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SUMMARY

Formulae and processes are presented for determining the best shape for
the external surface of an annular ducé in order to produce a minimum amount
of wave drag in supersonic flow under certain conditions which are invoked in
order to ensure that the missile geometry will obey practical design require-
ments. The question of what the best shape is, at least to the degree of ap-
proximation inherent in the use of the linear theory, is solved under the
restriction, first, that the area between the (given) inner contour of the
body of revolution and the sought outer contour is a constant, and, second,
under the stipulation that the volume comprised between the surfaces whioch
are swept out when such inner and outer contours are rotated about the duct
exis is to be a constant. Two further distinctions are also made in the
treatment accorded this problem on the basis of the type of inner (known) duct
shape given; i.,e., in one case it is assumed that the annular duct will dif-
fer but slightly from a cylinder while in the other case it is assumed that
the basic shape upon which the desired external duct contour is to be built
up is fundamentally a frustum of a cone. The flow through the inside of
the duct is not considered at all, and the internal oblique shock is thus
assumed to be aﬁtached to the entrance lip; the external contour is also
assumed to “olose™; i.s., the trailing edge at the duct exit does not have
a blunt face. This problem had previously been solved when no perimetral
condition was invoked, but under the more stringent conditions now being im-
posed it is believed that more directly useful results will be forthooming
when the numerical applications are made in another report to follow. Two

distinct modes of attack are offered to attain the solution in all cases;



1. INTRODUCTION

The object of this study is to determine what is the best shape for an annular
duct when it is to operate in a supersonic stream under the usual stipulation that
linear theory is sufficiently accurate for the purposes in mind. In other words, the
problem resolves itself into finding out what form the meridional line which delimits
the external contour of the annular duct in question must have in order that the
external drag due to this duct shape should be rendered a minimum, under either of
the following two perimetral conditions:

(a) the area enclosed between the external meridional line defining the outside contour
of the duct and the internal meridional line, which is assumed to be known beforehand,
is required to have a set value.

(b) the volume, enclosed between the surfaces of revolution swept out when the above
cited meridional lines are rotated about the duct's axis, is required to have a certain
fixed value.

The problem will be attacked in two stages. First, the case where the radius of
the circular ocross-section (or parallel) representing the entrance of the duct is equal
to the radius of the parallel representing the exit of the duct will be treated (see
sketch "a" in Fig. 1), and then, after that, the more general case will be examined,
wherein the entrance and exit cross-sections may have unequal radii (see sketch “bv™ in

Fig. 1).



one is based on the use of Lighthill's W-funotion and gives the best ocontour
shape and drag direotly, while the alternative method, stemming from pre-
viously published investigations of the author, requires that a suiteble dis-
tribution of superscnioc sources be determined first of all, and then once the
desoription of how these singularities vary along the x-axis is obtained, by

e relatively simple process, the best contour and the related drag are derived
a8 auxiliary information. The connection between these results and those whioh
would be obtained by use of two-dimensional (Ackeret) theory is also pointed

out as obiter diota.



1, INTRODUCTION

The object of this study is to determine what is the best shape for an annular
duct when it is to operate in a supersonic stream under the usual stipulation that
linear theory is sufficiently acocurate for the purposes in mind. In other words, the
problem resolves itself into finding out what form the meridional line which delimits
the external contour of the annular duct in question must have in order that the
external drag due to this duct shape should be rendered a minimum, under either of
the following two perimetral conditions:

(a) the area enclosed between the external meridional line defining the outside contour
of the duct and the internal meridional line, which is assumed to be known beforehand,
is required to have a set value.

(b) the volume, enclosed between the surfaces of revolution swept out when the above
cited meridional lines are rotated about the duct's axis, is required to have a certain
fixed value.

The problem will be attacked in two steges. First, the case where the radius of
the circular ocross-section (or parallel) representing the entrance of the duct is equal
to the radius of the parallel representing the exit of the duct will be treated (see
sketch "a® in Fig. 1), and then, after that, the more general case will be examined,
wherein the entrance and exit cross-sections may have unequal radii (see sketch "b"™ in
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Coordinate System snd Geometric Relations Applying to the Case Where the Sought
Annular Duct is Cylinder-Like in Shape

Fig. 1(a)

Coordinate System and Geometric Relations Applying to the Case Where the Sought
Annular Duot is Cone-Like in Shape

rig. 1(b)
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Two different approaches will be followed in obtaining the solution to the
problems thus set. One will be based on the application and extension of the
work done by Lighthill in Reference 1 (this way of handling the problem will oon-
stitute Part I of this study), while the other approach will be founded on the
application and extension of the investigations carried out by the author pre-
viously in Reference 2 (this treatment will constitute what is oalled Part II of
the present investigation). By use of the first of these two avenues of spproach
one finds what the external contour shape has to be, to give minimum drag, di-
rectly, through solution of & non-homogeneous integral equation of the seoond
kind. In the case of the second proposed way of looking at the problem, however,
one has to determine first of all what the distribution of singularities (super-
sonic sources) along the axis of the duct has to be, and it is found that the
desoription of this source distribution is given by solution of an integral equa-

tion of the first kind.



£(x)

2. LIST OF PRINCIPAL SYMBOLS
distance along the axis of the duot, measured positive in the direotien
of the fres stream
free stresn velosity veotor
Perpendiocular distance away from the duct axis
redius of the inlet section of the duot

radius of the ocutlet seotion of the duct
2

rodius of the inner circular seoction, produced when the annular duct
is out by the plane x = constant

radius of the outer oircular seotion, produced when the annular duot
is out by the same plane x = constant

Rg « R

T

Mach number of the free stream flow with velooity U,

-1

x
“l, s ____
-BT; B Ry
B ,rie B - B
Y, -p 0 3.

length of the duot, measured along its axis
RINY SRR I PR

BRo ER) ERg
.4,
ds dx

looal strengths of the supersonio source distribution which is placed
along the axis of the duot, end which is responsible for the oreatien
of the perturbed flow which flows past and in oconformity with the
oxternal oontour of the smnular duot



L18T OF PRINOIPAL SYMBOLS - (Oont.)

P = looal pressure

Pee = pressure corresponding to a point located in the uniform undisturbed
free-stream flow

= looal density

ﬂ
. = density corresponding to a point located in the uniform undisturded
ot fres-strean flow

'8 = adiabatic exponent; equals 1.405 for air

Cp = drag ocoefficlent = drag exerted on the exterior surface of the duct
b0 B R,

k
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PART I
3s Cese of an Annular Duot with Cylindrical Type of Central Channel

(R} = R2 = Rg), Solution by Extemsion of Lighthill's Method
B Wl 10

The drag coefficient that results from cetermination of the sum of all the
resultant forces oreated by sotion of the pressure increments, p - p,, that are
exerted against the external surface of this cort of duot has been obtained by

Lighthill in Reference 1 and the pertinent formul. has the form

£ L e
Co'4/ pde-Z// W(/4-?/)??(4)a’4 79 (1)
() e °

where the funotion W(y), as a variable that is dependsut on the sssigned
y-values, has been evaluated by the Admiralty Computing Service, and tho tabu-
lated results have been given in the reference by Lighthill just mentioned;

they are reproduced here in the appended Table I.

TABLE 1
Lighthill's W(y) Function

Y w(y) Y w(y)

0.0 0. 50000 346 0.06928
062 0.43180 368 0.,06384
0.4 0,37662 4,0 0.,06898
0.6 0.32889 4.4 0.,080868
0.8 0.28867 4.8 0,04370
1.0 028487 o2 0,03803
1.2 0.22617 66 0.,03331
14 0.20143 6.0 0.,02936
1.6 0418008 Ceé 0.02602
1.8 0.18186 6.8 0.,02320
2,0 0.14542 T2 002078
2.2 0,12131 7.8 0.01869
2.4 0.,11889 8.0 0.01688
2.8 0.10788 8.4 0,01834
2.8 0,09833 8.8 0,01397
360 0.08976 9.2 0.,01277
362 0.0821¢ 8.6 0.01170
Seé 0.,07588 || 10,0 0.01077




Let attention now be turned to the perimetral condition that mey be stated
as follows: in any arbitrary general one of the meridional half-planes passing
through the axis of the body of revolution under discussion, the area that is
to be enclosed between the meridional line delimiting the outer boundary of the
annular body and the meridional line marking out the inner boundary of the duct
is to turn out to have a given fixed value. This condition is expressible by

the simple relation

BR,* L
(Ra = R;) dx = constant
BR,

On the other hand if it is taken for granted that R; = Ry(x) is knom,

then this constraining condition will have the form

£ £ 2
Cﬂ-éﬂ?‘/‘%/ 7 (<) ds =C )
e o o

while it is required, in addition, because of the assumption that
R; =Rz = Ry, that 2

n(y) dgy =0
(3)

must hold true.
Looking back at Eq. (1) now, it is seen that when an arbitrary variation

A7 is given to the variable 7 the first variation in Cp (which will be de-

noted here by the symbol ACp) will take on the form

£
o
provided one uses the shorthand notation that
£
Fry)= W (le -gl)n(a) de (5)



Moreover, since conditions (2) and (3) must always be satisfied, the var-

iation in » , denoted by 4 7 must obey the restrictions

4
/ 47 (?) d?-a
d

o
/10’? f’A’; (2) da =0
o °

If the order of the integrations indicated in the last of the restraining

(6)

conditions given as BEqs. (8) is now inverted, and if due advantage is taken of
the relationship set down a&s the first of the Eqs. (6), then the perimetral con-

dition becomes just ¢

7A7? (7)0’7 =0
(7)

°
If the slope function 7=7 (z) really constitutes the description of
the meridional line contour which produces a minimum drag coefficient, CD s then
the first variation ACD has to turn out to be zero whatever the variation
of 7 , Pai 7 » is, 80 long as it satisfies the conditions stated mathematizally
by means of Bgs. (6) and (7). Consequently, if ) ; and A, are taken to be two
quite arbitrary constants, a priori, it follows that the relation given below

must be satisfied:
8% — ¢F fy)-fl,‘*‘)\z 2= 0

(8)
If, on the other hand, the perimetral condition imposed on the shape of the

external duct contour being sought is the one described in the (b) part of the

first paragraph in the Introduction, this situation is translated into smalytic

language by writing that

BR,t+ L BRo + L
Re +R;
(Q: -R}) dx=2 —cTZ_ﬁL (Re=R;)dx =constant
BEQ BRO

must be invoked,

-10-



Now, since in the case under consideration one has approximately that

Ec + Ry ~

2R, ! (9)
it is seen that once again the relation
raPi
(A -é) 0’; = constgnt (2)

o

holds, which is identical with condition (2).

It is evident, therefore, that to the degree of approximation premised by
writing the simplification givenras Eq. (9), the perimetral conditions stated
in the Introduction as stipulations (a) and (b) are both represented mathemati-
cally by the same equation, to all intents and purposes of the study now to be
undertaken. Of course, it is true that there does exist a difference between
the actual constants which appear on the right hand sides of Eqs. (2) and (2'),
but there is, none-the-less, n; difference in the general form of these two
equations of restraint.

It is worth while to reiterate that Eq. (8) delineates precisely the meri-
dional line corresponding to a body which has least drag. As a matter of fact,
the second variation, 4 2Cps of the drag coefficient, Cp» resulting from an ar-

bitrary variation in 7 , of A% , may be written in the form

4 £ re
A,Cp = ¢ [A?(?yzd?"zv// W(/4-9/)A7;(4)A>7(7)dac/7>0
-} o [}

by reference once again to Eq. (1). (10)
Now if the conditions stated as Eqs. (6) and (7) are still to be satisfied,

then 4 2Cp oorresponds to the drag coefficient that is produced by sn amnular

duct having a value for R, that is the seme as the inlet section and the same as

the outlet section, as well, and whose meridional line is desoribed by means of



PRI, P

the funotion 47 (z). The drag coefficient of this duct, however, is always

going to be positive.

4. Solution of the Variational Equation, Eq. (8)

The solution of Bq. (8) is carried out by replacing the indicated function
F(z) which appears in this Eq. (8) by its longer expression in terms of Light-

hill's W-function obtained from Eq. (5). When this is done, one has that
¥4
nlp)=35 | WCla-51)n(a)da +A, + X, 5 (11)

[~}
where the two new constants standing on the right hand side of this equation

are still being represented by means of the symbols A ; and A , that had for-
merly been employed in Eq. (8).
The expression now obtained as BEq. (11) oonstitutes a Fredholm integral

equation. Its solution may be written in the standard form

2
Nlgl= X+ Rag t3 | 7 (y,8) (Ay+2X,a) da (12)

o
where the resolvent kernel /7 (z,s) is defined in terms of & Fredholm series,

which is uniformly convergent regardless of the value of £ . It will normally
be true, however, that, in those cases of practical interest in the solution of
sctuel problems such as are under examination here, the values of Z will be
such that one may replace the Fredholm series by a Neumann series and reap the
no mean benefit of sharply reduoing the tediousness of the involved caloulations
which would otherwise result.

Thus it will be to advantage to express the resolvent kernel /” (z,s) in

terms of the series

(2) 1 { ’
p(,,‘)'K(,,‘)*éK (.’,4)+"°+ 7 Kn)(?)a)-h-- (13) .

- 12 -



where

K(?,.d.) - W(/A«"?/)
K(z)(z)d) =./.!K(?,t)/<(t;4) dt

.(n) - ¥4 (th-1) dt (14)
K (?,4) =f K (?)t) K (t,.d)

In order for the Neumann series, Eq. (13), to be uniformly convergent, it
is sufficient to stipulate, on the basis of the condition given by E. Schmidt

in Reference 3, that the relation

1
777 > (15)
/ff [W(IA—?I)] da dy

Now in the present case it is true that

/
2<

should hold.

Wils-gl) <05+ 8°28 .-, (16)

where W( ¢ ) has been dencted by A. If one remembers that for £ >4 the corres-
ponding value of A will be so small that it can be neglected, then this value,

sppearing on the right hand side of Eq. 16, which is larger than W(IS-zl ), may
be substituted in place of W(|s-z| ) in Bq. (15), so that, in fact the value of

the double integral appesring in Bq. (16) will be bounded by the quo.ntity,ez/s 3

that 1is, Y’ 2z
[W(|4'?|) d.éa’? <<T
o VYo

and thus it follows that the condition (15) may be recast into the simple state-
ment that the Neumann series, Bq. (13), will be guaranteed to converge provided

that

£<2Y8 = 5.686. (17)

- 13 -



Of course, the radius of convergence of the Neumann series, Bq. (13), is
somewhgt larger in actuality than is allowed on the basis of the limiting value
given in Eq. (17). For large values of £ , however, it will be more convenient
to look for a solution of Eq. (11) in finite terms; this can be done by replacing
the kernel W( |s-z| ) by a trigonometric series having a finite number of terms.
If the series is to have m+l terms, then at each of m+l selected points along
the |8-2 |- axis lying within the interval from O to £ this series will be re-
quired to take on the same value as the W function has there. Thus, in sym-

bolic form, the kernel will be expressed ss

»m
w (|4—7|) = Z A, cos [ Zn (9 —.4)] (18)

n=o0
wherein the coefficients A, are determined according to the formula of Clairaut -

De la Vallée Pousain(4) as

\
T/
’ - ”
4, __57_ Z W(/;'e)cos Jz:n + W(a)f(ml) wet)
P
and el for n= 0)/_,".) ’77"’ >(19)

17% () » P22 D7 W (2

>
If the expression for W( |s~z| ) given by mesns of Eq. (18) is now substi-

tuted into Eq. (11), and if the auxiliary definitions are made that
. T . a= o £
9-71_ ; =44 3 ed ¥ = Y (20)

then Bq. (11) is transformed into
w
n(6)= A, z)\zz“eu‘:[ f Ay (cosn@ cos n6+Sin nd sin n §) % (8) 46,
) o
m

(111)
m
=N, r2r, A%0+0% E An Hp cosne-ﬁz Ap Ky sin n@
n=o nwj

- l4 -



wherein H, and K, are constants which are defined by the relatioms
Hn =fn 7 (6,) cos ne, dé,
°

. 21
Kn:[ I » (6,) sin h 9, 0’9/ (21)
0

In order to evaluate these constants, one may multiply both sides of the
expression for 7 (@) , given as Eq. (11'), by cosn 6,46, and sinné 1461
respectively, and integrate between the limits of O and 7T . For convenience's

saks, when carrying out this operation, one may make the definition that
B, = f"m,+z/\z £%6) cos n6 d6
(4

Cn =f (A, +2X,£%0) 5th n 6 @6
o
end thus B, =TC (A;+ A, ¥ 1t)
) - 4 *
and /B, = ~ 2 A £ for n odd
= 0 for n even
2 * T
while Chn =+ )\,42)\z1 - for n odd
=—-7,;£2')\z 4% for n even .

Once these understandings have been agreed upon, it will be seen that the

H and X oonstm;bs are related as follows:

a1 /
bpHpy =84 "'Z*ZA K T+~ "/?c')

bt' KL' = ' + [*Z A/gH/; ‘-uz 4_‘) for r -02 4 ooce (23)
and % -1.3.5.000

(23
bu Kn =Cr *+ £* 2 A H (l.’-ra-c-a ’ )
for 4 =1,3,5,¢°°

and r = 2,4,6,°°°



whoroin'
b, = 1-1 L% A,

1--—“—["/14 for r # 0 (24)
1-Z- £¥4;

bn
and b,

It is evident, therefore, that the set of 2m+l squations in m+l unknowns H
and K may be separated into two independent systems of equations, one of which
serves to determine the unknowns H, and K; , while the other allows the de-
termination of the uniknowns H; and K.,

This decomposition into groups of similarly determined quantities may be

carried even a step farther, inasmuch as the second of the Eqs. (23) may be

written as

K,=§" +P"‘Z Ay 2l 4,

(25)
where enother simplification has been made by setting
/ /

and thus if Bq. (26) is substituted into the first of the two relationships
given as Bq. (23) it follows that

bo Hy = B, + 2% ZAC}_‘_+IZ AL bai D Ae Hy "f

for ¢ = 0,2,4,°°° (23%)

r =0,2,4,00°
and 1 =1,3,5,°°° ,
This latter relationship now permits the determination of all thg H-values for
which the subscripts are even, and after these quantities are computed, then the
second equation in the set given as Bq. (23) may be utiltzied to find the values
of all the E-values with odd subscripts. h

- 168 -



In an entirely ma‘.logoua manner, if one first makes the simplifying defini-

- tion that
J /

bipn = Y (-~

(261)

it will be found, by working with Eq. (23'), that all the H-values having odd-
numbered subscripts are given by mesans of the relation
by H, = 8; ¢+ I*Z‘/z"'xc/c —%'ff'*/'z 2444 bt)thAt i‘—/: He
for t =1,3,5,c0¢
r =0,2,4,000
and i =1,3,5,°°°
Once these quantities have been determined, then all the K-values having even-
numbered subscripts may be found by having recourse to the second of the set of
~ relationships given as Eq. (23').
Since A] and A 2 are to be quite arbitrary constants, then it is worthy of
g note that the method just described will no longer be applicable in that case

3 - ]
where { might take on that value for which 7w £ A, =1 . 1If this were to

happen, it would have to be true that this critical value of _{ must be such as

to satisfy the condition Vi

W iy) dy =2
(27)

o

where it is taken for granted that W(z) is to be expressed in this instance by
Eq. (18) and where it then follows that A, is to be evaluated from the formula
Py /pW/?)dg.
Now it merely remains to notz that there is no value of ¢ for which the
condition stated as Eq. (27) will be satisfied; this fact may be verified by
- cheoking through the values of Table I, which is, in effect, a definition of the

funotion W(z). This non-existence of a suitable behavior for the W(sz) function




in this special case is all the more reason, therefore, why the other by and
b, coefficients will not drop out whatever the value of X may be, and conse-

quently one may conoclude that the method being proposed ‘here is, in truth, always
going to be applicable.

Finally, it is to be remarked that Eqs. (23) and (23') are written in such
@ way as to permit the determination of the H,, K; set of oonstants on the one

hand and the set Hy, K, on the other hand by means of an iteration process,

provided that the numerical values for the coefficients multiplying the unknown

constants are such as to ensure that the method itself will converge.

6. Determination of the Constants A ] snd A 2

The results derived in the preceding Article will now permit one to write

| the solution for 7 (2) in the form
! 7?/7)=7\, F,f?) tA, Fg /?) (28)

where F; and Fp are known functions.

Thus, ons is led to the conclusion under these circumstances that

A—

! 2 7 ?
E = 4 f?) d? = A, F//;)d?"')\z Fz(?) d9 (29)

e

o - o (/]

and, therefore, by applying the condition of “closure®™ given as Eq. (3), it

; follows that

i
)
H
?

/ ¢

A' Fl /?)0/? +A2 Fz(?)d? =0 (3‘)

[+) o

end meanwhile it is also true that the perimetral condition originally stated

as Eq. (2) will result in the further restriotion that

/ s £ (s
A,/ d?f Fy(4) dé-sz‘/‘d?/ Fpl(s) da =C (2#)
0 (% 0 (o]

- 18 =
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These conditions (2*) and (3*) constitute the definitive requirements which
will serve to determine the constants A, and A, uniquely. After their eval-
uation has been made in this way, then there will be no further trouble in ap~
plying the result given as Eq. (29) to derive the sought desoription of the

meridional line directly.

6. Case of an Annular Duct with Conical Type of Central Chennel (R; # R,).

Extension of Liﬁg}thill's Method to Determination of the Flow About a Conical

Type of Duot, Before Optimization

First of all, before tackling the problem of determining the best duct shape
in this case, it is essential to give prior consideration to the problem of how
one needs to go about finding the flow created over the outside of such a con-
ical sort of annular duct which arises from action of a uniform supersonic

stream that is assumed to be impinging upon it, under the simple assumption that

Ry )‘ Rg ; i.e., where the radius of the circular cross-section at the duct en-

trance is Rjand the radius of the circular cross-section at the duct exit is
Ry, and where these two cross-sections are substantially different in size. Imn
order to carry out such a calculation a procedure will be utilized which is
quite analogous to the one employed by Lighthill(l) in his study of the similar
problem which is concerned with the determination of the flow about a nearly
cylindrical sort of annular duct,

To this end, one may start the analysis of such a flow problem by studying
the disturbed field that is produced by a diatribution of supersonic sources
located along the x-axis with local strengths per unit distance of U f(é) .

It is well-known that the body's geometric properties are linked to the source

strengths under these circumstances by application of the boundary conditions

- 19 -



-

;ﬂpmJW'WW‘FﬂW@A s eseg e e st

which are the same for any and all arbitrary general meridional planes through
the body axis. Thus it may be stated that

. X-8R o
dRy x I f o (x-§)f (&)d &
7% Re J, Y(x-&)2-8" RE (30)

where -;‘(é) - %.

Now if /& is used to denote the semi-vertex angle of the cone which forms
the basic shape upon which the actual exterior contour 415 to be built up, it
will be quite legitimate in the present situation to let

Re =R, + 8 (x -8BR,) .
If, furthermore, the following changes in notation are made for purposes

of casting the above expression into more tractable forms

é = Bth
4 d~ _ 31
5 7;L"9f’?) (31)

and T (&) = A (t)
then the integral relationship written as Eq. (30) becomes converted into the ex-

pression (/-6 B)?

Y S Crrn-t) h(t)dt
y@)’ /+;B7

1(/+5-t)2-(178 a;)" (32)

o

or it is even simpler when written as

(1-08)g o
g* (5)e (1+5By)gts)= (1+9-T)h (L) dt
A [(f',ﬁﬁ)g-t][[/-rﬁg)? -t .,2]

If one now multiplies both sides of this latter equation by..}..z__. and in-

8-3
tegrates between the limits of O and s , it follows that

< (1-88)o ) +/-1) d
g - ._L'_LZZ 7y = h(t)dt —1’__—(-;%— o L
“ / =2 7 ’ e 1Ic /'ﬂB)g-ﬂ[(le)?-nz] {27
’ ° 725 -
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as a result of interchanging the order of integration with respect to t and z.
Upon carrying out the process of integration with respect to 2z which is

indicated on the right hand side of this Eq. (32!} it is found that

8 z
(1-,88)a 1+52L8 ¢ .-
v = f w88 L (2T ) L
Z j A /+ /é-ﬁa

where
z?Z‘KM: 'Vllfeefx E({%};)
_1-48B F (1 X *@_ o)

7 +
A8 ‘/X * 1+ 468
in which the complete elliptic integrals of the first and second kinds have been

denoted by the symbols F and E » respectively.
On the basis of this definition for K(x) given as Eq. (34) it is seen
that K(o)--f 1484B . In addition, let the following auxiliary definitions be

made for convenience's sake:
t
1 =288
h [« (1-,88)] = h* (2) (35)
hlt (/—,ea)] =h* (t,)
(e e & ! (a)

It then follows simply, by taking the derivative with respect to s of both

sides of Eq. (33), that
< K (==l
(a) ~h¥Ca) ¢ == | A7ct) Yoo T-17 dt
d -8 r {7882 1I+B87, ! (36)
(o]

. dK
where the dot has the usual significance, i.e., K(x)= —ax .

Now it so happens that Eq. (36) is a Volterra type of integral equation of

-2] -



the second kind, and its soclution may be written down at once as
/ < |
h¥%(s) = w (o)~ ﬁ—f r(a,¢t) w (t))dt, (37)
0

vwherein the resolvent kernel is given by the following series, which is once

again uniformly convergent (6) in this case:

/

P o(ayt,)=H* Cant)- H¥® o, t1)r H*P) (a2 )=en - (38)

""/58

wherein the several H' symbole have been substituted for the following more

complex expressionss o-t, s-t,
< TF R8T, ) BBt )
H* (s t;) = [+A6t = i -

Y1 +8Bs 1/:88¢, 1//+,BB4 ¥/+ 88¢,
H* ® (., ¢,) ‘—:/4 H* (a,u) H¥ (u,t,) du
¢
HY® (a,¢)) =/‘ HY® Cuyty) HX (5, 0) du
t
and so on.
Now, further consider the firast of these integral relationships; in more

extended form, one has that

u-—t,
H* D (a,t,) = ‘_j_(_/_’_‘_éi____ H(/*/datl) ”
: Y1+ 66s V1+88u J+r8B8uTT+88%,
¢
and if a change of variable is made in which one leta
a-t; @
1-8Bt, d

- 22 -
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then the above expreuion for ®* ( )(s,tl ) becomes

(0 -1 4-0y . / -
HY P ey t)) = feos, ___ MW A7 T ay Fabe) %
IRy A V1+88s V/I+.8Bt, (/+.88uy)

u
/ / Y HeupH ’ du
= Vit &8s 7381, i (’* Buy /wau,) !
o /+ /65&1

= -/_73_ 7"—7???—' HZ//*,dBt,)

where the symbol y has been employed momentarily to stand for the relation

In an entirely analogous way, it will be seen that

-t
H(A u Hy (u )
! +.88 /*/35t
Hl(3)(4 tﬂs[ﬁ%_ I+,'8 t du

/ ! /‘9 - (ul)H(/AS’Bu; rwau) dy
(]

= Y/+ 488+ = 7I+.8B¢, 1+88u,

Vi+ 88« TI+88¢% 3 L/+88t,

and likewise for the others,
On the basis of these evaluations, it follows, therefore, that the value of

the resolvent kernel, /7 (s,t1) , may be obtained from the series
<-t, /

_ ) st
Fasty) = e 7’_;3_,[ H(Taes, ) ems e /wat,)

/ ‘o -t;
Py B /+,6’Bt,) ]

- e 7" (k)

(381)
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and upon insertion of this result into Bq. (37) it is found finally that

< P‘f <=l
/ /r88¢ 1
W) (D s | TTeess v reEE, Wt BT

o

7. Computation of the Pressures and Resultant Forces Acting on the

Cone-Like Body

The component of velocity, lying in the direction of the x-axis, which is
due to the disturbed flow about the body in question, is given at any arbitrary
general point on the surface of the cone (which i: characterized by the fact
that the given circular entrance and exit openings of the annular duct under
study constitute directrices of this conical surface) by means of the usual form-

ula:

ag _ [ X~ %% £ (&)d &

Us ox 7’(x—€’)2-53,4ee='

[~}

=‘/\(/ B,d)? het)y dt _
, -/([+?-—t‘)’--—(/+,852)2

2 L* (t,) Ity
1+ 88 - 2
0 Y/(? t/’[ —es 2 YT g8

where the free-stream velocity, Ue , is used for non-dimensionalizing pur-
poses.

By insertion of the value for h*(t;), obtainable through meens of Eq.
(37), the expression for this x-component of the perturbed velocity field over

the coniocal surface (as compared with the free-stream velocity) is obtained as

-24-
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f w (t,) 4t
1+ 38 2
{(9 t)(/ a5 9~ 07" 738

49, Trfe (w) o
ﬁ-,aaf (-t,) /1788 _z___/ ) w(v) du
, (277 (-,65 7=t *7=55) A
=/? wr (u) du
/+.58 2
7/77'“) /-68 7~ /95)

7r————— w-[u)a’a ? ___/"U_}_a__)a’l‘l
1+ (. t)(/v‘,dB 2
2~ (=78 2" /48

= ?,U“(u) T/;,u)ﬂla.

where the symbol T(z, u) employed in this integral stands for the mixed ex-

pression

b
7—/?) u) Y
~ 1+88
{2 “)[/-,aa e “_/ -G8 (39)
- __/__ /? / (fl 2 u)—dl ——— .
11+.88 1/ 188, _ Z__
| V@) (/-,65 AT
Now with a slight amount of further manipulation it is seen that

wr () = v (u

7z -f-_ /+. 88w
g %
7z i* (2342
* —/65 -;l+ Bu[ f ]

where, as usual, the dot over a function serves to indicate that the deriva-

tive of the funotion so marked has been taken with respeot to the sole para-

meter upon which it depends.
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It thus results that the sought x-component of velocity is given by the

relation T 2
| 8g _ 12 f " T (9, u)
T U, X 7 -f“"Tf— [ g Mf Fi—7se5z ?
Ty, u) du 7% a) da (40)
'V/+,68 w f S u-a

Now the second term on the right hand side of this Eq. (40) may be further

reduced by interchanging the order of integration, so that in its rearranged

form it becomes

/2 ! ? T wda [ _tes)
T T1-38 8 Y7+ 68w Y u-a
(-4

[~}

_ ¥z / ?.*( ) . 7 T(pru)du
T A7-356 g (< ‘/ “-2 VI+Z8
o -2

, 7 %
i =f g (2) Z (5,2)de
' o

where Z (z,8) is the integral;

2 , @
Z(g,0) = f L2 ‘ 2 1z 4 . (41)
<

Tus Vi+,68u 43 I-88

t On the basis of this definition it is obvious that ocne has, in addition, that

_ vz g T (%5 u)
Z (g5°) {188 _[ T viigse ¢

S e

and thus one may write the expression for the sought x-component of velocity as

9. .
A RO (9’°)j/ § () Z goa) e
4

-.-_[9 Z (5,s) a’[y*(af].

(40')

e s 7 AMINERSTE | R VAT 4 DAY
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Further information about the funoction Z (z,s) may be obtained by in-
serting into Bq. (41) the expression for the T(z,u) function given as Eq. (39).

When this is done, it turns out that

Z(n,a) = r2 A 7
7° w VI-88 Tu-2 47- Bu . )(/fﬂe —
< VARV TY A /,aa

'va—-rwfi?fr—rn

£ (ty su) ‘
-,689t+/,68]

' "’———[/‘ Tu-¢ 7/-68u r+88 Z_
)( /-8 2_u*/788
' ( T d
r(t)dr =
~ Jivae | Tt |msieane 188 - - . 2 ]
o %‘“‘“’*ﬁﬁu’ T8 9107084 4
1288 .4

provided that one momentarily makes use of the new variable, defined by the
O -u

relation T = ’—""-:5—8_71- .
Now also let the following new definitions be set up for simplicity's sake:
(FB*'—f%% 2 7=55) (9=
(? -,ea 57 /-faa '4)

'/ ( 2" ,65)( //:ﬁg /z,ea"")
2 _ 7255 ~iva5 " ,8‘8'- ,ea)/‘?mv (42)
t -
('fz&?t'fﬁ)( 228 ~ .35 */-ﬂzaz -+)
1

2
(ERE7-7-
(Az5 ~755 *iisam~ <) (2w * 7
It then follows that the expression for Z (z,s) reduces to

‘/rLE n *r)

(43)

"l_ m,F/k,)/t‘ o

Z (5,4)= '/"—B‘ m F(k)fm
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Then if one notes that

77 ! 1z T-88 ;o !
Z(’.a) =% J/1-8B /rﬁﬁy 2 l-r,dB? (44)

it is easily perceived that the x-component of the velocity in the disturbed
field may be rewritten, from the formulation obtained as Eq. (40'), into the

quite compact statement

/ g / _[7
" Ta ox "9 P iizE, /5 (9:4) 9" (4) s

where an improvement in brevity has been wrought by setting S, {? ,4).-:{/*,584)3 (9,4).

/ (45)
9 »>
=9 (3~ 5(9,4)y (a) da
o
; where the partial derivative of Z with respect to s is denoted by
; ’7Z
- 7e - S /9,4). (46)
g Corresponding to this result for determination of the x-component of the dis-
turbed velocity fisld, the following expression for the local pressure coeffi-
* cient holds:
: - 7
Ll =gly)-[S(5,a)g* (a) da
R Ve A
§ , 7 (47)
y . o
&

Consequently, the drag coefficient produced by this sort of flow acting on

the conical duct is given by

, =4 -,-[f(lpdﬁ;)?’(9)a/y‘/}/*ﬁba)7?/9)4{/"))4)(’*)65‘)’?/‘)“’]

-g—[f(/f)dﬁg) 7’-/?)49-2 (/f;eB;)?@)d?/"3"7(@)(&,634)@’]

(4 (-4

(48)
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where 8* = 3(z,s) for O<s = z

while §° = §(s,2) for 258 <841 (49)

8. Setting Up of the Equation Whioh Will Determine the External Shape of

the Conical-Like Body Giving the Minimum Wave Drag

By use of the expression (48) just derived, it will be possible to set up

a variational equation which will allow the determination of the required meri-
dional line 7 (z) - This is done in an exactly analogous way to what was done
in the case of the cylinder-like duct treated in Article 3., The sought meri-
dional line is the one which will produce a cone-like annular duct having mini-
mum drag, end which will be subject to the same conditions as stated in Article 1
in the form of the perimetral conditioms (a) or (b). The stipulation stated

- as restraining condition (a) is converted into mathematical form in the present

! ) instance in just exactly the same way that was met with in establishing Eq. (2),

8o that here also one has that

L
f ’d? [9 7 (2) de =C (2")

must be satisfied, while the formerly stated perimetral condition given as

S R T

Bq. (2'), having to do with the volume enclosed, takes on an altered form in

TNH

this present case, bascause now it is required that
£, 2
(/*,GBy)J; 7 (&) dae = 0D = constant (50)

o o
where the approximation

_SQZLR_L X R +8 (x=8R;) = R, (1788 4)

has been utilized once again just as it was in writing Bq. (32).
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It must also be true that, whatever the variation in the contour of the

duct happens to be, the further restriction stated as

. 8R,* L
Re v = R, -R, =R, BB
X
BR,

must be invoked; this ™closure™ condition on the contour may be simplified to

read simply that
£
f 7 (%) a’? = £ » constant (50*)
o

must hold.
When ean arbitrary variation to 7 , again denoted by A 7? » 18 brought gbout,

a first variation in the drag coefficient, CD, again denoted by AGD, will re-

sult, and it will have the form

RE 4
4Cp = ——:’-— af (/f,dB;)vp(?)A? (?)a’g

y7 4
-2 /:/ (/-r,ﬁﬁ?)v;(;)/? s*a ()11 854)dst (/*,552)4? ;)/ (/,gﬁ‘)s?(o)/]]

°
The terms appearing within the square brackets in this expreasion may be
combined in the following manner:
PFirstly, the order of integration may be interchanged in the first of these

two integrals, to give

P y;
f(/-f,ﬁﬁ?)72/?)0’9/(’l+,654)5*d>?(4)a’4=
0 0

Z, Ve
?lfﬁb,o) 47%(a)ds (/+,659) 6‘*9( (9)4?

o

- 30 -



£y
where one must remember that, in the evaluation of the integral / (1+88 9).5‘ ?C})JQJ

o
it will be necessary to make use of the convention previously stated as

Bq. (49); i.e., it is agreed that 8* = 5(s,2) for 0sz £ s

while = §(z,s) for s<z <44 .
Upon interchange of the s and 3z symbols, it then follows that

£y Y
o

£ o Y
] ?
/(H,GB?)A 4 (?) a’?f (/+,<954)5*7 (o) de
o )
in which the convention must now be observed that
s* =8 (z,8) for 0<s8 < z

while =8 (8,2) for 248 & /4

Consequently, it then turns out that

Y/
ac, R,, { / (hEB) () 7lp)dy f’;eﬁa’ﬂ?@ / (1458.4)S %) a’;]

(61)
__L{f (/+,6’59) 5?/9) -4 F /?)]A ?{?)ﬂlz}
provided it is understood that
4,
ng)-/ ,(/+,65.4) .5"‘"7 (8) do . (52)
o -

On the other hand, on the basis of the restraints given as Eqs. (2") and (50')
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it follows that the variation must also satisfy the conditions:

4 )
f 019/ A? f.&) da=0
A o

p)
and c//, 47 129) d%p =0
o

or else the simplified versions

0
must be invoked, while, if the perimetral condition on the volume enclosed be-

4, 4,
/947/7)0’7-0 and 472/9/4/? =0 (53)
0

tween the duct's inner and outer surface, as stated by Bq. (50),is to be the one

governing the variational procedure, it will be required that

V4
/' ’(/fﬂﬁ;)dgf?dyfd) do = O
(] o

or, by interchanging the order of integration once again, this minimum volume

perimetral condition states that
I, 2
Aﬂ;z) =
f 2t Tz )4n3) 49 =0 (531)
o

must hold.

If the first variation in (1D » denoted by A CD. is now to be made to
vanish by proper selection of 7 (2) , so that regardless of the variation in
7 s dencted by 4 7 (2) [so long as Eq. (53) is satisfied] it must be true

that
a(l+,659)7((3)-4(/4-/359)/‘/9)-* At Xgz=0

(54)
is to hold, while, on the other hand, if the constraining conditions to be
satisfied by the variation, A7 (z), are the ones stated as Eq. (53') together
with the second one of the set given as Eq. (53), it must be true that

8(1+88p) 7 () = #(1 *885)F(5)+ Ayt 12'9 /’%é?)' o (54')
holds.
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8. Solution of the Integral Equation (54) [or Bq. (54')] Giving the

Contour That Will Produce a Minimum Drag

If the expreassion for F(z), stated as Eq. (52), is now inserted into

Eq. (54) one obtains the relationship for 7 (z) in the form
, [ *
7@)‘; (1+8Ba) S %la) de +

©
which is a Fredholm integral equation, and it is the basic determining relation-

A, " A
/*/659

(54")
ship which, together with the conditions written above as Eq. (53)
[or Eq. (53')] , serves to define the sought function for the meridional line
producing least drag, 7 (z), and which also determines the constants A 1 and
Ag (or l; ).

The solution of this Fredholm integral equation may once more be represented,

just as was done in Article 3, by means of the following expression

v
e S22 ] Flya) MIA2E g,
7% 1+ ) 2 2° 1+ 882 (85)
[~

wherein the resolvent kernel, denoted by /7 (z,s), is to be handled in just the

same way that the analogous situation was attacked when the solution to Eq. 11,
given as Eq. (12), was encountered in identical form in Article 4.

A solution to Eq. (54") may actually also be obtained directly by pro-
ceeding according to the method propounded by Goursat(s). This procedure will
afford a treatment of the present problem which will be recognized as being
quite similar to the one employed previously in Article 4.

First of all, let
(1+8B5) % (3) = Ply) wd (12682)7 (<) =P(a)
and then rewrite Eq. (54™) in the form

£
f(@)'é(/*ﬁaa) .3*?(4)d4+x,+ 7“‘&?0

o

(56)
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r
3

Now, in addition, set O = _ZZ and ) = T 8 and let §*"be represented
' ' LAY y
(approximately) by means of the trigonometric series of a finite nunber

(2m + 1) of terms in the form
[aa}

m
S** =Z Ap cos n6 cos nby+ ? Am+k Sin k 6 sin €6, (87)
e rry

where the constants A, and 4p,), are determined by applying the condition
that the sum of the squares of the deviations between §' and §**, through-
out the interval from O to 7t , is to be a minimum; i.e., the quantity Ee

is to be a minimum, where

E*ff [K,re 9,)] 76 49, (571)

and where the difference between S and S“

K,(8,8,) = 8%-5**%

is defined by

If the expression for s** given as Eq. (57) is inserted into the above
expression for K 1{66,} , the resulting expression for E' will be seen to
be a function of the A's‘ only, and the condition that E‘ should be a minimum

(or maximum) is given by the statement that

QE¥
oA o (57&)

must hold true., -
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Now let the following convenient notation be introduced:

-
v w
€n "f fs*cas n@cos h6,db 46, for , = 0,1,2,°*°,m
o Jo
T T
Emrk =f fs"'sén/cesin k6, a0 d6, for k = 1,2,3,°°",m
s o Jo ,
L
u Hn, . =/fcos né cosnb, cos (6 cost 8 a6 I,
5: o Uo
2
E = -E—for n =3
; i€n
= O for p o4
: o (s8)
: A, m+ ke =f f cos N6 cos nbysinkb sinkb,db dé, o
o o
2
= ———27—-“‘42 ku 3 for k 4 n odd
T (and thus also for
k-n Odd)
= 0 for k 4 n even
(end thus also for
k - n even)
HMmek,n=Sn, mrk
2
.: ‘nd/‘m,pk)m,.‘/"%if k= while/um,k)m,'/'=0ﬂ‘ kfj
£ J
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Writing out the conditions for an extremal, Bq. (57"), in explicit form, -
one obtains the following relationships, where m is taken to be even, for
instance:
€0 = Ho,0 Ao T A oym+y Apst T M0y mas A'm+3*'"+/“'o)zm-142m—/ W
€y “'/“},1 A/ T ke bm-rz.Am-rz */‘ I, me g Am+4+'“+/“7)zm Az m
€3 S 0,2 A2 Ay maeg Amuy * o Ty am-yPomey

(89)

€mat = A meiyo Aoty 2 Aot by m Am o s, mms A vy

Emez = Amrz,) At fmea,e A3t HMomsa,me1Am-t T pmaa, mez Amra

J
The set of equations just written as Eq. (59) may be separated into two
independent systems of equations. One of these systems contains m+l indiv- ”
idual members of the type given by )
m-1 _
€n = A n,n Ap t .Z- k A p, my ke Ak
ke
and t
» - r (59%)
Em+ i =/a7"+/¢-, me ke 4M+k+Z/“m+k,n An for n = 0,2,°°°,m
n=0 and k = 1,3..°°pm-1 v
-
The other independent set of equations contains m individual members of
the type given by h
€, = M5 Al +2‘ A mae g A+ ]
=2
and "
-1 7 (59")
€m+j et TR Y A"h*j ’ Vet TR A; for i =1,3,°°*,m-1
b=1 and J =2,4,°°°,m
-~

snd, what is more, these above two sets of equations can be reduced to the fol-



lowing two independon't sets, one of which will have % + 1 individual members,

and is given by
me= )

6, - A*Z Smrk ? A
n= An,nAn //lﬂthiwe /A‘hﬂ+kbhn+é /“nvféuln+k ?JZ

Ty, (60)

for n - O,2,"',m
- o’z.ooo’m

and k = 1.3.“‘."1'1

while the other will heve only — individual members, and is given by

m-1
&=y A+ /«, me | 2t Hmedr  Ap
Amrjymt] A mejs mr] (60')
T .

for i - 1,3."',!1-'1
J=2,4,°°°,m

and p=1,3,°"°,m-1 .

It is worth pointing out at this point that a very significant property
thet is characteristic of the E's may be seen to be brought out by the array of
equations given above as Eqs. (58); that is, it is quite easy to deduce from
them that the computation of the E's may be performed without even ;;he neces-
sity of having to know what §* is explicitly,

As a matter of fact, in order to give some elaboration on this statement,
let attention be focussed first of all on the distribution of supersonic:
sources which are to be located along the x-axis and which will then produce

the required radial component of velocity given by the formula
cos n @

” 77, (a) e- /*/68 &y &

at each point, located in the interval BR) < x £ L¢BR; , and lying on the gen-

eratrix of the cone which is determined by the entrance and exit openings of the
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annular duct under consideration. Also, let ¢ n represent the potential which
describes this flow, Then the relationship given as Eq. (37') may be used to
find out how the strength of the source distribution must vary along the x-axis
in order to satisfy the imposed boundary condition at the surface of the duct,
or, on the other hand, one may employ the approximate procedure described by
von Ka’rme{n and Moore in Reference 7 to effect the rame end more simply.

The corresponding drag coefficient, that is defined in the conventional

L*BR,
maoner as -znau;f L 9%u g, ry) dx
5 |

U. dx
(Co) R
&/n w RE - F P UZ

n

4 / o9
= -48 T axn(’*ﬁ59)7"/9)‘/9

(61)

mey consequently be determined without further trouble,
On the other hand, on the basis of a comparison of Eq. (58) with Eq. (48),

it would sppear that this drag coefficient must also be given by

(24 2 2
R % 44, |- cos*né V4
C = ——— -2 L
( 0)/7 Qg- 4 o /+,dﬁ_ﬁr.9 e €n . (61+)

Of course, one may evaluate the first term within the square bracksts by

means of the following reduction formula:

/4
cos?né A 2n 2n 2n
[ 7+.68 % & 9% 22 % ci(% - 2"”)-01(7)'1oy(/m 7)

b sin 22 [4; (22020 )2, (4]
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where a =8B %,md C1 o.nddi are the sine-integral function and
cosine-integral function, respectively. Thus, it follows that Eq. (61') may
be used to obtain the values of € , directly,

In an entirely analogous manner, one may obtain the € msk Velues. Be-
ginning with the statement of the condition on the radial velocity components
produced by the distribution of supersonic sources placed along the x-axis;

l.e., using the relationship that

U - U Sinké
oo Tm+k = Yoo /+/65_3r' o

one may obtain the value of (CD)m & directly by means of a formula that is
analogous to Bq. (61) where (cn)m*k is the corresponding drag coefficient
that is defined in the usual conventional msmner in just the same way as was done

previously. This drag cosfficient is thus obtained as
2. 2
44 St "I 2 //
C dd- —L e

and, in this case, the evaluation of the first term may be performed by means

of the extended formula

T in?
f S e d0m Ly cos 2 lfcz/_g_k,«zen)fq./%),«,oﬂ,m/]
(] w

doin [ een) 4 (2]

so that it again follows that Eq. (61") may be employed to give the sought
¥

values of € .. .

T It may be of interest to point out that the first term on the right hand

side of Bq. (61') [or on the right hand side of £q. (61")] will give the value

(continued on next page) -39 -
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Returning now to the main trend of this argument it will be assumed that the
two independent systems of equations, Eq. (60) end Bq. (60'), have been solved,

end that the values of A, and A4, heve been celculated, once the approximate

"
valuse 8" has been accepted as a suitable representation of the quantity 8§ . After
this has been done, then the determining equation for eliciting the required meri-
dional contour may be converted from the original statement given above as Eq.

(56) over into the new form which appears now uss

w
P(8)= A+ Ay EZ e+ (/+,<95 /s“ffa)c/e,

. x o)/ % & e
= A +2AZ l 6 '/‘j, (/*Z/éﬁj 9)[ 4/, H’; cos n O+ Am,.g /‘g &hké
&=/
where the new symbols appearing lrerein are defined as

o =l
21
Hﬂ 'f‘” JP(G,)COS h9,¢/€, (63)

142
Kk =~/0\ 50(9,) Sth k6, 45/
with obvious analogy to the definitions made earlier in Eq. (21).

T

of ('C'D), which is the value that Cp would have if, in the calculation of this
drag coefficient, one were to employ the formula which gives the pressure under
the condition that flow is assumed to be two-dimensional. In other words, it
turns out that the € -values are proportional to the difference between the value
of the drag coefficient (ED) , obtained in the manner just mentioned, and the
drag coefficient which would result from a calculation based on magnitudes for
the pressures which would be obtained by working with the correct formula, given
as Bq. (47).
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Now let the following useful constants B and Ch be defined as follows:

n

4
*
B, = (/\,"'2177\29) cosn60’6=-‘2a?,Az-:13f°"

»
- )\, T+ Az[,ﬂffor
=0 s for

and

v
0 . PA - v
Cnsr'/o' (7\,+Z.f,;\z€)sm 7790/9:—;’- A/"'Z,e/)\z—n-,for
=—24*)\z n'r—r) for

=0 for

odd

sven

odd

oven

=0

with obvious analogy to the way the similar quantitiss were defined in Eq. (22).

Consequently, by utilizing these definitions it is seen that the following

relationships between the H and K values are obtained on the basis of what

was previously stated as Eq. (62):

. 2
<n H/‘ = B/, + »[;Z‘- bﬂl‘ Am.'(: K"'f' Zﬁijan
o,
7

2
7t

and

W
Ch Kn = Cn +8] ) b Ami Hit 28647,

(65)

for r =0,2,4,*°

‘nd 1 = 1’3.5....
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where *
o= 1-8% w A, - 884%% 2 4,
fn =87 F Ay -864% m A,

ci=l-lt T A - 084 4, (ee)

<= 7= j-rn‘ Am+/¢'/55f*z"’ A mrai

and oC:'="I'TAMH’-/egI‘;z”A"’”.

while
byl = L !

{ +e L

/ /
bix = -

([t~ (- .
=N 4 4. - 1
Le ZL, A Hi [//f/z)z + /1"/")2]
[
N .
Zf’"'J KJ.[_ -1)"" Z b,,J-]-A mr Ky 2
A ! {
L o= Z'MA"”"" K"[ T2t —/u)"]
' _ s 7w
" Z ajHy [0 byel-aiHi 5
=-Z A“H"’[(Hn)‘ (l-“)"]
Z ‘4m+J KJ[(‘)‘*J btd]4m+¢/<lzl.€'
Y ko] L !
and Ln Zl- Aom+i Kl[n‘-r/cjz * (('—/c)z]
Y AR [~ E i A,
r, : =

(e60)

for j=0,1,2,"**,m
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in which the prime on the summation symbol is for the purpose of pointing out
that the term which has both of its subscripts the same is to be dropped
when the terms are summed.

It is admittedly true that the calculation of the H and K values by
means of Eq. (65) will be somewhat more complex than in the corresponding
case encountered when dealing with Eqs. (23) and (23'), but nevertheless it
is to be remarked that Eq. (65) is admirably suited to treatment by an iter-
ation process for the purpose of finding the H and K values, and this iter-
ative procedure must surely converge if,ﬁ is small enough. The successive
steps in such a process will consist of, first, finding & preliminary eval-
uation for H and K [let them be called H(l) and K(l)]by dropping out
the L-terms in Eq. (66), and then proceeding to find a second approximation
by utilization of values for the L's which are obtained by inserting into
Eq. (66') the approximate values H(l) and K(l) in place of the actual E
and K values. Once the first approximate values of L are obtained, fhen
Eq. (65) can be solved once again to give the next more accurate evaluation
for the H end K values, and this process may be kept up until the re-

quired accuracy is achieved.

10. Determination of the Constants A1 end A 2

In order to obtain the values of the constants A, and 7\2 one may do
Just what was done previously in Article 5. That is to say, the solution of

Eq. (54) [or of Eq. (54')] is written in the form
7(2)->\/ F, (?)1“12‘ FZ.(?) (67)

wherein Fy) and Fp are definitely known functions.



Then here again one may deduce from the above statement that
J 7
ey =f 7 (5)dg -x,f 5/2)a’9+)\zf2}-‘z ty)
o o o

and besides, for geometrical consistency, it is required that

/ Rz—R, p’ I’ /
ET- )\;o F;(;)/;fxzf Fz/y) ? (68)

while, because of the perimetral condition stated as Eq. (2%), it must be true

that

£ 7 4 2
R, d?/\ F-,/A) de t+ XZ/ /?/ F:z(.d) d.é - C, (69)
o [+] -] (]

Similarly, it follows, because of the perimetral condition stated pre-

viously as Eq. (50) that one must impose the condition that
4 2 , 1 2
N (/r,aﬁa)dg Frlo)det A, (17883)dy [ F2 (s) da =D (70)
o (-] °
if, this time, the volume enclosed between the duct's inner and outer surfaces

o

is to be made a minimum. Thus, this Eq. (70), together with Bq. (68), wherein
the constant A,; has been substituted in place of %xz s will afford the means

of determining the constants under consideration in this alternative situation.
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PART II

1. Direction to be Taken in This New Approach

The problem which was stated and investigated in Part I can also be solved
by making use of a mode of attack which is quite similar to the one used by the
author when he previously had occasion to study the problem of determining the
solid missile shape which would give a minimum drag, the solution for which is
given in Reference 2, This new alternative way of treating the problem now
under consideration differs from the approach used in Part I essentially be-
cause of the fact that in this new manner of handling the details of the so-
lution one proceeds to find, as an intermediate step, the distribution of
supersonic sources which will produce the annuler body contour which will have
minimum drag, rather than seeking out straight off what this shape of external

contour must be,

2, Computation of the External Drag Exerted Upon the Cone-Like Duct

Examination of the more general case where R1< R, 1is to be undertaken
right from the start in this instance, hecause the soclution of the problem of
finding the sﬁo.po giving least drag which pertains to such a cone-likes body
will not present any more essential complications than will be found to arise
in connection with the more restricted case where the basic shape is almost
oylindrica.l.

In order to derive the formal expression for the external drag coeffi-
cient, the apparent mass concept will be employed as follows: Consider the
mass .of fluid enclosed between the planes AL A and BBB' vhich are

normal to the x-axis (see Fig. 2), and which contain the entrance and exit
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sections of the duct whose external contour is to be determined so as to give
minimum drag. One of the other two enclosing surfaces for the mass under con-
sideration is the simple boundary marked out by a circular cylindrical surface,
o~ , which is to have an arbitrary redius, denoted by R', and whose axis is co-
incident with the x-axis. And, finally, the last enclosing surface is the

exterior surface of the rigid duct itself.

IR

Fig, 2

Control Burfaces for Applying the Momentum Theory to Determination
of the Drag Coefficient Corresponding to a Cone-Like Annular Duct

Now let Qz dt, Q'dt, and Q1 dt denote the component in the direction

of the x-axis of the momentum possessed by the following masses of the fluid,
respectivelys the mass flowing out of the section BB' per infinitesimal in-

terval of time, dt; the mass flowing out of the oylindrical surface, o~ ,
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in this same time unit; and the mass eutering the section AA' in this inter-
val. In addition, also let Fp be used to represent the drag which is created
in the distance between the end-points of the duct, A and B, and let Fp be
taken to represent the component along the x-axis of the force which is due to
the pressures acting on the sections AA' and BB'. Then, on the basis of
the momentum theory, it follows that the above-defined quantities are related

by the formula
Fp =Fp = Q, -Q'*+ Q.
(1)
If one mekes the further definitions that U, and U. are to stand for

the axial and radial components of the local velocity vector, ¥ , respectively,

then it may be seen that
Xg R'!

Q'+ Q,-Q,~2mR'[ PUyU, dx + 21| PRUF dR-r 2T, (R'R%), o)
Yq ' Rz -
On the other hand, the equation of continuity requires under these cir-

cumstances that

e/
=~/ (RF ") /ORUxalR*Ef LU,y dx =0. (3)
Ra
Proceeding further with the reduction of Eq. (2), the following auxiliary defin-
itions will also be found helpful; i.e., let
U *

wi o ox o, [;/;)v.v.. (U )+ £ ("'z’o)v-un(a U.Q

AW, 2
= Pa /-M.’:(-;: 'z —U-'_?)+§[k-r)M:-M.’i7 oz

(4)
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Then it follows that

R’ *8

Q’+§:’—Q, = p UL ﬂ,-az%),g;mg;o, uUnp dx ., (5)
Rg =

*4

Furthermore, one has that

RI
—Ff ‘f (P-P“)de
RZ

and since

U2 2
_’.?.',./O“M.iz_

2
Popoo® Lulet-fn -=R

the expression for Fp may be put in the form

R' E, [
Fo = Ao U,.fRua’R'-ZL/Lf u’B’-/ea/R»«é/?:/ RU% /R
Rz Rz Ra
and by combining these expressions according to the dictates of Eq. (1), it

is found that Xg
Fp = 27 (f‘f”)k%f ax
X4
XB /
=—/°.°k/ u U, dax +zi/2, RE/B"u‘-rU;&)a’e
X, Ry

Let it now be assumed that R' = R,. That this is a legitimate simpli-
fication will be readily admitted provided the thickmess (height between the
snnular duct's external surface and the basic internal conical gurfnce to which
the circular sections AA, and BB, belong) of the configuration under con-
sideration is small enough. Once this sgreement is settled upon, it follows
immediately that Fp reduces to

ol
Fp"“/’u'er:f LTz gy
X4
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and thus the expression for the drag coefficient turns out to be simply

X
. Fp v U X
- CD = ¢ L= d — ) .
Lo, meivs " Ra/ Voo Ueo (Rz.

2
Now it is well known that the u and U, components of the flow are

given by the formulae:
X - BRz

u £ &) (&)
Uco V(x-;)z szz
and o
r R/ A N 91 14 VP

where the notation is the same as that employed in the development given as

R R

Part I of this paper.

4 Thus, if one first lets

- Ly, =L (1-.88)

- for convenience's sake, then it follows that

Lz*BPz x BR b 52
-2 : ‘f'f&,)-f-‘/g&)ﬂ/é‘
7 f(u-a,? B*R; 1(x-€,)>-5"R1'(6)

aez,

e L

Oh

In order to put this expression into more tractable form, let the inte-

gration with respect to x be carried out first of all. The result will be

Lz' L, +ER, _
Co‘,;%{g/ i re,) 44,/f ffézws,.f LA
o fﬁPz .

Lo#BRe
- f‘/g)a’éf fﬂfﬁLT—?Wj

£+8R,
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la ‘*BR z) ol

—_7/ f‘ (gz) ad& // 'f/g,) a’é', ./(x_g)z 51-28 'f/x—; )Z--anez

L,*B8R,
(x ~ L)a’x .
/’o/g/)‘/"‘// T(x-&)%-82R"1(x-& ) B8R L8
0 .g;afez

The very last integral in the above formulation may be simplified further

by proceeding as follows: L, * BR,

Let - (x-8,)dx
Hp (ty,12) Tlx - £ -0 -7 (x-&)>-B 2%
g‘z-r Be, ! “
and then , ) 1+ULy (32 -t)d2,
Hz 2",_,1’,_ = '/(-—f 2 VW ~F, )2~/ (7)
1ot 72 2) @z 7)

where the improvement in symmetry has been made by applying the transform-

ation defined by x

t -
1 gk (7)
2 - L=z -4, (1-88).

The evaluation of Hz(tl .tz) may be performed by recourse to elliptic inte-

grals; i.e,, one finds that



Nl:
(22-% )¥3e

17? -Tg)%-1" '7@ -7) 21
/+tz

k)r2 ﬂ/}g,e,n)]

tor.ti;;_l.71

=(tyrt, =) f&g,k)* (y-r)T1%k 15 7y)

(8)

tz-tl
2
where F-F(yo,k) is the elliptic integral of the first kind with argu-

for <1

ment (P, which is defined as

(/;_tz_)(t&-t[)
(P} -t,+2)(ty-t,+2) (9)

and the modulus of this elliptic integral is denoted by k , where

2 - - 2 2 1
k== f'z"t/).

(91)
The other symbol employed in Eq. (8), i.s., JT (fo,k,n) , stands for the

sg = arcsin

elliptio integral of the third kind, whose corresponding a.rgument, fo s and
modulus, k , are given by the same formulae just set down sbove as Egs. (9)
and (9'), while the parameter, n , which appears in connection with this in-

tegral has the definition:
» n (/ ’ 2 ) ’
- - —
t, ~¢
£ (%)

Finally, the other elliptic integral of the third kind employed in Eq. (8) has

an argument, modulus, and parameter which are determined according to the re-

lationships ?
2002 - t3)
¥, = arcsin /ﬂz_%)/tz ~t,t2)
k, = /- ( ) noy
and ny= - (/ +—_‘—2_—L)‘
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In an analogous manner, the other integral appearing in Eq. (6') may be

handled by letting

L, + B8R
/ 15 2) f(xq)‘-ﬁzkg-fﬂ—gz)ﬁﬁ Rz
6,*8&2,
and, by use of the transformations (7!'), it then results that
*
,+12‘ /2; - Z"z)/z PR

Hr(zufz) =

Vg, =t )%= 1 Wz, ~t5)% =/
/+t,

and the evaluation of this Hl(tl,tz) function may also be effected in terms

of elliptic integrals as follows:

ﬂ
- 1
Hy(t,,t;) = Z(Tt,;~rr;+ ) F/’z”‘)*:-rz ITr# ks n,)
for H;t_z 71
='F/pszk))*/f/'f'z)W/%;k/)".s) r(ll)
for S1°%2 <1

where the new arguments and parameters appearing here are defined by the formulae:

LE =t (t, -¢t;)
(a?*z —Z‘,rZ}/z",—rz-fZ)

4, = arcsun

. 2(0F-1t,)
= 2 4
$5 = arcsih ‘Vflz AT 7EL)) (12)

- 2
n, = (If————r,_rz)

and n3-—(1+ rlz-tz.>

while the modulii k and kl are determined by the same formulae as used in the

previous case.
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If one now scrutinizes carefully the expressions given for the arguments
and parameters in Egs. (9), (10), and (12), it will be seen that the following

intenrelationships exist between the later set and the ones given previouslys
$a(tysty)=5% (T3, ty)
Y3 (ty,t) =% (tz, t,) (13)
and 7, (ty),t2) =n (ty,t,)
”3 (*’)fz) - 77/ (7‘2, r,).

Consequently, the expression for the dro.g coefficient given as Eq. (6') reduces

now to

Cp -—;- Bz_&‘/‘ f/f,)dt(/\ f/fz) H(f’/,tz) dtz

(14)

- _1%— B2 :i; f(t,,) a’z‘,t/‘f‘ (t)) Ht,, t, ) dE,
° o

where the understanding is made that the interval of integration from 0 to
1; » both in the case where the integrand is £(ty)H(t;,t;) as well as in
the case where it is f‘(tl)H(tl,tz) , will have to be divided into two sub-
intervals, which will run from O to t; and then from t; to [; in the
osse of the first expression given for Cp , while in the second expression,
the splitting up of the 0 +to 2 ; interval will be done at the point tp
so that the two sub-intervals run in this ocase from O to t, and then from
tg to ¥ 5 o Of course, in each case the H function to be used will depend
on whether t, is less or greater than t2; i.e., H will be set equal to
Hy if t3<%; , while it will Dbe replaced by the Hy, expression in the part

of the interval of integration where t32>%t; .
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3. Determination of How the Supersonic Source Distribution Must Vary Along

the x-Axis in Order to Produce a Minimum Drag, (Cp)min

The statement of the boundary condition for the external flow over the duct
in question results in the well-known relationship
x- B8R o 5
Q’Pe o / 0‘"5) f(é)a/
a x R, & (x-8R,) (x-8)Z-B2LR+8(u- BR)

(4
where, for brevity's sake, the upper limit on the integral has merely been

denoted by x - BR. This condition may be improved slightly in form by making
the substitution  @=Ry/Ry , to give
(o ~@)(1-58)

dRg . ___ B (72 =t2)f (t,) Jré-
dx cv-f-/?B/yz-w) 1/92-?'2)2-[@‘/'/65(9'@)

o

(15)

and consequently s more directly useful form of this boundary condition re-

sults as ?Z (t’-w)(/-ﬂﬁ) 0

Ra =R _ dt;g, ‘/—_—_—(% .

“57,- =8  avsbrme / Ct-82)*= T2 8B( o] |
w [}

If the order of integration in the above expression is inverted, it then may

be written as

(34 -)(1-88) [,

P 2 (t -t2)dt, 7z
[ Y ; 2 |
BL_LRZ Bl f(ty)dt, Leort BBt a)T (-1, -[o1BB @) (161

k1%
,1A95ﬁ-a)

The next step in rendering this expression into more suitable form for later



manipulation is advanced by mukirig the following substitutions:

‘t',*- w +/66 (t/
! = ty
and t,"tz ,65 - we ,6/566 Ty = FIB_.- Y (17)
where Y = lpmw ° fﬁég ‘ (17*)

and thus the integral with respect to %, indicated in Eq. (16') may be recast

into the form

p P2 (t,=t,) ot
Je, TR oy T Iy

1-28 +tw
. [°°% dt,”
48 |45y Vi (157692 88Y ¢} 74527
1-68
8B
==Y ! dt]
88Y ty T¢t72(/-2°BY-2 BBYE,+5°B°V
/- .68
= [, + Iz (18)

where 7/«' = Fa "w‘_%da—ﬁ‘—‘

It will be clear that the evaluation of the integrals Il and I, re-

sults in the following expliocit expressions for thems — .
l (1-B28%) Y- Y+ V-8 1YY )06 4>
I = 35 yreTs o ALy *

. L Y-V G-V ETETRT

and consequently the sought expression, to be used in expressing the peri-
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metral condition to be applied below, takes the form
w)(1-88),

( -

R- R Z2

—B—R;z—L '5/ I(gz)tz)f(tz)a’tz (19)
o

where the indicated I( zz,tz) function is the one expressed as Bq. (18').

Now the desired expression for the integral of this thickness parameter

is given in extended form as
BE,*L Cv"'jz (?z—w)//—ﬁﬁ)
-R .
BN - szzf %2 / I/?z’tz) Flty) d't,
@ o

£
=53Ez/ —g(fz)‘f(rz)drz
o

R-R1
BR

g

where ﬂ/t,)‘ If?z’ i'z) 0/? 2 e (20)

+ w

/-85

Finally, therefore, the statement of the (a)-type of perimetral condition
discussed in Article 1 of Part I may be put into the simple form
4} )
‘a(tz)f(tz)dtz'C. (21)
0
In an entirely unalogbua manner the other “volume® perimetral condition

may be given a simple formulation by first noting that
BR,tL BR,+1
/ (RE -RY) dx %% [R,+,e(x-5/e,)_][k,_.—k, -4aR] ox .
where once again the average duct radius is expressed as

Re+ R/
__g_z_._‘. - R,*ﬁ(x_je,)
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and the internal radius is given in terms of the mouth radius by the relation

R"=R!+ARO

Consequently, the (b)-type of perimetral condition discussed in Article 1

of Part I ma.y be expressed in the form
C«Dfﬁ L,mee)( 1= ,35)
f z[w(/-ﬂa)»*,eB%] ng (22, t,)F (t;)dt,

provided it is unde}stood that G"’(tz) stands for

1-88
ﬂ?tz) "/ [w //—ﬁB)fﬂBgz]I(?z 5 tz) 6/92 . (22')
2 +w
1- 88

Of course, the final “closure" condition to be satisfied in all events is

that

_.BE?._R_Z__ - — (/- w) B8 ( +w_, tz)'F.{tz) a/tz = constant.

(24)

The first variation in the drag coefficient GCj which results from & var-
iation In £ (t3) , denoted by 4 $(t5), will be seen, by reference to Eq. (14),
%o be expressed by the following equation

acCp = Z:z [/ A-F(tz)o’t'z/ f‘/rz)H(t,,tz) dt,

*

A U
+f af(t,) a’t:/ /t:)"’/"/lfz)‘/t/

. 282 _z_ /Af[t,)dtlff(tz) H(t/:tz)fH(l‘u a1, (25)

™
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By remembering how the expressions for Hl and B, were glven further elabe
oration in BEqs. (7), (8), and so on, it is of aid for the present purposes to
realize that

In the case where t1<ts S £4

-
H(t;atz)*H (f'Z: t/)= Hz (t/) tz)* Hf(rz: tl)
_4r2(t,-t,) 8
- —22 F (o, lc)ftz_t’ T (B.k,n)
for_t_zz..f.]_'- 1
=(tz"r’"'2)F(y))k/)+2/tz_"t,)N[%,k’,n,)
to-t
fop i > 1
In the case where 0 < to<ty :
H(z}atz)*ﬁﬁz:f/) - Mt ty) *Hy (. 1)
2(t;~t)+4 8
T, -, F :k)*;,—._{-& ]T/;zg, khy)
ror Y1t ]#
2
=(t;-t, 'Z)F(’%,kr)*Z(tr‘fz)w(f.’»knh;)
tq-t
f 1-v2
or __2__ < .Jj

Recognizing that the H(t1,t2)+H(tz,t1) function just discussed will take
on the alternative expressions given above in the separate parts of the interval
from 0 to £3 , let the convention now be dede that this function is to be

4
denoted more simply by the single symbol M(ty,ts)

"(26)
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5
b
|3
€

Consequently, the first variation in the drag coefficient may be writtea

as 1 "
28* ——&'Q af z ; ad
(27)

provided that the f(tz) function really defines the way the distribution of
supersonic sources must vary along the x-axis in order for the corresponding
drag to be a minimum, where this minimum is denoted by the symbol (cD)min

8ince it is. required that the conditions expressed as BEq. (21) for else by
Eq. (22)] in conjunction with Eq. (24) are to be satisfied at all times, it

follows that it will have to be true that

sz (t,) I ' r,) dt, =0
o 1,85

I&
and ‘2f (t) & (t,) dt =

must hold for any such variation 4 i.‘(tl).
It will have to be true, consequently, that the function f‘(ta) must
satisfy the* relationahip
Flt)M (1, t))dtsr X I(, ﬁa-fw)t)-f;\ A(t))*Q (54
o]
On the other hand, if it is condition (22), instead of condition (21), which is

required to be satisfied, an equation exactly similar to this latter Eq. (28)
will have to hold, where the new condition on f(tz) will be obtained from the
previous one by the mere substitution of the function G*(%1) in place of the

funotion @(ty) that appears here in Eq. (28).
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4. Solution of the Integral Equation, Eq. (28).

The determining equation for the required source distribution which has now
been derived as Bq. (28) is an integral equation of the first kind, and, as is
well known, such an equation does not have a solution in general, if the given
function is arbitrary. The investigation carried out in Part I of this paper,
however, showed that there does actually exist a function which describes the
external contour of the duct in such wise that the drag produced by this duct
shape is & minimum. In addition to acknowledgment of this fact, it may also be
observed that to each such external contour, described by any such meridional
line, there corresponds one and but one single distribution of supersonic source
strengths along the x-axis, denoted by f(t), as may be seen by referring back
to what has already been deduced in Article 6 of Part I. TUpon realization of
the import of these facts, therefore, it may be concluded, even without the
necessity of carrying out the proof starting from first principles, which would
be rather laborious, that there does exist a solution to Eq. (28) and that it
will be unique.

Before going on to the determination of the solution, which one is assured
exists ﬁniquely in light of what has Jjust been said, it is worth pausing to ob-
serve that the kernel of the integral equation, M(tl.tz) s oxhibits a loga-
rithmic singularity at the éoint whe:e t1 = t2. In more precise analytic terms it

may be stated that

Mt t,+d) = togle| + o 1)+ o (4) (29)

where the symbol |d\| is used to denocte the absolute difference between the

t-values, i.e.,
[ J

| to-ty|=|d
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Let the integral equation under consideration be rewritf;on, therefore, in

»
the form 42

. *
f (t2) M (t,te) log ,z‘l-t,l dt, +X, ]6—‘?—2—3+w,t)+ Mg &(t))=0e

log [tg - z-,[
o (28')

M(t1,t2)
I°S|52"'51|
remains finite throughout the whole interval running from O to /£ 5 , and it

As a result of this manipulation, therefore, the function then

takes on the value unity at the place where t, = t;.

In order to obtain an approximato solution to Eq. (28') one may proceed
by first dividing up the interval from 0 to ¢ ; into m sub-intervals of
equal length to be represented by the symbol a. In addition, the function

%' is to be replaced by a step-function (holding for any arbitrary
og | v2-%)

general value of tj whatsoever) which may be set up as follows:
i
Let t](_ ) represent the value of ¢, which corresponds to the midpoint
(
of the i-th sub-interval, and let tzj represent the value of t, which
corresponds to the midpoint of the j-th sub-interval. Then the definition
is made that .
. Q) (j)

W .y MED )

N(t’ J tz - (‘-) ( .)
tog| ¢, -1,V , (30)

Now in each one of the m small sub-intervals the value of f(tz) is
taken to be constant and to have the value which this f(tz) function attains
at the midpoint of the small sub-interval under exemination. If cne then rep~

resents these constants in the form

Aj = 7;(“20 )) (31)

it follows that the integral appesaring in Eq. (28') may be represented by the

following sums
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A )
[ F e MG gL, | o
o loy’i’, 'tz,

- X Ay Nt 6Y) R (D) a[fog (-Z—)-I]Ax

J=1
f(",-)/- a

. . t 'z
where ﬂ(t/(‘)) tz(‘/)) =/
+ (J)

4
2 2

= ([e%-# g) oo |70 2)

(lt(J) t(()l__ ‘y(lf(") r’(ll %)-a

(32)
for J 7‘ i.
If one now imposes the condition that Eq. '(28') must be satisfied at all
m midpoints of the individual m sub-intervals just defined above, the fol-

lowing system of m equations in the m unknowns, A , will' thus result:
m

Z' N(Z',(‘,) tzd)) (tﬂ)fz(‘/)) Aj+ " a [loy 2 "/] Ay
Je

Ly (
ANy ¥ wtf?)en, 2rtf?) -

(33)
for 1 =1,2,°°°,m, .
In conjunction with the condition (33) it is also necessary to have the

following two conditions satisfied:
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m
’s (W
Z- I(;—_jﬁ + w, t, ) a 4; = constant

J=l (34)

m .
and & [tz,w)) aAj = constant.

J=!
Thus Eqs. (33) and (34) constitute a system of m#2 equations in the

m+2 unknowns A, )\1 , and A o » and thus they afford the means of arriving
at the solution to the problem in hand.

It should be pointed out at this juncture that on the basis of the defin-
ition of the function M(ty,tz) that is given as Eq. (26) above, and if one
also recalls how the values for f and P , were originally set up by means

of Eqs. (9) and (12), it will be readily sppreciated that when the i-subscript

(1) (J
and j-subscript are widely different, the? ;;ho Era)lue of M(tl ),tZJ) ) will
i J
lie close to zero for large values of |ty - U3 » Consequently, it then

becomes abundently clear that some of the coefficients contained in the set
AJ appearing in Eq. (33) overshadow those for which the j-subscripts are close
to the j-subscript. This interesting property, which is an essential charac-
teristic of the Aj-values, will stand in good stead when it comes to solving
the system of equations written out explicitly above as Eq. (33), because the
method of iteration which would be employed in carrying out this sort of oom-
putetion may thus be short-circuited or telescoped in great degree.

One should not fail to observe the very significsnt fact, finelly, that
the paramster n, which is one of the factors which identifies and specifies
conoretely the elliptic integral of the third kind that enters into the def-

inition of the M function under consideration, always takes on values that
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are less than -1 in the present instance. The importance of this statement

lies in the realization that one may thus proceed to evaluate this elliptic inte-

gral in an especially easy way, i.e., by utilization of the simple equivalent
formula estgblished by n{'ie1(3). In order to evaluate this elliptic integral
under the present circumstances, therefore, it is merely necessary to obtain,
as a preliminary step, the values of & and m from the following formula-

tions: !
” = 4’72 (a)k)

and - cnla k) o (= L (35)
% Gn (A, k)

where sn, ¢n , and dn are the Jacobi elliptic functions known more precisely

as the sine-amplitude, cosine-amplitude, end delta-amplitude functions. Fur-
thermore, it is then useful to define quantities q and 1 according to

the schemse
(07

boi
and N D)
2

so that finally the evaluation of W (,@,n,k) is obtained from the relations

1 Vv (Avrg) _ Va (9)

m W(Vin,kj‘z“y ?f; ;_/\__;)) 7)14 ((;) /1 (35')
where 2% denotes the Jacobi theta function, and, of course, as previously, F
represents the complete elliptic integral of the first kind with modulus k ,
while F(P,k) is the elliptio integral of the first kind with argument )o
and modulus k .

Fortunately, therefore, the evaluation for the elliptic integral of the
third kind sppearing in Eq. (26) may thus be carried out by means of Eq. (35')

merely through reference to standard tables.
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5. Determination of the Meridional Profile for the Annular Duct Whioh

Will Have the Minimum Amount of D:gg

Once the distribution of supersonic sources located along the x-axis has
been obtained as explained above, then the determination of the shape which the
corresponding external duct contour will assume, to produce least drag under
the stipulated conditions, will require but a slight amount of further treat-
ment of the information already et hand. As a matter of fact, all that is

necessary is to make use of the expression given previously as Eq. (19) for
Re-Ry
ERp

the thickness parameter,
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