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The Spsed of a Plane Compression Wave in a 3o0il,

Introduction,

The purpose of this note 1s to predict, with help of a
simple model, the propagatién speed of & plane weve in a
s0il, Only compression waves are considered and unloading
phenomena are neglected, The proposed model idealizes the
medium as & mixture of two components, the mixture con-
sisting of solid particles and a gas or a liquid, The
composition of the mixture is given in terma of the
porosity. It is well known that the porosity of a soil
can vary within wide limits, This fact is due to the
difforent structural arraengoments soil sodiments take on,
In the folliowing it i1s assumed that the porosity changes
are entirely due to structural changes of the solid lattice,
The spoed of thoe wave 18 computed by two diffcront methods
and shown to agroe with a semi-ompirical rclation first
preposcd by Wood (Ref 1),

The analysis shows that the propagation speed varies
with the porosity of tho mixture and can attain & minimunm
which may]ie considerably below thc propagation specd of
oither component, Experimontal verificaetion of these

conclusions would be dssireble,
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Analysis,

In ordor to analyse the motion of a particle whon the
medium is traverscd by a plano comprossion wave it is -
expodient to utilize Lagrangian coordinates, The dis-
placement x of a particle from its original undisturbed
position a is cxpressed by x = x(a,t), where t is the time,

The strain € 1s given by

2X 4.9
€ = 1——-————8' . a: E-l l)
- da aa ;

When the medium is defoermed the conservation of mass

principle ylelds

fo'da = Pdx 2,)

or

=1+ € 3,.)

Po
7

where f 1s the density of the deformed medium and f 1s
its original density,

The dynamical equetion 18 derived with help of Newton's
2nd law of motlon, Ths velccity of a particle with original

gbscisse & 13 glven by = = g't—: o hen the gguation of
motion of the particio in a stressed state reads
)o a.: = 4,)

where ¢~ denotes the stress, (If the squation is written
for the unstressed state f is tc be replaced by Po and

X by a), It 1s assumed that there exists & stress-strain
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rolationship of the medium o = # (€, 7), where »
cfxaracterizes the composition of the mixture in termh of
the masses of the components and is definsd below, Under
the assumption that the composition of the medium remains
constant during tho motion of the particle one obtains from
eqs. 1, 3 and 4

24- (5% 3} 3

2 » 2
€ X u X
Since g = -2-5 and r = there rosults the wave
28 g4 J 2t

8—253:{(&; 1‘-1-?—2% 6.)

2
Equation 5 roveals that (%Eg) ";- = %%) . Hence this

quantity represents tho square of the spced with which a
disturtance shifts from particle to particle when they are
in the unstrainsd state, By definition, the sound speed
c 48 the speed with which a disturbance *ravels relative
to the strained particles, Hence it follows from eg. 2
that,

d o
foa'%:f" and

- g

if ¢ 1s repliaced by f witn nelp oI eq 3 and tho stress g

by the pressure =-p theroc results

‘g= (.g.;l)y 7.)
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In the first derivation the sound speed & 18
evaluated by thoe following argument, Consider a volume
of tho mixture and lot Vl, m, and \LY m, be the partial
volumes and masses of the compononts gas or liquid and
the s01id respectively, The composition of the medium

is chearacterizod by the parameter,

————

my
It 1s assumed that the density of the mixture 18 given by

= .Z__r‘“ 1 9.)
A

where fl and fa are the donsitios of the gas or liquid

7=m1 8.)
A

and tho solid component respectively, This ideal mixturo
law roquires that the two components should not interact,
This condition is probably violated to somo extent in clay
like so0ils, Furthvrmore the assumption is mndo that there
exist a set of "oquations of state' relating density with
pressure for the two "pure"™ components as well as for the
mixture (the latter has already been assumed in the deriva-
tion of eq 6), On differentiating 9¢ 8  with respect tc

p there roesults

(2_2‘ _ (If=2*
2f)

[14n 1084
{

are

But (?—%7 =e S° whore as (g-fp;l) and (%%2
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by definition the sound speeds in the two "pure" components

1.0, ¢ and oy respective.y., Hence

¢ = ( &4. / /i‘z° 2, 10.)
op \? F1 ’) \/ (7 ﬂwﬁf"i“‘?’ +1.] | ‘

which yields the sound speea in the mixture &s a function of
the composition paramster 7 R
A more conventional measure of the composition is the

volume fraction of the first component or the porosity €

f
V1 = ..z_ﬂz 11.)

17 ?le
1

defined by

®R
Rt

A minor reduction of eqs, 10 and 11 leads to

olo|

= \/‘(ém 1 12,)

whore

2
a:Ff—]-'--i and h:._f_zo_‘?‘z_l
2

V& Ge!
Although the stata of the mixture corresponding to € = 0 1,e,
the "pure" solid matrix cannot be physically reaiized it 1is
observed from og. 12 thet ¢ = o, as required, Similarly for
or liquid

€ =11,0, the pure gas,,c = c¢,, If olther a maximum or a

minimum of eq.12 exists,; for O < € < 1, it 13 given by

+ A}
e = - B 13.)
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In the following & second dorivation of the speed of a
plare ccmpreadsion wWeve in a twd phase, two compcaent
systen is gilven. This 1s done with help of the conserva-
tion of mass aad ricmentum principles,

Consider a slice of the medium of length dx and of
unit croas sectional area which is traversed by a plane
compreseion wave travelling at speed 6 (Pig, 1), It is
again assumed that the composition of the mixture remains
vnchanged on passags of the wave, Let the particle

at
velocitics  and pressurespstation 1 and 2 be respec-

(1)’ 2) (1)

tively u p(l) and u(2)=0, p( snd u << ¢,

Then the masses (1-€) P, dx of the solid and cfldx of

the gas or 1liquid are accelerated from rest to the

(1)

velocity u when the wave traverses the medium, The

resulting chango in momentum is supplied by the pressure

(1 (@),

difference (p Honce the conservation of

momentum yields

(p{1-p(Byat = {efl + (1-e) fg}{u(l)} dx

or since dx = c¢ 4t
1 1)
- e o3 -14.)
c {efl+(l~ey>2} pu’-pu”

The consorvation of mass gives the following condition,
3ince the left fuce of the slice moves at speoed u(l; and
the right facc 1s stationary the thichness znd hence the
volume of dx docreases in time dt by dV1 = u(l)dt. This

changoe in volume is due to the following cause, Both the
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air or liquid and the solid portion of the medium are
compressed by the resulting pressure rise from p(g) to
p(l) when the wave has traversed the volume dx, With
the assumption that the volume change of the mixture is
the sum oY the volume changes of theo components tho

resulting docrease in volume is

av, = (p{V)p2)yax {ﬂls + 62(14)}

where [, and @, are the coofficlents of compressi~
bilit3; of tho two componeonte, Since consorvation of |
mass requires that dvl =dV2 there follows that

(1)

Y . 3 - i
° {Frs* Fpu-a) =iy 16.) ;

Cn combining ogs. 14 and 16
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()
and sinco by definition & = }; (%‘P&)= ?1—5 , there
o

rosuits again after some minor simplifications cq, 12,

In tho past the following derivation has been pro=-
posed for the propagation speed of an infinitesimal
emplitude disturbance in a mixture (Ref 1,2), For a
compreasible medium the acoustic speed ¢' can be ex-
prossod in terms of the coofficlient of compressibility
@ oand the density £ as follows,
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The invistigators assumo that the density of the mixture

]° can be written in terms of the constituent densities

as
f = fi 8+ fz (1-8) . 18,)

This is equivalent to eq ® , In addition an analpgous
but assertedly empirical relationship is assumed for the
compreesibility of the mixture 1i,e,

'c = plc"' pz (1-8) 19,)

but no justification for this is given, ¥n view of the
second development (i.,e, g 15) this relationship finds an
obvious explanation, It 13 interesting to note that on
combining eqa.l%, 18 and 19 again the same result 1is
obtained as given by eq. 12, However in contrast to the
assumption underlying eq.1l7, eq. 12 holds quite generally
for a disturbance of arbitrary amplitude,

In comparing the three derivations as outlined above
it appears that the first development given requires in
principle nothing more thun the density law of the mixture
in terms of the constituent densities and & sst of equa.
tions of state relating denaity with pressure for mixture
and compononts, The remaining two derivations require
in addition a statement relating the compressibility of
Tho mixXture in terms ol the constituent compressibilities,
For the sake of simplicity encrgy considerations have

been completely neglected in the above discussion,

ST

TS o = T



PR - B

Numerical est teos.

In order to compute ¢ as a fuaction of the porosity

from og.12, it 18 best to consider f,,c, and Lo es

known and to determine the propagation speed cy in the
pure solid matrix from experimental date, For this one
requires the valuo of © at a given €, For a soil ocon-

sisting primarily of solid and air the pasrameters are

o
probably f: = 10™° and °—i ~ 1 (for an acoustio

d4sturbance), For these yulues eq 12 oxhidbits a minimum
for € ¥ 5. This sorresponds to a mixturo in which solid

snd air occupy approximately the same volume, The

g travsls ot this mintwim fan holaw

the propagation speed of either component, For a soil

coneisting of s0lid and water the parameters may take
]
on the valuos f% g % and E?' ‘:% (for an acoustic
: - 1

disturbance), The propagation speed exhibits a minimum

for €2 1/6, Dus to tho paucity of oxperimontal data

thiocse ostimatos aro probably quite crude, An oxperimental

vorification of eq 12, for a Kaolin-water mixtwe oan

bo found in Ref, 2,
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