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The Theory of Electron Diffraction
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It 13 shown that the omission of an angle-dependent p

hase factor in the scattering amplitude constitutes s

signi6cant error of the Born approximation, ss customarily applied to electron diffraction experiments.
Some general properties of the scattering amplitude are discussed in ralatios io the Borz apprezimation
and used to derive a simpie estimate of the required phase. The theory, thus corrected, is found to remove
the need (o1 assuming rather distorted structures in some molecules containing beavy atoms. The effect
discussed is present quite generally in the interference of waves scattered by differing potentials and becomes
more prominent as the particie energy is fowered. In the Appendix a semiclaseicai procedure is used to treat

the analogous effect in proton diffraction,

HE Born approximation is well known to predict

exactly, tn the nonrelativistic region, the intensity
of electruns scattered by a Coulomb feld. Although still
a perturbation method, it has seeracd in this case near’y
immune from the usually attendant inaccuracies and
has been widely 2nd successfully used in the analysis of
electron diffraction patterns. Confidence in the approxi-
mation as ordinarily applied to molecular structure
determinations has extended even ¢o 2 number of cases
which have seemed to reveal rather improbable stru: -
tures. On re-examining several of these (which are
briefly noted in Sec. 1), we have found that & phase
change, heretofore neglected, which takes place on
scattering is the probable cause of the anomaiies.! It
may, in cxtreme cases, lead to strikinglv altered con-
clusions about molecular structure. Tne error is one
charactenstic of the Born approxunativi and &j:pears
whenever it is applied to the interference of waves
scattered by potentials of different strengths. The phase
shift in question, which depends significantly on the
effects of screening, is calculated approximately in Sec.
I1, and the results are then compared with experiment.

1. NATURE OF THE RFFECT
The diffraction patterns of electrons scattered by
gascs coisist of weak concentric rings superposed on the

® Present address: L. Laboratory of Physics, Harvard
University, Cnubndge Maszsachusetts.

t Contnbuticn No. 1743

'\". Schomaker and R Giauber. Naiure 170, 200 (1932).

intense forward maximum of Coulomb scattering
{modified by screening). Fourier analysis of the ring
structure gives the distances between the scattering
centers of the molecule. In some molecules containing
heavy atoms a curwous effect involving these distances
has been found. Uranium hexafluuride, in which the
effect was first noted, might be expected to show octa-
hedral symmetry about the uranium atom. The mole-
cule has instezd appeared rather puzzlingly asymmetric:
the calculated curves showing the Gistribution of inter-
awomic distances! have two distinctly separated peaks
at 1.87A and 2.17A rather than a single one corre-
sponding to & unique U—~F bond length. Information
{rom other sources, howeaver, in no way confirms this
picture. The data on infrared spectra, molecular
entropy, and the dipole mement are all consistent with
the symmetrical atructure.® Similar apparent asym-
metrizs have also been found to occur in a number of
other molecnles of the form MX,., containing single
heavy atoms. The distances between the heavy atom
and its neighbors are apparendy zplit into two equal
groupa diff-ring by an amount roughly proportional to
Zy—~2Zx. For equal atomic numbers as in the heavy
molecule {,, nothing unusual is observed.

We shall not dwell upon the valence-theoretiral

'S H. Baw,] Cbem Phys. 18, 27 (195C).

9 See especially , Mayrr, Stevenson, and Turkevich,
J. Chem. Pbys. l6 2 (19‘8). lnd Burke, Smith, and Nielsen,
J. Chem. Phys. 20, 447 (1952).
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attempts which have been made to explun these
results. The smootimess of the dependence or nuclear
charges indicates an inadequacy of the scatteiing
theory rather then any aciual effects of chemical
bo.ding. In demonstrating this e shill show that the
molecules in question are in facl s accurately symn-
metrical as the present diffraction techniques iray
discern.

Of the various naccuracies imolicit in the conven-
tional calculations, the most obvious, perhaps, is the
use of the Born approximation for the atomic scattering
amplitudes, Other points more specifically molecular
in natute are the neglect of multiple scattering ‘by the
diferent atoms) and of valence distortion of the charge
distribution. A strong dependence on the difference of
atuiic vl cannot, howcever, be nroduced by either
of 1he latter two effects, whereis interference between
corrections to the atomic scattering amplitudes may
e«sily do so. For this reason we assume that the wave
scattered by a molecule may still be represented by a
superposition of waves f,(k’, ke /r acattered by the
individual atoms (=1, 2 3, --+) from the direction k
to the direction k',

The amplitudes f,(X’, k) may '+ shown quite gener-
ally (see Sec. II) 1o be complex functions of the scat-
tering angle. 1t is characteristic of the Born approxi-
mation, however, that these amplitudes, given by the
familiar matrix clement,

Ia(K’, k)n__m__ fc(ﬂ-l')"V(t)dv, (1)
2xht !

are always real for atomic scattering potentials 1'(r)
(or more generally, for any potential unchanged by
inveirion in the origin). An example close at hand is
scattering by a pure Coulomb field, for which the
expressiun (1) predicts exactly the sbsolute value of
the scattered amrvlitude but omits at the same time a
phase facto. sensitively dependent on the angle of
scattering. Abbreviating the amplitudes for the
moment, as f,{8), we take explicit account of their
phases by writing them as | /f/(8)| exp(i5,(8)). The
intensity of the scattered electrons averaged over the
mndem orientstions of the gas molecyles is then
proportional to

Sin.l’fu
L JE O e —==T 1 [0} /ion
0f Ty “f
ﬂin".;
X cos{n:(6)—ns(6)) v ()
L2 £7]

where s= |k—X%'| = (4x/N\)sin(8/2), and r,; is the
distance between atoms ¢ and .

To see the way thc phase 5{f) may cxplain the
apparent asymmetry, let us supposc the amplitudes

¢ For the exact solution sce N, F. Mott and H S. W. Maseev,
Theory of Atomic Callision: (Oxford Viniversily Press, Londos,
1949), second editin, p 48.

£.(8) arc real. ‘Fhen the sum of the terms contribited
by a spht pairof distances v, =r,—d and r,, = ro+ & with
<imilar atoms 7 and j’, would be approximatcly

21/,26)11 f (8)] cossd sinsry/srq. (3)

{The amplitude Jifference, of order 6/7, 1s neglected.)

Thia expression is of just the form that would be
given by (2) if the phase difference "n,(8) = n,(8)] were
proportional 1o s, and if no distance splittings at all
existed. The scattering angle at which the amplitude ol
the wave corresponding to (3) first changes sign (and
vanishes) is given by !9n.(6)—n.(8), =#/2. Ir practice
it is the behavior of the diffraction pattern in the
neighborhiood of this critical angle that has been
principaliv responsible for the interpretation in wems of
beating ruie waves and its implied molecuiar azym-
metry. Tt is hoped that in future experiments the very
faint cnuter fringes of the diffraction pattern may be
observed at scattering angles sufficiently large to
include the second critical angle | n,(6) —n:(8) | =3x/2.
Since these data are lacking, the correct prediction of
the scattering angle for which the phase difference is
x/2 is the only quaniitative test now available.

Moderate deviations of the phase shift from linearity
in s on either sidc of the single critica! angle observed
wiil not very noticeably cnange the character of the
predi<ted pattern. Indeed the desire that | n,(8)—n,(8):
Le linear in s comes from comparison with the asym-
metric model, whose 1it te the experimental ditfraction
pattern, although good, is not beyona improvement.
The theoretically predicted phase differences (see Sec.
IT) which arec monotonicaliy increasing functions of s
(but not proportional io s) appear in fact to fit the
observed patterns more satisfactorily than the asym-
metric model.®

f1. THEORY

Before specializing 1o the atomic case, it will be useful
to discuss several quite general properties of scattering
amplitudes. Let us suppose ¢x(r), da{v) and ¢ (1)
are solutions of the Schrodinger equation for equal
cnergies arising from initial plane waves in the direc-
tions k, k', and —k’, respectively. They then obey the

relations
Vo Vi — Vi 4y =0, (4a)
w.:‘V‘\h—%v%"no, (4b)

which, integrated over the volume of a sphere sur-
rounding the scatterer, are immediately expressed as
the surface integrals

%] 2]
f("-t'"“‘t“'t""-v)ds=0, (5a)
s ar or

a3 ad
f (w.ﬁ-w.—w.—-w) $=0, (Sb)
s ar ar

¢ G. Felsenleld acd J. Ibers, pnvate communication.
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with 28 an derent of surface. Y othe radius of the
sphere is made sufhciently large, the wave functions
assumce their asy.aptote values on the surface. We
may tnei substitute

ve(r)=exp(ik-t)+ f(k,, k) exp(ike) r

(where K, is a propagation vector w the direction r;
|k, =4) together with the analogous expressions for
the other wave funciions. FThe asymptotic vaiues ¢f the
surface intcgrals for large sphere radii ure then easily
found and furnish two important relations involving
the scattering amplitude. The first of these, coming
from (52), 18

k', K= f(—k, =k, (6)

which expreises the revemibility of the scattering
between any pair of directions. From 5h} we find the
relation

—U(k' k)= (K, k"1=— f ok, k) f1K, KD
@)

in which the vector k'’ on the right is intcgrated over
the sphere [k'’| = 4. For the particular case k' =k, Eqs.
(4b) and {5h) erpress the conservation of the particle
curreni. Equation (7) then reduces to

Imf(k, k)= (k/dx)s (8)

(where ¢ 18 the total scattering cross section), 2 relation
which illustrates how fundamental is the requirement
that the amplitude of the scattered wave be complex
rather than real.

The more general form of Eq. (7) may be simplified
Ly assuming that the scattering potential has inversion
symmetry V(x)=V(—rt). Nothing then is changed by
inverting ail vectors in the origin, and it {ollows, in
particular, that f(k’, k)= f(—k’, —k). ‘The latter rela-
tion together with the principle of rc\'ersibility (6)
shows that the scattering amplitude is symmetric:

S, )= Sk, k). ©

Equation (7), under our assumption, then reduces to
k

I fW, U=4—ff'3\'. "y /R RdQye,  (10)
L

a relation we shall have frequent occasion to apply.

The reason for the inadequacy of the Born approxi-
mation (i.e., the first term of n power series expansion
in a= —Z¢/hv) in the present context is easily seen
from (10). For f(k', K)=O0(1) we have Imflk’, k)
= ()(a?), from which it follows that the phase increases
with a, n(k’, k)= arg f(k’, k)= O{a). Clearly then we
wust either go beyond the first term of the series ¢
employ a fundamentally more accurate formulation of
the scattering problem. In the present work we shall
use some assumptions based un our cxperience with

Coulomb scatiermg to simplify the higher terms of the
Jorn seri o, there by avoiding a guod deal of numeri- al
work but allowing stil! a yeasonable cemparison with
c.periment. We shall leave to a later trentment the
renmuncn:sntroduced by = basically differeni and more
accurate procedure for apy-rodmating the scattering
amplitude, caleulations for which are nov. in pisgross.

At the energies at winch ditfractior experimenis are
performed (~3) K:vj, electron wavelengths are sub-
stantially smuailer than the atomic radius a6, (2a~1) to
20). For all save small angles (6~1.ka), therefore, the
intensity of scattering is negligibly affected by the
screening ol atoraic fields. For these angles the Ruther-
ford formula and, hence, the Born approximation
intensities are nearly cxact. At smaller angles the
eflects of surecning are particlly uccounted for by the
struclure fuctor implicit in (1). We shall assume for
simplicity that the Born approximation (1) renresents
the absolute value of the scattering amplitude at all
angles. The charactariatic features of the simpler dif-
traction patterns are in any case (uite insensitive to the
over-all atomic scattering intensitics.

The difference Letween screened and unscreened
CoulomD fields Leeomes particuiarly important for the
phase of the scattering amplitude. For the unscreened
fieldt the phase of the exact solution? contains principally
the coordinate-dependent term —aiog(kr(l—cus&)).
which increases indcﬁnitcly with r, 1he distance frz,
the scatterer. This is, of course, a property pecatiar 10
the slow decrease of the Coulomb potential and is absent
for screened fields. A simple estimate of the phase in
the screened cas: may be obtained by substituting the
Born approximation ampiitude fa(k’, k) on the righn
side of (10) und equating hoth sides to order a®. We
ohtain

k'k=—————-f &, %) fu(k", K)ditenr (11
k' )= o J kK A Wi, 1)

an expression which is equivalent to the second Born
approximation.

To evaluate the phase, we chose as an analytically
canvenient model of the screeaed field the exponential

form
V(ir)= —Zce"'%/r, (12)

for vhich the Born approximation ampl tudde is
[a(K' k)= —2aka*/([k'—k!%?4-1). (13)

The angular integration of (11) is not difficult to
perform, and the resulting phace, as a function of the
scattering angle 6, is

—\.4 tanh='4, (14)
4k'at sin®(6/2) /

!ln(0/2)

P —

C(+ (17 2k2a%)) = cos’os 2]

n()= —2a( 1+
with

(15)
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Since 2k%u*>>1 thess expressions may he reduced to

i+s"a?

sa
el e e (16)

L CORRENT
sa(4sta?) (~H s’a’)‘

in whicl: we have once again used the notation
s |k —k| =2k sin(8,Z;.

A graph of | n(#)/«| according tu Eq. (16) ic given in
Fig. 1. ror the forward direction, the value 9(0) = — a/2
is quite insensitive tv the screcning radius. For large
angles the phase i3 asymptotically

n(6)~—2a log(zku sind/2), Q17)

the value of which may in practice be appreciable, even
for the lighter elements.

The vaiidity of the expresc.on (16) for the phrse, at
least for large angles, is somewhat stronger than its
derivation by the present perturbation procedure might
imply, This may be seen by axploiting the similarity of
the large engle scattering by screened and unscreened
Coulomb fields.® In particular the dependence of the
asymptotic phase (17) on § iy the same (apart from an
additive constant) as that of the exact Coulomb phase,
a fact which implies corrc:tl) that for angles 8>>1/%a
the scattering amplitudes for the screened and un-
screened fields differ only by a phase factor, inde-
pendent of angle.”

In undertaking comparisons with experimental results
we shall assume that the estimate of the phase given
by (16) is sufficiently accurate to be used directly® in

K

A

1

] 1
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Fi0. 1. Graph of the dependence of the phase on scattering ungle:
|9(0)/ex| vs 2ba 6in(0/2), as givcn by Eq. (16).

* It may also Le seen from the work of R. Dalits [Proc. Roy.
Soc. (London) A208, 309 (193111, who ha* deriven the asviaptotic
form (17) and shown that its occurreice as a phase is tent
with the third Bom roximation as well as the second.

" This behavior Is Implicitly made use of In computing the
Coulomb ocatmin; ol identical icles when one of them is
screered (e.g., p-§ wattering). - constant fhue factor by
which the Coulom and corcectly screened solutions differ is not
observed. For othier potentials Interference effect Invoived in
the acattering of similar particles will also require a know
of the u.gk- ependent part of the phase, omitted in the fint Born
Apfroxlma on.

rp ure here actually goes Feyond the second Bom
Our procedure h i} } h d B
approximation, which, =trictly speaking, would only consider the
terms of (2) to order of, and would t creby chmmn(c the con-
tribution of the phase cnhmly

" J
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the formalism of Sec. I. The accuracy of this method is
difficull to estimate without perferming numcrically
more involved calcnlanons. We may mention, however,
that the preluinary results obtained uaing a more
accurete method (based on the smaliness of a’ka
rather than o) are favorable. They indicate that the
necuracy of (16) for a~1 is roughly commensurate witl:
that of the screenirg model (12).

III. COMPARISON WITH PYPERIMENT

While the phasc shift we have discussed will modulate
the intensitics of the diffraction patterns of all heter-
alomis molecules. its efiect is most strongly felt when
large differences in the nudlear chaiges prevail. u such
cases the attempt to account in the conventional way
for the obscrved modulation has led, aswe have alrecdy
noted in Sec. I, to the assumption of curiously ursyn-
metrical molecular strectures. For a proper interpre-
tation in the light of the present work, the diffraction
data for each of the molcrules in qucmon will eventually
require detailed rc-analysis. A simple way, however, of
checking the corrected theory is to show the way in
which the treatment based on symmetrical modele with
phase shifts is able to duplicate the numerical results
previously arrived «t for the apparent asymmetries. To
do this we note by cemparing (2) and (3) the approxi-
mate relation
(18)

in which s.,.. is the value of 2k sin(6/2) for which the
phase difference is x/2. An approximate value of the
screening distance, adequaic for the calculation is
a=0.528Z-1A. The predicted apparent “‘splits” (25)
that resuit are listed in Table T slong with the cor-
respending experimenta! values. Their agreement, it
may be scen, is quite close. It follows that for these
molecules the diffraction patterns predicted by the
present formulation will be in good agreemient with
thuse observed. The intensity curve calculated for UF,
at 40 kev seems 1o show even better agreement than the
previous work for the central and outer parts of the
pattern.t ‘This is a consequence of the deviation of the
phases from proportionality to s.

A large number of electron diffraction studies of
moiecuies containing beavy atoms are on record in
which nothing anomalous was observed, a circumstance
which no doubt helped delay the recognition of the
phase shiits, It is important, therefore, to remark that
in all the adequately reported cases, the pattern was
oheerved only at angles at which the phase difference
is less than the critical value »/2.

The phase given by Eq. (16 is increased by lowering
the electron energy, and its modulation of the diffiacticn
pattern varies more rapidly with ¢. The resulting energy
dependence of the pattern 1s a featu:e absent from any
treatment based on the first Born approximation. Some
photographs of UF,, taken at 10 kev do indecd show
changes in the direction predicted,* and wilt he analvzed

28=«/5qem1.,




