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Determination of Elastic Constants of Orthotropic Materials
with Special Reference to Laminates”

By R. K. Witt, W. H. Hoppmann, lI, and R. S. Buxbaum'

SyNorsis

In this paper thero are given the theoretical basis and an experimental
method for determining the anisotropic elastic constants of a material by
measuring deflections of a thin plate of the material subject to couples on its
boundary. Using the method, elastic constants are determined for three

different laminates.

IN RECENT Years there
has becn a great interest in materials
that have anisotropic elastic properties.
These materials include in particular
glass-fabrie laminates,

For technological purposes of design,
for example vibration considerations, it
is necessary to know the various com-

pliance or stiffness factors of a material

as presented by its elastic constants,
Previous papers (1,2,3)* have presented
various methods for determining these
constants.  In the present work some of
these methods have been adapted to the
purpose of determining the elastic con-
stants from measurements of the deflec-
tions of thin plates loaded on the bound-
ary by bending and twisting couples.
Three lnminates with widely different
properties have been tested.

NOMENCLATURE

N = cxtensional strain in z dirce-
tion,
& = extensional strain in y direc-
tion,
Yay = shear strain in z —y plane,
x = extensional stress in z direction,
ay = extensional stress in y direction,
Txy = ghear stress in z~y plane,
S, = elastic constants (S;; = S;;),
E, - Sl_ = Young's modulus,
1

1
E = — = Young's modulus,
y Sa oung

= —F,-Si2 = Poisson’s ratio,

rzy

rrx = — K, S = Poisson’s ratio,

Gyy -l rigidity or shear modu-
Su

lus,
A, B, C = constants of integration,
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W = deflection of plate,
h = thickness of plate,

a = width of plate (bending),

b = length of plate (bending)

¢ = length of side of twister,

Mg = hending couple per unitlength
distributed uniformly on two
oppostite edges of plate,

z, Y = coordinates of point on, plate,

My = twisting couple per unit length

of sidc of plate, and
1 RN P
Ay = constants in differential equa-
tion of plate and are expres-
sions in terms of the elastie
constants.

THEORY

The general theory of anisotropie
elasticity is developed in the technical
literature (4,5). In this paper the
material investigated is essentially ortho-
tropic and therefore has three axes of
sviametry. The test plates are ree-
tangular in shape and cut with their
edges parallel to these axes of clastic
symmetry. Therefore in the usual nota-
tion (6) the stress-strain relations may
be written for the strains in terms of the
stresses and elastic constants as follows:

. Ox rx
& = 8y ox + Snoy = 5 — 2 0y
E. E,

ey = Syox + Spoy = — ;;.: ox + ‘Zvi
Yy ™= S“ Txy ™ 53

There are then essentially four constants
of elasticity: Sy or Giy, Ex, Ey, and

Yry o Yy

E:. E,

As may be readily shown, the dis-
placement caused by uniformly distrib-
uted bending couples (1) Ma on two
opposite sides or twisting couples Mt on
all sides, is as follows. For bending, we
have:

W= O (S + S + 4z +

t = 1, 2 oorresponding to j = 1, 2
appropriate elastic constant.
For twisting, we have:

WM en b Az By @
The equation of equilibrium for the
bending of thin orthotropic plates
lurulcd only with edge couples (6) is:

-3 g oW oW

Ax OF+A”OW+A' 01/7-0

Sinee Liq 3 is of the fourth order it is
readily seen that Eqs 1 and 2 which are
quadratic in r and y satisfy it.  Also it
can easily be shown that the boundary
conditions are satisfied and that Fqgs 1
and 2 are really solutions for the type of
loading used in this investigation. The
constants 4, B, and C in Egs 1 and 2
are determined from the condition that
the plates are supported at three points
in the case of bending and symmetrically
at two diagonally opposite points in
twisting,

The determination of the elastic con-
stants on the basis of these results is
illustrated later by a numerieal caleula-
tion. It is here obvious that one may
measure W, Ma, &, &, and y for Eq 1 for
the two principal directions of the plates
and obtain two simultaneous equations
for the determination of the elastic con-
stants S,;. It is also clear that one may
mensure W, My, A, r, and y for Eq 2and
readily determine Se which gives the
shearing modulus Gyy.

Fig. 1(5).—Twisting Plate.
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EXPERIMENTAL METHOD

From the theoretical formulation it is
clear what measurements must be made
to determine the elastic constants, For
the case of bending it is sufficient to
measure the defleotions at the origin of
coordinates and a few inches off center
along the y-axis shown in Fig. 1. For
the determination of the shearing modu-
lug, Guy, it is clear that only a single
deflection is required and this is meas-
ured at the origin of coordinates. Un-
like the methods used by others, as pre-
viously mentioned, the deflections in
this investigation were referred to an
absolute rigid frame supported inde-
pendent of the test plate as shown in
Figs. 2and 3. A rigid pipe flange of 22
in. inside diameter was machined to
take a rotatable ground bar on which a
sliding steel block is mounted. To this
block the deflection gage or micrometer
is attached. The pipe flange is sup-
ported on top of threeequiheight columns
of sufficient stifiness. The rotatable
bar can be rotated around the center of
the pipe flange and the block holding
the micrometer fixed can be slid axial-
wise along the smooth bar. In this
fashion the deflection at any point can
be measured.

For nonconducting materials, it is
necessary to provide an indicator to show
precisely when the micrometer touches
the plate; otherwise the operator might
unconsciously bore the point of the
micrometer into the material and cause
deflections of the plate by unknown
pressures from the micrometer. For
this purpose a thin disk of aluminum foil

about § in, in diameter and about 0.001
in. thick was cemented to the surface of
the plate at any location at which
deflection was to be measured. A fine
electric wire was soldered to this disk
and oonnected to a pilot relay indicator
which has a magnetic relay whose click-
ing is very helpful in quickly showing
that contact has been made even under
extromely small pressure, The setup is
shown in Figs. 2 and 3.

For the purpose of louding the plates,
# lever was usually used as shown in Fig.
2. This lever provides a known load on
an suxiliary bar or plate suspended from
the test<plate. The auxiliary plate or
bar in the bending test provides forces
on two opposite ends of the test plate,
and within the region between supports
on the test plate essentially uniform
moments are produced across the width
of the plate in the vicinity of points
where deflections are measured. In the
case of the twisting test an auxiliary bar
was suspended from two opposite cor-
ners of the test plate and loaded at its
center by 8 lever or by small weightx
applied directly in the cases of small re-
quired loads.

The load was gradually increased and
the cerresponding deflection measured
at the chosen point on the plate. The
results give a load deflection curve for
that particular point.  For a linear rela-
tion it is the slope of this line that gives a
deflection per unit load, [P /W], for use
with Egs 1 and 2 in determining elastic
constants,

In order to check the method and the
accuracy of the test a calibration test

was made with medium steel of known
elastic constants. The moduli for the
steel plates as determined with this test
apparatus were 34 X 10° psi for Young’s
modulus, 12 X 10* psi for the shear
modulus and 0.28 for Poisson’s ratio. A
measured Young’s modulus in a stand-
and tension testing machine for the same
steel was 32 X 10* psi. It was con-
sidered that this constituted a reasonable
check of the test procedure and method.

The materials and thicknesses of the
35.25-in. square test sections were as fol-
lows:

Glass Base Melamine Resin
GMG)

(GMG)..................... 0. 130 in.
Paper Buo pe PBG (XX).... 0.127 in.
(}l:: Base ﬂiléone Rasin (G 0.116 :n

'The over-all length of bending specimen
was 10.5 in.

Two bhending specimens were used for
each material. One was cut so that the
length of the rectangular plate was
parallel to one principal direction, and
the other was cut so that its length was
parallel to the other principal direction.
These two material-property directions
are at right angles to each other in the
material,

Only one twisting specimen is re-
quired. It was cut from the material so
that its sides were respectively parallel to
to the principal axes of the material,

For the twisting tests, measurements
of deflection were made for both sides of
the plate. After the test on one side,
the plate was turned over and measure-
ments made on the other side. Meas-
urements for both sides of plates in the
bending tests were made only for the

Fig. 3.—Twisting Test.

Fig. 3.—Bending Test.

[
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Fig. 4. —Twisting Test.

glass-base melamine resin.  In the bend-
ing test, deflections were measured on
the y-axis both above and below the z-
axis, The measurements were aver-

80
Detiection, W, [inxiO®%

Deflection, W, {in x104)

Fig. S.—Bending Test of Glass Base Melamine Resin (GMG).

NuMERICAL CALCULATION

As an example, the numerical calcula-
tions are presented for the glass-base
silicone resin. The shear modulus will

Hence

G w3 X6.251P
AT TR

From Fig. 4, curve C [P/W) is 66

aged. be calculated first. Asgivenin Fq2we  lbperin. The plate thicknessis0.116in,
RESULTS OF EXPERIMENTs have: Hence
The force-deflection curves, from o M Goy = 23_(011*(1563‘:, X 66 = 398,000 psi

which are derived the moment-deflec-
tion relations, are plotted in Figs. 4 to 7,
These represent twisting data for one
plate each of the three materials and
hending data for two directions each of
the three materials. The slopes of these
curves provide the [P/W ] values needed
in calculating the elastic constants,
Only small percentage differences
were observed in the load deflection data
as taken for the two sides of the plate,
The bending deflections are for the
center point of the plate and for points
2 in. above and 2 in. below the z-axis
along the y-axis. Both of these meas-
urements above and below the z-axis
are not required for determination of
constants, but it is considered that their
average is a better result. When deflec-

W= Sezy + Az + By + ¢

Now it is well known (6) that the
twisting couples for this case can readily
be written in terms of the reactions at
the supports as follows:

I)

M—r-4

s0 that we may write:
3P
2R
Since the supports are at the same

height and W = 0 at supports, we can
determine A, B, and C and find that

6Mr 1
5 0;'(17 + 6.25)

W= '5“+Ax+8y+(,‘
xy

W e

Now to caleulate bending moduli and
Poisson type ratios use Eq 1. We have:

.6
W o- ’h’,‘ (Suz? + Syy") + Az + By +C

The plate is supported on three equi-
height colunins and the coordinates of
the support points are (2.5, 0), (—2.5,
2.5), and (—2.5, -2.5).

Mpam=m I; X 2in, -5
a = width of plate, and M = bending

moment per unit width.
Then we have:

—aht [l";; '] - 8(7 .55 — 46.874) +
875y + 0375z — 23.4375)

tions are taken for both sides four such Atz =0y =0 For principal direction No. 1, Fig. 7, at
i ed, two h sid
‘r)t;a:lhlgqgl:t: averaged, two for each side W= + 9:{.1' ) (']!.—,' X 6.25 (0, 0), [%] = 720 Ib per in.

3

20
20
S . »~—1>» -
'8 8
D R A (A Coordinates Principol
’ %ub.w in) a x°°' 37.,',; Dm::,. '5'"”""“ Al g—A2, 43-4,,~
A" Gloss Bose Meiamine Resin (GMG). . ... 2683 6}-A1 O O One 1540 /]
16 |— B Poper Base Type PBG (XX)........ 19253 A2 O 32 One 1338 j/ /
. C Gloss Bose Silicone Resin (GSG) . . ... 660 A3 O 0 Two 1338 7
TrErETrY T T Q| A4 0 72  Tw 170 /
a I O I B v
a -
/ 12 4/ ,/
12 to- . _ y,
5 ) - B (U S
: St : V.04
:.‘o _ i a’i0 //
: F 4 _
- - M} 8 / | !
8 + e - e —t e — H
os . ‘/ / ;
- / i ' / 4
6
o - PR 7
ot A - /¥
| sl S : -
Q4+ F+-F1- / i c b G ///
e t -t - MR !
i Center Point Reoding o S S o 4
y /7‘/ T iy |
/.___. R L.. —4 - i g ? l—. o i ....&. \ A S S SR S A H 7 ~
: i I o oL 1 | ; R
% 200 40 60 00 120 140 ° 20 40 60 80 100 120 140




Si= —4.49 X100 = - 27
1 -- - - — s
] ] and
y
(81 0 O One 800 .
82 0 %2 One 628 Hence
0}B83 0 o Two 830 - 2 o= 449 X 1070 X 3.77 X 10° =
B4 0 32 Two 465 Lo P Yay 49 X 1 X 3.77 X 0.17
ErT b »~~B// » »-'1?/ ~83 1834 Yoo = 449 X 10 X 3.21 X 104 = 0.15
8-+ -t 1 - -4 -+ »Jr / - /Z-// DiscussioN axp CONCLUSIONS
©
§ 4 l : / / - ~4- The method and test spparatus de-
l . / / seribed in this paper appear to be quite
6 T P A satisfuctory for the determination of the
4. A L elastic constants of orthotropic ma-
%<4 terinls. However, it must be empha-
4 T T 7 i 9/ S S i S S sized that it gives elastic constants relat-
] g A S S G ing strain linearly to stress only for
é | i materials actually having such a charac-
21—t — 1 T e ﬂ R e ol teristic over a definite stress range. It
| 4 - B N S ] is considered that the investigation of
| [ I the elnstic constants of laminates by the
o4 20 1 20 0 P 00 50 120 ) 80 200 Mcthod presented here is of consider-
Defiection, W, (n210%) able importance for technological uses
Fiz. 6.—Bendi . of the material.
ig. 0.—Bending Test of Paper Base Type PBG (XX) It appears after use of the apparatus
P that the method of determining deflec-
(0, 2), [”_] = 610 Ib per in. < < —1617="4 31 . tion relative to some fixed base is pref-
= o= T2 X 10t = erable to the method deseribed in the
a = 525 in. —1.40 % 10~ literature (1,2) using relative deflections
h = 0.116 in.
The equation gives us two simultane- TABLE OF ELASTIC CONSTANTS.
ous equations for the elastic constants, o I
Hnd S()l\'ing we }.‘,’(‘t' Material Dlll‘ ' liﬂ’i ’:,‘ ; Pyx ! Pyx
S“ =265X 10 ?* Glnna base ailicone resin e i 3 7‘5' X ll)'l 3. X 10‘: 0398 X 100 017 ﬂ;l:'.
g : . Faper base type PBG (XX) ) L 2 65 1. ! I L 031 02
Sz = —4 64 X 10 u‘l'.'....rxi:: i rfs\u}) 5 'l}l |4 - HR T ; 8 01
Therefore ) T T
Eo= b= 100 = 3077 x 100 i
TS T %3 ol ps
For principal tirection No. 2, Fig.7,at T T
(0,0), [f;,_l = 603 Ib per in. 4
" coortasies prnbparls | 1t Lt A
H i
(0,2), [:;] = 548 Ib per in. 12 X Y(n) Direcionwtioperm | —dl /
[ I ¢ 0 One 720
a = 5.25 in. 1C2 0 %2 One 640 -t - N e SO0 S I
h = 0116 in. 0 c3 o 0 Two 600 CI A C2-C3 —Ca
. . [C4 0 32 Two 550 T L -
The equation to be solved is a // /0/ /,ﬁ
e o NIRRT T U S O S O 0 I //,//// ]
P 3 Yz
Su(7.50* + 9.375r — 23.4375) 8 Ll . //// A1 L]

The equation gives us again two
siultaneous equations for the elastic
constants, and solving, we get:

Sy = 31.02 X 10°*
Sy = —4.49 X 10~*

Therefore

1 - R - -
3 " 31.02 X 10% = 3,21 X 108 psi
According to the theory Sn = Su. It
therefore is suggested that the two

somewhat different vulues he averaged
as follows:

Ey =

USRS TS G N

o 20 {0 60 80

100 120 140 160 180 200

Deflecton,w, (inx104)
Fig. 7.—Bending Test of Glass Base Silicone Resin (GSG)
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obtained by resting a measuring device
completely upon the light test specimen.

The mther wide variation in bending
moduli in two of the materisly tested is
interesting ns is the fact that glass-buase
melamine resin ix much more nearly iso-
tropic as shown by the closeness of the
E. and E, values.  This latter material
also nppears quite stiff in terms of hoth
the bending and shear moduli. It seems
to be much stiffer than woods and to
have stiffness of the order of some
metals,

It is recommended that the method
and apparatus be used in industry for
studving the elastic constants of lami-
nates and similar materials, It inay be
maodified for investigating higher orders
of anisotropy, .

It is suggested that somewhat larger
bending specimens be used in tests of
this type so that houndary econditions
may be more sompletely satisfied.
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