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INTERNAL TIDAL WAVZS IN TEEZ OCEAL

Ey B. HaurWwitz

Abstracy

The theory of internal tidal waves is briefly reviewed in
order tc demonstrate the importance of simultaneous obscrvatlions
at different positicnsg., After a description of the expectancy
test 1t 1s shown that a reasonably high probsobility exists that
the internal ticdal oscillations found at Meteor Station 385 in
the temperature observations are real and not purely formal
results of the harmonic anelysis. The existence of internal
tides at Meteor Station 428 and, to a lesser degrece, ai an anchor
station of the Altair cannot to regarded us established because
of the high probability that amplitudes »f the mggnitude obtained
ty harmonic analysis would oczur in rendom data. The study Indi-
cates clearly that longer scrles of observations sre requirecd if

Llie existence ol internal tidal waves is t. pe estabLlished securely,
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Internal vwaves 'n the ocean have recsived considerable giie:ii-~

tion in recent years, Apart Ircm the intrinsic interest which

Y

these phenomena uzeserve it carn ©e surmised that they play an

appreclavle rcle in lurthering mixing processes in those regions

of the ocean wnerc they occur, This nas become o:pecislly arparent
after Defant (1948) nhas made it very procable that they are, at
least In the regicns of the contlinental shelfs, sucjiect te ureak-
ing, lixe the waves at .he cccan surface In shcaling water,

For the practice of ccecanographic surveys it ic of course
nccessary tc know if internel waves are present in orasr to elimi-
nate the effccts ¢f such waves on the anglysis and interpretation
cr thie data, The Importance of thils correction has recently been
demcnstrated very ccnvincingly by Defant (1$50),

The effect of waves at the ocean surfacec on ship motions is
well known and does not need any further elaboration. The "aead-

~water" phenomenon caused b, internal waves generated by the motion

'y

o' ships has mlsn bheern fully described in texl vooks, for instance
by Sverdrup and Coll., (19,2). 1In a similar, but ruch stronger
way sucmarine ravigation may te affectea by internal waves at

lower depths, And 1t appears that submarines have encountered

such internsl waves with rathor unpleasant results,
As far as the exclitation ¢l internsgl wWaves 1z concerncd it
can ce surmised that they are in part due to atmospheric causcs,

U,

like the ccean surface waves, Other Interral waves may be caused

elsmic activity, cut in view of the relatlively infrecquent

[ &3

oy

occurrence ot earthguakes, as cormpsred Lo the apparently gquite
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frequent occurrence of internal weves, it 1s necessary Lo atiri-
bute the origin of at Zeast many ol’ the observed internal waves

to other causes,

»-'-

Since one of the most important ferces procducing perlioaic
changes in the oceans 1s the tidal actlon of the sun and Lhe
moon varticularly attenticn has naturally tzen given to osciila-
ticns ¢f tical rerious in the szudy o internal waves,

In a previous report {Haurwitz,
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various papers Were
listed which present observations of internal tides, Further, a
serlies of temperature soundings made bty the Atlantis from 1o to
29 June 1938 at latitude 34°N and 60°+, northwest of bermuaa was
analyzed in order to Gctermine the existence or nonexistence of
internal tldes. A statistical test disclosed that no lnternal
waves of tidal character were present in the Atlantis material,
since the ampilituaes of the osclllations determinec by harmonic

analysis sre not larger than can be expected in random aats.,

[523)

occurrences of internal tidal waves might not ©ve real, but simply

due to the formal harmonic anelysis ol the observetlions,

#ith trese ccnsideretions in mind some further ocservation

*

material has since been sublected to the same statistical tesus,
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lte of th study are being rrecen
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and the regst
fically, the data consicered are tinose cbtalned by tnhe German

North Atlantic =xpecition ~ith the Meteor in 14317 and 1938 {von

»

Schubert, 1Sul) and by the Internaticnal Gulfstream Investigation

th the Altair 1935 (Lefant, 19uCa) which have been readily

.
<
'..

ihls conclusion suggested further inat some ol Lae other reporuved
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accessible Lo the author, The analycis has in every case bLeen
con’ined to the temperature, as in tne case ol' the Atlantis data.
For these ilhree serics of observaticns whicn are treateu here
sallnity and current measurements are also available. sut these
data were not analyzec since the recessity of statlistical tests
can be dermonstrated qulte clearly on the basis of the temparature
cbeservations aione., Such tests regulre a sufficient amount ol
deta, ilence, for reascnably reliegrle determination of tnhe pre-
serice of internal tldes and their nataure the cobservations snould
comprise more than just fcur or five tidal gperlods., Apsrt from
this sug,esticn for the collection of further datas on internail
ti2al waves there are some additional data which are indispcnsauvle
if a reascnably conerent picture of tiiis important piienomenon is
to be cbtained. 1In order to explaln tnese requirements 1t is

necessary to conslcder briefly the tneory ot internal tidal waves,

[
1

N ~Ao. o < - s
1. 1lioUul y w2l ooLllleliiadl 1iudes

“ne Internal wave motions whicn are 1o¢slble In a stratified
cean have veen studled by Fleldstad (1933). iie has also given a
numerical integration method wrich permiits the compurations of
the possible Intcrral waves inn an ocean wlth arbltrary density
distrin tion, More raceatly Groen (1G38) has siludied internal
waves In a rluld with a certain specified densicy distribution;
ramely, a rather rapid ciriange In an intermediate layver and almost

constant density Iin two very Geep layers above and below the

[ eed

I

tnromngeneous layer, lere we srall confine ourselves to the d

cuseslon ¢f a simple cace, icllowing Fjeldstac's work withous

— mm—

reviewing his raryzr in cetall.,
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If a rectanguler Tarvesian coordinate system is chocgen wiih

Y

cally upwarc the

—~

the x ana y axes torlzcental and the z axis vert
velocity components may te denobled respectively as v, v, anc w,.

Let 12 Yoin L te the Corlclis parameter, g the acceleration

of iravitiy and‘é ana ; the density and the tressure, respecuively.
The fluid may coriginalily be in a state of rest cn which Lhe inter-
ral wave motion ls superinrosed &s a small serturbation, Thern u,
v; w are perturtatlion quantities, Further, let the density snd
pressure In the unuisturbed state be adictinguished by the subscript
ZEero, SL and f% while the total aensity and pressure in the dis-
turbed case are S% +JO and f% + /b. Ihe gextumkatiso grantities,

L, Vv, w,f)jj are assumed to be sc small that terms of nhigher
order can be neglected. The luid is ilncompressible, but the un-
disturbed cdensity ‘f% may bz a function of z., Then urne Lnree
equations of motion, the equation of contirnuity, and the eguation

expressing the constancy ot the density of an inaiviauai parce.,

L _ o
oX
L -0
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The dependence of these varlaole on x, y and t may be cxpressed
oy
X "/rt'%)() (z.2)
u,’lf,’w;/b,jaoc e e
Thls expression represents a wave progressing in the positive x
direction with the spced ¢ = O’/,'é, tLe perlod ZTW o~ and the wave
length ?772}%. It assumes furthrermore an exponential or periodic
change 1In the 3 direction deperding on w~hether the factor O{ iz
real or imaginary.

If all the otrer unknown functions are expressed by W one

finds that

é%;(j%ﬁ#§§)'+'7{?}(éj —-éiia_f%t*f-::CD (2.3)

where
(2.4)
76} _ :{_<><:.
o=
{2.5)
__ /L dp )
Fur ther

/b : o (2.0)

C( :.—-Jg 4ﬁéaﬂ7h/ég< \2.7)
o AJ- —'O(; ?

& Whua




=El=j o dur (2.8)

U * =2 dz,

~quations (2.7) anz (~.E) shew, when the real parts are taken,

that
U* > _
y: e -EI
where

/? = o  4423.__<><3. Cif}’ ’
B ) PR+ o) dus A

Thus the hodograpnh cf the tidal velocity is an ellipse. The ratilo

cf the two axes

i o te complex or ‘maginary the foregeing revresentaticon of the

hodograph would, ct course, have to be moadlfied.

The ratio of the twce ccmi-axes can be ottalned {rom observa-

(O

*
v
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P .
ticnass It depiends <r per.od, the gecgraphic latitude, which

>

enters through the Coriolls parameter,x?, the wave length EZﬁf
anc Lhe faclor OK which deternlines the dependence on y. Hence,

even it the perioc 1s glven, as woulda be the case for tidal waves,

99}
[¢]

+a
v <

1 3 w4 A- -~ h 3 vim & 3 =
chay tr.e racic el B k= Qete.anec. 4o mere ccomp
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intorme .icn avout the internal tices at least one
quantities, either the wave length or ©{ , shculd be «nown,
Ctservations by three ships would rermit oae to Iind coth
o4 anc the wave lerngth, as well as the direction of travel of
the internal wave, ii 't i rrogrecsive, and would thus greatly
increase the information while at the same time allowing a mcre
ceriplete check con the theoretical aeducticons, Observations by

-~ -~ P P S - - = S Yo, e ~ o 3 > s -
mcre than cne ship have been made Ly rjeldsiad cduring a stuay of

v
a

»

internal tidal waves in & Norwegian U'jcrd and by G, Neumann (1949)
as part of ean investigation c¢f shorter-pasriod cscillationc., bLut
from the open ocean such datua tave nct veen available at the time
when this report was completed.

The differential equation (2.3) can bc simplified, as shown
in detail by Fjeldstaa, since the small variation of the undis-
turbed density.f% may oe neglected in the first term on the lci't-

hand side, so that

o 2 2 o
—% 7L(8(P-0')W=C S
az2<

In order to make the nroblem determined it {s nccessary to
introduc: boundary conditions. At the same time the particular
fluid model to be dicscussed nrere triefly will be specifiec. It
may ccnsist of a homogeneous layer, 1, extending frcm z = O to
z = hy with a rigia lower bouncary, and of an urper layer, 2,
~ith variable density, extending from z = h; to z = h = hy + h=,

the r'ree upper boundary, At the internal boundary the density

is assumed to ce continuous,
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At the lcwer rigiud toundary th: vertical velocity must vanish,
A = ac z = 0
At the internsl tountzary the vertical velocity and the pressurc
must te continucus. ilence, with (Z.0),
W‘l - “2, QW = dwc at z = h']

a2z az
At the free surface, 2z = h, a pressure condition has to be satics-
fled, Iliowever, we are cnly Interestec here in Internal waves
whose amplitude nearly vanishes at the free surface. hercfore,
it 1s permissible to write for the boundary condition at the free
surface

A= at 2 = h
Te consider a particularly simple case it will ove assumed
that in the upper layer with variable denslity ?ﬂ Is independent
of 2z ,
P - cons?t
Since
ﬁ= 1+ 107207

it follows that to a very close cegree of approximation

a 2o wt

i _.&_ 2n=3 C

. = = av

cz dz
Thus the assumplion of counstant ¢9 laplies a iinear disvrlioution
of O ¢ , the quantity which 1s actually cetermined in ocearcgraphlc
s5uCVveys,

— —
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Since Iin the lower lavser, 1,99 is assumed to ve zers, wnile
it 1s constant irn the upper layer, 2, a:c¢ slnce Iurthermore wj
vanisnes &t z = &, w5 at z = L, cne finds for the vertical veclo-

-

city from (2.3a) rhat

w =/ S&h/ﬂ.&‘gﬁ‘/ﬁ,ﬂ.a‘@,
w;_=4a$o'n7//?—/7)
where 7] _ *‘Z@CP _ o_a)}fz

The =simplified expression for Wy follows because the depth of the
fluid is much smaller than the wave length for the waves considered
here,

At the intc¢rnal opoundary, z = hjy, the vertlical velocity aid

its derivative with respect to z must be continuous. Hence,
/4,%0%, = @Sm?/é,_

%763 — _éz_ (2.9)
7% %

Further, the vertical displacemecnt é is related to W by

3C
St
é =-£L-Xa‘9,

| on

and the amplituce ol tnie vertical oscillation is at the internal

and

Hence

toundary z = h,,

- mm——

C= Z”Z—L Ao ),




—— -

o) S e )

e e o e | e e

. - i miwm—

k*-u
P
If this constant 1s used as tre rcraining integration constant

W, = AR = (2.20)
A

= tol %ﬁfé'i) (2.11)

“ Sn7 4,

oL

Trhe relation between wave length and period 1s glven by (2.9)
which is a transcendental equation with an intinite number of roots.
It can be solved in individual cases by approximation mcthods.

Of practical importance i1¢ ii:e cace that the lower layer 1is
much thicker than the upper one. In this case a goou approximation
can beo obtained in the following way, vince the right-hana side

of (2.9) 1is quite large and negative

nh = @+ ) +£

where n 1s an integer and &€ a srall quantity. Hence, approximately,
/

W?/é-:‘é* = - 774&.:@,",*,)3_1-

If ti:ls expression is sucstituted In (2.9) it follows thnat

7741 @—&_ 77 + )T %, (2.12)

Since a a2 _ -
7= A (3907

and since 8 ¢>> a.:l it follows that the wave length

%zi% ‘g&%ﬁp—ﬁ%ﬁ% (2.13) o
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As a numerical example let

¢ = z.16°7 em?

Y3 = 2700 my he = 10 m,

Latitude 17° O = 2Tr/12.4 hours

The figures correspond approximately to those at Meteor Statlon
385 (sec below), except for the surface layer where the density
increase 1s more rapid than is assumed here,

For lack of any better information about the distribution of
the internal tidal waves perpendlcular to the direction of gropa-
gation, it may ve assumed that ¢ = ¢, Then for various values
of n the following wave lengths would have to exist in the case
of internal waves with the period of the lunar semiaiurnal tide

n 0 il 2
~vave length ol 20 12

2
=
o)

.6 km

From the fcregoing discussion it is evident agein as from
the discussion of the currcnt vector that for a complete check
of the theory simultaneous observations from more than one snlp
are required, in oraer to determine the wave length and the dis-
tribution of the oscillation in lateral direction.

If such interrial oscillations occur they must show themselves

also in periodic changes of conservative properties, If 4 denotes

such a conservative property,

dA A
= at +u§_+1r_é:4 +w;§ -0
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Herce locel variations, i%é! , of the property can in general tec
due either to horizorntal or to vertical motions. 1f the horizor-
tal gradient of the property is small the terms depending »un hori-

zontal motion carn bte neglectec, HMurther, it can bc assumed that

where the first term on the right-hand side stands for the mean
value of _ at each level z cn which the small variation_ ¥ due
to the Internal wave 1s superimposed. Then
a3 =
-——a'é = —w 0.2

or if ég denctes the vertical displacement of the particle

,J’*=—§g—/‘;

Thus, é; can be determined from the variation of .4 ard the ver-
tical gradient of the mean value of _d4 .

In the following analyses we shall contine ourselves to the
temperature variations, as explained previcusly., In the case of
the Atlantis data tire cross sections of the isotherms wWwere alreedy
available so that it was possible Lo analyze the heights of given
fsotherms rather than the temperatures at given heights, There-
fcre, the same methoa has been used Iin the analysls of the Meteor
data, although temperatures at given heights were studied in the
case of the Altair data 1In order to save time and labor, It need

hardiy be mentioned that tié temperature is not a strictly conser-

+
v

ct
i)

vative property cf sea water; but for the purpcses cof the gpresen
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investigation the errors arising cut of this assumption are cer-

tainly not grester than tnose due to other causes,

ITI. Statistical Procedure

The numerical procedure for studying the various series of
observations sna the occurrence or non-occurrence of internal cscil-
lations has teen descrived briefly in the preceding report
(Haurwitz, 1952). Since additional comments on thc method arc to
be mace hercs 1t wiil be best to recview tne whole procedure,

If a period of a certain length is suspected in a set of data
it can bte subjected to a harmonic analysis according to well-known
methods, As a result one will obtain an expresslon, or a sum of

expressions, of the form

Q,, Coa27T *é, Sern 7T (3.1)

Eere t 1s the independent variable, for Instence the time, expressed
in angular measure, n an integer representing the frequency, and
a, and b, the harmonic coefficients, An alternate form of the

foregcing expression !s
T oo (7= %)
Vi ( m) o

where

A, =V + 47 =
A (3.1)

Q.

(4

ﬁszd:
”
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Since it s always possible to represent a set of data by a
series of terms of tre form (3.1) or its alternate (3.2) the har-
monic analysis <ces not prcve anything about the reality of the
suspected periods. =:rven a set of random numbers can be represented
by a harmonic series,

In many cascs the existence of certain periods in the observa-
tion materlial will, of course, e highly likely because of the
existence of a generating force. In the present case, for instance,
it is known that the ccean is subjected to the ticdal action of the
sun and tne moon. Therefore, it can be expected that the oceano-
graphic parameters show always variations with the tidal periods.
But these variations may be so minute that they are completecly
overshadowea by random variations, and that the results of a har-
monic analysis reprecont merely the effects of such random varia-
tions, Hence a statistical test 1s necessary to cecide whether
the computed harmornic coefficlents represent a real period or only
random fluctuations,

Such a test for reality 1s provided ty the expectancy method.
The expectance 15 a measure [or the amplituce A, of a harmonic
component to be expected in rancom adeta. The tneory of proocavility
shows what the pircbabllity s that the actual amplitude exceecs
the expectance by a certain emmcunt, &evidently if this probability

{7z very small it 1s unlikely that the computed amplitude is due to
random data, or in other words, it fe likecly that the pericd exists

in the analyzed data,

L

|
|
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The e¢xpectance is given by the following expression

Lz

Ga = ;/{/Vrﬁﬂ
wherg//q is the standerd deviaticn of the individual n numbers
(for instance, Chapman-rartels, 194C or Stumpff, 1940C). k% would
represent tne mean amplitude in such a set of rancom data, 1t
can be shcwn that the probability that any amplitude 1s & times

the value of &% is given by

p = e'ke

The application of the expectance criterion is, however, restricted
to those cases where the individual members of the set of numbers
are Indepsndent from each other. This is true for random numbers,
but not for the majority of geophysical data. In the cases to be
considered nere, for instance, the subscquent helghts of the iso-
thermal surlfaces will have a certaln autocorrelation since evi-
dently large positive deviations from the mean value are more likely
to be followed by other large positive deviations from the mean than
oy large regative ones.

It is possible to avoid or at least to reduce greatly the
effects of the autocorrelaticn by introducing instead of the expec-
tance a somewhat different expression, the expectancy. 1In order to
determine this quantity let the whole analysis interval tl -ty

be en integral multiple of the period T whose reallty 1s to be

determined,

t, - tg =E;.T
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Thls can always te arrangec ry suitable cholce of the end points
t1, tg. The total interval 1s now succividea into cqual parts
eacn of which is either equal to trne period T or to a multiple

of T, The harmonic coeffizients an(i) and bnii) are cvhen ceter-

mined separately fcr each vartial interval of which there may be

r, say, where r<& ,§ . Let
2 | 2 c
b1 i
RS aé AN YA

the amplitude for each partial interval. The determination of the
different An(i) is based on a number ol polints which with the
exception of the last points of one partial interval and the first
points of the next partial interval are pretty far apart so that

the effects of any autocorrelation in the data is greatly reduced.
Therefore, it can be assumed that the An<i)~ determinead for the
different partial intervals wculd in the absence of the suspectiea
periodicity behave like random numbers and scatter around a mean
value which may te sssumed zero a priori., Tne narmonic coefficients
ar(i) and bn(i) can be consicered as the componcnts of a vector
which may be plctted in a ccoordinate cystem with a, and b, as the
horizontal and vertical axes, respectively. This representation

is known as the rarmonlc zial, whicnh Wili be aiscussed later,

>

+

Wwhen the various an‘l) s bn(‘; are plotted on such a ravrmonie
dial the e¢nd points of the vectors will form a point cloucd which
should in the case of complete randomness of the data be cistributed
around the origin with circular symmetry.

The quadratic mean value of tie lengths of the vectors which

represent the harmcnic coefficients of the individual partial
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intervels 1s called the expectancy of these incividual vectors,

Stumpff (1940) has shown that it is convenient to introcuce the

expectancy £ for the distance of thc center of gravity of che

clond of r points an(i) . br(i) frcm origin,
r
A2 < 2
2 82 _ 1 (1)
E S ?- 1?1 An (3-5)

The distance of the center of gravity of the point clous from the

origin is given by

. r
2 2 2
A (S (1))- 1 (‘Z (1)) -
Apn = —> a + — b 13.6)
? r (1=1 R r< i=1 L
and the probauvility that

A =k B (3.7)

2 .
-k (3.8)

for raendom data, Hence, if the probability p is small it 1is
likely that the deta are nol ranuomly distrivuted, but Lhat thc

suspected perlod 1s real.
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Since the derivations wnich leac to the foregoing formulae

are ovas

(¢}

d con stetistical theory they presuppose tnal the numoer

Y

of intervals, r, cn wrich the test 1s based is not too small.
This can ve seen directly if the fcollowing case iIs considered.
Suppose that the an(i) and the bn(i) for all partial
intervals are the same and that the amplitude for each partial
interval is Ap., In this case p = e-F, If r = 2, for instance,
the probability is one in 7 that any amplitudes, even though they
are the same ror both partial intervals, are due ‘¢ random deta,
The expectancy test 1s, of course, not applicable to so few data,
and the example merely illustrates this point, We shall, however,
have to apply it later to data where r = |, and where therctore

~

the lowest probability is one in 57 that the amplitudes found by
the harmonic analysis are aue to randcem aata. wmven in this cuse
the application of the test can only be justified because longer
series are not available,

Another point to be discussed here concerns the exact length
of the verioa wnose rcalicy is to te tested, If a sufficiently
long series of observations i1s available the choice of a period
slightly airierent from the exact one would manifest itself in a
systematic change of the phase constant as each consecutive period
interval is analyzed, Eut in a short series compricing oculy a few
periods this variation cf the phase constant would be completely
obscured by the irregular changes aue to superimposea random tluc-

tuations in the data,

L —— dm—
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In th, particular problem studied here tihis difficulty may
arise because cf the slight difference between the pericd
Tg = 12.42 hours of the principal lunar tide anc the period
T = 12 hours of tne principal solar tide. whiie the former is
as & rule the dorminant one this is ncot 21lways true, and it can
therefore not cdefinitely be ascertained from a short series of
observations which of the two periods is the correct one, even
1f the expectancy test is positive. In crder to see how the
choice of a period slightly «ifferent 1rom the correct one, say
Te, affects the cxpectancy test assume that a time series is given

by the simple expression

£(t)

A cosPt

where

12 hrs/Ta

Y,

and t is the mean solar time in anguler measure, Let the partisl-

analyslis iuterval te T = 12 hours, Then

Y=1-0.03 =1-§&
The harmonic coefficients for the periva T computed {rom the

k + 1) th analysfe intarvel are
ZVTL4&¢4)

_ 1 SUINTE 2{/— .
ot /f/t)Cmta’t nTE 2(=E)q ooz

Zﬂ&é+l)
/%’é /Z () Sentdt= §£a_7'££ _4_ a sin[TTae )]
277'

e

S e—a amane
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Because E: 1s small these expressions may be written approximately

as follows

Q,,'é.: (1-&)a cov [TTERA+1)]

,ﬂ.—- (/+5)a snlTTe@br)]

These two expressions show that tor the fictitious period T the
amplitude as determined from cach pertial analysis intervai remains
nearly ccnstant and nearly equal to A while the phase constant
changes by 27T £ from one interval to the aext,

If the coefficlents alk and blk are computed for the first
four intervals of length T one finds that

p = G.022

while the lowest value for the probability of randomness for r =
is 0,018, Evidently. the Aifferenc: boiucin thicse two vaives is
too small to permit any decision about the correctness of the
agssumed period length,
But even with a longer series of observations trne expectancy
cannot ke used feor a decision aboutl Lne correct perjod length,
If in the foregoing example 11 conscecutive pericdc of the length
T were used one would find that p = 10,0611 while the theoretical
minimum value is 0,000017, %he c¢iflerence 1s nere consiaerably
larger, However, since in actual cases the observations would
also te subjected to random effects a value of p larger than the

theoretical minimum can hardly be attributed to the wrong cheice
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cf perioda. On the other hand, with such ¢ longer series the indi-
vidual harmenlic coefficients woulz show, desplte superimposed ran-
dom effects, a systematic change of the phase corstant if the

assvmed period deviates from the gctual cnc present in ths obser-

W

vation material,

The foregoing remarks require some mocifications if the par-
tial analysis intervals ccnsist of more than one period., But since
the series analyzed nere are not long encugh to permit such a com-

bination of the data this case need not be consiae-ed here,

IV, Analysis of the Data

A summary of the stations which were investigated is given in

Table I, Station 3091 of Atlantis Cruise 77 which was discussed

Table I
LIST OF STATIONS
Designation Location Duration Reference
Atlantis Cruise 77 34.1°N ©5.9°W 16-29 June 1938 Haurwitz, 1952
Meteor Statlon 385 15.8°N 4,6,3°W 12-14 Feb. 1936 Schubert, 194l
Meteor Station 1138 30.0°N L43.8%°W 26-28 Apr. 1938 Schubert, 1944

Altair £L.S°N 3L.0% 16-20 June 1928

Lo
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in the earlier report has been inclucea for comnleteness, The
average vertical density distributions as obtained from ckserva-
tions made at these stations are shown in Fig, 1. In the case of
the Atlantis and the Meteor observations cne series of measure-

ments was extended to much greater depths, The results ¢f thcae
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aeep soundings are indicat~d by individual points not connected by
a continuous curve. In the upper layers where mean values frcnm
the serial cbservations are also available the coservations of
the single cdeep zounding agree very wei: with tnhe means of the
serial observations., The average cdapth during cach station is
indicated by the horizontal line at the bottcm of ecacia diagram.
The number gives the depth in meters. in the case of the Altair
which anchored over a secamount the greatest and smallest depths
ere shown,

The vertical density distribution during the Atlantis stetion
shows a very rapid density increase downward in the uppermost
100 meters, followed by a more homogereous layer, Between 500
and 1200 m the density gradient is egain slightly larger. Simi-
larly, the Meteor Station 385 and the Altair Station show a surface
laysr of large density gradient followed by a more homogeneous

layer., At Meteor Station 385 the density at the sea suriace 1s

axyrav T~ w FliAa A% AT T mrr Ve m i v o ee s S oD ? .0 T
~ ¥ raa ~pyas vy viiv DAACA A A NIy ANV E VLIV U D 4aydi 1 Ll
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below it, At Meteor Station 138 the density gradient in the highest
layers is much less strong than at the other stations and con-
slderably more uniform through the first 1000 m, The temperature
distribution resembles the distribution of the density very closely

in all cases,

e, HReview of Atlantis Data
In order to recapitulate briefly the results of the study of
the Atlantis data and to illustrate the method ¢! presentation of

the results ot the present irvestigation, Fig. 2 shows the rarmonic
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dial for the 15°C isctherm, The average depth of this isotherm
was 030 m, The analysis ol the total time interval of observa-
ticns which composed 21 lunar semidiurnal tidal periods was maade
for seven groups, cach cocnsisting of 3 consecuv*ive tidal periocs,
The points denoted by A, &, ..., G represent the results of the
individual analyses. The mean of 8ll 21 periods is represented

by the cross connected éy a straight line to the origin of the
coordinate systeml. Thls mean smplitude 2., Is only 1.23 times
larger than its expectancy. kenrnce the probability that it 1s cue
to random data ic 0,22, far tco large iLo regard the computed ampli-
tude for tlie lunar tidal period in the data as real, Instead of
showing tha expectancy of A, in Fig. 2 circles of equal probability
have been drawn with the origin as the center, The racius of each
of these circles indicates the probability that a value of A of
the same magnitude is due to random data,

The rasults of tne analyses of the indivicual 7 groups, repre-
santad hy the nodnte A theopsk 0 scattcor 2idely. In order Lo nave
a measure of this scatter the deviations Aaéi) and Ablfli) of the
individual aéi) and béi) frem the mesn have been formed, Then the

quantity

0 677+[Z(20%f + 5 (a4 ]

has been computed. The resuiting number may be considered as the

1 In Table I of the previous report the mean value of the b, for
the 15° isctherm should be -1,03 m, rather than -1,9C m. Conse-
quently in Table II of that report A, = 4.05, k = 1,23, and p =

0.22, a change of no significance.
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probable error of Ay, T1ls magnitude, 5.2 m, 1s indicatcd by the
circle around the end point of Ap as the center. The fact that
the probable =zrror is larger than tne value of A,, shows aggain
that no tidal p2riod is present in the Atlantis data,.

The harmonlc aial shows also, on the margin of the figure,
for each position oi" the harmonic coefficient that time, in local
lunar hours, at which the maximum would occur, because of our
choice of the expression for the harmonic representation, (3..2),

the hours increase in the counterclockwise direction, opposite to

the conventional clock rlaces.

b, Meteor Statioi: 385

The location of tnis station 1s given In Table I, The serisal
observations extend only through the uppcrmost 150 m, Therefore
tht aialysis has to be confined to this layer., As already pointcd
out by von Schubert {1944) an inspection of the figures showing the
heighits ol 1sothermal and isohaline surfaces as funcitions of time
{his Figures 7 and 8) shows fairly clearly a semidiurnal tidail
veriod. Hence 1t could be surmised that the expectancy test should
in the present case give a positive result as to the realit; of the
semidiuraal lunur tide. 1In orcer to perfonrm the analveic time
cross sections of the isothermal surfaces 24.5°C, 23°C, 22°C, ~1°C,

and 20°C were drawn on the basis of the published soundings, ard

values ol' the heights of these surfaces were rca

(<1
o

lunar hour beginning with C100 local lunar time, corresponding to
12 February 1938, 11:15 45°W meridian time. Altogether, hourly

sounaings were taken tor 60 solar hours, but because o the greater
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length of the lunar hour only four semidiurnal lunar tiaal perlods
were available, The harmonic analysis was performed separately
for each individual tidal period anc the results are listed in
Table II, The table also gives, in the lowest line, the average
Gepth of the various isothermal surfaces auring the observation
perioi,

From these harmonic coefficients the wmean amplituae A,, its
expectancy bk, the phase angle™(,, the probability p, that A, 1s
aue to random data and the probable error of Ap, P.E. (Ap) have
teen computed, They are given in Table II1. The main conclusion
to be drawn from this table is that it i1s not very probable that
the amplitudes of the semidiurnal oscillation as computed are due
to random data, in other words tha. the existance of semidiurnal
internal tide is very probable. The value of the probability p
that the amplitude A, 1s due to random data 1s between C.0cz and
0.03 for the different isothermal surfaces, This probability for
randomness is not very small, btut it should be remembered that with
only four groups of data tle lowest probability ~hich the expectancy

test could give is et = 5,018,

Table 1II
EXPECTANCY TEST FOR TH= LUNAR S®EMTDIURNAT. TIDE
MiETEOR STATION 365

ISOTHERM | 24.5°C 23°¢ 22°¢ 21°¢C 20°C

Am 1.2 m 13.5 1.4 13.9 ¢ 1,8

Ay, 242° 249°  l230° 251° 257°

E 5.7 m 6.9 , 7.h 7.5 6.3

p 5,02 | 0.02 | c.c2| 0,03 | ¢.o03 -
P.E.(A) b 15w 113 22 0 36 3
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For the 23°C isotherm a harmcnic dial similar to Fig. 2 for
the Atlantls data 1s shown in Fig. 3. A comparison of the two
figures shows clearly hcw ruch more probabtlc tile existance of the
semidiurnal lunar tide is in the data from the Meteor Station 385
than in the Atlaniis data,

At smaller depths than about 80 m, the mean depth of the 2.5°C
isotherm, tidal oscillations could not be observed, as has been
pointed out already by von Schubert (1944). LEkven if tidal oscil-
lations were in existence hers it would be very difficult Lo observe
them because the vertical gradients of temperature and salinity are
very small,

As Tablie 1II shcws the amplitude increases downwards and reaches
a maximum for the 22°C isotherm while the phase angle increares
steadily, although somewhat irregularly. but the differences are
not larger than the probable errors. hkence, it must be concluded
that no significant variations with depth or the internal tidal
oscliiatlon can te founda, Since the layer from which data are
avallable comprises onlj SO m this is not surprising.

As pointed out in section 3 it i¢ not possible to decide on
the tasis of the short series of avallable data whether the period
length is really equal tc that of the principal lunar tide. In
order to i1llustrate this difficulty on actual data a harmcnic ana-
lysis was performed with the principal solar tidal period as the
analysis interval. For this snalysis not the height of an iscthermal
surface was chosen, but the tempersture variation at 12C m depth

which could be taken directly from von Schubert's (19ij5) tab

)

eo
S
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Since the whole series comprises &0 nours five individual periods
are avallable for the experctancy test, Thes prcobability that ho
mesn emplitude at this level, C.97°C 1s due tc random fluctuations
is C.02. Tris figure 1s slightly smaller than the probability,
.03 that ths lunar-tidal harmonic coefficients of the 21°C end
20°C isctherms are due to random flnctuati~sns. But because of the
short length of the series of observations the slight difference
betwcen these probabilities has no signiiicance.

In order to demonstrate that, on the other hand, the expectauncy
test shows the ncnexlstence of periods whose lengths differ sub-
stantially from the real ones the temperature variations at 120 m
depthis were also analyzed for a period of elght hours. The expec-
tancy test showed that the resulting mean amplitude of 0.1°C =ould

occur in random data with the probability 0.79. Hence such a period

does not exist in the data,

c, Meteor Station 4438

The exact location of this station which is about 13° north of
Meteor Station 385 is suown in Table 1, As Fig. 1 shows there is
no layer of very rapid density increasc near the surface. Fhut a
prenounced donslty gradicui exisis throughout tne highest 80C m vo
which depth the recgi:lar serial cbservatione werc made, As at the
other Meteor Stat!on observations were made at hourly intervals,
from 26 April 1933, 10:12 1,5°4 meridian time to 28 April 1938,
20:58 L5°W meridian time, a perlod of almost 6C hours, Thus again

four consecutive lunar semidiurnal periods could be analyzea. As

zero for t 100 local lunar time cr. 26 April was chosen which
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corresponds to 10:46 45°w meridian time, The temperature data pub-
lished by von Schubert (19ulL) were again nsed tn constr
cross section of the height of various isothermal surfaces, viz.,
18.5°, 18°c, 17.5°C, 17°C, etc., to 10°C from which the height orl
each surface for every lunar ncur could be reaa., =mven a casuail
inspection of this time cross secticn showed that internal oscil-
lations of tidal character if present at all are much less well
developed than at Meteor Staticn 285,

Table IV shows thie harmonic coefficients for the four partisl
intervals., The results of the expectancy test are summarized in
Teble V whose arrangement is similar to Table [l1l, but probable

errors for the A, and the mean phase angles have not been computed.

b
mxcept for the 16°C and 14°C isotherms the probability is always
greater than one half that the amplitudes found by harmonic analysis

) are due to random fluctuations. Even for the 16°C and 14°C iso-
therms the probabillty of randomness is not small enough to regard

E the existence of a semidiurnal oscillaticn as cstablished,

Table V

¢ EXPECTANCY TiST FOR THE LUNAR SEMIDIURNAL TIDE

4 MUTECR STATION 430

L ISOTHERM 18.5°c }17.5°¢c lais°c |ipec fi2°c |io0°cC

ﬁ An 3.1 m 1.0 550 1.9 1.9 2.4

% E 4L.O m 1.5 3.3 | 1.4 2.9 3.3

P 0.55 i 0.63 0.11| ©.16 | 0.65 | 0.58

[;
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It may r2 pointed out that the mean vertical temperature gra-
dient has the following values:
Depth 0 - 100 nm 160 - 30 m 300 - 400 11 U4GO - 8BGO m

°C/160m .91 .5l 1.03 1.56

Hence the local temperature changes from which the height changes

of the isothermal surfaces have been computed are very small; even
the amplitude of the 16°C isotherm, 5 m, corresponds only to about
0.07°C., The appearance of greater randomness of the higher 1so-
therms, 18,5°C and 17.5°C, might therefore be attributed to the
still smaller lapse rates in these layers, lHowever, 1f this rcason-
ing were correct the 12°C and 10°C isotherms should also show a
lower probablility of randomness than they actually ao sincc they
are in the layer between ;2C and 800 m where the temperature
decreases even more rapidly than between 300 and LOO m. 1t is, of
course, possible that the existence cf an iInternal tidal oscillation
was confined to the vicinity of the 16°C isctherm ovecause of 1its
position near a dlsceontinuity of the temperature lapse rate. but
because of the rather large value of the probability p thal. the
amplitudes are due to random data rather than an internal tide it
does not appzar necessary to consider this possiblility here in

greater detall.

d, Altair Station (1938)
The third series of observetions wvas obtained by the Altair
during the period from lo to 20 June 1938 (Defant, 1940a). Hcurly

soundings were made for a pericd of 97 hours zc that 7 complete
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lunar semidiurnel tidal periods were avallable. The hourly sound-
ings were made Lo a depth of 830C m, Tnstead of determining end
analvzing the depthe of varlous isothermal surfaces as in the

s detecor data the temnerature changcs at glve:: icvels

will here be used directly following the procedure used by Defant

(1940b). Further, instead of analyzing separatcly the temperature

data at certain levels the tempcrature of tiic following levels have

bcen added and their sums analyzed:

I 25 m, S0 m, 75 m
II 100 m, 150 m, 200 m
D 360 m, 40O m, 600 m, 800 m

This combination of data has the advantage that it smooths out some
of the irregularities in the temperature variations at the indivi-
dual levels, As pointed out by Defant the indicated selection of
heignt combinations follows the actual stratification <f the ocean
at the Altair station into a surfacc layer down to 100 m with a
sharp discontinuity at the surface, a middle layer of normal den-

sity increase to about 350 m and a lower layer with normal dens

it\/
increase separated from the middle layer by & weaker alscontinuiry

layer,
For the analysis of the Altair data according to the lunar
semidiurnal tidal periocd lunar time for Greenwich rather than fcr

the local meridian was used, The origin of the time axis was

09:G0 iunar Greenwich time corresponiing toc 17 June 1638, 00:02 GMT.
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The results of the analysis for the three layers are summarized

in Table VI, The individual and the mean temperature amplitudes

Table VI
HARMONIC ANALYSIS FOr THi LUNAR SrMIDIURNAT, TIDi
ALTAIR STATION

16-20 June 1938 4. .8°N  34.0%

LAYER i LI III
Group ! a24 b2* 32* b2* &2* bg*
. 0.34 [-0.35 0.15 | -0.19 G.34 1-0.20
B -0.16 |-0.18 0.16 | -C.06 0.02 |-0.09
c -0.22 |-0.06 -0,02 | -0,10 0.02 |-C.01
D 0.30 [-0.40 .20 | -0,02 0.10 gl
E -0.68 [-0.20 0.08 0.06 -0.05 0.01
F 0.35 0.16 0.06 0.18 0.1, [-0.11
G 0.28 0.64L 0.10 | -0.11 0.23 [|-0.24
Mean 0.116 |-0,056 0.104 | -0.034 0.114 |-0,057
Mean Temp ¢ 14 ,85°C 12.75°C I 10,77°C

» The units of the harmonic coefficients for layers I and II
are 0,33°C, for layer 11I 0,25°C,.

AN

are guite amall, only cf Lhe order ol a I'ew hunaredth degree Centl-

(<)

grede, In order to show the corresponding magnitude of the vertical
displacements the mean vertical temperature gradlents must be con-

sidered, These are as follows according to Defant (1940Dj:

Depth m O 25 50 75 100 00 3C0 4Go 600 830

°c/100m 3.9 5.3 L.2 1.6 1,00 1,2 1,0 1,5 0.7
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For instance since tne mean emplitude for layer 11 is about 0. 0so%0

the corresponding amplitude of the vertical osciilation would ve

less than L meters, This wval iz, of couise, computed on the
assumption that the tlemperazture varietion i« eniirely due to ver-

tical motion and nct to norizontal advecticn, The laticr possi-
bility has been considered by Defant.

The expectancy test 1s summarized in Table VII.
Table VII

LXP=CTANCY Tw«ST FOR THE LUNAR SSMIDIURNAL TIDx
ALTAIK STATION, 1938

LAYER I II i 111
A, 0.043°C 0.036 0.032
3 0.05°C G.022 0,021
P 0.53 (0.58) | 0.06 (0.03) ! 0.10 (0.12)

The probability 1s very high that thec amplitude for the semi-

diurnal lunar tide computed for the top layer is not real. The
rrobavilitles for the middle and lower layers are considerably

smaller giving sreater confidence in the reality of the internal

tide et these lcvels, even thougn trre values of p are not small

enougnh to make the existence of the internal tide nere a certainty.
But despite ine relatively high values of p for these two layers
it 1= remarkable that especially in layer II where the tempersture

gradients are smallest the probablility of randomness is also

-

smallest, This fact suggests strongly that with a longer\series
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of cbservatlions the existerice o the internal semidiurnel tide

would have besn brought out by the expectuncy test., The numbers,
P, in parentheses will he digcusged er, un puge 39.

From an inspection o’ the current measurments, and the tem-
perature and salinity sounding: Defant (1940b) surmis=d thLat a
l7-hourly wavc was superiinposed cu ihe zemidiurnal lunar tidal
oscillation, ‘'hat an oscillation of 17 hours durstion might aexist
i1s thtoretically vlausible since the perioc¢ ¢! the inertia mction
at this latltude ic 17 sclar hours., Therelore ihe Altair ooserva-
tions have also been analyzed with respect to this period., Five
complete inertia periods are contained in the time interval during
whicli soundings were made. For the origin of the time axis the
same time was chosen as in the case of the analysis for tre luner

tidal period; viz., 17 June, 00:02 CMT, The harronic coeficients

ere given in 'Table VIII

Table VIII
HARMONIC ANALYGIS FOR He THN<RTLIA PoRIOD

ALTAIR STATiON, 1938

LAYER I 11 R
Group a® b . bt a bt

A 0.11 | -0.36 0. | -0.21 0.22 |-0.1

B 0.11 | 0.09 | -0.05 | -0.03 | -c.o1 | c.09-

c . 0.27 |~0.17 0,20 | C€.09 | -0.14 | ¢.20

D | -0.30 |-0.17 c.13 | -0.08 | -0.Cc7 |-0.06

2 -0.45 | 6,12 | -c.02 | -0.03 | c.o1 | o.
Mean i -0.053'-0.10 1 o.Q;7_F:p.os3j .000 | 0,045

The units of the harmonic ccefricients for layers I and .1
arc £.33°C, for layer III $.25°C.

S e emeh
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The expectancy test 1s summarized in Table IX. Since the tro-
pability 1is large that amplitude: of the magnitudes found for the

inertia period wo: cund in ranaom duia tne reality o! the

17 hour period is open to serious doubt,

Table IX
ZXPeCTANCY T=ZST FOR IN:KTIA PZRIOD

ALTAIR STATION, 1938

LAYER | I II 111
A , 0.036°C 0.021 |0.011
E | 0.047°C 0,020 |0,019
P l 0.53 0.34 |0.70

In order to test how well the superposition of the two periods,
namely, the lunar semidiurnal and the inertla period, represents
the observed data the mean temperature of laver LI has been ccm-
puted by harmonic synthesis for every lunar hour and compared with
the observed mean temperature. The correlation coefficient between
the 83 computed and observed values is only 0,54 Indicating that
the representation 1s not very satisfactory.

The e.cistence of a 17-hour period in the Altair data aipears
thus unlikely. Neverthciess thz possibility of the existence of
two superimposed periods in the observation material raises the
question as to the influence of the coexistence of twoc or more

periods on the expectancy test,
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V. The Superposition of Two Cscillations

Suppcse thet o function of time Q{t) is the sum of two oscil-
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where 0’2= 277/T£ y 0y = 27/Ty. In order iLu perform the expec-
tancy test with respect Lo the period TJZ one would determine the

following coefficients by harmonic analysis

(k+1)T k+1)T
a = — t) cos %H_: ¢ t, b = %L (t) sin %1rt d t
K A 4 xT L

which become, on performing the integration

7 sinl” %L .
a=hA+= Ti 7 o(cos[ k+1/2) 2TFT_] Fsin[k+1/2) 217,1,—] (4.2)
TR

kb—]

m

inyr
B + 7—2,'_——?5% sin[ (k+1/2) 277'—] (Bcosf(lﬁl/c)ZTr Ljf \4.3)

- (4)

If the expectancy test were performed not by dividir the whcle

o

b
"

anglysis interval into groups <¢f the length of a single period,

x!

PRER N N




"_‘v.l

g g T

L §

1
led
1

but intc groupe which comprise an iniegral number of perinds, the
foregoing formilse would only have to be modified slightiy.

The last foriulae for a and D show that because of the pre-
sence ol an additional oscillation the harmonic analysis will in
general not give thie correct values 4 Ana B Jor the coerticients
cf the period‘{g , out dir:erent values, the difference depending
on the ratjio of the periods’{e and Ty and on the magnitude of the
coerficlients X énd f3 of the superimposea veriod, i ths obser-
vation serics is long enough and if the ratio ij to T, 1¢ an
interger it is, cf course, possible to eliminate thec effect of a
superimposed period s~hen performing the expectancy test, For
instance, if TA? = 24 hours and the period to be studled Ty = 12
hours, it is merely necessary to subdivide the wholec set of data
into groups of the length <cer x 12 hours, in order to eliminatc
the effect of the 24-hourly wave on the expectancy test.

Tn the ceses which have been studied here it might in general
be suspected that a wave ot approximately 2l hours period also
exlsts because of the corresponding terms in the tidal potentlials
of the moon and of the sun. It 1s not possible tc eliminate the
possible effect of such a longer period here by the combination
of a number of periods since the total lengths of the series gre
not large enough, However, if an appreciable 2 -houvly oscilla-
tion were present it would show i?self in systematic variaticns
of the confflcisnts ay and b, for each individuel time interval
r

of 12 lunar hours, Siice no such variations are appslent in the

computed coefficients it must be concluded that the expectancy
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testc have nct been influenced by an oscillation with a period
near 2l hownrsg,

In the case of tne Altalr data with the suspectcd inertis
period of 17 hours matters are rcvre complicated necause o[ the
ncn-intéegral ravlo of ths two pericds involved, It ie¢ rossible
tc apply a correcticn, for instance to the harmonic cocefficients
0oi the lunar semidiurnal tice given in Table VI, on the tasls of
equations (4.2) and (4.3). The coefficients a and b may be identli-
fied with the coefficlents as listed in Table VI, The correct co-
efficients would be A and B wnich can be computed if the coef-
ficlents o and p of the 17-hour oscillation arc known, To mske
tlils correction these coefficients wore identified with the mean
values of the coefficlents a and o c¢f the 17-hour oscillesticn listed
‘n Tabla VITII, Such a correction has been applied. The corrected
values of ap and by are not reproduced herc. Only the changes in
the probabilities of rendomness due to the corrections are shown,
namely by the figures in parentheses given in the last line of
Table VII., In general the changes due to the corrections are
slight. Only in ihe case ¢f the middle layer Il, the prolLability
that the computed amplitudes are due to random fluctuations is
halved a fact wrich lends further wcight to our previous remarks
about the reality cf internal tide in this layer. It need hardly
be pointed out that the whole correction method 1s very cruae since
the time variation of the data i1s only very inadequately repre-
sented by the superposition of a lunar semidiurnal and an inertia
oscillation, The correction has been app}ied here mainly to antici-

pate a possible objuction to the expectancy test,

. — lm——
- ,
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VI, Conclusion

The preceding analyses show that internal tidal waves appeared
with reasonable certainty only in one case, namely, at Meteor Sta-
tion 285, whilz at the other stations the expectancy test gives
elther inconclusive results or shows that no such oscillations
occurred,

It is erparent from the discusston presented here that only
longer series of data lasting more than just 2 or 3 days permit a
decision as to the reality of internel tidal waves, and it is one
of the principal aims of this report to stress the need for such
adequate observations. Furthermore, the value of any series of
observaticns wlll be greatly enhanced if measurements +uic taken
simultaneously at three observation polnts, as explalned In Section
II, Such synoptic obhservations wruld not conly cupport Sl

- ~~ —~ -
bal o <id A v

:"
but at the same time give much needed information about the wave

length and direction of travel of these interne’

“ia

cr

waVes and atou
their lateral cxtent,

The question whether these internal waves are due to hori-
zontsl or vertical motions or to a ccribination of both has only

repcrt, Also for e ceclasicon on
!

three points would be very nelpful since they would give the neces-
sary informaticn about the horizontel gradients ol the required
oceanoyraphic parameters, In addition, the observations should
also include cur:ent observations which woula show whether the

horizontal advection together with the horizontal grauients could

I
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alone account for the observecd changes or no%. Moreover, sin:ze
the internal waves must prcduce current fluctuations date on

these currents would further corroborate any tidal fluctuations

observed in temperature of salinity,
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