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Determination oF Elastic Constants oF Ortkotropic Materials
with Special ReFerence to Laminates*

By R. K. Witt, W. H. Hoppmann, 11, and R. S. Buxbaum'
SYNoMRSi i - 1, 2 corresponding to j - 1, 2

In this paper there are given the theoretical basis and ani experimental appropriate elastic constant.
method for determining the anisotropic elastic constants of a material by For twisting, we have:
measuring deflections of a thin plate of thle material subject to couples on its 6Afy
boundary. Using the mnethod, elastic constants are determined for thre T; - haSec z + Ax + By + C. .. (2)
different lamninates.

The equation of equilibriunm for the
bending of thin orthotropic plates

IN RECENTr years there It' - deflection of plate-, loaded only with edge couples (6) is:
has been it great interest in materials h - thickness of plate, 4)1111 0', lAW
that have anisotropic elastic propertiels. a -width of plate (bendling), d.1. + xdy Af+ .ti
These materials include ill particullar b - length of plate (bending)................... I..... .......... (3)

glass-fabrie laminates. r ~~~- length of side of twister, ioEAI3softeouhorritsglass-fabric laminates.i - bending couple per unitlength ~ n~ q3i ftefut re ti
For technological putrpose's of design, tlistril'utel uniformly on two readily seen that EqIs 1 anti 2 which are

for example vibration considerations, it opposite edges of Iplat(-, quadratic in xr andl y satisfy it. Also it
is necessatry to know the various coml- X. y - coordiniates of point on~ jlate, tanil easily be shown that thle boundary
pliance or stiffness facto)rs of it material *11r - twisting couple per unit length coniditions tare satisfied and that Eqs Ias presented by its elastic constaints. of side of plate, aniilaid2reelysouonfrthtyef
Previous paper,, (1,2,.3)l have lareswntel .1A.Y, lodn se*nti ivsiato.I
various methods for determining these .1 - constants in dlifferential eqa lonsadngtsd iB n t Ci inve AstIgatin. Th

* constants. Iii the present work some of tion of plate andl are lwpes- cosanedtermBined fro ih oniin Eq h1andtthese metesis havebeen ada ed to thesiomas in terms of the elasti' aedtrie rmtecniintateemtoshvbenaapte h constants, thle plates are sup~ported at three points
purpo)se of dietermininiig thle elastic con- in the ease of bending and symmetrically
stants from mneasuirenients of tile deflec- Tim:oicr at two diagonally opposite points *in
tions of thin plates loaded on thle bound- Thle general theory of amaisotropie twisting.
:erv by bendijng find twisting couples. elsiiy steelpu iitetcnical 7The determiinatioan of the elastic con-
Thr-eelamiinates with widely different literatuire (4,S). In this paper thle stants onl the basis of these resuilts is
propmerties have been tested. inuterial investigated is essentially ortho- illustrated litter by it numerical calcula-

NOMENCL.ATURE; tropic and therefore has three axes of tion. It is hepre obvious that one mayv
symmietry. The test plates aire rev- mneasure It, Ma~, h, xr, anti y for Eq 1 for

6. - extensional strain in x direc- tangular in shiape and cut with their tile twom principatl directions of the plates
tion, edigest paraillel to these axes of elastic and obtain two simultaneous equations

=y extensional strain in yi direc- symmetry. Therefore in the uisual nota- for the determination of the elastic. con-
- ha trion, i ypae tion (6) the stress-strain relations may stantm S~j. It is also clear that one may

OX - extensional stress in z direction, hie written for the strains in ternms of the mealstre It', Mr, h, x, and y for Eq 2 and
ff, - extensional stress in y direction, stresses and elastic constants as follows: readily deterniine Set which gives the.

T - shear strewsin x- yplane, o~~,shearing iiodultis Gr
Si, - elastic constants (Siu - Sit), 0. Sit 0. + 812" J, - , r

E. - Young's modulus, - l+ - , + .

..y - Young's modulus,
r~y r~y - .y

Piy - Be.5, - Poissonl's rattio, GaygT~
F - -Ey,.S, - Poisson's ratio, There. tire. then essentially four constants

G-y - -rigidity or shear modu- of elasticity: Sti or G51, E., E,, and

JugFl - 573

A, B, C - constantsa of integration, B ,Fig. l(ei).--Benindfg Plate.

NOTI.-DISCUS81ON OF THIS PAPER IS Asq may be readily shown, the diii-
INVITED , either for publication or for the at- p)lacementcuebyniomydsr-tention of the author. Address all communica-tcue b nfrlydsrbtions to ASTM Headquarters. 1916 Riace St.. uted bending couples (1) Me on two - -
Philadelphia 3, Pa.
'o Presented at the Flftb-mixth Annual Meeting opposite sides or twisting Couples MfT on/

ofthe Soiety, Jun 28-July 3, 1988. all sides, in as follows. For bending, we/'ISOCiate P;.roeso ofchemical Engineering.
Associate Professor of Mechanieal Engineering, have:and GIraduate Student in Mechanical Z gnearing,0Tn + Bu ) + Arem Th Johns Hopkins' 1f(tz iy)+AI The boldface numhers in parentheses refer --to the list ot reterrnces appended to this paper By + C'............ (1) Fig. i(b).-Twisting Plate.



EXPXalINTAL MXerUOD about j in. in diameter and about 0.001 wee made with medium Astl of known

Front the theoretical formulation it is in. thick was cemented to the surface of elastic constants. The moduli for the
clear what measurements must be made the plate at any location at which steel plates as determined with this test
to determine the elastic constants. For deflection was to be measured. A fine apparatus were 34 X 10U psi for Young's
the case of bending it is sufficient to electric wire was soldered to this disk modulus, 12 X 10. psi for the shear
measure the deflections at the origin of and connected to a pilot relay indicator modulus and 0.28 for Poison's ratio. A
coordinates and a few inches off center which has a magnetic relay whose click- measured Young's modulus in a stand-
along the y-axis shown in Fig. 1. For mng is very helpful in quickly showing ard tension testing machine for the same

the determination of the shearing modu- that contact has been made even under steel was 32 X 100 psi. It was con-
lus, G, it is clear that only a single extremely small pressure. The setup is sidered that this constituted a reasonable

deflection is required and this is meas- shown in Figs. 2 and 3. check of the test procedure and method.

ured at the origin of coordinates. Un- For the purpose of loading the plates, The materials and thicknesses of the
like the methods used by others, as pr- a lever was usually used as shown in Fig. 5.25-in. square test sections were as fol-

viously mentioned, the deflections in 2. This lever provides a known load on lows:

this investigation were referred to an an auxiliary bar or plate suspended from GnA Be.a Melan1de R.in
absolute rigid frame supported inde- the testiplate. The auxiliary plate or (GMO) ................ 0. 134D in.

pendent of the test plate as shown in bar in the bending test provides forces (P,= =TX PBM(XX). .... 0. 127 in.

Figs. 2 anti 3. A rigid pipe flange of 22 on two opposite ends of the test plate, k 0 116 in.

in. inside diameter was machined to and within the region between supports The over-all length of bending specimen
take a rotatable ground bar on which a on the test plate essentially uniform was 10.5 in.
sliding steel block is mounted. To this moments are produced across the width Two bending specimens were used for
block the deflection gage or micrometer of the plate in the vicinity of points each material. One was cut so that the
is attached. The pipe flange is sup- where deflections are measured. In the length of the rectangular plate was
ported on top of threeequiheight columns case of the twisting test an auxiliary bar parallel to one principal direction, and
of sufficient stiffness. The rotatable was suspended from two opposite cor- the other was cut so that its length was
bar cmi be rotated around the center of ners of the test plate and loaded at its parallel to the other principal direction.
the pipe flange and the block holding center by a lever or by small weights These two material-property directions
the micrometer fixed can be slid axial- applied directly in the cases of small re- are at right angles to each other in the
wise along the smooth bar. In this quired loads. material.
fashion the deflection at any point can The load was gradually increased and Only one twisting specimen is re-
be measured, the cmrresponding deflection measured quired. It was cut from the material so

For nonconducting materials, it is at the chosen point on the plate. The that its sides were respectively parallel to
necessary to provide an indicator to show results give a load deflection curve for V) the principal axes of the material.
precisely when the micrometer touches that particular point. For a linear rela- For the twisting tests, measurements
the plate; otherwise the operator might tion it is the slope of this line that gives it of deflection were nmale for both sides of
unconsciously bore the point of the deflection per unit load, [P.'WI, for use the plate. After the test on one side,
micrometer into the material and cause with Eqs 1 and 2 in determining elastic the plate was turned over and measure-
deflections of the plate by unknown constants. ments made on the other side. Meas-
pressures from the micrometer. For In order to check the method and the urements for both sides of plates in the
this purpose a thin disk of aluminum foil accuracy of the test a calibration test bending tests were made only for the

!g 2.-Twkting Test. 1I&. &-B dlag Test
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I in) X Yn) Direction (l b Wer --)Al 3-A

A Glass BSeot Melamine Resin (GMG). 268.3 16 -A 0 0 One 1540 W -/- /"
16 8- Pe Base Type P (XX).... 152.5 A2 0 2 One 1335 00/

C Glass Bose Silicone Resin (GSG) . 66.0 A'3 0 0 Two 1335 -- - -

'4 -4iI A-4 0 ;2 Two 1170

AoTJ- '7-if7I'
12- • -11' -2--- 1

---

06 6-

04 -- 4 it-

Center Point . . 2 .. ..

0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
Detlect0on,W, (inx1041 Deflection, W, (in X I04)

Fig. 4.-Twisting Test. Fig. 5.-Bending Test of Glass Base Melamine Resin (GMG).

glass-base melamine resin. In the bend- NUMERICAL CALCULATION Hence
ing test, deflections were measured on As an examp)le, tie numerical calh, tla- G , X 5 [X1
the y-axis both above and below the x- tions are presented for the glass-base 2hs - " "
axis. The measurements were aver- silicone resin. The shear modulus will From Fig. 4, curve C [P/WI is 4i1
aged. be calculated first. As given in Eq 2 we lbperin. The plate thickners is 0.116 in.

REsULTs OF EXPERIMENTS have: HIence6f q. , , 3 X 6.25
The force-deflection curves, from IV - + AX + By +G. - 2(0. I' X 66 - 398,000 psi

which are derived the moment-deflec- hi- . -y 2(0.116)8

tion relations, are plotted in Figs. 4 to 7. Now to calculate bending moluli and
Tin ren l ata orr twot terials Now it is well known (6) that the Poi.sso, type ratios use Eq 1. We have:plat eah o th thre mteralsand twisting couples for this ca.e can readily

plate each of the threbe written in terms of the reactions at r , "8 wx' + .,.y) + Ax + By + C(ednlaa o w irections each of the supports as follows: " ' S. u
the three materials. The slopes of these The pa io s

curves provide the [P/WI values needed p The plateu is supported on three equi-
in calculating the elastic constants. 4• - 4 height coluns and tie coordinates of

Only small percentage differences the support points are (2.5. 0), (-2.5,
were observed in the load deflection data so that we may write: 2.5), and (-2.5, -2.5).
as taken for the two sides of the plate. 3 P xy +A+B+CP

The bending deflections are for the W 2 K" " ,+a- 2 X2 in.5
center point of the plate and for points a - width of plate, and M - bending
2 in. above and 2 in. below the x-axis Since the supports are at the same moment per unit andtbd
along the y-axis. Both of these meas- height and W - 0 at supports, we can Then we have:
urement8 above and below the x-axis determine A, B, and C and find that
are not required for determination of 6M . k.(, . [W ,] . S,,(7,Sz' - 46.874) +
constanta, but it is considered that their A + 0.25) -. P+--2 37

average is a better result. When deflec- A -,07.5y' + 9,375x - 23.4375)
tions are taken for both sides four such At t - 0, V - 0 For principal direction No. I, Fig. 7, at
readings are averaged, two for each side W- + WT ! 6.25of the plate. As G,,6'j .of te plte.6.25h (0, 0), - 720 lb per in.
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Thfindlndtsalrtu e

r2rCoordinoles Princp t q12 X YOlM, X 10-1 rt i.8. 0 0 One 800 B

82 0 2 One 625 I Hence84 0 2 Two.4. - 4.4.. X10-X.3.77x10 .17
-- t 183 - 4.1.19 X 10'1 X 3. 21 X 104 - 0.15

DI)C&IsusON AD ('NCLU~SIoKS

0The illetholl and test alpluratus dIe-

6 scribed ill this pller'~ appear to he quite
-satisfactori for the determination of the

.. -.... . . - .. - eelasti,' constajnts of orthotropic In-
terials. However, it inust be emnpha-

0sized that it gives enlstic constaonts relats -
ing strain linearly tho stres only for

Inatertals actually having such a charat-V iii t teritic over a definite stress range. It
.- . ... is considered that the investigation of

.5the enl stic constan)ts ngf laminates ely thle0 2 4 000ethod resent here is of consider-
DeflecTioni W, (in xl04) able inipt-rtancA for teinologicCl use(s

Fig. 6.-Bending Test of Paper Base Type PEG (XX). of the mnaterial.
It appears after use oif the apparatus

iig Wrthat the method of determining deflc-
2l, -6,0 l, j.r in. S N-I- 6 - 10 1 -iion relative to some fixed base is pref-

Tr e2 . .era.le t. the m.tho dribed in the
n = 5.25 in. -4.-il X 1011 literature (1,2) using relative deflections
h - 0. 116 iII.

The equation gives us two siniultane- TABL.E OF EI.ASTIC CONSTANTS.
oUR equations for the elastic constant, N. . -

an4 solving we gi3: bpateri .... ...

p26 5 X 10 377xlog3..... ........ 1 X 10 398 X 110 (.17 01
(- p n'M ly/f ' II I(i (XX).h.............2 I13 1.9 0 (415 W 31 (23-4C64 X 10 W ba imunnin, n.n......... .5 11 4 87 1 140 0 ;..0 0.- -!

Therefore

E. - I - I
F. - X 10' - 31.77 X 10, psi

I or principal direction No.2, Fig.7,at1

(0,0), CAM-60 lb per in.

P ~~~~~~CoordinatesPrniaP(1pei)(0,2), -548 lb) per in. 12 x Y(,n) D~*i b Pl f 'W
li]CI 0 0 One 720

a - 5.25 in. C-2 0 ;2 One 640
h - 0.116 in. C3 0 0 Two 600

10 C.4 0 ;2 Two 550 .... -C_-C3 -C4--
The equation to be solved is

- ah -['V'Y]SA%7.5&1 - 4 0.875)+ a0 ".. /i

S,,(7.5y' + 9.375x - 23.437.5) 0 .. .. . .. .. -

The equation gives us again two ........ .. ...

simultaneous equations for the elastic
constants, and solving, we get:

8,, - 31.02 X 10-' 4 -.

- -4.49 X 10-

Therefore

1S6,2 X 102 :-.21X10'psi _

According to•the theory Sil= -8 2. It 0 - - - - -

therefore is suggested that the two 0 20 40 60 so '00 120 140 60 ISO 200

somewhat different vldues he averaged DeflechonW, (in 10O)
as follows: Fig. 7.-Bending Test of Glae Eass SIUcone Resin (GSG)
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obtained by resting a meisuring device It is suggested that somewhat larger (2) It. F. S. Ilearmon and E. H. Adams,
completely UpMo the light test slecim(en. lbending specimens hi usW.l in tests of "The Bending and Twisting of Aniso-

The rather wide variation in lending this tylp So that boundary conditions tropic Plates,'" British Journal Applied

mndtuli in two of the maiterials tested is nmy )x- more4 completely satisli(NI. Physics, Vol. 3, p. 150 (1952).

interesting as is the fact that gl•,ss-Itse (3) E. W. Kuensi, "Methods for Deter-

nielaminiie resin is iuch more nearly iso- .-t tm'lidgmitu'n: rmining the Elastic Conmtants of Non-

tropic its shown by tlet' clorseness of the metallic Materials," Symposium on

EF and E, values. This latter tiaterial The technique tuid test equipment Determination of Elastic Constants,

also appears quite stiff in ternis of 1xith Ilesc.rilbel in this paper were developed p. 31, Am. Som. Testing Mate. (1952).

the lsnding and shear mnluli. It • s ill 4,oiU'ction with an investigation Ix- (Symposium isued as separate pub-

to be liuch stiffer than woodls and to inkg Codt•td l at The J•ohns Hopkins lication, S7'IT No. 129).

have stiffness of tile order of •ome University under contract NONR24S.I2 (4) A. E. iH. Love, "Mathematical Theory

metals. for the otlitiA of Naval l'tsear4l't. of Elasticity," 4th Edition, Dover Co.,
N. Y., pp. 105 and 151 (1927).

It is in-otlilt letki that thle iieththd (5) W. Voigt, "Lehrbueh der Kristall-
tuid apparattus hx, u.sed in industry for lkEN.'s physik," B. G. Tculner, Berlin.
sttl(\'illg tile elastic OIt StLI&A If lvi'i- (1) \l. Bv.rgstriLw-r, "liestimmung der (1910).
nates mid similar iiiateriads. It ouy Is, Iv ihlen tast icheli Konstianten von (6) S. Tiniosh,.nko, "Theory of PHates and
ndmliefdl for investigating higher order,. I'iattenfornigen Khorjten," Zestsrhrift Shells," McGraw-Hill Co., Inc., New
of anisotropy. fair 7',h. lhtysik, Vol. 8, p. 355 (1927). York, N. Y., pp. 34 and 188 (1940).
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