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DETERMINATION OF THE DIELECTRIC CONSTANT AND CONDUCTIVITY OF
GERMANIUM BY MICROWAVE METHODS

Hsi-Teh Hsieh

Introduction
The dielectric coefficient of germanium has been determined previously by the

(1)

optical method
impurity contents are measured directly by d. c. measurements. (2) It is the purpose

and the conductivities of germanium as a function of temperature and
of the present study to apply the microwave technique, developed for the study of prob-
lems in gas discharges, to determine the dielectric coefficient as well as the conduc-
tivity of germanium. The method is general, however, and may be used for any mate-
rial of arbitrary electrical properties. The present report concerns only the theoretical
aspect of the problem and the experimental part will be reported separately.

It is known that the solutions of Maxwell equations in a hollow cavity can be
expressed as a summation of normal modes corresponding to various frequencies.
For practical purposes, it is usually convenient to choose the geometry of the cavity
so that only one mode exists in the cavity. If the volume of the cavity so designed is
perturbed by the insertion of any dielectric substance in part of the cavity, the resonant
frequency will differ from that of the empty cavity; moreover, the presence of the in-
serted substance will introduce losses in addition to the loss due to the walls. From

the definition of the Q of a cavity, it can be shown that

1 Real part of frequency -1 r _1 cot & (1)
2 Imaginary part of Irequency 2 2

Q:

The electric and magnetic fields depend on time in the form of eJut. The purpose of the
present method is to determine the dielectric constant and the conductivity from the
knowledge of frequency shift and the change of Q.

The concept of a complex frequency is meaningful only in the transient case
and it is this case which we consider. Experimental measurements, of course, are
made in the steady state. Whenever a resonant circuit or cavity contains losses the
transient decay frequency and the steady state resonant frequency are in general differ-
ent, the relative diiference Aw/w being some function of l/QZ. For lumped circuits
the relation between the two frequencies depends on the geometry of the circuit. The
microwave case is more complicated and one must solve Maxwell's equation for the
two cases. The steady state solution is exceedingly difficult for cavities and has not
been obtained.* As a result, one must exert caution when applying the results of this

paper to steady state measurements when low Q's characterize the resonance.

*An extension of the solution to the steady case has recently been obtained. Expected
publication in Journal of Applied Physics.
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Cylindrical Sample as a Center Post of a Cylindrical Cavity

This is the method used by Birnbaum(3) and many others in measuring the di-
clectrie coetficient for low loss dielectric material. The electrical properties of the
sample are determined in terms of the frequency shift and change in Q by means of

a perturbation method developed by Bethe and Schwinger. (4) The results are as follows:

(& - 1)/ Edv
ANyo= N €
1 o _ v sample (2a)

Mo .).f E¢ dv
cavity

‘ 2

(cl) E” dv
1 1 _ 0 sample (2b)
Ql QO EZ dv

cavity

where Ao and )‘l are the resonant wave lengths for the empty and loaded cavity, re-
spectively. QO and Ql represent the unloaded Q's of the empty cavity and the one with
sample. The effective dielectric coefficient is defined as «k = cr/co. and the loss
tangent is tan § = cj/cr where £ is the electric permittivity in vacuum. The complex
dielectric coefficient can be defined as €= - jcj. Eqs. (2a) and (2b) are applicable
to low loss samples of such dimensions which cause only small frequency shifts. Eq.
(2a) gives the effective dielectric coefficient as a linear function of the frequency shift.
In order to get a more general solution, one can solve Maxwell's equations
and determine the natural frequency by the boundary conditions. The equations to be

solved are:

- oH
VXE-"*OH (3a)
Vxﬁ=29+o-§ (3b)
at
v-E=0 (3c)
v-H=o0 (3d)

If both the electric and magnetic fields are assumed to have a time dependence of the
form E = -E.e'lut, ﬁ = ﬁert, then the above equations can be simplified to

v xE = - jpowﬁ (4a)
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v xH-:= jole, - jtj) E (4b)
v E-=0 (4c)
v-H=0 (4d)

where ¢ = twand w = w, + juj. Egs. (4a) to (4d) are to be solved in the region between
the sample and the cavity as well as the region inside the sample. The frequency is
then determined by the conditions of continuity of both the electric field and magnetic

field. The vector wave equations to be solved in the two regions are

vxvxEB-kE:=o0 (5)
and
—- 2 -
VxVxE-K'"E =0 (6)
where
2 _ 2
k = Botow
k'? = uo(tr - jcj) Wl = k(1 - j tan ) K2

Due to the fact that w is a complex quantity, it is exceedingly difficult to solve Egs.

(5) and (6) for the most general case. However, by a suitable choice of cavity dimen-
sions one can regard the cavity as oscillating in a particular mode, which is chosen

as the TM010 mode in the present case. The electric fiel&)is parallel to the surface

of the sample. It has been shown by Bethe and Schwinger'"’ that if the electric field

is perpendicular to the sample, then the frequency shift varies as (x - 1)/ k, which

is almost equal to unity for large values of «. Consequently if a cylindrical germanium
sample placed at the center of the cavity is chosen as the geometry for the measure-
ment, then a TM mode should be used. We shall assume (1) that there is only one mode
of oscillation, and (2) that the ends of the samples are in good contact with the metal
walls of the cavity. This assumption is justified if the sample is soldered to the cavity
at both ends. Under the given assumptions, the solutions of Eq. (5) can be written as

- Jo(ka)

E =A [Jo(kr) - No(kr)] (7)

No(ka)

‘ € Jo(ka)
R jA i; Jl(kr) - N;(k_a-) Nl(kr) (8)

T
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where a is the radius of the cavity. The ratio at the surface of the sample (r = b) is

Eli = ig Jl(kb) No(ka) - Jo(ka) Nl(kb) (9)

The solutions inside the sample are:

E, = BJyk'r) (10)
- ‘O k'
H =Bj/ — — J (k' 11
R j i  (k'r) (11)
and the ratio at the surface is
H /e J. (k'b
__g = i _0- .‘SL _XS____) (12)
2 VA k Jo(k'b)

from the condition of continuity, at r = b, the following transcendental equation is ob-

tained

1/2 Jl(k'b) ) Jl(kb) No(ka) - Jo(ka) Nl(kb)

KI/Z(I - jtan §) (13)

Jo(k'b) Jo(kb) No(ka) - Jo(ka) No(kb)

The solution of this equation gives the physical properties of interest in terms of meas-
ured quantities. In addition to the general soluticn which is given below, one may ob-
tain a special solution by neglecting the imaginary part of the left-hand side of Eq. (13).
This gives a real frequency and is the case to which low loss samples belong. The re-
lation between the effective dielectric coefficient and the resonant frequency can be ob-
tained by solving the transcendental equation (13). Some of the results and the calcula-
tion of Q have been obtained by Feenberg. (5) However, the region of interest for the
present study is different from that given there.

For samples with very small radii such that: (1) the approximate formulae for
Bessel functions of small arguments can be used, and (2) the frequency shift is small
such that the values of Jo(ka) and No(ka) can be expanded by Taylor's series from the
frequency of the empty cavity; the following simplifications can be made:

Jo(kb) =1



kb

Jl(kb) = =
2
b) = - "=
Nl(k ) nkb
N (kb) = - Ly y is Euler’'s constant
0 n  kby’'
Jo(ka) = - Jl(koa)(k - ko)u, wherek  satisfies the condition that Jo(koa) =0

No(ka) = No(koa) - Nl(kon)(k - ko)a.

Using these results, Eq. (13) can be written in the form

2
K =1+ 0.224(3;-2)(k0 - k)a (14)

which is the same as that given by the perturbation method. The conductivity in this
case can be calculated from the change of Q. Let QO be the Q for the empty cavity
and Q be that for the loaded cavity. In general, the value of Q and QO can be ex-

pressed as

l = 1 + 'l (15)
Q Qdielectric Qo wall

1
3“— (16)
o1+

Qy ~

i

respectively, where 60 is the skin depth and L is the height of the cavity. Due to

the presence of the dielectric sample, QO' differs from QO and can be calculated by

2 fIHIZ dr (17)
Q' = % 1
0 s ]mnz ds

where §' is the skin depth corresponding to the new frequency. Using the value of H

using the equation

and the continuity conditions on the surface of the dielectric, it can be shown that

02 l+%
Q= Q ) (18)
ka y +_a.
k 2 L
0
1+yz---—
kZ
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where

1

ETLY

y:

Jo(ka) N07kb) '
/;(_kbN (ka) J(kb) 1 -
0 0 N, (ka) Jo(kb)J

Calculations show that the factor yz/ [l + yZ - (koz/kz)] does not differ much from
unity. In general, Qo' is of the same order of magnitude as Qo and can be considered
as equal for most cases. The relation between Qdielectric and the loss tangent can
then be written as

2

1l +y -c_l
r

[Jl(kb) 2’
1+
J4(kb)

(tan §) Q, = (19)

For a sample with low conductivity such that the imaginary part of the frequency can
be neglected, Eq. (13) yields the same result as that calculated by the perturbation
method.

In Fig. 1 the effective dielectric coefficient calculated from Eq. (14) is plotted
as a function of ka for several sample sizes. For sample sizes not shown on the
graph X can be determined by means of a quadratic interpolation.

Fig. 2 gives the values of Qc tan & as a function of ka for a value of 100 for
a/b. Having found the value of Q, and K, the conductivity of the sample can be de-
termined. The detailed procedures of the calculations can be outlined as follows:

(1) From the wavelength of the empty cavity \0 and that of the loaded cavity
X\, the value of ka can be determined by the relation 2. 4048/ka = \/\,.

(2) Knowing ka, the value of xk can be determined for a given a/b.

{3) From the measured value of Q, and Fig. 2, find tan 6. Then it follows

that the conductivity is

= 5%—'—‘—6— x 1.67 x 107° mho/m, \ in meters

We next consider the general solution of Eq. (13). In order to solve this
transcendental equation the frequency must be complex. The solution has been ob-
tained and is presented graphically below. The natural frequency depends upon both
the conducting and dielectric properties of the sample. For small values of the con-
ductivity the frequency is less than that of the empty resonator, and is determined pri-
marily by the dielectric properties of the post. As the conductivity is increased, the
natural frequency of the loaded cavity increases. It passes through that of the empty
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cavity and asymptotically approaches the resonant frequency of a coaxial cavity as the
conductivity becomes infinite. This transition from a perturbed cylindrical cavity to
d coaxial cavity is shown in Fig. 3. There we plot natural frequency as a function of K
tan 6 which is proportional to sample conductivity for a given sample size and given
vilue of K.

This mode transition is also reflected in the loss factor or Q, of the cavity.
For zero conductivity the Q_is infinite of course. As soon as a finite conductivity is
assigned losses are introduced. ‘The Q is finite and falls, as the conductivity in-
creases, toa value of about 5. KFurther increase in the conductivity increases the Q.
This is due to {he fact that the conduction electrons in the sumple now shield the field
and prevent it from penetrating the sample. As the conductivity goes infinite, the QE
does also. The behavior of the Q, as a function of K tan & for a given sample size
is shown in Fig. 4.

For a definite frequency, solutions with negative values of & can also be ob-
tained. This can be understood by rewriting the expression of the dielectric constant

using the relations

and

o = GP+JUJ (20)

where o is in general a negative quantity. Then

Cr €. Uj ﬂ'r U'r
K(l-jtan6)=(~£—-jz‘]—)=l( *C’?—‘j—“%:x'ja'c— (21)

0 0 € 0
The real quantity of Eq. (21) can be called the effective dielectric coefficient and this
is the quantity that is measured experimentally. The case of a perfect conductor cor-
responds to a case of infinite effective dielectric constant with a negative sign. As the
sample becomes more conducting, the measured frequency should give a negative ef-
fective dielectric constant.

Fig. 5 is a plot of the complex permittivity relative to that of free space in
the ka plane. The constant x contours differ from each other at the low frequency
end by the amount given by the perturbation theory. At the coaxial limit the curves
meet, for here only the conduction electrons are important. The constant K tan §
curves all converge toward the point (2. 801 + jO) but do not actually reach this point.
This is because the imaginary part of ka cannot be zero (an infinite Q) for a finite con-

ductivity. The point however does represent the complete contour for the limiting
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case of K tan 6 = w. The other limiting case, k tan 6 = 0 is the positive real axis
below 2.4048. On this axis Kk is equal to the dielectric coefficient.

Although the solution has been obtained for the complete range of frequencies
only that corresponding to negative frequency shifts is given. For positive frequency
shifts the Qt's are so low that accurate experimental measurements are impossible
and that part of the solution is of academic interest only.

In Figs. 6-11 we show x as a function of ¢ for various values of the magni-
tude of ka. Linear interpolation may be used for those values of ka not shown. This
set of figures shows several interesting features. It is seen that the results obtained
previously by neglecting the imaginary part are good within 0. 3 in K for tan § as high
as 1.0. In addition the curves show that the frequency shift is a linear function of &
for all values of ¢.

Figs. 12 - 17 show K tan § as a function of ¢ for various values of the magni-
tudes of ka. We see that for low ¢'s the frequency is independent of ¢, as we have also

seen above, but that as ¢ increases ka is dependent upon it.

Spherical Sample in a Cylindrical Resonant Cavity

The effect of a metallic sphere in a resonant cavity has been considered by

(6)

placed in a constant electrostatic or magnetostatic field. This is not a bad assumption

Maier and Slater using the perturbation method. It is assumed that the sphere is

if the diameter is smaller than the wavelength. Similar calculations are carried out
for a dielectric sphere of complex dielectric constant. For a dielectric sphere in a

uniform field EO. the potential outside the sphere can be written as(7)
€ - je. - ¢ b3
& = - EorPI(cos 8) + r ") o — EoPl(cos 8) (22)
Zco +e -jJe.r
r J
where b is the radius of the sphere, € = " _jcj, and Eo is the electric field at the
center of the cavity. The electric fields Er' Ee, and E¢ are
2(e -¢,) .3
Er= [1 +_.-C—_—-0-p—:| Eocose (23)
Zco + e r
€ -¢ 3
E,=-48 - |1+ 0P I g sine (24)
e r 3e 2 3 0
G te T
c
E, =0 25
R (25)
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X tan § cos ¢ for a/b = 150
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2, g 2)l/2

fields for an infinitesimal expansion of the sphere from b to b + db gives

The electric field just outside the sphere is (ErZ + Ee Integration of the

2

4 -¢)

2bdb +_£_27 b2db .
(Zco + cc)

Using the perturbation method

2

2
(Zco + :c)

=4nb3E021+ 2 7+.‘. 1-_._-3_—-...+... .
x%(1 - j tan &) k(1 - j tan &)

The frequency shift can be written as:

iw& = 2nE b’ { - —Z——i—T—] (27)
0 k“(1 + tan® 8)
where Aw = wg - W For spherical samples of high dielectric constant, the second
term is negligible with respect to unity. Consequently, it is not a good method to de-
termine the dielectric constant by means of the frequency shift, which is only deter-
mined by the dimension of the sphere.

The change of Q can be written as

1 1
:loaded Q KZ tan § (28)

If the dielectric constant is known by means of an independent measurement, this can
serve as a cross check for the value of conductivity. It may be pointed out here that
for substances with dielectric constants of the order of, or less than, unity, the fre-
quency shift is sensitive to the value of «x.

Samples of Disc Shape in a Cylindrical Cavity

This method has been used by E. Ledinegg and E. Fehrer(a) in measuring
low-loss dielectric substances. If a disc shaped sample of thickness h is inserted in
a cylindrical cavity of height £, Maxwell's equations can then be solved for regions
I, II, and III and the resonant frequency determined by the continuity condition at z = z,
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and z = z, + h. The continuity condition gives:

Y1
y ECTz_ tany, z, + tan yzh

1 -
€0 -Y—Z- tan yl(z0 + h-18) = (29)

1
1 - ccqz tany, z, tanyzh

where

. 2 2
y2=,\ﬂ(l-31an6)k -ko

If the argument of the tangent is small enough so that the functions can be replaced by

their arguments, then Eq. (28) can be simplified to the form:

ak _ .1y __h

= ) —_— (30)
k € 2(L - zy)

Eq. (29) is the same as that obtained by the perturbation method. As the surface is
perpendicular to the electric field, the frequency shift is not sensitive to the dielectric

constant. Separating the real and imaginary part of ¢ and k

‘r h

=1 -
(cr + cj)z 2(1 - x)

e
k

e.h

R
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