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ABSTRACT

The free-electron model for conjugated systems is consistently developed as the
limiting case of a three-dimensional quantum-mechanical treatment of the m-electrons
in such systems. Joint conditions (for branching points) and boundary conditions (for

L}:‘ free endpoints) are derived, and the hermiticity of the Hamiltonian is shown. A matrix
i§§h' formulation of the theory 1s established which makes the application to large systems
e feasible and at the same time leads to a close analogy with the LCAO model (= LCAO M)
{i?“n treatment considering only nearest neighbor interactions). Quantities analogous to the
T quantities q (= charge in an atomic orbital) and p (= tond order) are defined, and
;:é special attention 1s given to alternant conjugated systems, for which a population
~~ theorem, analogous to the one in LCAO theory, is valid.
G~
TS
INTRODUCTION

SYSTEMS of conjugated double bonds in organic molecules are, in a good approximation,
described by assuming that the 6-electrons form bonds which maintain the molecular
frame and that the m-electrons move in the potential of this frame. Interesting pro-
perties of the molecules depend, in a first approximation, on the m-electrons, e.g.,
the relative bond lengths, certain types of chemical reactivity, ultraviolet spectra,
and (to a lesser degree) dipole moments; and it 1s therefore of interest to investigate
the motion of the w-electrons by itself. A basic characteristic of this motion im the
high mobility or delocalization, i.e., the fact that the different electrons are not
bound to definite bonds, but move rather freely over the whole conjugated structure.
The description by molecular orbitals (MO's) seems therefore particularly suited for
this case.

The classical method of constructing MO's consists of forming them as LCAO MO's
{(1inear combination of atomilc orbitals). The rigorous application of this method leads

to an extremely large nurmber of difficult integrals, and only benzene has been

fThis work was assisted in part by the Office of Naval Research under Task Order IX
of Contract Nb6ori-20 with The University of Chicago.
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FREE-ELECTRON MODEL., I

Buccesafully treated in this way.1 In order to achieve a more general method appli-
cable to larger classes of molecales, one generally makes the assumption that only
nearest ncighbors interact and considers the remaining integrals am parameters in the
final result. This simplified method? has been rather successful, and in the following
we always mean this simplified LCAO theory whenever we mention the LCAO model without
further specification.

On the other hand, the existence of the ocore potential suggests the possibility‘of

expressins this potential in terms of coordinates which are fitted to the particular
frame of the molecule, e.g., oylindrical coordinates in the case of benzene. As &
consequence, the molecular crbitals would be expressed in terms of the same coordi-
nates, Again, this approach can be carried through for banzene,3 but it becomes very
complicated for larger molecules, Here too,‘however, there exists a simplified formu-
lation applicable to any aonjugated system: the one-dimensional free-electron model.
This model is not new,h ﬁut it hes mostly been regarded as a piotorial, but rouzh,
desoription. It im the purpose of the present paper to show that the free-eleatron
medel deserves the same recognition and standing a8 the simplified LCAO medel. A olose

ko

analogy between the mathematios of the two models will he derived, - and in the second

reper of the present ser1955 a olose agreement will be established between the

In, Goeppert-Mayer and A. L. Sklar, J. Chem. Phys. 6, 645 (1938); C. C. J. Roothaan,
and R, G. Parr, J. Chem. Phys. 17, 1001 (1949); Parr, Craig, and Ross, J. Chem. Phys.
18, 1561 (1950); C. C. J. Roothaan, Rev. Mod. Phys. 23, 69 (1951). ‘

2See, e.g., Coulson and Longuet-Higgina, Proc. Roy. See. Al91, 39 (1947); sce also
reference 8. ‘

3see K. Ruedenberg and R. 0. Parr, J. Chem. Phys. 19, 1268 (1y51).
Y81, Pauling, J. Chem. Phys. 4, 673 (1936); 0. Schmidt, Ber. Deutsch. Chem. Ges. T3A,

97 (1950); J. R. Platt, J. Chem. Phys. 17, 484 (1949); H. Kuhn, Helv. Chim. Acta 31,
1441, 1780 (1948), 32, 2247 (1949), 3k, 1308, 2371 (1951), J. Chem. Phys. 16, 840
(1948), 17, 1198 (1g49), Zeit. £. El. Chem. 53, 165 (1949), 55, 220 (1951);

S. Nikitive, J. Chim. Phys. 47, 614 (1950).

by, 3. Baylies, J. Chem. Phys. 16, 287 (1948), 17, 1853 (1945), Aust. J. Sci. Res. A3,
109 (1950); N. 8. Bayliss and J. C. Riviere, Aust. J. Soi. Res. A4, 344 (1351);

W. T. Simpson, J. Chem. Phys. 16, 1124 (1948).

*ean analogy between the LCAO model and the FE model in the simplest cases (no branch
points) was already noticed by W. T. Simpson, J. Chem. Phys. 17, 1218 (1949), and

H. H. Jaffe, J. Chem. Phys. 20, 1646 (1952).

5c. W. Scherr, J. Chem. Phys. 21, 000 (1953).
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RUEDENBERG AND SCHERR

numerical results obtained by the two models. Thus, from an empirical point of view,

the free-electron model seems to serve as well to desoribe conjugated systems as the

simplified LCAO model. .
But mlso from the theoretical point of view, the free-electron model offers sever-
al attractive propertiest 1) once the free-electron model is chosen, the quantum-
mechanical problem 18 rigorously aolvéd; one makes no further approximations of virtu-
ally uncontrolled impliocations, as, e.g., the assumption of considering only nearest~
nelighbor interactions in the LCAO model) 2) in the case of hydrocarbons, the free-

electron model has only one parameter, the neighbor distance D, as compared to the two

parameters 8, 8 of the LCAO mode1;6 3) the meaning of the parameter ﬁ in terma of

measurable quantities is more precisely defined than the meaning of the parametéra

ocourring in the LCAO model} therefore there is but little "leeway" to "adjust" D and

the free-electron model comes cleser to being an "absolute theory" (= no adjustable
parameters); 4) the free-electron wavefunctions are easy to visualize--é fact whieh is
demonatrated by the model of J. R. Platt explained in the third paper of this aeries.7
Of course the LCAO model has the advantage that 1t 18 in a position to describe simul-
taneously all electrons, not only the n-electrons, in a molecule.

The second part of the present paper is restricted In scope to the case that all
atoms in a conjugated structure are mathematically equivalent, i.e., practiocally to the
case of hydrocérbons. A method to include the effect of heteroatoms is in preparation.

, 1. OENERAL CONCEPTS

a. The Model |

The organic molecules to which the present theory applies are characterized by
the fact that each of them contains a so-called conjugated system of bonds, l.e., 8
system of alternating single and double bonds. Each atom within a conjugated system
contributes two 6-e¢lectrons and one m-electron for the chemical binding of the conju-
gated structure. In the approximation considered here, the 6-electrons form G-bonds
which maintain the geometrical arrangement; and the molecular framework, stripped of

the m-electrons, forms a "skeleton" or "core" which, because of positive charge,

6For a falr comparison it should be noted that the correlation of the LCAO model with

experimental data can be obtained by assigning a fixed value to 5 and treating P as
the only empirical parameter. The LCAO model actually contains a third parameter, a,

which however serves only to calibrate the zero point of the energy.
73. R. Platt, J. Chem. Phys. 21, 000 (1953).
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FREE-ELECTRON MCODEL. I

oreates a potential under whose influence
all m-electrons move throughout the entire
conjugated structure. Thus, if formula I
I \//7if\‘ of Figure 1 describes for example the
naphthalere molecule, formula II in the
same figure would be an appropriate de-

soeription of the oorresponding molecular

X' ;2 X3 skeleton. Indeed, this formula gives even
+ a correct geometrical plecture of the physi-
cal skeleton, since 1t is well known that
,]I[ e .all atoms belonging to a conjugated system
Fig., 1 lie in one plane. :

The atartins‘point of the theory tg be developed here is the ;ssumption that the
core potentlal is infinitely high everywhere except on the bond lines of the skeleton
structure II, where it is finite. Obviously such a potential has to be considered as
the limiting case of a potential which is infinitely high everywhere except within a
thin tube extending along the bend lines. Furthermore the interelectranic interaction
is, in a first approximation, neglected between the m-electrons so that the latter
move, independent of each other under the influence of the aore potentiél.

b. Linear Bond Paths | |

In order to determine the implications of the sssumptions Just méde, let us, as a
first example, consider the motion of an electron in a long thin box of length £ and
with a square cross-section of side-length ¢ <¢ £ (see Figure 2). This model corre-

spénds “o the m-electronic motion in a polyene, e.g., butadiene. The eigenfunctions

Qnmm,(x,y,z) = (e/z)é(a/e)51n(nnx/z)sin(nmy/e)sin(wm'z/e) : (1.1)
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must be antisymmetoie with respeat to the plane z = ¢/2, which we take to be the nodal

plane of the n-electrons so that the quantum numbers assume the values
ne1,2,3,...;m= 1,2,3,..,; m' = 2,4,6,... (1.2)

From the expression for the eigenvalues

B, = (h2/8m) [(n/8)%+(m/e)%+(m'/e)®] , (1.3)

nmm!
1t follows that, because of ¢ << £, the motions in the y- and z-directions remain in
their ground state (m= 1, mi = 2) while the x-motion is excited to its lower levels,

80 that
E = Epp s (02/8m)[(n/0)24(5/¢2)) = B+ comst. . R
E, (h2/8ms2)n? (1.5)

and the wavefunctions have a single nodal plane perpendicular to the z-axis in agree-
ment with the nodal propertiep of 2pm atomic orbitala. Hence the y- and z-motion may
be neglected for low excitatiocns, and it is aufficient to work with the energies (1.5)

and the waverunctioyg
0, (x) = (2/0)} sin(mx/s) (1.6)
which may be defined by the equations
63(x) = [ ax f ayo?, o (x,y,2) = ¢ dq§§12 ) (1.7)
sign of ¢ (x) = sign of & .. (x,y=de,2=ke) , (1.71)

where Q denotes a cross-section of the tube and dQ = dxdy, a croas-section element.
The functions (1.6) are the normalized elgenfunctions of the one-dimenaional eigenvalue

problem considered by the free~electron model, and the energies En {1.5) are the corre-

sponding energy eigenvalues,
The limiting process ¢ —~ 0 leaves ¢n(x) and En unaffected and therefore meaning-

ful, whereas °n12 and En12 become infinite. The latter circumstance means that the y-
and z-excitation energies become infinitely high so that ¢n(x) and E_ give (for ¢ = 0)
a correct description of the system for all finite excitations of the x-motion, l.e.,
for all finite quantum numbers n.

Since high excitations effect, however, structural changes in organic molecules,

22
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FREE-ELECTRON MODEL. I

they do not have to be considered and the assumption € << £ is actually sufficlent to
Justify the use of the one-dimensional desoription given by (1.5,6), 1.e., the physical
assumption is only that the m-electrons form a ocloud whose length ic large compared to
its width., The passage to the limit ¢ ~» O 18 only a matter of mathematical convenience
and does not imply that the m-electron oloud is actually infinitely thin.

€. Comparison with the LCAO Model

The present theory is thus, physically, a three-dimensional theory, and the elec-
tron cloud of a m-eleotron is its MO, These MO's are not entirely different in nature
from the MO's formed as linear combinations of atomic orbitals (LCAO MO's), if all
matrix elements between non-neighboring atoms ggg negiected~~the assumption adopted in
the LCAO MO model.8 Indeed, such &n assumption implies that the radil of the (finite)
atomic orbitals are smaller than one bond length in straight ohains and smaller than
éJ? = 0.87 bond lengths In benzene rings, so that the molescular orbitals formed by them
obtain also a tubular shape as shown 1h Figure 3, where the circles indicate the
‘atemlio orbitals, and the shaded area im inaccessible to the m-electrons,

The MC'B constructed as LCAO MO's oofrespond to & potential which is not constant
within the accessible region. This generalization can be readily introduced in our
model by assuming a potential V = V(x) inside the box of Figure 2. Thereby the eigen~
values (1.5) and the eigenfunctions (1.6) will be changed, but they will remain finite
8o that all arguments presented above remain unaltered.

There is no need to lntroduce a potential which depends also on y and z, since,
because of € << £, the motions in the y- and z~directions will in any case stay in the
ground state so that the (y,z)-dependence remains irrelevant. The LCAO MO model (with
neglect of non-neighbor interaction) also considers essentially only "longitudinal
exocitations", since one can mee fram Figure 3 that the "transversal profile", i.e., the
(y,z)-dependence, of the LCAO MO is much less changed by varying the coefficients of
the different atomic orbitals than the "longitudinal profile",

The purpose of the foregoing remarks is not to Justify the free-electron model by
vague analogies with the LCAO MO model, but to give a plausible reason for the agree-

ment which exists, as we hope to show, between the two methods.

8An introduction to the LCAO MO treatment and further literature may be found in B. and
A. Pullmann: Les théories électronigues de 1a chimle organique (Masson and Co.,
paris: 1952), ¢h. IV, 2.
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d.  Non-Linear Bond Paths
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 Let us take benzene as an example of the case that the bond path is no longer a

Ajstraight line, and iet us for the moment assume that the m-electrons move in a thin

eircular tube (torus of radius R) rather than in a hexagonal tube. Let us further

replace the annular well potential representing the torus by the analytic potential
V(r,6,2) = U(2e)2{(2/R)2+[ (x/R)-(R/P)IZ} , . (1.8)
U = 22/20R% (1.9)

where the cylindrical cocrdinates z, r, and ¢ (z perpendicular to the molecular plane)

ére ugsed, and a i3 a dimension less constant << 1. It is sensible to define
€ = aR » {1.19)

as the diameter of the corresponding tube, whereas £ = 27R ia 1ts length, so that
indeed e/4 = a/2m << 1.

It has been shownh that the potential (1.8) leads to ensrgy levels
n.n.n n. *t Ey +E, ’ (1.11)
o r 2z ¢ r -4
where En corresponds to angular excitations, En corresponds to radial excitationa,
r
and En corresponds to out-of-plane excitatlons. The energy levels En of the "longi-

2
tudinal motion" are given by
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En¢ - Ungf(aeng) , ng =0, 4, #2, ... , (1.12)

£lx) = [(ebx)daal/ex = 1 e x 4 000 (1.13)
and for the two tranaversal motions one finds the excitation energies
AE, = AE, = 2U/a >> 8B . (1.14)
r 4 ¢
It 48 therefore again true that the excitations of the transversal motions can be
neglected, and that the energy levels of the longitudinal motion approximate the
limiting levels
Mm T, - ung . (1.15)
These are, howeyer, identical with the levels obtained by considering the one-
dimensional motion of a partiole along the line which is the limit of the tube as e-oo;
These conclusions can be expeoted to be independent of the particular example
chosen, l.e., to hold not only for a c¢ircular tube, but. for a tube along any arbitrary
bond path, e.g., for the hexagonal tube of benzene. This expeatation will be Justified
at the end of the next subsection. We have then the gereral result that the assumption
of a potential, infinite everywhere except on the bond skeleton, is equivalent to
describing the electronic motlon by an one-dimensional MO, ¢(x), depending on the

"bond-path coordinate! x, and assuming for ¢(x) the Schrédinger equation

((a/ax)%+(em/m®) [E-V(x))}o(x) =0 , (1.16)

where V{(x) is an appropriate potential along the bond skeleton. The complete descrip-
tion of the electron is then furnished by a three-dimensional molecular orbltal which

can approximately be written as
&(x,y,2z) = ¢(x)(2/e)sin(ny/e)sin(2mz/c) , (1.17)
Osys=<ce, e sz < de, €<t . (1.171)

Here the x-ccordinate is tangentlal tc the bond paths, y is perpendicular to x in the
molecular plane, and z 1s perpendicular to the molecular plane, which 1s chosen to be
the plane 2 = 0. The orbital ¢(x,y,z) is antisymmetric with respect to this plane. A
more rigorous form for ®(x,y,z) is cbtained by solving the thin-tube problem corres-

ponding to the bond skeleton; between such a &(x,y,2z) and the one-dimensional orbital

25
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#{x) one has, in analogy with (1.7,7'), the relation

¢%(x) = 1im { deo?(x,y,2) , (1.18) f
e=0 Q(x)
pign of ¢(x) = sign of &(x,y=e/2,zm=c/4) , (1.129) {

where ¢ 18 the diameter of the tube, and Q(x), its oross-section at the point x.

e. Branching Points (Joints)

Those pouints in a conjugated structure where three branches meet (we call them
branchihg points or Jjoints) present the one-dimensilonal formulation with a particular
problem. Let us aplit the skeleton of Figure 1 (II) up inte three branches and define
on each branch an independent arbitrary ccerdinate system as shown by Figure 1 (III).
Let ¢B(XB) be the part of the wavefunotion ¢(x)‘wh1ch lies on the branch B(=1,2,3);
more precisely: let ¢p(xy) be defined by: ' '

¢p(xg) = #(x), 4if x = x5, 4.e., on branch B, ;
- ' (1.20)

¢g(xg) ® 0, 4f x # x5, 41.e., on all other brarches,

¢(x) = g ¢g(xg) . ' (1.21)

Then the Schrddinger equation (1.16) holds for each branch function ¢B(xB), and the
question arises! how to fit together those ¢B(x3) which meet in one joint.

A first condition 1s quite clearly the "continuity condition': the three branch
functions ¢1(x1), ¢2(x2), ¢3(x3) must assume the same value at their meeting point,

l.et
¢1(31J) = q’e(er) = ¢3(X3J) ’ (1'22)

where Xgy is the coordinate of the Jjoint on branch B,

However, since Fq. (1.16) is a second order differentlal equation, we have to
derive also a condition involving the first derivatives of the functions ¢B(xB). For
this purpose we consider again the system of thin tubes corresponding to a bond skele-
ton., Let Figure 4a illustrate the part of this system in the neighborhood of a Joint,

As before, let &(x,y,z) be the solution of the three-dimensional Schrédinger
equation inside the tube, fulfllling the boundary condition ®(x,y,z) = 0 at the walls.

From
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FREE-FELECTRON MODEL. 1
2 div(® grad ®) = grade¢ + ¢A® (1.23)

we obtain by virtue of Gauss' theorem

LU0 SR R R SR PR R AR RS

6 av (grad? + ¢49) = { d56(36/3n, = §£ d8(30%/an) (1.24)

where § is the surface of the volume, V, and {d/9n) is
the derivative in the direction of the outer normal on 8.
For the volume, V, we choose the volume indicated ﬁy the
shaded area in Figure 4b. Sinee‘¢ vanlshes on the walls,
and Q), Qy, Qs are planar cross=sections, Eq. (1.24)
simplifies to

. 2 ‘ ~

) 4Qe® = 27 , 1.2
5 ne
Ja £ av(grad®e + oa®) (1,25

‘where the cobrdinate *B is tangential to the tube branch
B, and poihting away from the Joint. Now consider first
the limit ¢ — O (¢ = tube diameter). By virtue of Eg.
(1.18,20) the left-hand side of Eq. (1.25) goes into

(b) )

2 . d _ ‘
Fig. 4 Z 50" (Mo, = Z (5g %0 xpuny; = Tindtes  (1.26)

hence it follows that also

lim J = finite,
€e—=0

and therefore the integrand of J becomes infinite of the order ¢2 as ¢ = 0. Secondiy,
consider the limit: {1im ¢ — 0 and 1im & — O}, where & is the distance of each of the
three surfaces Qg from the Joint mldpoint (see Figure U4b). Since the surfaces Q, are
purely filctitious, and ¢ does not fulfill any boundary conditlons on them, the 1limit

5 = 0 (in distinction f'rom the limit ¢ — 0) does in no way cause ¢ to become infinite,
Hence, in the 1limit {e =0, 65 =0}, the integrand of J, once again, goes to infinity

as e'a, and hence

1lim J=0 .
6 =0,e—~0

Therefore, the expression (1.26) must vanish for Xg ™ Xpgs and we find the new

boundary conditlon

27
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g %§§°2(XB) = g ¢B(ma)%§b¢8(x3) = 0 at the joint xp = xps , (x.27)

which by virtue of the continuity condition (1.22) is equivalent to

[1137 (%;B)dba(xn)]JOmt = 0. (1.28)

Since Eq. (1.28) may be derived also in the ocase of complex waverunobioﬁs, it s
clear that Eq. (1.28) expresses the conservation of the quantum-mechanical ocurrent

density!
(1h/2m)[¢(ag*/dx) - ¢*(ds/ax)] . (1.29)

However, since all wavefunctions ¢(x) whioch coour as solutions of our probléms are
(with a few exceptions) real, their ourrent density vanishes everywhere so that the
ourrent conservation becomes trivial. We shall call Eq. (1.28) the "oonservatioh
condition," A

‘The derivation of the conservation conditions is independent of the number of
branches meeting at one Joint. Although for our purposes only‘the oase of three
branches per Joint is useful, it is still of interest to note that alse in the géneralr
case the conditions (1.22) and (1.28) suffice precisely- to determine the solution of
the eigenvalue problem; if the wavefunotion is required to have & unique value every-
where. In order to recognize thils independence, consider & asystem containgng
53 Joints ceollecting 3 branches :
8, Joints collecting 4 branches
aJ Joints collecting J branches,
and b "free endpoints."

If Bmax is the total number of branches, then

2By = 383+ Bay 4 ..+ Jag 4 b (1.30)

Since Eq. (1.16) is a second-order differential equation, the left-hand side of Eq.
(1.30) gives the number of constants in the total wavefunction ¢(x); the right-hand
side of Eq. (1.30), on the other hand, gives the total number of Joint and endpoint
conditions. Since there 18 one more parameter (the eigenvalue) and one more condition
(the norma{ization of the wavefunction) in the problem, the number of unknowns to be

determined equals the number of equations to be fulfilled.
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It 1s furthermore easily seen that, in the case of one closed branch, as in
benzene, the Joint conditions are equivalent to the condifion that the wavefunction
have a period that is an integral fraction of the branch length.

On the basis of the Joint conditions (1.22,28) 1t 1s possible to give a more
rigorous Jjustification for the statements leading up to Eq. (1.16), namely, that there
is no difference in the treatment of linear and non-linear bond patha. Consider any
non-branching point on a bond path as a Joint with two branches; the conditions (1.22,
28) then are applicable and yield the result that both ¢(x) and (d¢/dx) are continuous
at any such point. These continuities, however, entail the validity of the Schrédinger
equation (1.;6) throughout the entire bond path containing only such points. Conslder

in particular a "ecorner" in the bond path, e.g., in naphthalene [see Figure 1 (II}]: on

the two straight portions of the bond path meeting at the corner, Eq. (1.16) 1is valid;
at the corner, ¢ and (d¢/dx) have‘£o be oontingoda; and,if v(x) is continuous, Eq.

(1.16) yields that the left limit of (d/dx)2¢ equals the right limit of (d/dx)%e, 1t
follows that.(d/dx)2¢ exists at the corner and equals the common limit so that Eq.

. (1,16) 1s valid at the corner, ' Hence, corners in a bond path have no implicatiors, if

the m-electronic potential is continuous.
The conditions (1.22,28) were first used by Hans Kuhn.”? As yet no proof or dis-
cussion of the conservation condition (1.28) seems to have been given.

£. Formulation of the General Mathematicsl Problem

It may be useful to collect at this point the equations which determine the one-
dimenaional free-electron molecular orbital (FEMO). They are!

1) the Schrédinger equation on the branches:
K 8(x) = {(-62/2m)(a/ax)? + V(x))o(x) = E o(x) , (1.31)
2) the Joint conditions: |
[¢1(x1) m d,(x5) = ¢3(x3)] at joint (continuity condition)\, (1.32)
g (a¢B/axB)Joint = 0 (conservation condition) , (1.33)
3) the boundary conditions for free endpoints:

¢(x) = 0 at free endpoint. (1.34)

9. Kuhn, Helv. Chim. Acta 32, 2247 (1949).
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Concerning the branches having f{ree endpoints, there 1s still a question that remains
to be settled--namely, where to locate the endpoint. For reasons which will become

clear later [see appendix] we adopt the following postulate: The free-electron paths

terminate one bond length beyond the last atom. Thus, for the styrene molecule of
Figure 5a, whose bond skeleton is given by Figure 5b, the free-electron path is pilec-

tured in Figure 5c: it extends up to the point E, whereas the last atom 1s situated at

the point C.

The definition initially given for
the free-electron model has therefore to
| 1C be modified. It should now read: The
poteﬁtial for the m-electronic motion is
assumed to be infinite everywhere oxcept

1 o

on the fres-electron path, where it is

finite; the_rree-élthrbn path is iden-
55 7, tical with the bond skeleton except that

it exceeds the latter at its free end-
points by one bond length. Some authers-?

(a) (b) (c)

Fig. 5

have used different conventions oconcerning
the free endpoints in order to fit certain
experimental data; our choice is based on theoretical grounds, as will be shown in the

appendix,

£+ Hermitieity, Orthogonality, Normalization

The problem Jjust formulated is an eigenvalue problem in a one-dimensional, but

multiconnected configuration space. Let [see Eqs. (1.20,21)]
£(x) = § fg(xg) (1.35)

be a function in this spare satiafying the joint and endpoint conditions (1.32,33,34),

but otherwise arbitrary. The integral over the configuration space is then defined as

[ axf(x) = £ [ dxpl(xg) , (1.36)
2 B lB
where / indicates the total length of the free-electron paths and lB indicates the

length of branch number B, In connection with such integrals the following generaliza-

tion of Green's theorem is important.

" Consider the integration over the one-dimensional space indicated in Figure 6,

30
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where the coordinates Xg runs from 0 {at the Joint) to agp (at the endpoints). Let
r(x) and g(x) be two functions of the type (1.35) which, however, do not vanish at the
points ) since Figure 8 is assumed to be part of a larger bond skeleton. Then the

following theorem holds:
3 8y 2 )
= L de[IB(d/de)sz - gg(d/dxg)3ep) -BEI[rB(d/de)gB- sB(d/de)rB]xB_aB e (1.37)

Indeed, Green's theorem yields

[P axglty(a/axg) ey = gp(e/axg)Pry) = U1y (0/any)ey - Epla/axg)tgle® (1.3

‘for each branch. If one now sums over the three branches, those terms on the right-

hand side of (1.38) which are taken at the Jointw(xB = 0) vanish by virtue of the Jjoint
conditions (1.32,33,34):

g [rgld/dxp)ep - Ss(d/dxa)fB]xBno - £(0) g (dgg/dxg), - &(0) g (dfg/dxg)g = O

and hence Eq. (1.37) results.

" /n /03

Fig. 6
If one now decomposes the total free-electron path of a bond skeleton into parts
of the form of Figure 6 and applies (1.37) to each part, then all right-hand side

contributions of Eq. (1.37) cancel each other or vanish at the free endpoints, where

f «g=0. Hence
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i dxf(x)(d/dx)%g(x) = f dxe(x) (d/dx)°c(x) , (1.39)

where the integration extends over the total bond skeleton; 1.e., (cl/dx)'d is a hep-

mitian operator with respect to our multiconnected configuration space, &nd so is the
Hamiltonian H of the Schrdinger equation (1.31). As a consequence, the eigenvalues
of that equation are real, and eigenfunctions belonging to different eigenvalues are

mutually orthogonal. (Eigentunctions belonging to the sume eigenvaius can, of CUUrse,

be chosen so as to be mutually orthogonal.) The validity of these properties depends
essentially upon both joint conditions (1.32,33).

The eligenfunctions are required to be normalized:

[ dax 9%(x) = T [ dxged (xg) =1, (1.40)
/ B Iy |

2. CASE OF CONSTANT POTENTIAL

a. Qeneral Form of the Solution

If the potential V(x) is comstant throughout the entire free-electron path, 1t
can be assumed to vanish identically, and the Schrldinger equation (1.31) is readily

golved. The eigenfunction ‘of the energy level En has the form

on(x) = I dgn(xg) | (2.1)
pnlsa) = 85,008 kyigta) | (2.2)

with
E, = (6%/2m)2 . (2.3)

In the following we shall omit the subsceript n wherever it is not needed. The condi-
tions which determine the parameters k,aB,bB (B=1, 2, 3,...) beccme very simple. The
continuity conditions (1.32)1

alcos(kx1J+61) = aacos(kx2J+62) = chos(kx3J+63) ; (2.4)
the conservation conditions (1.3%3):
alsin(kx1J+61) + azsin(kx2J+62) + aBSin(kij 3) =0 , (2.5)

or, by virtue of (2.4):

-~
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,an(kx1J+6 )+ tan(kx2J 2) + tan(kx5J+63) =0 (2.6)

In these equations, Xp1 denctes the ocoordinate of the Joint on the branch R. The

normalization condition becomes
2 2 .

where /p denntes, as usual, the length of the B-th branch. Eq. (2.7) is established in
the following way. On branch B one cbtains
1 2
B 2. .2 .2 B
é dxp agoos (ka+bB) = %a f de[1+oos 2(ka+OB)] s
= éaB{zB + k"l[sin(ka+6B)coa(ka+6B)]o ,

- dalty -;k'awB(aeaB/axBno ,

! d*3¢s(*3) = &aB! + "3 ¢B(d¢5/dn)]o + [¢B(d¢5/dn)]z } ; (2.8)

where (d/dn) denotes the derivative at a Joint (or endpoint) in that direction on the
branch which points away from the Joint (or endpoint). By virtue of the normalization,

the left hand side of (2.8) will become unity after summation over all branches; hence
k?(2 - gang} = £ {(9g(aeg/an)]g + lég(ddg/an)], } (2.9)

Here each branch enters on the right-hand side only by its first and last point. These

"are either Jjoints or free endpoints. The latter do not contribute anything since ¢ = 0

at a free endpoint. The terms arising from Joints, on the other hand, may be ordered

according to Joints, so that the right-hand side of (2.6) may be written
§ {Bfl ¢g(dog/dn)}, joint I ? (2.10)

where B = 1, 2, 3 denote the three branches merging in Joint J and ? denotes the sum
over all Joints of the bond skeleton., By virtue of Eqs. (1.32,33), each tcrm in the
summation over J vanishes separately, and thus Eq. (2.7) is proved. This equatlion may
be considered a generalization of the familiar result obtained in the case of a single

2{ between 0 and 7 is i,

branch, namely that the mean value of cos
It is useful to introduce, at this point, a few conventions. First of all we note

that
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apcos (kxg+éy) = a'Bcoa(ka+6'B) R
with
&'BH-aB, b'BEOB*‘" .
In order to eliminate any ambiguity we shall always choose the phase &B such that
in e 8> -4, o {(2.11)

thercby simultaneocusly fixing the relative signs of the amplitudes ag of the different
branches, At the same time this establishes a one-to~one correspondence between 63 and
tanéB- ‘ |

There is, of course, 8t111 a faotor el” (y = real) which is arbitrary in the
normalized functions {2.1). . However, we require the wavefunotion to be real, and thus -
6n1y a factor (-1) remains arbitrary in the total function ¢(x) on Eq. {2.1).

In tﬁe second place, it is seen ﬁhaf tne'sign‘df k'énd 4 may be simu;taneoualy

reversed without affecting the wavefunction (a.é) or the eigenvalue (2.3)., We adopt

the convention always to choose
k#0 (2.12)

which entalls in each case a definite sign for 6. The de Broglie wavelength k¢ of the
motion described by the molecular orbital (2.1) is then given by

Ay = 2T/k (2.13)

Since a constant potential V(x) treats all atoms as equal, 1t is natural to
econslder the distance D between nelghboring atoms as a constant throughout the conju-

gated structure. We adopt this assumption and define the dimensionless conatant
k=kD , (2.14)
which will prove to be convenient, Eq. (2.3) can then be written
(E/By) = (a/D)%2 (2.141)

where a = #Z/e°m 18 the Bohr radius, and E,; = €%/2a is the lonization potential of the

hydrogen atom. It will soon become clear that for our purposes, x ‘lles always in the

range
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Os ks , (2.15)

8
© that a one-to-one correspondence exists between k£, 8ink, and cosk.

D. Eigenvectors of a Free-Electron Eigenfunction
Let

&(1), ¢(2), ..o @(N) , (2.16)

denote the values which the eigenfunction ¢(x), (2.1), assumes at the N atoms of the

conjugated structure. We define the N-dimens:ional row veotor

¢(1)

2 . .
$= ¢( ) 3 ) ‘ (2-17)

¢(N)

‘and call it the free-electron eigenveotorrcorresponding to the eigenrunotibn o(x),
(2.1). This vector is uniquely determined by the function ¢(x); however, inversely
#(x) 1s also uniquely determined by the eigenbeotor*¢ in conjunction with its elgen-
value (2;3). Indee&, each branch B contains at least tﬁo atoms, say P and Q, 36 that
the constants ay and ¢ can, by virtue of (2.2), be expressed in terms of ¢(F), ¢(Q),
and k = (2mE/h2)é. In order to obtain explicit expressions for. ag and &y it is con-

venient to employ the relation
bg(xg+t) = cos (k&)og(xg) + k™ ein(ke)(dsg/dxg) (2.18)

where ¢ is arbitrary. Eq. (2.18), which will alsc prove to be useful later, follows

from (2.2) by virtue of the addition theorem for the cosine or else by means of the

Taylor expansion
sglxgre) = T (£7/ni}e"y(xp) = %%, (x5)
N= ’
dp(xg+) = (cosigd - 1 sin1€d)eg(xg) (2.19)

where d = (d/dx). The equivalence of (2.18) and (2.19) tollows [rom the Schrédinger
equation

(d/dx)%0(x) + K26(x) = 0 . (2.20)
In practice one chooses the orizin of the coordinate on a branch, always such as

35




1800 =TT

e U,

L

TR W

ahaill st TR M e e e

RUEDENBERG AND SCHERR

to have it coinclde with an atom or with the midpoint of & bond. Consider therefore

first the case that g = 0 coincides with an atom P so that

¢B(P) = agoosdy (2.21)

and let Q denote the atom next to P at xp = D, so that by virtue of (2.18) and (2.14)

¢B(Q) = ¢B(P)[cosx - gink taan] . (2.22)

From (2.21) and (2.22) one obtains the relations
tandp = [cosk - ¢B(Q)/¢B(P)]/ainx , (2.23)
(2.24)

ag -‘ ¢g(?)/005263 = (1 + tan263)¢g(P) ’ 7

for ﬁhe calculation of taan and ag. ‘The sign of &g must be the same as the sign of
¢B(P), since in Eq. (2.21) one has cosdy > O because of the convention (2.11), On the

other hand, if x5 = O coincides with the midpoint of the bond between the atoms P and ,

Q, then application of (2.18) for xy = 0, &5 = 4D, and by = D yields

45(P) = agloosx cosdy + sind sindy] (2.25)
45(Q) = agloosdx cosdy - sindx sinty] | (2.26)
or |
¢g(P) + 65(Q) = 2agcosde cosdy (2.27)
(2.28)

¢g(P) - ¢5(Q) = 2apsinik sinsy .

Hence one obtaing for taan and agz
1 + cosx ¢o(P) - ¢o(Q
B 5(?) (2.29)

tandp = ~FTK " 35(FT ¥ 95107 '

a3 = [3(P) + ¢5(Q) - 2c0sk 05(P)@n(Q)1/ain’k (2.30)

since cosby > O, the sign of ap is the same as the sign of [¢B(P) + °B(Q)]' see Eq.

(2.27).
It is useful to define another N-dimensional row vector, namely
®1
¢
6= 21, (2.31)
Py
36
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whose elements P15 Pgs +es Py have gubscripts corresponding again to the N atoms of the

system and are defined in the following manner (see 2.16):

op = D§¢(P) » if P 18 not a Joint ("ordinary atoms") ,

(2.32)
P = (D3/2)é¢(q) , if Q 1s a Jjoint .
The vector § has, as we shail show, the property
N
$'6 = I of = Zdaity = axoPlx) = 2 5Baxa¢§<x3> : (2.33)

where‘g* denotes the hermitian conjugate matrix of §, which here is identical with the

transposed matrix, Since ¢(x) is assumed to be a normalized eigenfunction (see 1.,31),

we obtain
» N 2 -
m & Qg =1 (2.34)
$9-5% !

and therefore call § the normalized free electron eigenvector.
In order to establish (2.33) consider first the n atoms Q), Qps Qs «s Qn‘on one
branch B, If Xp is the coordinate of the firat atom Ql = FB and Xp = Xp + (n=1)D is

. the coordinate of the last atom Qn = EB’ then let us denote the argument of the cosines

in (2.2) by (see 2.14)

£ = kxp + 85 (first atom Fp) :
, (2.35)
& = kxp + g = £ 4 (n-1)x (last atom EB) .
For. the sum
Y 2
S = Z 45(Q,) . (2.36)

one obtains
Sp ;b cosa(xv+f) = %aB E {2 + e12(kv4f) | o-12(kvaf))y
%aB{En . e12f(e12nx_1)/(e12x_l) 4 o120 (gmt2nK 1y (o -12K ),
and by virtue of (2.35)

Sg = éag{En + [ei(f+e) + e-i(r+e)][ei(e-r+x) - e-i(e-r+x)]/[eix_e-jx]}

Sp = %ag{n + #[sin(2e4x) - sin(2f-«)}/ink}
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2

Sy = ﬁag((n-l) + cotx(siné cose ~ sinf coaf) + ouse + cos®r} . (2.37)

@iving fp the same meaning as in Eq. (2.7) and giving (d/dn) the same meaning as in

Eq. (2.8) one can, in the case of a branch between two Jointa, write (2.37) as
DSy = dadty + DLeR(Ry) + #§(Bg)) + (D/2K)actr((4g(dsg/an)]p + [og(atg/in) g, ) - (2:39)

If a branch B contains a free endpoint and Q, is the last atom, then the frae end-
point with the boundary condition ¢ = 0 is located one bondlength beyond Q,, i. e., at

the site of a fictitious atom Qn+1' Since ¢(Qn+1) = 0, one has in this case

8p (n) = z 42(e,) = " $2(Q,) = Sp(n+1)
A yal BY yal y B

‘and we obtain Eq. (2.3é5 ﬁsainx but all ﬁefma'comingAfrom the free end vanish.

Let us now sum Eq. (2}38) over all branches of a conjugated structure and write
the result in the form

b § {85 - de5(rp) - Jo3(Eg))
= I da5tg + (0/2k)cot I {[6g(de/an)]y + [og(dog/an)lg } . (2.39)

Taking into consideration that all contributions from free endpoints vanish, one
recognizes that by virtue of (2.36) and (2.32) the left-hand side of (2.39) is
identical with |

N
) % = #'¢
where the sum over P includes all atoms of the conjugated system.' Furthermore, the
éeoond term on the right-hand side of (2.39) is of the same nature &s the right-hand
side of (2.9) and vanished for the reasons given there. Thus Eq. (2.39) beccmes
identical with Eq. (2.33), and the proof is completed.

The normalization theorem is not limited to the eigenvector ¢ (g.}l). Choose, on
the free electron path, any set of L-equidistant points Rys Ryy o0 Ry, whose neighbor
distance, d, 1s adjusted in such a manner that all Jjoints and endpoints are contained
in the set, and define the L-dimensional row~veotor

o]
; - %5 , (2.40)

v
~

i

38

i
S




FREE-ELECTRON MCDEL. I

with

~

®r = ade(r) |, if R is not a Jjoint,
(2.41)
5R = (d}/z)%(n) » if R 18 a Joint.

From the preceding derivation it is apparent that the normalization thoorem (2.42,43)
holds equally for ; .

For example, one may chcose 4 = 4D, and then the points Rys Rgs ee R, are all
atoms plus all bond midpoints. One obtains

3: - §Q§ at atomst R= P,
=2 2,
9 = 4D¢“(R) at bond midpoints: R=M,
hence
E92wdTos+ 4D Iot(M) . (2.42)
R P M '

By virtue of the normalization theorem, the left-hand side of (2.42) 1s unity, and the
firat term on the right-hand side is #; hence onu finds ’

bz ¢Z(M) = 1, (2.43)

where the sum extends over all bond midpointe. Eq. (2.43), which may be called the
normalization theorem for the bond midpoint, serves as a convenient numerical check in
any computation involving the ¢2(M).

A different example 1is provided by the stilbene molecule (see Figure 7). There
it is possible to choose a four-dimensional normalized row veoctor 3, corresponding to

the four atoms A, B, C, D, with the neighbor distance d = 3D,

Fig. 7
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¢. Matrix Form of the Eigenvalue Problem

Consider three ornsecutive points P-l’ Po, P,y» on a branch with coordinates

(xB-D), Xg, (xg+D) respectively. Applying the relation (2.18) for ¢p(P_,) and ¢B(P+1),

one obtains

¢n(P_q) - 2008k dn(Py) + 6x(P . ) = 0 . (2.44)
If Po is the last atom at a free end, then ¢(P_1) = 0, and hence
-2008K ¢(P°) + ¢B(P+l) =0 v (2.45)

in that case. Consider furthermore a joint J and its three neighboring atoms Py, Py,
Py Applying Eq. (2.18) for (Pl), (PQ), (P3), and adding all three relations one

obtains

| % ¢g(Py) = 3cosx ¢(J) + k" g ink 3, (dg/dxg), «

Bal B=l
Because of the conservation condition (1.33), the second term on the right-hand side
vﬁnishzs, and the result 15,

¢(P)) + ¢(Py) + &(Py) = 3cosx ¢(J) = 0 . (2.46)

Since for each atom one has one relation of the type (2.4%,45,46), one finds
exaptly a8 many equations as there are atoms, Hence ore has a system of N homogeneous

linear equations for N quantities @(Pl), ¢(P2), ees ¢(PN). This may be written

F¢=0, (2.47)

where ¢ 15 the eigenvector defined in Eq. (2.17), and F is a matrix whose structure is
most easily explained by writing it down in a special case, say styrene. If the atoms
are numbered in the way indicated in the free-electron path of Figure 5¢, then the
matrix assumes the form:

1 2 2 4 ) 6 7 8

1 -F 1

2 1 -F 1

3 1 -(3/2)F { . 1 (2.48)
4 1 -b e

5 1 -F R P

6 1 -F 1 T

7 1 -F 1 -

8 1 1 -F

40
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where all elements which are omitted vanish, and
F = 2c08K . (2.49)

Let T be the diagonal matrix defined by

Tpg = Tp ®pq *

: . 1, Af P is not a Joint , (2.50)

-

ii (%)*, if P is a Joint , ?

E 80 that the normalized eigenvector (2.31,}2) is given by

% ¢ = Dirly (2.51)

% Then Eq. (2.47) can be rewritten as the eigehvalue equation 7 §

? F$ = F¢ , . | S : (2152177 §

§ - where F s the matrix | | . ‘  o S . ;

; Fe= T 4 52 s | (2.53) ; !

(I = unit matrix). In the case of styrene: : i

1 2 3 y 5 6 7 8 | i
1l -0 1 :
2 1 o} (2/3)%
3 2/9t o (e/3)} (2/3)
Pk (273t o 1 (2.531)
- 5 1 0 1l
3 6 1 0
% 7 1 0 1 !
8 (2/3)} 1 0

Since F is a symmetric matrix, it follows that the eigenvalues F are real [by virtue

of (2.49) they are € 2], and that the eigenvectors belonging to different eigenvalues
are mutually orthogonal, From (2.34) we know that the eigenvectors are normalized.
Different eigenvectors of one degenerate level can of course be orthogonalized. Hence

the eigenvectors §1, ﬁ?, N Qn of (2.52), corresponding to the eisenlfunctions ¢1(x),

~. ¥l
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¢2(x) . ¢n(x) satisfy the relations

*

N
’n‘m = Pfl anvmp = 6mn ] (2-5"’)
in analogy wilth

£ dxe, (x)8, (x) = 8, « (2.55)
/
The eigenvalues Fn are found as solutions of the secular equation corresponding to

(2.52) or (2.47):

IF - FI] =0, (2.56)

.
Plao. R € 1)

‘ From the eigenvalues F_ one finds the energy levels E, by means of (2.49) and (2}1ui)l‘

When the eigenvalues are found,,the‘eigqhvectcra ’n can be determined as solutions
of the system of equations (2.52), or thg aiglenveotor ¢ can be Qetermiﬁed as solutions
of (2.47). Finally,‘the rree;electron wavefunctions og(x) can be oaloulated from ﬁhe
eigenvectors by the method outlined in Egs. (2.21-30).

In this way, energy levels and eigenfunoctions of the free-eleatron problem with
eonatantipotential can be determined without explicit use of the boundary condition
(1.34) and the joint conditions (2.4,5,6); and application of the model to larger
molecules is made possible. Whereas the determination of the eigenvalues must always
be done by means of the secular equation (2.56,57) (except in the very aimplest cases),
it is sometimes more convenient to determine the free-electron wavefunctions directly
than to calcdlate the eigenvectora. This 1s the case when the phases of the wave-
function are immediately given by the symmetr& of the system (for example in naphtha-
lene); once the eigénvalues and all phases 68 of a wavefunction are known, 1t is easy
to determine its amplitudes, ap, by use of the equations (2.4) and (2.7).

It should be noted that the matrix form of the eigenvalue problem can equally
well be developed for eigenvectors of the type discussed in Eg. (2.40). A nice appli-
cation of this fact to the stilbene molecule of Figure 7 will be discussed later,
Another consequence is that the orthonormality relations (2.5U4) hold also for the
eigenvectors ;n (2.40). Incidentaily it may be mentioned that the orthogonality of
elgenvectars belonging to different eigenvalues can also be derived directly by the

bz
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method employed in the proof of the normalization theorem (2.34).
d. | Discussion, Applications

The N values which are obtained for F = 2c08k give rise to infinitely many values
of k. There are N values £, (n e 1, 2,..N) in the range 0 & x, & m and each of these N

values £ glves rise to an infinite set of x values, namely

x:v -k, +2mv, vel,2, 3. . (2.58)

A possible situation in the case N = 2 is shown in Figure 8. We note that by defini-
tion k s O {see 2.12). 'To each value x:v(s = ) belongs, by means of (2.14'), one

eigenvaelue E:v and, by means of Eqs. (2.21-30), one wavefunction ¢:v(x).
8

Thus each eigenvector ’n gives rise to an infinite set of eigenfunotions ¢hv(x)' o

For the N lowest-energy levels, 1. e., those in the range (0 €« x €« 1), the de Broglie
wavelength Ay (2.13) is ’

. ) i

!

Ay 2 2D } . ‘l (2.59)
Hence théré can be no more than one node from each wavefunction between twq ne1ghbor1ng
atoms. For the wavefunctions corresponding to x > m, on the other hand, there alwaya.
.exists pairs of neighboring atoms between which are at lcast two nodes.

The eigenvalue &, = O (corresponding to F, = 2) implies Ap = @, 1. 0., & constant
wavefunotion. Hence it does not occur if the elestron path has a free endpoint, since
a constant wavefunction would have to vanish identically. This eigenvalue always

oscurs, however, if the electron path has no free endpoints.

BTN

0
Pig. 8

Since the molecule contains N m-electrons, the one-half N lowesat levels are doubly
occupied in the ground’state. If N 1s odd, then the highest level 1s only singly
ocoupied in the ground state. Later, it will be shown that for alternant hydrocarbons

all ground-state levels have

x £n/2 ; (2.60)

but also for those non-alternant hydrocarbons which were investigated by one of ua,6
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the condition (2.60) was always found to be valid for the ground-state levels,
The excitations of the highest electrons to the next higher levels correspond to
the m-electron spectra of the conjugated molecule. The transition energy AE = Em - En

between two levels Em, En is given by

AE = EA(k?) (2.61)
with |
Ep = By(a/D)? ; | ~ (2.62) ‘
the corresponding wavenumber (1/a) = AE/hc by | ‘,
A/ = (1Ag)aR) | | (2.63)
or | |
N | ©(1/A) = &l;A(l/xg) , | k o (2.84)
with o | |
(1/ag) = A /8n08 . (e

Here the symbol Ax always has the meaning - ?n’ x¢ is the de Broglie wavelength
(2.13) of a free-electron ‘orbital; a = 0.520151% is the Bohr radius; Ey = 13.6035eV 18
the atomic ionization potential of hydrogen; and Ay = 0.0242607R is the Compton wave=-
length. For D = Dy = 1. 40000 (the subscript C stands for "oonjugated", the value
1.40000 being & mean value for the bond distance in conjugated Systems) one 6btains

the numerical values
E, = 1.9432eV = 44,827koal/mole (2.66)

(1/3,) = 15,677em™2 | (2.661)

‘For .other values of D one finds ED and xD by means of the relation

(Ep/Bg) = (Ag/Ap) = (Dg/m)2 . (2.67)

Because of Eq. (2.60) it follows then that the lowest m-elesctronic excitation energies
are of the order of magnitude given in Eq. (2.66,66'), or rather a 1little larger. This

result 18 in agreement with experiment. In contrast, the excitation of an electron

by
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from a ground-state level to a level with « # 7 needs an energy AE 2 (n2 - éﬂa)En =
14,3eV., Since the ionization energy for benzene is 9.24eV, such a level cannot have a
physical meaning, i. e., the approximations of the free-electron model which dc not
allow for ionization become insufficlent for excitations of this magnitude.

The lowest N levels of the free-electron model correspond to the N levels found
in LCAO theory. The similarity between the form of the matrix F (2.53) and the matrix
which determines the eigenstates in LCAO theory is striking; indeed, the only differ-
ence is that each joint introduces a factor (2/3)é into the matrix F, whereas it does
not do 80 in the LCAO matrix. The set of linear equations (2.44,45,46) 18 of the same

nature as the corresponding system in LCAO theory, and the-simplificationS“bn‘tha'Sasis‘l

or the moleoular symmetry can thererore be achieved by exactly the same methods which
are used in LCAO Lheory.lo It should he noted that each free-electron eigeﬂrunction
belongs to a definite representation of the three-dimensional symmetry group of its

molecule. in order to find this representation one llas to take into account that the

total three-dimensional free-electron wavefunction (gee Eq. (1.17) ££.) 1s anti-

symmetric with reapect to the molecular plane. It follows that e one-to-one corres-

pondence exists between the free-slectron states and the LCAO states according to their

group-theory classification. However, the order of the energies is not always the same

same; an example is given by the fourth and fifth levels in perylene (gg. refs. 6 and
8)t The LCAO model furnishes EA > EB , the free-electron theory, Eal >E .

u u
Also the free-electron methcd may ylel d accidental degeneracies not shown by the LCAO

-model and vice versa. (E. g., the sixth to ninth levels inclusive in perylene are

degepgrate’in the LCAQ model, but not in the free-electron model.)

Let M_ and M+ be the two bond midpoints on both sides of a non-joint atom P, and
let P and Q be the two atoms on both sides of a bond midpoint M. Then it 4s sensible
to define an atom population, a', on P and a bond population, b', on the bond PQ by

the equations
M,
2
a'(P) = £ £ [ dx¢;(x) , (2.68)
n M

b1(0) = b(%0) = B 1, § axel(x) (2.68")

where £ = 0, l, 2 denotes the number of electrons occupying the orbital ¢n(x). The

sum extends only over the filled orbitals, since f_ = O for the other cases. For an

10g¢e, e. g., ref, 8, page 196.
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atom PJ at a Joint the atom population has to be defined by
at(P) = £ f % i dx ¢2 (%) (2.68")
n P Bal £J B"Bn ‘"B

where Ml’ ME’ M3 are the three bond midpoints between PJ and its three neighbor atoms.
Instead of using the quantities a' and bf, it is simpler to work with the quan-
tities a and b, defined by (See Eq. (2.32))

= 5 f08 = M2 , 2.6
a(P) Z fn¥np = Tp D w(P) (2.69)
b(PQ) = b(M) = D w(M) , (2.69')
where
w(x) = ;:’rnépﬁ(x) - - | N - ()

denctes the‘tofal n-electraﬁié 1inear density at the point x, anﬁ TP is defined in
Eq. (2.50).» One would have a = at and b = b', if #(P), ¢(M), ¢(PJ) would represent
the mean value of the function ¢(x) in the integrals (2.68), (2.68'), (2.68"), respes-
- tively. "Although this is, in general, not true for a single atom or bond, it can be
considered to hold on the average, in the sense of the following argument., According
to Eqa. (2.33) and (2.43) the total m-electronic population of the molecule can be

expressed ay

y ﬁ"n { dx¢. (x) }é‘.a(P) = hE‘b(M) ) (2.71)

whence
g a!'(P) = § a{P) = ¥, (2.711)
gb'm) - ﬁ b(M) = N, S (2.71")

where the summation over P contains all atoms and the summation over M contains all
bond midpoints (N is the number of electrcns). Hence, on the average, a(P) may be
considered as the contribution of atom P to the total population, and b(PQ) may be
considered as the contribution of the bond PQ to the total population. In the follow-
ing, we shall apply the terms atom population and bond population to a and b respec-
tively.

The quantities a, b have a similar physical meaning as the analegous quantities

q (= the number of electrons on an atom) and p (= bond order between two atoms) of the
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LCAO mode1,2 It followe then that the reactivities of the different atoms and the
total T-eleotroniec dipole moment of the molecule are connected with the a's in the same
Way as they are connected with the q's, and the application can be taken over directly
from LCAO theory. It should be noted however that at the Joints there is a difference
between the electron density and the electron population (t'is difference is unknown in
LCAO theory), and one may raise the question whether the former or the latter decides
the chemiocal reactivity., The quantities b, on the other hand, are related to the bond
lengths and the so-called free valences of the same atoms in the same way as the LCAO
quantities, p.

On this basis it is possible to correlate the free-slectron wavefunctions with
experimental facts,  The numerical comparison shows that the free-eleoctron results are
in no way inferior to the results obtginéd from the LCAO hodel.

e. Alternant Conjugasted Systams

We condlude the present paper by showing that the free-electron theory.desoiibes'
the particular charactér of the alternant oondﬁgated gystem with an even number of
atoms in thg very same way as the LCAO model does.11 This important group of mole~
_ oules, which includes all conjugated structures composed of even-membered rings, is

defined by fthe following properties: The conjugated structure contains an even number

of atoms, and it must be possible to divide all atoms into two classes, e. g., "starred

ones" and "unstarred ones", in such & fashion that no two neighbors belong to the same
glass.

The theoretical characteristies of these moclecules have thelr origin in the

"pairing theorem", which we shall now establish. Let J be the matrix

f 1 0 0 0 ...0 9
o -1 0 0...0
0 0 1 0...0
J‘ » 2.72
0 O 0 -1 ...0 ( 7)
L O 0 0 0...21 J

1, e., J 18 a diagonal matrix in which all elements corresponding to the starred atoma

are 1 and all elements corresponding to the unstarred atcms are -1. Then

P21, (2.73)

11Al‘cernant systems with an odd number of atoms present no difficulties and will be
dealt with in a subsequent paper.
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where I denotes the unit matrix, and
JFJ = "'F ’ (2.7“)

where F is the matrix (2.53). Henoce it follows from (2.52) that

F§! = Frgt, (2.75)

with
$r =3¢, ’ (2.76)
F'omeF. . (2.77)

That is: If § is an eigenvector with the eigenvalue F, then ¢' 1s an e;genvectof with

the eigenvalue F' = -F. Hence, 1r‘xn is an eigenvalue of k (see Eq. (2.49)), then

KL om -'mn A ' - (2.78)

is also an eigenvalue, Combined with Eq. (2.58), this leads to the result that with

xn(s n/2) one has simultaneously the eigenvalues

Knv - ICn + v7

' } v=0,1,2 3... (2.79)
Khy = (n-nn) + v
Figure 9 shows all the eigenvalues generated by one Kns which must appear together in

an alternant system.

+ b} + P s

Let Ko be the smaller one and let xﬁ be the larger one of the two palred elgen-

values < 7, 1. e,,

0 sk, sidn, (2.80)

ins ) s, (2.81)

Then it follows for the two paired eigenfunctions ¢n(x) and ¢ﬁ(x) that

48




FREE-ELECTRON MODEL., I

A ® W, | (2.82)

4p = “¢ﬁ = 2D , (2.83)

) i.e., for ¢n(x) two nodes are at least two bond lengths apart, and for ¢ﬁ(x) the

distance of two nodes lies between one and two bond lengths. Moreover, one sees from

Eq. (2.76) that

% ¢,(P) = ¢L(F) at each starred atom,
} (2.84)

¢n(P) - '°ﬁ(P) at each unstarred atom,

or vice versa, depending on the ahoice of the arbitrary signs in the wavefunctions.
The explicit form of the wivefunction ¢A(x) beocomes simple on & branch where the
point xp = O coincides with an atom: If ¢n(x) 18 given by Eq. (2.2), then ¢;(x) is

given by : o

Bgn(x) = o cos[ (D Mmekc )xg - 65) 4 (2.85)
as may be verified'ﬁy taking ascount of Eqs. (2.78,84) in Eqs. (2.23, 2U) whioh deter~
b mine k., 8z, Ki» 84, Frém (2,85) follows indeed thai

; 84,(vD) = (-1)¥0 (vD), v=1,2, 3 ..., - (2.86) §

which is identical with (2.84), if one chooses the point xp =0 to be a starred atom.
: On the other hand, on a branch where Xy = 0 coincides with a bond midpoint one finds,
i by virtue of (2.29,30) and (2.78,84), that '

; Ghn(x) = ap, coa[(D;lﬂ-kn)xB + (dm-8g )] ~ (2.87)
whence
8L L(v=3)D] = (-1)¥8g [(v-4)D), v =1,2, 3 ..., (2.88)

which agrees with (2.84) if x5 = -4D is chosen as a starred atom.
An immediate consequence of the pairing theorem is the population theorem, which

states that the tota}l =m-electronic population at each atom is unity in the ground

state of an alternant conjugated system. This theorem, which excludes, for example,

the existence of a m-electronic dipole moment for alternant systems, is established in

the following ‘way: By virtue of the psiring theorem, in particular Eg. (2.84), the

: 1
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m-electronic atom population (2.70) in the ground state can be written

N/2 N

2 2

a(P) = E 2 = 2 . 2.8
(F) = & 29fp= I b (2.89)

Now Eq. (2.64) states that the quantities ®,ps» taken for n= 1, 2, ... N, form an

orthogonal matrix and hence
a(P) = 1 . (2.90)

This population theorem 1s the counterpart of the identical theorem in the LCAC model.
Since the secular equation simultanecusly has the eigenvalues F and ~F, it must
be possible to write it as a system of iN equations containing only Fa. Such a system

can be obtained in the roliow:mg mannert: The matrix 1?2 commutes with J (2.‘72): .Q

. I
For = PP - 3GR-R = 0, (k1)

'

and hence has no elements (different from iero) connecting starred and unstarred atoms.

Hence the vector transformation desorived by ¥ leaves both the "sterved subapace™ and
the "unstarred s;.tbspaog" invariant, and hence the eigenvectors of F can be Aaiuumed to
have only sfcarre;l components or only unstarred components. The éigénvalue of -'2 is
of course FE. Indeed from (2.52) and {2.75, 76, 77) it follows that

Fg-r, | (2.92)
FI$ = F°O4 , - (2.921)

whence
¥s, = Y, (2.93)
o6 =~ P4 (2.93)

with

$,. =8I+ . (2.94)

Since

1 0
o] 1
1 0
(T +J) = 0 ’ (I =J) = 1 , (2.95)
50
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one may write Eq. (2.93) and (2.93!) as
(P )y 4 = Fohu » (2.96)
(F%), $o = P24, | (2.96')

whore §, is the #N-dimensional vector cbtained from f+ by omitting all unstarred
components, and ‘o is the #N-dimensional veotor obtained from §_ by omitting all
starred components. Similarly, (ra), and (1‘2)° are obtained from F° by omitting all
unstarred or all starred elemente respectively. The eisenvaluea F2 are therefore

solutions of the two equations

|F), - 22l =0, |  (aem

), - 1l = o, o taem

The eigenvectors §,, §, of (2.96) and (2.96'), corresponding to the same eigenvalue F°,
furnish the two eigenvectors Q+ and §_of Fe. From these, one obtains the two eigen-

vectors
b=, +94_, —_— (2.98)
I R R R S (2.98)

of ¥, corresponding to the two eigenvalues +F and =-F. Which eigenvalue belongs to
which eigenvector is decided by checking the relation (2.44), 1. e., one of the
equations of the set (2.52), betwesn three neighboring points. ‘

As an 1llustration let us finally consider the problem of finding the eigenvalues
of the stilbene molecuie, whose {ree-electron path has already been shéwn in Figure 7.
In the first place, we note that one may set up a secular equation for the four points
A, B, C, D, which have the neighbor distance 3D. Since they form an alternant system,
the four eigenvalues, ﬁn’ of this problem form two pairs, and since there are no free
endpoihts, one pair must be ?1 = 2, iu = =2, corresponding to ;1 = 0, Eu = T, where
X = 3Dk. Hence there &3tually remains one eigenvalue to be determined. The matrix

(2.53) becomes for these four pointa,
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A B ¢ D
A 0 2(%)* 0 0
. B 2(2% 0 g 0
c 0 5 0 2(3)
D 0 0 2(%)* 0
whenece
r ) y
§ o B o
28 4‘2
i,'?‘ ‘ :, ,0 T i 0 3‘(3‘)*
= : - | » (2-100)
o 8 |
4,2 8
S L 3 )
and
. - 28 R
. T 331 ' |
(F) =, . = F), . - (2.0)
4(2)3 8 .
Ak ] )
The secular equation (2.97) becomes
(3B) - 52332 + 576 = 0 ,  (2.302).

and, since (B'ii")2 = 36 (corresponding to Fas 2) must be one root, it follows that

‘(35)2- 52 - 36 = 16 is the second root. Thus, we find for iF = cosk, and for k, the

¢

gosk | 1 2/3 ~2/3 -1
X | o o0.268r ou32r o«

in the range (0 € x & ®). These eigenvalues plua those generated in the range between
m and Jn are drawn in Figure 10 on horizontal lines. The first vertical scale shows
the values of x and the second (middle) vertical acale shows the corresponding values
of k = x/3D.

Since the eigenvalues of k depend only oh the free-electron path and not on the
manner in which one assumes equidistant points on the path, no other eigenvalues, kK,

can be found by solving the l4-dimensional secular equation corresponding to the 14
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Trent T2
T— e 7T/ 3D —tms .
B S - ] - 074 h; i - - ﬁ*a,O -
Rezok peemedt o kink :

s 10

fes k = Dk =

k/3. The 14 states with 0 & x € T correspond to the 14 LCAO states of . the molecules.'

,Now the third (right) socale in Figure 10 shows ‘the valuea or K. ror the eigenvaluea

whioh were found: one recognizes that there exiata only 10 levels in this range, henoe

gome of these must be degenerate. Indeed, the levels Ky = m/3 and ‘n = 27n/3 are both

‘triply degenerate, thus providing the extra four levels. This degeneracy is easily

recognized: The eigenfunctions for K = /3 have x¢ = 6D, and one seces immediately
that one can construct three mutuslly orthogonal waverunctions with‘this wavelength;
they are shcwn‘in.Figure 11 where a -

full iine is drawn, wherever the wave function is positive,

hollow line is drawn, wherever the wave funotion is negative,

dotted 1line is drawn, wherever the wave function is identically zero.
Since there are three independent wavefunctions for x = m/3, the same must be true for
x = 2m/3 by virtue of the pairing theorem. In order to find all wavefunctions one
solves the system of two linear equations obtained from (2.96) by substituting (?2)’
of (2,101) for (Fe)*z by the method described after (2.97), one then cbtains the eigen-
vectors of F {2.99) and hence by the usual methods [see Eqs. (2.21-30)] the wave-

funotlons for the 14 lowest states. Finally one can determine the symmetries of the
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@ _______

Fig. 11

different wavefunotions, . .
Of course it would have been poaaible from the beginning to sepdrate out the
eigenvalue equations corresponding to the different symmetry types; this procedure

would be advantagecus in dealing with a molecule of sufficiently high symmetry. 81noe.

10 we do not have

this method operates- in precvisely the same way as in the LCAO model,
to go into detalils at this point, and refer the reader to the following pnpers for an

11lustrative exampie.

APPENDIX

JUSTIFICATION OF THE BOUNDARY CONDITION FOR PREE ENDPOINTS

The assumption that the wavefunotion ¢(x) goes to zero one bond length D beyond
the last atom at a free end [see comments after Eq. (1.34)] has been essential in
deriving the normalization of the eigenvectors [see after Eq.(2.38)] and in deriving
the matrix formulation of the eigenvalue problem [see Eq.(2.45)]. Hence, also the
orthogonality of the eigenvectors depends on the present cholce of the boundary condi-
tions [see comments after (2.53')].

It will now be shown that this boundary condition is the only one which guarantees
the normalization of the eigenvectors as well as the existence of the pairing theorem

for alternant systems,

- EEm wmE M b e St Bt Gt BBME  Bd Guind AR Beimed emi
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Consider tha proof starting after Eq. (2.34%). Let us assume that the branch B
oonsidered there has a free endpoint; let the "firat atom FB" [definitiont between Eqs.
Eqs. (2.34) and (2,35)] be the one nearest to the free endpoint; and let the endpoint
of the electron path be located at a distance &D beyond the atom FB' Then the branch
length becomes

‘B = D(n " 1 + e) [ (Atl)
We choose the pafh endpoint to be the origin X = 0 of the coordinate Xp which
1n6reaaqs‘1n the direction away from the endpoint. Hence, the wavefunotion vanishes
-ror’kﬁ = 0, and has therafore the form o
“$g(xg) = agoos(kxy - 4m) , | (A:2)
so that the argument of the cosine becomes, for the first atom FB,
£ube=dqrv, o _ (A-’) ,

(see Eq. (2.35)].

The course of the proof subsequent to Eq. (2.37) shows that under the present
curcumstances [note Eq. (A.l)] the Eqs. (2.33) result from Eq. (2.37) only if the
relation - '

-cotk 8ing cosf + cosef = ¢ (Adl)

is fulrnled.12 Hence,

- w;ﬁ-f,—iﬁ- - (28 - 1), (A.5)

and by virtue of (A.3):

sinnk = 4 sink , (A.6)

wlth

n=2¢8-1, (A.?)

laxr there are several branches with free endpoints, the Eq. (A.4) muat atill hold

for each branch separately in order that our results remain generally valid,
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1

r——

BEq. (A.6) 1s satisfied by the values
N=0, +1, =1, (A.8) I

Now there are always eigenfunctions with x in the range 0 < x s 41 (x = 0 1s excluded,
if there is a free endpoint). Ior such values of x there exist no other solutions of

(A.6), as may be seen in the following way: Figure 12 shows the two ourves

£(n) = ainnk , | (A.9)

g(n) = n sink , ' (A.lq)_

o
- wK X
b
’
Flg. 12
For n = (m/2¢) the straight line (A.10) assumes the value .
g(n/2k) = (n sink)/2x , (A.11)

which decreases from

g{n/2x) = dn , for k= 0,
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g(n/2k) =1, for £ = 47,

Hence the line (A.10) must lie in the sector between the two dotted lines of Figure 12;

a8 an example the ourve for x = 7m/3 has been indicated. (It should he noted that, as

k = 0, the argument point m/2x moves out towards infinity.) It follows then that the

two ourves (A.9) and (A.10) have no other intersecotions than the ones given by (A.8).
Thua, Bq. (A.5) 18 only fulfilled by [See(A.6)]

=0, 4,1, (A.12)

Singe the ﬁévefﬁnotion shall certainly not vanish at the last atom, the first value
¢ =70 has to be discarded. The second value & = & is inconsistent with the validity

of the pairing theorem. .Indeed, it is easily recognised that such a boundary condi-

tion would lead to the relation

0a(P,y) - (1 + 200mk)og(Bg) =0 (A.13)

* instead of to Fq. (2.45). Conaequently, the matrix F entering in the eiéenﬁﬁlue'

equation (2.51) would contain the diagonal element (-1) for each end atom; and hence
Bq. (2,74), the basis for the pairing theorem, would not hold.

Thérarore the normalization of the eigenvectors and the pairing theorem for
alternant systems result only from the cholce £ = 1; and this is tho definition of the
path end point adopted in this paper.
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