic
field. Vhen precise noise mea surement techhiques are developed 1t
should be possible to observe diﬂéctly the vacuum fluctuations in a
low temperature noise experiment, presumably with an electron stream
es discussed in Section III. In a subsequent report the heavily
damped oscillator will be discussed. I wish to acknowledge stimulating

discussions with Dr. M. H. Johnson,
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