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NS A

List of Symbols *

8,2, r Cylindrical coordinates, Fig. !

u, v, w Longitudinal, tangential and radial displacements of the cylindrical shell,
Fig. 1. Note that a positive displacement w is inward.

U %' W Coefficients defining the shape of modes of the shell in vacuo, Eq. (1)

k=123 Subscript

a Radius of cylinder

c Velocity of sound in medium

Cg Velocity of sound in shell material

D Subscript, refers to damping

F(r) r -dependent function in expression for potential, Eq. (8)

g(z) Distribution of force P in z-direction

G(§) Fourier Inverse of g(z)

H,?’ Hankel Function of second kind

h Thickness of shell

i=yT

Jn Bessel Function of first kind

L Length of longitudinal half -wave of mode of vibration

( Spacing of ring stiffeners of shell

m Mass of shell per unit area

m, Virtual mass of entrained medium

N Coefficient, see Eq. (6)

n Number of circumferential waves of mode of vibration

P.P External radial force, see Eqs. (3), (1)

P. P Pressure in medium due to force P and P, respectively

R Subscript, refers to resonance

S Force exerted by diaphragms

8 Defines spacing of diaphragms, Fig. 9

~ *Additional symbols in the appendices are defined as they occur.
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8(x)
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©

Time

Bessel Functions of second kind
Coefficient, Eq. (7)

Coefticient, see Eq. (9)

Coefficient, see Eq. (10) and Table A
Damping coefficient

Dirac's Delta Function

Decay constant, Eq. (35)

Variable of integration related to L, Eq. (2)
Mass density of medium

Frequency of vibration

Frequency of cylinder in vacuo

- in

¢
H
X
4
®
i
]
i
Y

- i

et -




L

Synopsis

The purpose of the paper is the determination of the sound field due to a source
inside a cylindrical shell which is submerged in an acoustic medium, Using results
from a previous publication (Ref. 1) it is possible to express the radiation by a Fourier
Integral; asymptotic integration for points at large distances furnishes surprisingly
simple results.

While the fundamental theory applies for infinitely long unstiffened shells, it is
extended with approximations first to stiffened shells, and as a final step in a qualita-
tive manner to finite shells,

Particular attention has been given to the question of resonant frequencies i.e.
those at which unusually high pressures may occur, For this purpose it became neces-
sary to extend the theory to include the effects of structural damping; interesting con-
clusions concerning the radiation were obtained by considering the interaction between
structural and radiation damping.

Numerical results giving typical pressure distributions at large distances were
obtained for a lightly stiffened steel shell in water. It is found that such a shell has
resonant frequencies with pronounced peaks of the sound pressure.

A detailed study on the effect of rigid diaphragms on the resonant cases was
made. It was found that the addition of diaphragms reduces the resonant effects; for
the steel shell selected as example diaphragms reduce resonant effects to an insignifi-
cant level.
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I. Previous Results on Forced Vibrations of Submerged Unstiffened Shells

The response of an infinitely long, thin cylindrical shell submerged in an acous-
tic medium due to sinusoidally distributed periodic radial forces was obtained in Ref. 1,
using the modes of free vibrations of the shell in vacuo as generalized coordinates. For
each pair of parameters n and £ three frequencies Wy exist, k =1, 2, 3 the correspond-
ing modes having longitudinal, tangential and radial displacements, respectively, Fig. 1,

Ul(
u=wkcosn0cos§z

V. . .
V=Wi 8inn 0 sin§ z (1)

w = cos nO s8in £z

where Uk' Vk and Wk are numerical values which for certain ranges of n and £ are tabu-
lated in Ref. 2. The parameter { defines the half wave length L used in Refs. 1 and 2.

L =l %| (2)
Let a space and time periodic external radial force, act on the submerged shell,

P(t, 6,z) = cosn 0 e'*%el?! )

where the complex representation of P used here differs from, but is equivalent to the
one in Ref. 1. The pressure p in the fluid at a point having the coordinates r. 0 and z is

F(r)cosn#® e'“emt

P Fa) . Zm (4)
paNA

and the radial displacement w of the shell at a point having the coordinates 8 and z is

' ivz iat
w=S0osnée e (5)

2l pa l]
mo'[ 20 - &
a is the radius of the cylinder, and p and m are the mass density of the acoustic me-

dium, and of the shell per unit of area, respectively. N is a function of the elastic

properties of the shell

ot ot nt
N = :' et :' et :. i (6)
W -0 0“9 u'-ﬂ




N depends only on the three frequencies w, of the shell in vacuo having half wave length
L = |ng| . The coefficients a, depend on the shape of the modes

w!
. k=123 (7)
T . . S

and are also tabulated in Ref, 2. If n = 0 one of the coefficients "t vanishes and Eq. (6)

has only two terms.
The function F(r) in Eq. (4) arises in the solution of the wave equation for the

acoustic medium, and is defined by Eq. (42) of Ref. 1 in different ways depending on the
value of 2. This is inconvenient for the present purpose and can be avojided by a modi-
fication. Noting that, for a real x, the Hankel Functions of the first and second kind are
related Hj, {0 (ix) = (-l)"" H,‘,” (-ix) one obtains for the entire range

Y (\/Bt_: ) ‘”(pr) (8)
mT ( ‘/—r—) Hy' (a)

where the sign of the square root must be selected such that*

Bt/ -8 [Re(p) >0, Im(p) < 0] (9)
Cc

Finally, the term A occuring in Eq. (4) and (5) is also a function of B,

Hy' (Ba)
A’AGV—'§>“”H“’(M) 1o

Numerical values of A for real values of the argument will be required later. Such
values are tabulated in Table A,

II. Unstiffened Shells Acted on by Forces Close to the Originz = 0

The solution (4) will be utilized in this paper to find the pressure field due to
radial periodic forces ﬁt, 6, z) which are sinusoidally distributed in the circumferential

direction, but non-periodic in the g -direction

* Note that p as defined here corresponds to @ in Ref. 1.
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Bi(t, 6, z) = cos n 0 g(z)e!™ (11)

It is intended to consider forces acting close to the origin z = 0 such that

|g(z)] dz

is finite, The restriction on the integral over g(z) excludes cases of forces periodically

spaced in the z-direction.
Using the Fourier inverse of g(z)

G(E) = 5= Y:(z)e"" dz (12)

the loading function P(t, 0, z) can be expressed by the Integral

P(t, 0, z) = cos n 0 e/ Y G(g)el$2 dg (13)

This equation expresses P as an integral over a spectrum of forces of the type of Eq.
(3), and the fluid pressure p due to the forces P can therefore be expressed by an inte-
gral over the spectrum of pressures, Eq, (4); substituting Eq. (8) the pressure p at a
point having the coordinates r, 9, z is given by the integral

H G d¢
p = cos n 0 €iftt i n_(Pr) Gkl (14)

HE (p) 1 - iR

It is noted that the integrand has branch points at £ = + f2/c. On examination it is found
that the restriction on g, Eq. (9), requires the path to pass above the branch point at

+ Q2/c and below at - Q/c. It is noted further that poles may occur on the real axis, i.e.
on the path of integration. The required value of the integral is the principal one, i.e. it
is the limit for « < 0 of the sum of the integrals taken over the sections of the real axis
obtained by excluding those portions of the real axis which are less than a small distance
¢ from the poles. The poles occur wherever the denominator bracket in Eq. (14) vanishes;
by comparison with Ref. 1, Eq. (28), it is seen that the bracket is identical with the fre-
quency equation for free vibrations, and poles occur at points where the forcing frequency
N coincides with a frequency of free vibration of the shell having a half wave length

L =|w/t|. It has been shown in Ref. 1 that free vibrations (9 and { real) occur only if

Q1€ vc/L =|at|and poles are therefore only possible for || > /a. The denominator

|



bracket being an even function poles must occur in pairs, at + §;; there may be none,
or up to three pairs depending on the value of . A typical path of integration is shown
in Fig. 2,

The integrand of Eq. (14) is a highly complicated function of the variable of inte-
gration £, and an exact evaluation of the formal solution (14) is out of the question,
However, it is possible to evaluate the integral for large values of r in closed form as
shown in Appendix A,

The asymptotic value of the pressure is

int
B = exp [i(ﬂn +1) % m)] 2 cosn 0 e®G(t,) as)

Zm
[

o2 1) ) [1 - ety )

where

g0 * - . (15a)
R g2 _ R (15b)

Vit
L = weV¥rf+z? (15¢)

° Nz

The term N(L,) occuring in Eq. (15) is the value of N according to Eq. (6) for the half
wave length L.

Due to its derivation Eq. (15) applies only for sufficiently large values of the ra-
dius r. To get at least a crude approximation r must be large enough to satisfy the two
conditions (see Appendix A)

r
E>50

2
r >@athe  enc (15d)

aVris+ 2t 8

Except for very low frequencies, or large ratios z/r, the first condition controls,

An alternative asymptotic evaluation for large values of ¢ is feasible; it would
essentially give information on the conduction of sound in the direction of the axis of the
shell, This paper being aimed at other questions, the matter is not carried through.

If the applied load acts in the vicinity of z = 0 it is to be expected for physical rea-
sons that the pressure at large distances will not depend greatly on the distribution of the



applied load P(t, 0, z) in the z-direction and we consider therefore only the effect of a
line load acting on the circle, z = 0,

B(t, 0, z) = 6(z)cos n 0 &' (16)

where §(z) is Dirac's é-function: Eq. (12) gives

G(§) = 5= (17)

The peak values of the pressure, | E|, for the case of a line load according to
Eq. (16) becomes

I5|= cos n @ 1 ] (18)

n Vri+ 2t H:f’ (apo)[l-pa Z;nAa ]

For z = 0 Eq. (18) simplifies further, as §° = 0 and Ly = ® become independent of the
frequency Q,

-, _cosn@ 1
Pl =7 ) (19
H, 111 [1 - Zm ]
¢ paN(w)AZEE—“j

III. Application to Shells with Closely Spaced Ring Stiffeners

It was pointed out in Ref. 1, p. 15, that the results for the unstiffened shell, quoted
in Sec. I, are applicable, approximately, to shells with closely spaced ring stiffeners,
Fig. 3, if the frequencies of the stiffened shell in vacuo are used as values w, occuring
in the expression for N, and if the mass of the stiffeners is averaged over the surface
of the shell and included in the mass term m. The approximation can be expected to be
good provided the length L of the half wave is several times the stiffener spacing £, and
provided the forcing frequency Q is sufficiently low, such that the local displacement of
the shell between the stiffeners is unimportant,

The results of the present paper were obtained by integration of contributions
coming from all wave lengths L = |#/ |, including the range L < £, and this appears at
first to preclude the application to stiffened shells. However, in the range where the
integrand is a poor approximation,

)
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is imaginary if Q is sufficiently small, i.e. {f 2 <wc/f. If § is imaginary the term

@
lim H" (pr) = e_ e 4{r=-4) "' (zo)
T P (pa) IF

in the integrand of Eq. (14) decays exponentially with increase in r, and the range in
question gives no contribution to the pressure p at large distances, (Physically speak- |
ing this is so because these components of the shell motion do not radiate energy, see
the discussion of forced vibrations if Q < wc/L, Ref. 1, p. 12.)
It is therefore, concluded that Eq. (15) is applicable as long as 2 <wc/Z, pro-
vided [ is small enough such that the local displacements of the shell between the stif-
feners are unimportant,
Further consideration indicates that Eq. (15) may even be applicable for larger
values of 2, but only for locations where z/r is small, The essence of the process of
asymptotic integration which leads to Eq. (15) is the fact that the pressure at any point
is essentially affected by the radiation of a component of the shell motion of half wave
length L,, Eq. (15c). While no proof is available one can assume that the present re-
sults are meaningful for a stiffened shell provided L, >/, i.e. if

]
xC r \
Q< 1+ z—g (21a)
The additional requirement that the local displacements of the shell between the
stiffeners are unimportant will be satisfied for a value n only if the respective lowest
frequency w, (L = ») of the shell in vacuo for L = © is smaller than the "local" frequency
of the shell if the stiffeners were rigid. Approximating the latter by the frequency of a
clamped plate of span £, one obtains
hey

w (L = o) << 6.2 i (21b)

where ¢, is the velocity of sound in the shell material. It is further necessary that the
forcing frequency £ is smaller than the local frequency of the shell in the submerged
state,

h -1/2 (
0 << 6.2 ;;— (l + % (2lc) i

The last term is based on the approximate expression for the virtual mass m, = plix .

In order to apply Eq. (15) in the suggested manner to ring stiffened shells of the
type shown in Fig, 3, it is necessary to find the frequencies wy of such shells in vacuo.
Suitable approximate methods for this purpose will be presented elsewhere, :
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The approximate treatment of stiffened shells in the manner indicated is tanta-
mount to considering the stiffened shell as an orthotropic unstiffened shell, As n be-
comes larger the value w (L = @) increases rapidly and the limitation Eq. (21b) indicates
that the approach can only be used for low values of n. For high values of n the rings
are relatively so rigid that they may be considered as absolutely rigid; this fact is
utilized for an approximate treatment of resonant cases for large n, see Secs. Vie
and Vllc.

IV. Discussion of the Results for Infinitely Long Shells

a. General

The most remarkable fact is that the term N(Ly) in Eq. (15) expresses the entire
effect of the elastic behavior of the shell on the pressure p at a point A, and more gen-
erally on the energy radiated in the direction OA, Fig. 4. The term N depends in turn
only on the three frequencies < and the corresponding modes in vacuo of the one half
wave length L, = |1r/§° | the three coefficients o being functions of the shapes of the
respective mode. This half wave length Lyisa function of the ratio r/z and of the fre-
quency 2, but not of the circumferential wave number n. For a given frequency Q the
radiation in any direction OA is only affected by the vibrations of the shell of half wave
length Lo.

It is also noted that the pressure decays as the inverse of the distance from the
origin, Vr¥+ 28 . This decay is similar to the one found in the case of a pulsating
force acting on a spherical shell, The decay differs fundamentally from the one found
in Ref. 1 for a cylindrical shell acted on by forces which are space periodic (as siné z)
in the direction of the longitudinal axis z; for such loads the decay was exponential and
very fast in the non-radiating low frequency range, but as I/t for high frequencies.
The difference can be attributed to the fact that in the latter case energy is radiated es-
sentially only in two dimensions, while the presently treated case is three dimensional.

Eq. (18) was used to plot typical pressure curves forn = 0, 1 and 2 for line loads,
Eq. (16). acting on a lightly stiffened® thin steel shell in water. Fig. 5 shows the pres-
sure p versus the angle arc tg r/z. Due to the fact that r must be larger than a certain
limit, Eq. (15d), the curve never applies for directions parallel to the axis of the shell.
The pressure p and the radiation vanish for certain directions. The points p = 0 can be
traced to the fact that the term N(Lo) in Eq. (18) vanishes., The case N = 0 is discussed
in Ref. 1; it corresponds to a vibration damper situation in which the shell vibrates

*The rigidity of the stiffeners selected was such that the fundamental frequency for
n = 2 for the mode of half wave length L = ®, i e, when the shell vibrates like a ring
in vacuo, was 0,16 c/a. The forcing frequency was Q = 0.8 c/a.
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longitudinally and tangentially, while the radial displacements w vanish, The number
of points for which N = 0 is one, or less for n = 0, and two or less, for n » 1, depend-
ing on the frequency. For loads which are not line loads, where Eq, (17) does not apply,
additional points p = 0 not included in the above statement occur wnerever G(€o) = 0.

b. Resonance

It is of considerable interest to examine the results for possible resonance at
special frequencies. The following discussion applies to steel ghells in water and may
require modification for other media. The crucial term to consider is the expression
in the bracket in the denominator of Eqs. (15) and (18). One can see immediately that
this expression can never vanish, because the term a(afy,) is complex for all admissible
values of apgy. while all other terms are real. However, in the range where the imagi-
nary part of A is very small there is a poasibility for very large magnification, if the
real part of the value of the bracket should vanish in the same range. Table A indicates v
that for n 4 0, Ima is quite small for low values of the argument,* af, £ n/2. Eq. (15b)
indicates that such low values correspond either to low values of 2, aflk < n/2, or to
large values of z/r; in either case large magnification indicating resonance will occur
if the physical properties of the shell and medium are such that the real part of the value
of the bracket vanishes or becomes very small, The approximation Re A = 2/n, (good
for ap,< n/2) leads to the condition

SRS,

by

5 Faa

N(L,) = % (n#0) (22)

If for a given low frequency, 02 cn/2a, a range of lengths L, > =c/} can be found which
satisfies Eq. (22) there will be very large radiation; usually Eq. (22) will be satisfied,
if at all, for any length L, > wc/Q, indicating large radiation in all directions.

1t is noted that Eq, (22) is actually the frequency equation for the submerged shell
(Ref. 1, Eq. (28)) if A = 2/n is substituted. The real roots of this frequency equation
all correspond to non-radiating lengths L, < »c tand cause no pressure for large radii
r. If the frequency equation has complex roots 3 with small imaginary parts, Eq. (22),
being an approximation of the frequency equation, will be satisfied. Any large magni-
fication found can, therefore, be ascribed to the proximity of a slightly damped natural
frequency of the shell,

c. Steel Shells in Water

For the case of thin steel shells in water the criterion Eq. (22) indicates resonant
cases for n 3 2, but not for n = 1 (unless the mass of the shell is about twice or more

*The limits for Ima being small vary with n; for 1& n < 6 the value n/2 is reasonable,
for larger n the range extends and for 6 € n € 15 the limit is ~2n/3.

3
:
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than the mass of the displaced water). For n = 0 no resonance with high magnification
is possible as was pointed out before. Figs. 6a, b show the pressure p for z = 0 as func-
tion of the forcing frequency 11 for the shell used for Fig. 5. As expected, very narrow
but extremely high peaks occur in the response for n 3 2. Due to the fact that for low
frequencies the arguments a k& of the Hankel Functions and of the function A are quite
small it was found necessary and convenient, to use in this range approximate values
of these functions for small arguments rather than interpolate the tabulated values.
Another aspect of the resonant cases is considered in the next section.

Fig. 6a demonstrates an important trend concerning the magnitude of the pressure
p as function of the circumferential wave number n. It is apparent, that for very low fre-
quencies the pressure for n = ! is dominant, excepting resonant peaks for n » 2; it can be
shown easily that for small arguments a)/c the pressure p is a linear function if n = |,
but a quadratic one for n = 0, and of the nth power for the non-resonant ranges n » 2.

While Figs. 6a, b only contain cases n < 5, it can be shown for all values of n
that the response p for low values of n, up to n ¥ 2a Qk is several magnitudes larger
than for n 2 2a Qk, excluding points of resonance. If a force is considered which is not
sinusoidally distributed over the circumference, it can be expanded in a Fourier series;
the pressure is then also obtained in a Fourier series, in which only a limited number
of terms will be significant. Fig. 7 shows the pressure in the plane z = 0 as function of
the angle 0 for a concentrated radiai unit load acting at @ = 0; only three terms of the
Fourler series, n< 2, had to be used for 2= 0.8 a/c. Fig. 7 shows a very unexpected
uniformity of radiation in all directions. Except for frequencies where resonance occurs v
for one of the components, this behavior seems representative for aQk 2 0.5. For
smaller frequencies the n = 1 component is dominant and the radiation must vary as
cos 0, giving a different picture,

d. Limitations Due to Stiffener Spacing

The results shown in Figs. 5-7 apply strictly only to an orthothropic shell, and
only approximately to a ring stiffened one, see Sec. III. To find the limits of applica-
bility to stiffened shells assume the stiffener spacing L= 0,25a, shell thickness h = a/100,
the ratio cj/c = 3.5, and examine the limitations Eqs. (21a, b, c).

Of the two limits for the frequency (2la, c) the first one gives aQlc < 12,5, the
second one, which controls in this case, atk << 2.7; this indicates that the portion of i
Fig 6b for larger frequencies does not apply for the selected shell.

The limitation Eq. (21b) is of a different nature. It requires the frequency of the
stiffening rings in vacuo for the particular value n to be below the limit w, (L = ) <<3.5 c/a.
As these frequencies increase with the number n, this limitation excludes high values of H
n. The ring stiffeners were selected such that for n = 2 the value (L = ®) = 0.16 c/a; ’ %
the bending frequencies of a ring increase as n(n? - l)lm the frequency forn = 7
being w,(L = ®) = 2.8 c/a, the analysis does not apply for n > 6.

1t follows that the results shown in Figs. 5-7 are valid also for stiffened shells, ;

-10-



except for the high frequency part of Fig. 6b. It is of interest to state that it seems
possible to extend the theory, and eliminate at least the limitations Eqs. (21b and c). It
will be seen in Sec. VIIb that even the present theory is applicable in the resonant cases
in the range where Eqs. (21b, c) are violated.

V. Peak Pressures at Resonance, and Effect of Structural Damping

The largest resonant value of p for a given frequency Q will occur approximately
in the location z/r for which the value €0 Eaq. (15a), is such that the real part of the
denominator bracket in Eq. 18 vanishes, Let this value be eo = ﬁ. < Qfc. Consider the
denominator D of Eq. (18),

D = H® [1 ?zfﬂ“ﬁ] (23)

where Hnm and A are functions of

aﬂ.=a ?—:-ﬁ:

Using Eq. (10) and the relation H,:a = & - iY,, where J, and Y, are Bessel Functions of
the first and second kind,

D=J -a&m ! -1 1Y, -ammY' 24 '
n pN 2] "~ "N 'n (24) )

In the resonant range the functions Y are very much larger than the J, and the vanish-
ing of the last term causes resonance. Using this condition,

ap.m
Yﬂ -_;N_ YA = 0,

to eliminate N in the first term of Eq. (24) gives

D= h¥a'- %' Y, I -
Yo' vaf, Yo'

(25)

where the relation on the Wronskian (Ref. 3, p. 76) was used. The pressure p is finally

[ | [ ] na
ARTLT] T I RPNS )| (26)

As the values Y' are very large if the argument is much smaller than the order
n, this pressure is much higher than the one at the same point at a slightly different

B T TR
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frequency; the order of magnitude of the latter cen bte obtained by noting that the bracket
in Eq. (23) in this range is of the order of unity, With H‘:' ~Y

n
a¥rt + 2t

cosn v I6|=g'(lm (27)

The ratio between the values of Eq. (26) and (27), i,e. the magnification, can be
enormous if ap, << n, This fact makes it necessary to consider the effect of structural
damping. It can be introduced approximately® in the previous computations by replac-
ing the term 1/N wherever it occurs by (1 + 1§)/N, The effect of damping in general is
found to be insignificant, except in the resonant cases., Proceeding from Eq. (24) to find
the new value of Eo ., one obtains

ﬂ'Vrt'l‘zz Yp'

- n
<osn® |B| [T—ooT (28)
A e

where small terms J, were neglected versus Y, terms. For not too large arguments
Y,Y,' will be so large that the term 2/« i8 insignificant and

B - (29)

1
)
There is still a magnification, 1/6, but as I/Y, is very small the actual pressure level
becomes unimportant compared to those for other values n. However, if the resonance
occurs for a value af, close to n, but still such that Ima is small, the situation is dif-
ferent and high pressures are possible despite damping.

An estimate for the maximum value of §° is obtainable. For n >> ap

Y,,'(ap)=-a%Y,,+Y,,_, ='a—nEYn

is a reasonably good approximation; substituting, Eq. (28) has a maximum for

* The correct way to introduce structural damping is to introduce damping terms

zﬁn in the equations of motion (Ref. |, Eq. (34)), where & > 0 is the ratio of critical
da uf}i g. This leads to a new expression replacing the term N,

2

a, N
Ny = ] 2
g:".”“ﬁ“-“

As Q, a,  and u:are necessarily positive it is easy to show that /N, must have a posi-
tive rea‘ part and one can use the approximation l/N°~ (1+ 18)N.

-12-
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Due to the approximation this is an upper limit for the actual value of 5° .

_'U_zo:rtz max|p|<z-vr (30)

The maximum values of |p° |increase for a given & with ¥n. In order to judge
their importance they should be compared not only to the values of Eq. (27) for the same
number n, but also to the values of the pressure p for the frequency Q but different
values of n. This changes the picture because for a given frequency al/c the modes
n< aftk have much larger values p than those where n > afl/c, particularly if aQ/c is
large,

The level of the pressures for high frequencies in the lower modes can be esti-
mated by the following approximation: if the frequency Q is sufficiently large, aQ/c >> n,
the effect of the elastic resistance of the structure vanishes and essentially only the ef-
fect of the mass of the shell remains; this expresses itself in the previous equations by
N - - 1, Using the asymptotic expression Eq. (A-3) gives the comparitive level of non-

resonant pressures

o el ~ 52 Vi (3)

The peak value, Eq. (30), occurs in the vicinity of ap = n, and it is seen imme-
diately that the pressure given by Eq. (30), at least for sufficiently large n, will exceed
the value of Eq. (31).

Before discussing the results further, attention is drawn to the fact that Eqs. (26),
(28) and (30) give the preasure p for any frequency 2 for which a resonance occurs,

The value of the frequency, if any, for which this happens does not follow from these
equations, but must be found from Eqs. (18, 19). This means, even if a resonance occurs
for a given shell it may be at a point where Eq, (28) gives a very much lower value than
the limit, Eq. (30).

To illustrate the effect of structural damping on the pressures p at resonance,
Figs. 8a,b show the values of p at resonance without damping, and with structural
damping 8 = 0.01, for n = 2 and 10, For comparison the level of nonresonant pressures
for the steel shell considered in Sec. IV is also shown. In spite of the low structural
damping value selected the change for low values apy is revolutionary. While the un-
damped value goes to @ if apy = 0, the damped values vanish if ap, ~0. As ap, approaches
n the two curves merge and damping becomes unimportant. The damped curve has a
peak, approximately given by Eq. (30).

The enormous effect of low structural damping for ag, << ncan be interpreted
physically. As ap, -0, radiation damping goes to zero, while the structural damping
remains finite, As the energy input will divide in the ratio of the damping terms, all

-13-
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energy is absorbed by the structure and the radiation pressure p must vanish.*

The large effect of structural damping for small values of apy eliminates the
effect of resonances unless €.~ 0. Let resonance occur for a value E. close to f/c; in
such a case the value of ap, = a anlc' - ﬁ: will be very small and the radiation insig-
nificant, unless the resonant frequency had been extremely large, 2>>n c/a. The latter
is, however, impossible if the velocity of sound in the shell and in the medium are of the
same order, The conclusion can, therefore, be drawn that resonances can only be sig-
nificant if §.~ 0.

Conclusion

The essential meaning of Figs. 8a and b is the fact that the interaction of struc-
tural and radiation damping allows substantial radiation only in a relatively narrow band
of frequencies, its location and width depends on the value of n. The highest radiation
occurs if structural and radiation damping are about equal. Only if the resonant fre-
quency of the structure lies in this band can noticeable resonant effects ever occur;
whether these resonant effects actually are noticeable depends in any particular case on
the pressure level in the other modes, and can not be decided in a general manner, For
the steel shell considered earlier this question is considered in Sec. VII.

V1. Displacements at Resonance and Effect of Rigid Diaphragms

a. Displacements

Applying the reasoning which led to Eq. (14) for the pressure p, Eq. (5) leads
to an expression for the radial displacement w due to the loading Eq. (16)

400
cos n @ e!8* S elb2d¢
2vm® ] P2 a@p) - g

The path of integration is the same as for the integral Eq. (14), see Fig. 2,

In general one may expect that an oscillating load of the type defined by Eq. (16)
i.e. acting at z = 0, will result in displacements which are significant only for a "rea-
sonable® distance from the force, comparable to the physical dimensions of the shell
(radius a, shell thickness h). The integral in Eq, (32) was evaluated for resonant cases
in Appendix B, in order to show that this is not generally true for the response of the

w =

shell at resonance. The response may then be extremely widespread.
The result of the analysis in Appendix B, Eq. (B-35), gives the displacement w

*From this reasoning it would appear that the nearly complete suppression of radiation
by structural damping in similar circumstances should occur not only in the case of
cylindrical shells, but quite generally for any type of submerged structure.
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for resonant cases n » 2 in the form *

Sl

w(z) = w(o) (33)

where ag, is in certain cases small versus unity. Consider a case §a * 0 Where
aQdk << n; §, is given by Eq. (B-33) and due to Y, >> 1 one obtains (ag, | = n(n - 1)é; for
small damping é and small n, this gives a very small value of §, .

The fact that the amplitudes of the displacement vary only very slightly at dis-
tances z = a or even more, raises the question of the effect of a rigid diaphragm located
at some distance z = sa from the load. In general, the displacement w, Fig. 9a, will be
localized, such that a diaphragm does not interfere with the displacements noticeably;
no appreciable effect on the radiation can be expected. This can no longer be said if
the displacement is not localized, i.e. if, at resonance, the exponent §, in Eq. (33) hap-
pens to be small, One will suspect that the diaphragms will not only prevent the dis-
placement (33), but in doing so also reduce the unusually high radiation to normal levels,

The knowledge of the displacement, Eq. (33), makes it possible to treat the shell
with one or more diaphragms by applying the principle of superposition, and obtain the
effect of diaphragms on the radiation for the resonant cases.

b. Effect of Diaphragms

The effect of a "rigid* diaphragm, or stiffening ring, Fig. 9b, at a distance sa
from the load P, Eq. (16), is essentially the application of a load S cos n @ emat zZ = 8a
such that the displacement at z = sa vanishes.** The magnitude, i.e. the absolute value
and the phase of S can be determined from this condition. Observing that the new force
is of similar nature as P, Eq. (33) gives also the deflections due to S, if z is replaced
by z - sa and one obtains

S=-¢* (34)

where

A = ia,s (35)

For two symetrically spaced diaphragms, Fig. 9c, the forces at each of them are

s=-_2 (36)

(i§, ) has a negative real part, which makes|s|<1.

*Note that w(o) is a function of t and 0, it contains a factor cos n @ em’.

**This is not true for n = 1 where the displacement is such that the shell sections re-
main circular and diaphragms are ineffective,
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Consider now the asymptotic sound field due to the superposition of the original
force P and the reactions S due to the diaphragms. For points at large distances r the
differences sa in location of the forces P and S will be immaterial, and the entire effect

is that of a force 'f’. =P+ZSatz =0, For the case of one diaphragm,

[P, |=Pla-e =P

and for two diaphragms

= lg-rﬁ (37)

A
|B,| = B|1- 22
s l«H.-n

where the approximations may be used only if || is sufficiently small. If A\ is small the
reduction in the force from P to P, , and the corresponding reduction of the sound pres-
sure is subsatantial. The reduction for two diaphragms, being of the order 2 is much
larger than for one only ; other arrangements of two or more diaphragms, Fig. 8d, can
easily be studied; the reduction remains always of the order of .

c. Reduction of the Resonant Pressure by Diaphragms, no Structural Damping

For small frequencies aQdkc € n/2 Eqs, (26, 30) give the resonant pressure

wh"#- zl

- T
cosn® |pn|“'TYﬂ (38)
For the case £ ~ 0 Eq. (B-33) gives

4n -1)
late? | T,
a“g, ;
Yp
2
the reduction of the force, Eq. (37), reduces the pressure to |B. | = -’i— IE' l, where \

is given by Eq, (35), and

4 Vl"+ z'

cosn O | Pg |= n(n - l)‘:Yl"‘ (39)

Y, being very large, this is a considerable reduction; comparison with Eq. (27) shows
that the magnification n(n - l)-' is only moderate, unless n or s are large; comparison
with Eq. (29) shows that the reduction due to diaphragms for small n and s ~ 1 is larger
than the one due to small structural damping, However, for larger n structural damp-
ing will be more effective than diaphragms,

For the case §{, >> 0, Eq, (B-13) gives {,~ {,; {, being no longer small, the
analysis in Appendix B is invalid, It is, however, obvious without further analysis that,
the radiation being emitted by the mode of half wave length L = w/ﬁ. , only diaphragms
spaced at as < L/2 can possibly be effective, if a §, ~ n this requires s < »/2n. Unless
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such close diaphragms are used, damping will in this case be the dominant effect.

d. Reduction of the Resonant Pressure by Diaphragms, including Structural Damping

The point of principal interest is whether the peaks of the resonant pressure
curves with damping, Fig. 8, can be further reduced by diaphragms of reasonable spac-
ing, 8 ~ 1. Little further reduction below the level with damping can be expected if
€y >> 0, or if n is large, even if {, ~ 0, as the preceding discussion clearly shows that
damping in these cases is relatively much more effective than the diaphragms.

The evaluation shows that for n = 2 the resonant pressures with damping are sub-
stantially reduced by diaphragms; they are, however, reduced very slightly only, less
than 10%, from the pressures with diaphragms but no damping. For n = 10 the situation
is reversed. The pressures with damping and diaphragms are considerably less than
those with diaphragms only, but the reduction is only slight, about 25%, if the results
are compared with the damped case without diaphragms,

e. Required Rigidity of Diaphragms

The effect of "rigid" diaphragms or stiffening rings, was studied in this section
and the question arises when is a physical member stiff enough to be considered rigid.
Common sense will suffice to make the decision for diaphragms, but this is not true for
stiffening rings. The decision depends on the relative values of the frequency of the
ring, of the forcing frequency 2, and of the frequency of the shell between the rings.
The situation is similar to the one encountered in Sec. lII where conditions were given
to ensure sufficient stiffness of the shell. Using the symbols defined for Eqs. (21b, c),
stiffening rings spaced at distances { = 2sa may be considered "rigid" if

Q<< \/1 + 1% w (L = <) (40a)

hecg

w (L =®)>> 6.2 7T (40b)
It is interesting to note that the frequency in vacuo w(L = ©) increases with increasing n,
and that any stiffening ring for sufficiently large n may be considered rigid. Eqs. (21b)
and (40b) differ only by the direction of the inequality, and it appears that for low n a
shell with ring stiffeners can be treated by the approximate method of Sec. III. For large
n the same rings can be considered "rigid"; the structure can then be studied first as a
shell without stiffeners, with a subsequent correction for "rigid" stiffeners. While the
latter case has not been solved generally, the resonant cases can be treated as shown in

this section,

f. Conclusion

The effect of diaphragms or rigid stiffeners on the resonant pressures can only
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be large for low values of n 3 2, for high values of n any effect is insignificant com-
pared to structural damping. The delineation of high and low values of n depends on the
spacing of the diaphragms. For s ~ 1, i.e. a spacing about equal to the diameter, n = 10
is already high.

Even for low values of n the effect of diaphragms is not large, unless {, is small.
This is, however, of little importance as in the case of large {, damping alone practi-
cally eliminates the effect of resonance, as was explained at the end of Sec. V,

The effectiveness of diaphragms in reducing radiation at resonance will be seen
on the numerical example in the next section,

VII, Pressures at Resonance for a Typical Stiffened Steel Shell

The preceding two sections discussed the effect of damping and diaphragms in a
rather abstract manner. In this section the actual resonant frequehcies and the asso-
ciated pressure levels p will be considered for a typical shell giving numerical results
which may be easier to appreciate.

The properties of the shell are: pa/2m = 4, h = a/100, stiffener spacing £ =0.25a,
diaphragms at distances of 3a, making s = 1.5, Fig. 10, structural damping é = 0,01,
The rigidity of the ring stiffeners is such that for n = 2 the frequency in vacuo is
w,(L =) = 0,16 a/c.

In the last part of Sec. IV it was shown that the analysis of the stiffened shell is
only applicable if aRdkc << 2.7 and n < 7, This range can be studied with the formulae
developed so far. The range can be extended above these limits as will be shown later
in this section,

a, Range aftfc<< 2. 7and n< 7

The resonant frequencies can be located from Eq. (22) which is the frequency
equation for the submerged shell with A = 2/n; for £, = O this is equivalent to the fre-
quency equation for a ring carrying in addition to the mass m of the shell also the vir-
tual mass of fluid (see Ref. 1, p. 12)

m, = F a0 (41)

nf+1l
where A ~ 2/n and a;~ n%/n? + 1, The frequencies of a ring in vacuo vary as
n(n® - 1)
nt+1

and as the inverse of the square root of the mass. Tying into the value 0.16 a/c in vacuo
for n = 2 gives the resonant frequencies
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a _ 0.060 n(n? - 1)a (42)
c
c Vn' +1 +-P£3

Numerical values of § are listed in Table I. It is noted that Eq. (22) in this case has no
root for n = 1; there are therefore no resonant frequencies forn = 0O or 1.

Using Eqs. (26, 28, 35,37, and B-33) the resonant pressures with and without
damping and diaphragms were computed (with slide rule accuracy) for the case §4 = 0,
i.e. atz = 0, and are shown in Table I. All frequencies are sufficiently low so that the
approximation Eq. (B-30) could be subsatituted into Eqs. (26, 28),

Table I. Pressure|p|at Resonance atz = 0

wr lil /cosn O =
Resonant no damping with damping no damping with damping

n Frequency -Ya no no with and !

aflk diaphragms diaphragms diaphragms diaphragms |
2 0.08 200 630 0.50 0.022 0.022
3 0.25 330 780 0.30 0,041 0.041
4 0.52 426 2680 0.24 0.063 0.063
5 0.9 435 3420 0.25 0.103 0.103
6 1.4 358 3370 0.28 0.19 0.19

The diaphragms are clearly dominant in determining the level of the pressure in this
range as the figures with diaphragms and damping are indistinguishable from those with
diaphragms but no damping.

To judge the importance of the pressure p reduced by the diaphragms it should
be compared with the pressures p for the other values of n for the same frequency,
Fig. 6a. It must be kept in mind that only the total pressure comprising the sum of the
components for all values of n can be observed, and that a peak, say in the n = 6 com-
ponent, will be lost in the total pressure, if this peak was small in comparison to the
pressure in the modes n = 0, 1 and 2, This is the position in this range for all n in case
of the shell with diaphragms; it can be predicted that regardless of the exact nature of ;
the applied force the total pressure will not show appreciable signs of resonant frequen-
cies. (This statement excludes the unlikely case of a force which contains only the nth

component,)

If the shell has no diaphragms the position is different, the case n = 2 would pro-
duce a quite pronounced resonance, as the level of the pressure is about 10 times larger
than the largest of the other components. The result becomes then very sensitive to
changes in the value of structural damping.

Table I also shows that with increasing n the resonant pressure levels increase
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rapidly. This is in part due to the fact that the diaphragms become less effective for
larger n. The damping effect is also peculiar, as the pressure level decreases from

n = 2 to 5, but then increases again; this is due to the shape of the curves in Figs. 8.
The peak of the damped pressure curve moves gradually towards increasing values of

n, while the resonant frequency increases much faster, nearly like n? The resonant
frequency therefore gradually moves into the peak of the response curve, which accounts
for the increase of | B]for n > 5. Important resonances might occur for the shell under

consideration above n = 6 requiring further consideration,

b. Refined Theory for Higher Values of f} and n

The three limitations Eq. (2la - ¢) originate from the basic assumption that the
deflection of the shell between stiffening rings must be negligible compared to the dis-
placements of the rings. It is possible to approach the problem without this assumption

in the following manner.
Let the deflection of the shell between stiffening rings be proportional to

1 - cos 2nz/(; the entire deflection is then
w = cos n @ e®'gin $£z [W + B(l - cos -Z%E)] (43)

where B is an arbitrary value. Provided the distance between nodes in the longitudinal
direction, £/2, is smaller than the distance between circumferential nodes, ra/n, the
shell in vacuo will vibrate between stiffening rings with a frequency roughly that of a
clamped plate of span ;!

hcg
U. -~ 6.2 ﬁ (44)
The above condition on the nodes requires
2wa
n << —— 45
7 (45)

For the above example this gives n << 8%, a considerable extension of the range.

Use is now made of the fact that each resonant frequency Q1is essentially the real
part of a complex frequency of free vibration of the submerged shell; the resonance be-
ing pronounced only if the imaginary part of the frequency is small. The real parts of
slightly complex frequencies of free vibrations can be found as frequencies of the shell
in vacuo if the actual mass is increased by an appropriate virtual mass of the medium
(Ref. 1, p. 10-12). The problem of finding the resonant frequencies is therefore reduced
to the one of finding frequencies of a stiffened shell in vacuo having a slightly different
mass (This approach was already used in deriving Eq. (42)).

Having made the assumption (43) concerning the deflections of the shell between
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the stiffeners, the combined system of shell and rings can be treated by the method of
Ref. 5. The resonant frequencies 3, including the effect of the shell deflection, are the
roots of the equation

My
nt o e mtmy-
(g.)(‘é‘.‘) T T mimy (46)

where 2 is the resonant frequency if the shell is rigid, Eq. 42; Qg is the frequency of
the shell vibrating between stiffeners, Eq. 44, but with a correction for the effect of the
virtual mass

m -
T (47)

m, is the mass of the stiffeners per unit length; mis given approximately by Eq. (41).

To defend the procedure it is necessary to consider the interaction problem be-
tween shell and medium, treated in Ref. 1 for the case without local shell deformation.
The entire displacement Eq. (43) may be written in the form

w = cos n 0 e8! [W singz + B, uin(g + ZT")z + B, sin (g - %’-)z] (48)

where W, B, and By are new constants, This equation being a sum of sine terms in § the
fundamental procedure of Ref. 1 can be applied, but there will be coupling between the
modes having the parameters { and ¢ + 2v//. While this complicates matters it can be
expected not to change the results qualitatively.

As far as resonant radiation is concerned it should be noted that if { = £, ~ 0 and
{1is small the values £ + 2n// will be s0 large that these modes do not radiate at all, and
the intensity of radiation will be given by the various formulae derived earlier. This
can be expected if the condition

- $5 (49)

is satisfied in which case the suggested procedure will give particularly good results.
It is therefore believed that the results concerning resonant pressures obtained
in Secs. V and VI remain qualitatively applicable if the resonant frequencies are ob-
tained from Eq. (46) provided Eqs. (45) and preferably also (49) are satisfied.
The two resonant frequencies ﬁ,.,of the shell considered were obtained from
Eq. (46) and are shown in Table II; for comparison the frequency 2 neglecting the effect
of shell deflection between rings is also shown.

-21-

e s R Co A s i e 1 1T i

;
-

.
o e B mdan -

:
4
4
4
1

e |



Table II. Resonant Frequencies of Stiffened Steel Shell

0 2 3 4 5 6 7 8 9 10 11 12 13

aR/c | 0.08 025 052 090 1.40 1.85 2,65 35 4.4 5.4 6.6 7.9
aQ,/c| 0.08 025 051 086 123 161 1.86 210 228 238 250 2.65
aﬁ'/c 2.7 3.0 33 37 4.1 46 53 65 1.1 9.3 11.1 13,0

For low n the revised frequency equals the original one, {I,~ 0; the second frequency
ﬁ, which did not appear in Table I is so high that it lies outside the range of pronounced
resonance af)/c € n/2, For n > 6, the lower values fi, lie in the range where damping
practically prevents radiation, as can be seen from Fig. 8b for n = 10. The higher fre-
quencies ﬁ'. on the other hand, are important because they lie for n ~ 8-10 in the peak
zone of the pressure curve with damping, Fig. 8b. For larger values of n the value
aq, /c is larger than n and no pronounced resonance is possible,

In the range n ~ 10 diaphragms reduce the resonant pressure only slightly and
relatively high resonant pressures in the components n = 8 to 10 must be expected at
their respective resonant frequencies, For é = 0,01, which is quite a low damping value,
the level would be about 5 times that of the other components for smaller n. However,
if one takes into account that there are many of the other components which will add up,
and that the expansion coefficient of the force for high n is usually lower than for low
n, one can not expect pronounced signs of these resonances in the total pressure. There
might be a doubling of the pressure, but no high peak. If the damping is higher than the
assumed é = 0,01, the effect would even be less.

The refined analysis just discussed is subject to the limitations Eqs. (45) i.e. in
the presently discussed case n < 8«; for the range of significant results n ~ 8-10, limi-
tation (49) giving aflk < 4« is also satisfied. This indicates that resonances for n < 8«
have essentially been covered.

£. _The Range n >> 8w

For high values of n the approach mentioned in Sec. Vlie can be used; the stif-
fening rings are for high values n so rigid that they may be treated as diaphragms. The
resonant frequencies of the actual stiffened structure are then those of the shell without
any stiffeners, only the magnitude of the resonant pressures being affected by the exist-
ence of the *rigid® stiffeners.

Considering the case C. ~ 0, the resonant frequencies of the shell are those of a
ring of thickness h; for large n the virtual mass of the medium becomes negligible and
the frequency will be approximately equal to that of a flat plate having a span Z equal to
the distance between the nodal generators, 7 = aw/n,

he,

an _ g
< 0.27n ac (50)
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The resonant pressure |'5°| allowing for damping for large values of n is a func-
tion of the frequency similar to the one shown in Fig. 8b for n = 10, except that the peak
will be closer to n and narrower. This means only those resonances will not be elimi-
nated by damping for which the value afl/c given by Eq. (50) is slightly less than n. The
interesting values of n are therefore

n~ 3.5,“-‘& (51)

For the case under discussion a/h =100, ¢,k = 3.5, giving n = 100 and aQ/c ~ 100.

Due to the high value of n, the distance between nodal lines, ar/100, is so much smaller
than the distance between the ring stiffeners £ = a/4, that the rings can have no appre-
ciable effect. The expected resonant pressure can, therefore, be estimated by Eq. (30),

wr = 14/nw
coan0|p0|<2' 73 62 (52)

The pressures p of the other components have a level given by Eq. (31), for the selected
shell p ~ 1. As there are nearly a hundred of these, the total pressure will again not
show a pronounced sign of the resonance.

d. Conclusion

Except for transition points the entire range has been covered, but no indication
of pronounced resonance in the pressures at large distances were found for the steel
shell in water selected as example., Mild resonant effects increasing the total pressure
(to maybe twice its regular value) can be expected in the range a}/c ~ 6 and again
afl/c ~ 100,

The analysis did not indicate that the results are sensitive to changes in the di-
mensions of the shell; no pronounced resonant effects should therefore be expected for
any shell of this type.

VIII. Resonances forn =]

Eq. (22), which gives the location of resonant frequencies, has in this case no
solution at all for the steel shell in water considered as example, One can find such
solutions for steel shells with thicker walls, but only for much heavier ghells, if
pa/2m & /2. However, even these solutions pertain to values £ which are nearly equal
to Q/c, i.e. to cases which are for practical purposes eliminated by damping., as ex-
plained at the end of Sec. V,

In the case n = 1 no solution of Eq. (22) exists ever for steel shells at or near
€a = 0, while for n > 2 solutions could be found near §, = 0; these latter solutions
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caused the wideapread and relatively pronounced resonances for the shells without dia-
phragms, The different behavior for n = 1 is caused by the fact that for n 2 2 the sub-
merged shell has a slightly complex, low frequency of free vibration associated with a
mode in which the generators of the cylindrical shell remain straight; the correspond-
ing frequency for n = 1 degenerates into §? = 0, a rigid body motion of the shell, and the
resonance disappears.

If one introduces in some way a restoring force which would resist rigid body
motions of the shell, the trivial frequency = 0 would disappear and resonances in the
mode n = 1 may occur., There is an interesting possibility of introducing such a restor-
ing force. Consider a floating rigid shell with a mass center below the center line of
the cylinder in a gravitational field; the shell can execute oscillations (rolling) during
which the circular cross-section, Fig. 11, will be displaced laterally, coupling the body
motion with the n = | oscillations of the fluid, Such a system will have resonances of
the type found previously for n 2 2, This is presumably also true if, instead of the rigid
cylinder, an elastic shell with eccentric mass is considered. It may well be that the
resonant radiation in this case would be quite high, as diaphragms will have no effect;*
furthermore, the rigid body part of the motion of the shell will have no structural damp-
ing. This is replaced by the viscous damping due to the relative motion of shell and
medium, but may be very low,

IX. Qualitative Validity of Results for Long Shells of Finite Length

If the displacements of an infinitely long shell due to an exciting force are local-
ized as shown in Fig, 9a, one can reason that the sound field can not be affected mate-
rially if parts of the shell at large distances from the force are replaced by the acoustic
medium, The results found for the infinite shell can, therefore, be applied to long but
finite shells, if the load does not act close to the end, except in those cases where the
displacementsare not localized. This excludes certain resonant cases, and also the re-
sponse in the n = 1 mode for low frequencies **

If the shell has a number of rigid diaphragms one can reason further that their

* See footnote on page 15,
** The displacement of an infinitely long bar in vacuo due to a transverse oscillating

forceisw =€ where
A= \/ El
a‘mn

For sufficiently small frequency Q2 the decay constant \ will become small, and the
displacement can no longer be considered localized. (E is Young's modulus, I the
moment of inertia of the bar.)
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existence enforces localized displacements, excepting the n = 1 node; in particular the
conclusion can be drawn that such shells do not have pronounced resonances forn % 1,

No such conclusion can be drawn for n = ], as the infinitely long shell for low
frequencies can not be used as approximation for a shell of finite length.
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APPENDIX A

Evaluation of the Integral in Eq. (14) for Large Valuesof r i

The integral in Eq. (14) may be considered in the complex plane and can be
evaluated along a suitable selected alternative path, When distorting the path one must
consider that the restrictions in Eq. (9) on § impose a restriction on§, and it is easily
seen that ¢ = |§|e" is only permitted to assume values such that 0 < 0 < n/2 or
ng0g3In/2,

The original path of integration as shown in Fig. 2 is interrupted at each pole &l.
This path is altered in two ways, Fig. A-1:

1. It is made continuous by adding semi-circular paths of radius ¢ above the

real axis for positive poles and below for negative ones. This addition in-
creases the value of the integral by

Ziwiki

J

where Rj is the residue of the integral at§; .

2. The path near the branch points is distorted to a semi-circle of radius .
As the path remains on the proper side of the branch cut the value of the
integral does not change; if a pole occurs within this circle its residue is
already accounted under 1,

The value J of the integral in Eq. (14) is

S Hy '(Br) G(g) e'? dg = il
= + + iR, -
Hy' (ba)[l - ) %‘ = (@-h
where the sign under the sum is the same as that of the respective value ﬁj .

The use of a complex path introduces a difficulty concerning the function N de-
fined by Eq. (6). This equation, taken from Ref. 1, applies only for real values of £,
because it refers to the frequencies w, of modes of the cylindrical shell in vacuo having
a half wave length L = |/t |. If { becomes complex this definition loses its meaning.
However, one can visualize a solution of the problem under consideration by integral
transform, in which case the solution would contain an integral similar to Eq. (A-1).
Such a solution would give a more general definition of the function N valid also for
complex values of §. It is therefore assumed that N may be considered as a function of
the complex variable §, although only the values for real £ can be computed from Eq.
(16). It will be seen later that values of N for complex argument will not be required for
the present purposes.

Consider the values of

-27-



pl

along the new path. The smallest values of |B| occur when § goes through the semi-
circles in the vicinity of € = + 2. For small values of ¢ the absolute value [f| has a

This being the case, one can select a radius R large enough so that for all values of
r » R the asymptotic expression

iv.;'i.'_'. -ipr

lim B (pr)se * S —
F (A-3)

zPr

may be used. Substituting into Eq. (A-1l)
lim J _ i B in) G(§)dé
ree V¥€ ¢ (a0 2m
vErHy (pa) [1 - f% g
+ E'ﬂfg‘fn . (A-4)
i
This integral is of the form
1- S MY gy (A-5)
A
where £ = x + iy is a complex variable, and

Gie) - — (k) (A-6)

WEE (o) [1 - iy

ot .t
£(€) = iyt -ip =1 [yﬁ V=3 - ﬁ] (A-7)

c

Y L ] ; (A-O)

Integrals of the type (A-5) can be evaluated approximately for large values of r
by utilizing the fact that the significant contribution to the value of the integral is due to
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the portion of the path in the vicinity of "saddle points" §q (that is points where f'(£g) = 0),
provided G(¢) has no singularity on the path,

The condition
t 1/2
f'(€o) = i[v + i(%— -ﬁ:) ]= 0 (A-9)
c

furnishes two roots

7]
gosi_c_._.x__
l+y‘

of which only one pertains to the branch of the function f(§ ) applicable. Eq. (A-9) may

be written
3
vy + -ﬁ? =0 (A-9a)

and because of the restrictions in Eq. (8), p must be real and not negative if § is real.
Assuming z > 0, y > 0 Eq. (A-9a) excludes positive values of {4, and the only saddle

point is at

€0 = Xoti¥p. Xg= -3 X, y,=0 (A-10)

Yieat

The selected path goes through this saddle point and follows in its vicinity the
real axis. The function f(§) = ¢ + iy is purely imaginary for real values £ = x of the
argument. The path being such that the real part ¢ = 0, the situation is suitable for the
application of the method of stationary phase, (Ref. 3, p. 505, 506). For large values of
r the integral I can be approximated (Ref. 3, Eq. (8))

lim 1 [3 = wi 1
ww St/ G(Eo) exp |irv(§,) + +0\ = (A-11)
r—e® ’l“"‘ﬁo)l ° [ o T (!')

where G and §¢ are defined by Eqs. (A-6) and (A-10), while

¥(Ey) = Y&, - Po (A-12)
nl
v . A-13)
g (

p.." ﬁc_?: - (A-14)
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The square root in Eq. (A -14) must be taken as positive.
Eq. (A -4) becomes

ot e[ty D)
0 PRbEt
Vet st w0 [ - mtoraeal)

lim J _

r -

(A-15)

where the term containing O(l/r) is omitted. The residual terms are still to be deter-

mined,
The term H(n"(pr) in Eq. (14) governs the behavior of the residues R‘ . As was

stated previously poles occur only for |§; | > Q/c. We consider first the case
1] -
161> (A-16)
as the caselgil = Qlc requires special treatment. Eq. (9) indicates that p = - (iy) is a

negative imaginary number; the function H:." (-iyr) decays as e’ '/Yx_'. which is faster
than the first term of Eq. (A-15), the asymptotic behavior of which depends on the term

r®+ 22

in the denominator. Residues for poles |£ i | > Qfc give therefore no contribution.
If |§‘ | = Q/c the coefficient p = 0, and the behavior of the residues is governed by

the value of

{2)

Hp' (Br)  /p\"
lim " r
BE~0 H® (pa) ) @-n

If n > 2 the residues decay faster than the first term of Eq. (A-15), but the cases n = 0
and n = ] still remain.

Even the cases n = 0 and | do not give contributions because the values R of the
residues vanish if the poles are at + vk, This fact can be shown by a routine computa-
tion not presented here, and is due to the behavior of H‘," and H:" and their derivatives
for vanishing argument. The residues never give a significant contribution and the first
term of Eq. (A-15) represents the entire result.

To obtain an estimate concerning the values of r for which the result is appli-
cable one must consider the two approximations made. The principal approximation
lies in Eq. (A-11) which indicates the second neglected term is of the order Jajr smaller
than the first. This means r/a = 50 will give some measure of approximation. The sec-
ond approximation is that Eq. (A-3) is usable® only if r > 2n + 1. Enlarging the radius

*Eq. (A-3) gives for n € 6 less than 5% error in the absolute values of H(z) if
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« of the semi-circle around the branch point in Fig. A-1, one can go only as far as the
saddle point, and min p according to Eq. (A-2) must be less than

t
9] 2 Qr
po sy/ . go B e
t
¢ cVl+ y.
This gives the condition
L
rBy: —f—— >2n+1 (n<€6) (A-18)

ch"+z'

Comparing the two conditions for z = 0 one finds Eq. (A-18) can usually be disregarded,

the exception being quite low frequencies 2. Eq. (A-18)controls only if aQ/c £ 0.02 (2n +1).

(footnote continued)

Iz1»2n + 1; the error in the phase may be larger but is of no consequence as it does
not affect the stationary phase method as such, and we are ultimately interestedin| p|.
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APPENDIX B

Estimate of the Radial Displacement w at Resonance, n > 2

The purpose of this appendix is to demonstrate that at resonance the displace-
ments w may be substantial at much larger distances from the applied load than one
would normally expect, It is intended to apply the results to stiffened shells; for such
shells the function N is nearly constant®for|¢| < n/a. The following computations are

restricted to the case N = constant for || < n/a.
The information desired is of qualitative nature and rather crude approximations

were considered permissible,
The integral in Eq. (32) to be determined is

- itz
J- K“’E' i Twniay (B-1
A -
-0 - Zexi N
There are no poles on the path of integration; the integrand has branch points at + Qkt

and the path passes below the negative but above the positive one.
The plan of action is as follows: in cases of resonance the integrand 1 becomes

very large in the vicinity of { = + ¢, where §{, defines the directions of the largest radi-
ation, see Secs. V and VI. These large values are caused by poles in the vicinity of + €4

Deducting a function

() = ol
(%) E—:—e—‘ (B-2)

from the integrand, Eq. (B-1) becomes

[ ] [ -}
J= i(l-f)dﬁi» img (B-3)

where R; are the values of the residues. The integrand of the first integral will nowhere
be large, and the integral will be small compared to the second one. The integrand of
Eq. (B-l) being a symmetric function of z,one can restrict the computation to = > 0, and
the second integral can be evaluated in an obvious manner by the residue method,

a0
3(|z|) = z«u:al + j (1-1]d¢ (B-4)

*1f the shell is not stiffened the approximation N = constant can also be made, but is
valid only for much lower values of | |.
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where only residues for lmel > 0 are to be included.

Determination of the Poles and Residues

The poles §; are in the vicinity of |€n| < n/a and it will be assumed that N in this
range can be treated as a constant, Expressing the function A in terms of J and Y func-
tions (as in Sec. V) the integrand becomes

ap(Jy' - 1Yp') €'V

PR (Jp - 1¥p) + —f=aB(Ja’ - 1¥y')

,‘/f_t-t
ap ac. £ .

The Bessel functions J and N have the argument apy and the primes indicate deriva-
tives with respect to the argument,

(B-5)

where

3=
d{aPy)

The subscripts n will be omitted in the following for simplicity.
At resonance the otherwise dominant imaginary part of the denominator of Eq.
(B-5) vanishes for

E=2fp.B=Bp*Y -6
c
this gives the relation

ap L)
- B Y(R) - g~ Y'(R) + a/#‘{ J(R) =0 (B-6)

where the notation Y(R) stands for Y(apy).

It is inherent that in the resonant range Y and Y' >> J and J' ; J and J' will, there-
fore, be neglected versus Y and Y', but not versus products §Y and §Y'. Dropping the
last term in Eq. (B-6), this equation is used to eliminate N in Eq. (B-5),

1 ._3 hpY:Yv(R%)- afb¥4RY" itz (B-7)

where

D = J Y(R) - Y(R) &' f; -8Y(R) Y i’: + 1[- YY'(R) + Y(R) Y' &. - @m{&] (B-8)
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Negligible terms which will not be carried further have been crossed out.
To find the poles, let D = D(aB) * 0. Knowing that the roots occur near afy the

function D is expanded in a power series in terms of
¢« *ap - np' (B'sﬂ)

" giving
D=D(R)+«D'(R)+...=0 (B-9)

where D(R) = D(aBy). Using the first two terms of the series only, and noting the rela-
tion for the Wronskian, (see Eq. (25))

D=JY -YJ' -6YY' = ﬁ-ﬂ- - 5YY! (B-10)

where all functions are of argument afy (the notation J(R) is no longer necessary). In
determining D' it is found that the entire contribution from the real terms is small

versus the one from the imaginary ones, and only

D - i[- vyt *?lﬁ YY' + YYn] . 1[\{-' + ( - a.:; > Y‘] (B-11)

remains. The root ¢ of Eq. (B-9) is

2

- YY!
waPy
..-g,g-i " = (B-12)
Y-‘+( - =) ¥
ap.

It is necessary to point out that the denominator of Eq. (B-12) changes sign as thé argu-

ment ap, goes from zero to n, and will be 0 somewhere; in the vicinity of this point the

neglected terms will dominate. It can be shown that this occurs at a point where J is

no longer very much smaller than Y, that is, it occurs outside the resonant range.
Solving Eq.(B-8) for the values of { corresponding to the root ¢« gives the location

of the poles

e _,2 ¢ s 20
€ 'ﬁ.'i;‘zﬂ. s ~Ca-zce [1=12] (B-13)
Only the pole §, which lies near -{, has a positive imaginary part and is to be included
in Eq. (B-4). The required residue R, of the integrand I, Eq. (B-7), at {=§, is

. m Y Y'(R) e m iapY Y'(R) s
R, si‘L%g“" o ()

Lo,

(B-14)

"h
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where 0 was neglected versus w; .

[TSp—————— o

Noting that ¢ is small the argument ap of the various functions can approximately be
taken as afg; D' is then given by Eq. (B-1l); using

d ‘ 8| - ‘e‘ -
L R (8-14
one obtains
R, = Ae'b? (B-15)
where
m B YaYy'
A=- p—l- . (B-l6)
2 n
v+ f1- Y
EI[ n ( “p:) ﬂ]

Estimate of the Remainder Integral in Eq. (B-4)

It is assumed that the damping term in Eq. (B-1) can be neglected, Asymptotic
values for large { will be required for {(§) and N, Noting §, = -, and R, = -Ae'%1% one
obtains from Eqs. (B-2, 15, 16)

2§, cos €,z 2i8in §, z
4 g-.m f(g) = i A+ 3 A (B-17)

The asymptotic value of N is obtained from the following consideration: for
§ -» the radial, tangential and longitudinal vibrations (or waves) in a thin shell will be
essentially like plane waves in a flat plate, and will not be coupled. The values a,,
Eq. (7); depend on the radial component of the vibration; due to the uncoupling «, = 1 for
the radial (i.e. bending) vibrations, and a, * a* 0 for the others. The bending frequency
can be written w, * ¢, ¢ where Cg is the velocity of propogation of these waves, i.e. the
velocity of shear waves in the shell material. Eq.(B-6) gives

2
lim 9 ot
N- -— (B-18)
§ ~o 2_qt c.t ¢8

In the beginning of the appendix it was assumed that N is constant for small §;

the value of N is implied by Eq. (B-6)

N..m SPale (R)
Tl A1

m“ (B-19)
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the approximation being permissible as the argument of the Bessel function is less than
n, (see Eq.(B-30)). There is necessarily a transition between the extreme values given
by Eq. (B-18, 19); however, as an approximation it will be assumed here that these rela-
tions are valid up to the intersection of the two curves at a value { = + ¢, ,

6 2 (B-20)

Cs mn

The remainder integral may be written, noting I(§) = I(-§)

L € @
S (1 -1)d§ = - 1d¢ - g fa¢ + S (1-1)d¢ +2 S I1d§ (B-21)
- - L -6, (1Y

It is now reasoned that near the origin, 1.e.| €| € § the integrand (I - f) must be of the
order of magnitude of N, as the extremely high values which occured due to the cancel-
lation of the a and N terms, have been removed. The third integral is therefore, of the
order

€0
~ mn
S (1 -f)dg = 2Ng_ = 2 —QVF (B-22)
-§, Cs
The first and second integral can be found by substituting Eq. (B-17)
- 0 -
"t S rag = 4 1 |/E“ A B-23
S * + e 4 —n— F‘— [ole] ] §lz ( - )
-00

&

The fourth integral will have its largest value for z « 0, giving the limit

0
2 itz
_ 2 e 20 n
2 S g = - S5 S — = T (B-24)
Cs § Cy
& &
Collecting the various terms the value of J becomes
it,2 5.33
Jz)~ 2ein €% - gn oLt % cos §, z (B-25)

valid if the first term is dominant, and provided that the terms originating from Eqs.
(B-22, 24) are small

2 8 @ << A (B-26)
C.\
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It is intended to apply this result only in cases where §; is very small; both terms of

Eq. (B-25) represent in such cases functions which are nearly constant for | z|{ a, and

it is this fact which is the point at issue, For the present purpose the second term of

Eq. (B-25) which does not change the character of the solution can therefore be neglected,
even if it is much larger than the terms excluded by Eq. (B-26). The value of J becomes
finally

t,2

J(z) ~ 2wiA ¢ (B-27)

where the condition (B-26) is vital, while it is sufficient to require less stringently

a|§|l<;.—"_fl L2 (B-28)

Simplifications for Low Frequencies

Useful simplifications are possible if the frequency is low aQl/c £ n/2; these
approximations cover the most interesting range of high radiation, but are not suitable
for the transition range of gradually diminishing radiation as a)/c increases toward n.

The dominant term in the expansions of Y, for small arguments is

Yp(x) ~ - 2o -1 (B-29)
I’X”
giving
Y“' = '2Y"*Yn.' ~‘;Yu (B'30)
] n\ v2_v2, w2 _2n 1 2
Yy +( -5 Ya:Yy+ Y - RYY, , ~- —1 Y, (B-31)

Substituting these relations into Eq. (B-12)

¢ = 1[2'2 ;‘ Yt '-‘in—,‘i-:)i] (B-32)

where Yy = Yg(ap,). Substitution of this expression in Eq. (B-13) gives§, ; in the case
€q = 0. the term ap, becomes aft/c, and one obtains

v
ag, = % V‘J“—'—ll ¥, (-‘-‘é‘l) +2n(n - 1)8 (6 = 0) (B-33)
Eq. (B-16) gives
n(n - )m Pa
A= - R :E'_ (8‘34)
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The vital condition (B-26) for the validity of above results becomes

CePa

|ag| << (n - 1) \/-—'p“:‘ - (B-35)
If §a=0o0r gy ~0, then py * Q/c and
c,
i f<<cn-0 AR £ ga=0) (B-358)

This condition now shows clearly that the results of this appendix are valid for small §,
where they are to be applied. The second condition (B-28) does not simplify for small
arguments,

Conclusion:

Substituting Eq. (B-27) into Eq. (32) and noting that A is not a function of z, the
displacement can be expressed in terms of the displacement w(0) at z = 0,

it,2
w(z) = w(0)e (B-36)

where the complex quantity §, follows from Eqs. (B-12,13). The relation (B-36) is valid
only if the condition (B-26) is strictly satisfied, and Eq. (B-28) is at least not badly vio-
lated. For small arguments Eqs. (B-32, 33 and 35) can be used instead of Eqs. (B-12, 13
and 26), respectively.

-38-




Or}gin f' o
Pol at -§;
P VAR

p—

¢

] lra'nch Poinr/ ]jm,,d, p,,-,-,,) ;’ol at

Fia.2. Path of Integrarion In f - Plane

a fr0
“§i - %
/o\ N\
+ ] ] + -
\_/ N\ iy 5;
fis. 2a. Modified Parh of Inregration
3
r
r
e — —
)
Fie.3
Fra. 8

-39~



Fi6.5 Press
vre
15| as Funcrion of a

a
%n'd'» a%, 0.8

-41-



‘ we
pososu P epx
.u“h SO UoIpdUNy SO Q=2 WO/ Yy Ut (| 2SIy 09 PIY

N 27 01 90 20 0 20
) peus
\G.w cv’

-

N
S

\ /Hﬁ vovosay

a3

o7

(24

43



Jo

25

20

1S5

10

rripl
cosné ,\
ne2
I ———— fﬂl /

Range valid for

Stiffened shells

____\ 1 __l_

=
/

[T \
\ \
/ /.’
e / |
q. / d.{%
- 2 P 6 8 10 -
Fia6b Pressvre P\ in the Plane 2:0 as Function of °‘9c{
%%-4 ntoro4d

-45-



Fia.? Pressvre |Bl in the Plane 2+0 dve fo Concentrated Load at #+6+0
,%’1;' ¢ 4 0-%' 0.80

-47-



Nr‘r:' I -l

cos 80
\\eﬂ

L e o e e

20

Undamped
10

——— - — o)

fNon - resonfnflﬂ Fis6a

10 18 20 i
e
Fis. 8a. Leve/ of Pressure at Resonance, n=z2, 4100/

} T2t

cos/0 @ oo

Undaomped

wmm%
10

Non-resonaep? valves
| Bl for /owdr modes

e

/ 4 4 6 8 P L /g‘
#10.8b. Leve! of Pressure at Resonance, ns/0 d+0.0/

-49-



Diaphragm

——— ——— — —
—
——

c.)

3a

2sa
]

(Rigid Diaphragms )

IP ¢ - d)

2sa &sa 25a _J
—=
Fie. 9
Ja
[E/hg Sriffeners
1 A LA Al [ [} 1 1 A 1 ' A i A A A b L L ) E i A
L%
) /omphmym
| ) | J v 1 ¥ ) J Ll | | L LI 1 ) LN B v v v | | v L} L | v
Fia. 10

«5]~



Fra. |1

-53-



Distribution List

for

Technical and Final Reports Issued Under
Office of Naval Research Project NR-360-002, Contract Nonr-266(08)

I: Administrative, Reference and Liaison Activities of ONR

Chief of Naval Research

Department of the Navy

Washington 25, D.C,

Attn: Code 438 (2)
Code 432 (1)
Code 466 (via Code 108) (1)

Director, Naval Research Lab.

Washington 25, D.C.

Attn: Tech. Info. Officer (9)
Technical Library (1)
Mechanics Division (2)

Commanding Officer

Office of Naval Research

Branch Office

346 Broadway

New York 13, New York (1)

Library of Congress
Washington 25, D.C.
Attn: Navy Research Section (2)

II: Department of Defense and Other Interested Government Activities

a) General

Research & Development Board
Department of Defense

Pentagon Building

Washington 25, D.C.

Attn: Library (Code 3D-1075) )

b) Army

Chief of Staff

Department of the Army

Research & Development Division
Washington 25, D.C,

Attn: Chief of Res. & Dev. (1)

Engineer Res. & Dev, Lab.
Fort Belvoir, Virginia
Attn: Structures Branch (1)

The Commanding General

Field Command, AFSWP,

P. O. Box 5100, Albuquerque, N.M.
Attn: Col, Canterbury

Armed Forces Special W=apons Project
P. O. Box 2610

Washington, D.C.

Attn: Lt, Col. G. F, Blunda (2)

British Joint Services Mission

Room 4906, Main Navy Building

18th and Constitution Avenue
Washington, D.C. (3)

Office of the Chief of Engineers
Assistant Chief for Works
Department of the Army

Bldg. T-7, Gravelly Point

Washington 25, D.C.

Attn; Structural Branch (R.L. Bloor) (1)

Office of the Chief of Engineers
Asst. Chief for Military Construction

Department of the Army
Bldg. T-3, Gravelly Point
Washington 25, D.C.

Attn: Structures Branch

(M. F. Carey) (1)
Protective Construction
Branch (1.0. Thornley) (1)

i
!

b



e

Army (cont.)

U.S. Army Waterways Experiment Sta.

P. O. Box 631

Halls Ferry Road

Vicksburg, Mississippi

Attn: Col. H. J. Skidmore (1)

Operations Research Officer
Department of the Army

Ft. Lesley J. McNair

Washington 25, D.C.

Attn: Howard Brackney (1)

c) Navy

Chief of Naval Operations

Department of the Navy

Washington 25, D.C.

Attn: OP-31 (1)
OP-363 (1)

Director, David Taylor Model Basin
Department of the Navy

Washington 7, D.C.

Attn: Code 720, Structures

Division (1)

Code 740, Hi-Speed

Dynamics Division (1)
Commander

Portsmouth Naval Shipyard
Portsmouth, N. H.
Attn: Design Division (1)

Naval Ordnance Laboratory
White Oak: Maryland
RFD 1, Silver Spring, Maryland

Attn: Mechanics Division (1)
Explosive Division (1)
Mech. Evaluation Div. (1)

Commander

U. S. Naval Ordnance Test Station
Inyokern, California

Post Office - China Lake, Calif.

Attn: Scientific Officer (1)

Chief of Bureau of Ships
Department of the Navy
Washington 25, D.C.

Attn: Code P-314 (n
Code C-313 (1)
Superintendent

U.S. Naval Post Graduate School
Annapolis, Maryland

Ballistics Research Laboratory
Aberdeen Proving Ground

Aberdeen, Maryland

Attn: Dr. C. W, Lampson (1)

Office of Chief of Ordnance

Office of Ordnance Research
Department of the Army

The Pentagon Annex #2

Washington 25, D.C.

Attn: ORDTB-PS (1)

Chief of Bureau of Ships
Department of the Navy
Washington 25, D.C.

Attn: Director of Research (2)
Code 423 (1)
Code 442 (1)
Code 421 (1)

Officer in Charge

Underwater Explosions Research Div.
Code 290

Norfolk Naval Shipyard

Portsmouth, Virginia (1)

Director, Materials Laboratory
New York Naval Shipyard
Brooklyn 1, New York (1)

Chief of Bureau of Ordnance

Department of the Navy

Washington 25, D.C.

Attn: Ad-3, Technical Library (1)
Rec. P. H. Girouard (1)

Naval Ordnance Test Station
Underwater Ordnance Division
Pasadena, California

Attn: Structures Division (1)

Chief of Bureau of Aeronautics
Department of the Navy

Washington 25, D.C.

Attn: TD-41, Technical Library (1)

Officer in Charge

Naval Civil Engr. Research &
Evaluation Laboratory

Naval Station

Port Hueneme, California (1)

Commanding Officer & Director

U. S. Navy Electronics Lab,

San Diego 52, California

attn: Dr. A. B, Focke (1)

-ii-

[EETRROR N



d) Air Forces

Commanding General

U. S. Air Forces

The Pentagon

Washington 25, D. C.

Attn: Res. & Development Div. (1)

Office of Air Research
Wright-Patterson Air Force Base
Dayton, Ohio

Deputy Chief of Staff, Operations

Air Targets Division

Headquarters, U. 8. Air Forces
Washington 25, D. C.

Attn: AFOIN-T/PV (1)

Attn: Chief Applied Mechanics Group (1)

e} Other Government Agencies

U. S. Atomic Energy Commission
Division of Research
Washington, D.C. (1)

Director, National Bur. of Standards
Washington, D.C.
Attn: Dr. W. H. Ramberg (1)

Supplementary Distribution List

Addressee

Professor Lynn Beedle

Fritz Engineering Laboratory
Lehigh University
Bethlehem, Pennsylvania

Professor R. L. Bisplinghoff

Dept. of Aeronautical Engineering
Massachusetts Institute of Technology
Cambridge 39, Massachusetts

Professor Hans Bleich
Dept. of Civil Engineering
Columbia University
Broadway at 117th St.

New York 27, N. Y.

Professor B. A. Boley
Dept. of Civil Engineering
Columbia University
Broadway at 117th St.
New York 27, N.Y.

Professor G. F. Carrier

No. of Cogies

Graduate Division of Applied Mathematics

Brown University
Providence, R. 1.

Professor R. J. Dolan

Dept. of Theoretical & Applied Mechanics

University of Illinois
Urbana, Illinois

Professor Lloyd Donnell
Department of Mechanics
Illinois Institute of Technology
Technology Center

Chicago 16, Illinois

Unclassified Classified
Regorts Reports
1 -
1 1
1 1
1 -
1 -
1 -
1 -
-iii-

-



Addressee

Professor A. C. Eringen
Illinois Institute of Technology
Department of Mechanics
Technology Center

Chicago 186, Illinois

Professor B. Fried

Dept. of Mechanical Engineering
Washington State College
Pullman, Washington

Mr. Martin Goland
Midwest Research Institute
4049 Pennsylvania Avenue
Kansas City 2, Missouri

Dr. J. N. Goodier
School of Engineering
Stanford University
Stanford, California

Professor R. M. Hermes
College of Engineering
University of Santa Clara
Santa Clara, California

Professor R. J. Hansen

Dept. of Civil & Sanitary Engineering
Massachusetts Institute of Technology

Cambridge 39, Massachusetts

Professor M. Hetenyi
Walter P. Murphy Professor
Northwestern University
Evanston, Illinois

Dr. N. J. Hoff, Head
Department of Aeronautical

Engineering & Applied Mechanics

Polytechnic Institute of Brooklyn
99 Livingston Street
Brooklyn 2, New York

Dr. J. H. Hollomon

General Electric Research Laboratories

1 River Road
Schenectady, New York

Dr. W. H. Hoppmann
Department of Applied Mechanics
Johns Hopkins University
Baltimore, Maryland

Professor L. S. Jacobsen

Department of Mechanical Engineering

Stanford University
Stanford, California

Unclassified
Reports

-y~

Classified
Reports

e

G ¥l

e e

Gt geates

»



Addressee Unclassified
- Reports

Professor J. Kempner

Department of Aeronautical Engineering

and Applied Mechanics

Polytechnic Institute of Brooklyn

99 Livingston Street

Brooklyn 2, New York 1

Professor George Lee

Department of Aeronautical Engineering
Renssalaer Polytechnic Institute

Troy, New York 1

Professor Paul Lieber

Department of Aeronautical Engineering
Renssalaer Polytechnic Institute

Troy. New York 1

Professor Glen Murphy, Head
Department of Theoretical &
Applied Mechanics
lowa State College
Ames, lowa 1

Professor N. M. Newmark

Department of Civil Engineering

University of Illinois

Urbana, Illinois 1

Professor Jesse Ormondroyd
University of Michigan
Ann Arbor, Michigan 1

George B. Peagram
Chairman, Committee on
Government Aided Research
Columbia University,
New York, 27, N. Y. 1

Dr. R. P. Petersen, Director

Applied Physics Division

Sandia Laboratory

Albuquerque, New Mexico 1

Dr. A. Phillips

School of Engineering

Stanford University

Stanford, California 1

Dr. W. Prager, Chairman

Graduate Division of Applied Mathematics

Brown University

Providence 12, R. 1. 1

Dr. S. Raynor

Armour Research Foundation

Illinois Institute of Technology

Chicago, Illinois 1

-v-

Classified
_Reports

mame . ¥

——



Addressee Unclassified Classified
Reports Reports
Professor E. Reissner ’

Department of Mathematics
Massachusetts Institute of Technology
Cambridge 39, Massachusetts 1 - *

-

5
3
b
B
i
bt
b
*
3
4

Professor M. A. Sadowsky

I1linois Institute of Technology

Technology Center

Chicago 16, Illinois 1 -

Professor M. G. Salvadori

Department of Civil Engineering
Columbia University
Broadway at 117th Street i
New York 27, New York 1 -

Professor J. E. Stallmeyer

Talbot Laboratory

Department of Civil Engineering -
University of Illinois ;
Urbana, Illinois 1 1 :

Professor E. Sternberg b
Illinois Institute of Technology ;
Technology Center

Chicago 16, Illinois 1 -

Professor F. K. Teichmann
Department of Aeronautical Engineering
New York University

University Heights, Bronx
New York, N. Y. 1 - .
Professor C. T. Wang ~
Department of Aeronautical Engineering uh
New York University -
University Heights, Bronx p
New York, N. Y. 1 - *
Project File 2 2 ,
Project Staff 5 - ¢
For possible future distribution
by the University 10 -
To ONR Code 438, for possible
future distribution - 10
*
z‘}
]
t *ﬁ
-vi-



