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‘THE REPRESENTATION OF AN EMPIRICAL FUNCTION

BY MEANS OF A POLYNOMIAL.

by

D. J. Behrens

Abstract

If the values of a function are given at n equally—
‘spaced intervals of the argument, a polynomial of order
n—1 can be found which corresponds exactly to the given
values. In general a polynomial of order r{ < n-1)
cannot be made to do this, and 2.(f), the minimized sum
of the squares of the deviations, will exceed O.

It i's shown in this paper how &.({), and the leading
wefficient of the polynomial in question, can be evalu—
ated without having to solve any 'simul taneous equations.
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1.  Introduction

It frequently happens in experimental work,: that we can measure the
value of some fupction f at several values of the argument x, and we wish
to find a polynomial p(x) which is a sufficiently accurate measure of the
given functional values. .

\ We shall confine our attention to the case in which (1) equal errors
are considered to be equally probable in each of the given functional
values,' so that the method of least squares may be used without weighting
factors to give the "best" polynomial, and in which (2) the values of the
function are given for equally spaced values of the argument x. We shall
i‘ assume them to be given at x = 1,2,....n, and the corresponding fupctional
values will be denoted by fy fz vove. T

The two reservations made in the previous paragraph can usually be .
ensured by sujitable experimental technigue. We make them, because on their .y
validity depends the simple method developed below.

It is clear that, if n fupctional values are given, we can construct a
polynomial pp.4(x) of order n—1 which will pass exactly through each point.
In general, a polynomial of order r, less than n—-1,. 2‘;11 not pass exactly
through all the points.- We can however define an r'® order polynomial
pr(x) by adjusting its coefficients 0 as to minimize the sum of the squares

n 2
2 {prti) - g5} -
j=1

This minimized sum will be denoted by #&.(f).

I1f now we examine the fom of #(T) as r is increased from ~i*to n-1,.
we find that, if the functional values fy f2.,:.f, really dolieclose to a
polynomial of comparatively low order, the general form of #.(f) is as H
sketched in Fig. 1. : ‘

Ty

In the region shown as (a), we have too few parameters to represent
adequately even the general outline of the curve,.while ih (:c) we have so
many that phoney "accuracy" is obtaihed by fitting a curve even through the
random errors of observation. The region (b) is that in which we have
enough parameters to represent the general form of the curve, but not so
many as to purport spurious accuracy. The value of r in which we are
ihterested lies at the lower end of this region, and is indicated by the
dotted line in Fig.: 1.

We shall show how to fihd this value of r without the tedious and
heavy arithmetical work involved in actually calculating p(x) for each r.:

Figure 1. o
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* Fl » . .
y=constant is a polynomial of order zero: -it is convenient to define y=0, which

has one fewer degrees of freedom, as a polynomial of order -1,
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2. Detemination of A.(f).-

Let 4; denote fj,q4 - fj,: AJ " 8541 ~ 44, and in general A = A +1 AP~

This is the usual fml te -difference notation' for forward d1ffere1ces.,

13

Let M. denote the mean of the r th' order differences A%, weighted in
accordance with the formula

L Y T L LU n+r
e TS /()
S (" >( )y or+1

where the tems in roupd brackets ( ) denot,e blnomlgl coefficients. [It
will be proved inh appendix (proof 1) that 2 {(AIyrH )13 in fact equa.l

+r
to (:rﬂ) » 50 that M. defihed as above 1st fact a welghted mean of the
’s.:]

Mo is defined in the same way, remembering that A3 = f;, and in fact
Mo can be seen to be the arithmetic mean of the f's. In general, M. is
the t'0 difference of pr(x), the r—order polynomial givingthe closest
fit to the given f's (See Appendik, Proof 2).

Then 3. f) and ér_.l( f) are connected by the relation:

n4r ar See Appendik,: -
CB—q(f) ~ A1) 'F(2'z"+1) m;/(r) - proofs 3 and 4,:

Since we know that &,_q(f) = 0, and that Aq(f) = E (fJ),I we can

: 2,
calau]late the 8.'s begitning from either end,- Alt.em%.tlvely the fact

that both end-va.lues are known serves-as a check on the arithmetic 1f we
calai]ate él_l( f) =3 f) for every r from 0 to n-l.

3. Probable error in M.

et

It remaifs to calculate the probable error of the B's, ih tems of
that of the given fupctional values.

Expressing M, in tems of the f's themselves, instead of their rth
differences, we get

e Tof 3 (cuR () (mﬂ) (n—j‘hrm) Qﬁ)

And thug the mean square error in M. is given in tems of that in-
the f's by’

n r | - -
oo PO

¥

n+r
2r+1)

1




This reduces to

82 m. / 6%f = (2: )/(2’;’?1) (see Appendik, proof 5]

But this ratio has already been shown' to be eqpl to Wi /@.y(f) -8/ 1)),
SO we have’the result that

&2 Mg ) 82f
ner Hrq(f) — B.(f)

Often, we do not know the mean square error 6°f.  We may however
assupe that, if r has been sensibly chosen, it is of the order of &.(f)/(n—r-1)
— we divide by (n-r-1) as this is the excess number of degrees of freedom over
those required to fix the parameters of p.(x).

Thug we may say 8'M/ME = A.(£)/(n—r-1)(3—q(f) —B(f)),  and the

$06) < (1) (B (f) = B()

$.(f) By f)/
or /(n—r-l) < (n—r)

] ) It is therefore worth while, in tabulating #.(f), also to note the

¥ ’ value of the quptient 3.(f)/(n-r-1), since (a) when 8%f is known, it is this
quantity which must be kept down to the order of.8%f, and (D). in any case if
the quotient ér(f)/(n—r-l) exceeds the corresponding value at (r—-1), this
shows that no significant additional accuracy arises from teking an’ ¥ order
; . polynomial instead of pn.q.. This argument is used in Example 3 below.

Reference to other work

M. G. ‘Smith  "The Lorentz Method of Analysis of Experimental Data
using Orthogonal Polynomial's" (A.R.E. Report No. 15/52).
[Thi's paper présents a method for calculating the best—
fitting o' order polynomial, having first obtained that
of order r1. It differs from the treatment of the
present paper in computing first the polynomial's them—
selves, and only afterwards the values of &(f), whereas
we have here treated the residual errors as being of prime
interest — i.e. we detemine the required order of polynomial
without having first computed it. Either treatment can
be more useful than the othe‘r, according to circumstances. ]

o o omaten
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condition that M. should be significantly different from zero is -
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EXAMPLE I.  Fupctional valugs lying close to a polynomial of low
) order (cubic).

r 1 2 3 4 5 & 7 8 9 10 SUMS '
fr B1 I8 P2 30 198 63 -9 -2 ~-181 -100 . !
w1 1 1 1 1 1 11 1 1 1 10|
| =1 878 892 30 198 68 -89 -168 -181 100 1100 ‘
A 117 14 -72 -1 -135 -182 - -93 -19 81 j
wo T 9 16 21 24 % 24 21 16 9 165
i 1058 224 ~1512 -2928 -3T5 —3168 -1053 ~4 70 - 11284
i p* -103 86 -5 -13 3 ) 74 100
wof. % 84 126 180 150 126 84 36 792
-3708 7224 ~B00 —1950 450 4914 - 6216 2600 4002
N ‘ 17 %8 7 6 B 85 26 ' '
- W T ) 84 224 350 400 850 224 84 . 1716
1428 8064 12950 B400 12800 7840 2184 51468
S 1 -2 ™ -1 -9 ‘
. T 198 850 525 525 850 126 . 2002
294 850 -11025 10500 —350 -1134 795 |
A® ’ -18 -2 41 -21 -8
e f. 126 3% 441 3% 128 ° 188EF
; -2268 -732 18081 -7056 -—1008 357
SN , -4 63 -62 138 T
. 84 106 198 84 . 560 |-. |
-336 12348 -12152 1093 952 1
Sa T 87 -125 75 ‘ oM
Cwf. | % 64 36 1238 !
' . 2412 -8000 2700 -2388
i A° -192 200
9 9 18
-1728 1800 w2
bop® : 392
Cowe b - ‘ 1 . 1
02 : B2
#'1 , 4= (%) = 584008 5 4,7 8801
: . A = 584008 — (1100)%(10x1) = 58400B-121000 = 463008 & % 51445
By = 44R08-(11234)2/(185%2) = 4B008-3B2AL°Y 165605757/ 1as ' & T 100R
B2 = B0F75"7/ 105~ (400R) ¥ (70096 = 80575° Y/ 1063370 /15772052 Y00 | ¥ 82 ~ 11000
B = ’772(5“./660"(51‘ﬁ)2/(1716xm)=772®2a/éoo‘77].73‘a/8590=27”/sse 48 ~ 45 '

A = 27 [a5e~(735)*/ (20RX0) =27/ 086=8* */532'= 287 Y122 4% 48
A = 29714 (357) Y/ (1BORR) 2% 130 ™ 100 = B "™ /2108 18 %57
By = 2272/ 2140(062) /(500%028) = 2172145~ " /100 = 81V 215 | $ A ¥ 7.0
By = 211 21 os(2868)/ (LBBMR) 2 Y par WV amee = 8 Yo | 24 ¥ 15
e = 3 Yo 25~(72) ¥ (1812870)23"" /596~ '%/ 718 = 8'°° V12185 b ~ 3.2
» o = 8% (2056 (3R)*/(14380) = 3'°° Y 12186-3"" V12185 = 0
)




EXAMPLE I _{continued) .

)584008 S
T 463008 B
- )
) ba’
100000 }80575 f‘
’ - 77205 L
 sBuoa, N zf
51445 compare this with the general form of ;
- curve shown in Fig.:-1.: i
10000 — g
L0092 11029 i
1
a3
g
g
1000 ;
A /’ ‘g’r :
100 | Op and & /(popey) !
. i
2 3
9 // Z— x2 X23\“— x21 !
10 Op/lo-1-1) ~\ .
N N
-+
+ /*'//7'- N\
46 7 X3:2__ x3.2
) 2
1 +/\ X !
l.ﬁ \ |
\ |
\\
-1 0 1 4 5 6 Vi 8 % 9
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EXAMPLE 1II.

Functional Values Not.Lying 'Close to.a Polynomial of Low Order.

certainly do not fit any low-order

Independent variableé:~ 0 1 2 3 4 5 8 SUMS
functional values:— 1 2 4 8 18 32 684
weighting factors 1 1 1 1 1 1 1 7 Mo 127
1 2 4 8 18 32 84 127 ’
first differences 1 2 4 8 18 32 .
weighting factors 8 10 12 12 10 3] 56m _ 28t
6 20 48 9B 180 192 se2 - °°
second differences 1 2 4 8 16
weighting factors 15 30 36 30 15 126m 1]
15 60 144 240 240 gog - **
third differences o 2 4 8
weighting factors 20 40 40 20 120m _ 1
20 80 160 . 160 20 ° °
fourth differences 1 2 4
weighting factors 15 25 15 55m‘,= %
15 80 60 - 128
fifth differences 1 2
weighting factors 6 6 12m5=%
8 12 18 ‘
sixth differences 1
weighting factors 1 1 Ma= 1
1 1°
5& =0 éa =0 X
Aoz 2 E T 23
ds — Ba = 524 Mg = gz4 Bs = 62 ~ 1.1x10
) 12 12 '9 s 1 3 r00 25 28 N
de = ds = 382 ME = 352 % = 28 ~ Ba=g24+Ie=a5s"291 B = 5m1 ~ 11x107
o= de = X = Sxini-ise  Aersitimeaaacs (A= 3 % 42
284
be - e = Fd(1)- ¥ e b =% X 7.8x10
2 . 0271
bo—d = 5 (5F) (23807 g, AiepEeth ¢ 50)-TET SRy oy 1P
FYY 58 (3_6_1)2 _ 2 22008
o =81 =7 (35 =(B1)7/28 o= (20071468121 )/28-22008/7| & = —5— X 2.2 X 10°
7 [127\2
- do=1 (B)° memr A= (leizomom)/mesaet | A= 581 n 5.4 x 107
Check:~ Sumof f* = 1+ 4+ 18 + 64 + 258 + 1024 + 4098 = 5461
- 10"{
™~x
107 P~ Ty
2 O~ X,
ér 10 {r \0\‘\\;)(
B 10 A
&nd él‘/(n—r-l 1 4 A i\\bL " o I‘P\
‘ 0 1 2 I\4 S5 6 =
0.1 A . ”\\x :
And the shape of the curves 0.01 { Q\\ i
suggest that the functional values 0.001 \ !

polyncmi al.




§ 3 ‘ EXAMPLE III What is the lowest order of polynomial consistent with
‘ é'i the following observations, )
b (a) 1if the probable error of each observation is 50 i
i (b) n n 1 " n " "9 i
X 1 2 3 4 5 8 7 8 9 ;’
{f(x) 27 878 1211 1578 1730 1840 1209 75. 118 .‘
| Z(a wf)
f 2 678 1211 1578 1730 1840 1309 75 118
wf 1 1 1 1 1 1 1 1 1 9080
I\ 849 535 965 154 90 -831 -534 -850
8 14 18 20 20 18 14 8 1188
a2 -114 -170 -211 -244 -241  -208 -125 1
wf 28 83 90 100 90 83 B8 - 952711 - '
a° -5 -41  -33 3 ) 78
wf 58 140 200 200 140 56 - 5188
5 a* . 15 8 % B 40 : ‘
wf 70 175 225 175 70 19475
; A® -7 8 -1 5
wf 56 128 198 6] 3290
a® % ) 8
X wf 28 9 28 . - 273
N 84 35
wi 8 8 - .232
A® : =99
wf 1 - 99
d =0 de = 0
4, = (99)%/1 x 12870 = 0.76. 8 = 0.78 8 = 0.78 = (.87)?
de — &y = (232)%/16x3432 = 0.08 da = 1.74 4 4 = 0.87 = (.98)*
de — o = (278)2/105%924 = 0.77 Se = 2.51 3 ds = 0.84 = (.92) %
! Ao — g = (3200) %Y 284x252 = 118 4. = 121 48 =20 = (6.8)2 |
d &a — 4 = (19475)2/715%70 = 7578 da =77 x 10?7 4 &, = 15.4 x 10% = P?
' 42— 5 = (5188) /2 xD = 1701 d2= 94 x10* 4 8, = 15.8 x 10 = P*
&, — 42 = (95271) %/482 x8 = 22,7 x10% 4, = 82.8 x 10° 4 &, = 4.7 x 10° = (890) 2
do — & = (1188)%/120 x 2 = 5861 do= 82.9 x10% 4 4o = 4.1 x 10° = (B40)*
-, = (9080) %0 x 1  =01.2x10° 4, 124.1x10° # & = 13.8x10° = (1200)* -
.7‘




i X Values of B

Probablo:\. Error 1000 ¥————x Values of &

5 . et
. 107,\ L ] :
N Xty L
<

T/ (n=r-1)

k 10° ]
. Probable Error Yoo
10 m""‘"}x i
- Probable Error \so 5
e
| 1000 | f
A
k| Probable Error 10
F { 100 ‘
] ;
10

Probable Error 1 M

In th

;’*
P

3./ (n-r-1)
error of observation [for detailed treatment see any textbook of statistics,:
under the heading "X* distribution of goodness of, fit"].

: With a probable error of £0 in each f,.however,: the lower values of |
{» I Vi /(n=r-1) for r in excess of 3 would appear highly suspicious, .md wuld lead

very definitely to suppose that the errors are largely of a systematic rather
than a rendom nature,

0 1 2 3 4 5. )é%"’& yi Sy r

j\J mmmem——— { Q‘E

should be of the same order of magnitude as the probable mean

e example given; it will be seen that a para.bola (r=2) is consistent

i with a probable error of 50, while if the probable error is only un1by,~ e 5th
¢ order polynomial is required to give an adequate fit.

——

o




* Proof 1.

2
j=1

j=1
The e

3 i

[

-

r i n-r .
: - PN
i, so that (n,t) = Z (nr.J_ll)<
B j=1

‘ r . 1

n
Now 6&(n,0) = 2

At r-n;zj.can be 1 or

r4\

m (m=j=-r)(3-1)

jE1

APPENDIX

b . n-=r — 3 —
i Let &(n,r) denote 2 (nrJ ) (H’Jr 1
‘ j=1

)

[n > rl.;

— /n+r
2r+1)

i Writing the bihomial coefficients as the sums of coefficients of
lower order, - we may say

nr o m-jel n=j—r\ ( r+j-2
S(n, 1) = (rj-l)(l* + )( 1

(o0 5%) -5 ) 7)

T (n—j—1\(r+j—2 n=r—-1 (n=j—r)(j-1) n+r—2 n-r-1\(, 1
=2 (’hl )( r1 )(1+ ' re —(2P1)<1+2r+1 e

vanishes both at j=1 and at j=n—r; we may

therefore shorten its range of supmation by

one at each end.

rﬁ
r+j-2 n—E—l
1 )<1 T )+

- = 6(n—1, 1) + 8(n—g, r)
(D)) (5) - oo - o

. _ _ o
Again, at r = n-1,j. can only be 1, and &(n,n—1) = (g_ixg_i)— (a‘_i)= 1-1=0

2}, () G a0

Tis saffices to prove by induction that &(n,r) = 0.

n;l

I

2, and 5(n,n;-2)=(n_2

j=2

n=r=1/n i\ /s -
Ak A -\ _{n+rg n—r—\ p+rdy -
2 () ()

r r

‘general form of connection
. between contigupus 8's
{i>e. (n,r) with

“(n-1, 1) (n-2,r).

r=0 on which =0
.9,
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Proof &. ‘

(2=3Y (P97Y [ ar (P77 i the rth difference of the
j=1 \ r r ‘] 2r+1

n-r
"That

¥ order polynomial giving the closest fit to the points fy f, evuus fa

Let the {'s be chosen 'so that all but one of their rt order differences
Let A‘jr=1, ¥=O for k Such a

0 and f - (k‘J"l)

eese t agx + aon

vanish, and the other is unity.
set of f's is given by fo = f3 oo = fj+r‘-1 =
for k2j+

ap «T -1,

Let px) = +tarq X

We are to choose the a's so as to minimize

J+r1 : n
T (apxT +apgxT a4 ax4a0)?+ 3 apxF+aly xT a4 a1x+ao—< -
x=1 x:J' +r 1
If we use a notation in which ﬁ = 0 forall g <h, we may simplify
thi's, and -say that we have to minimize

We
can be

n

x=1

obtain & set of simultaneous equations, from which 8pq Apg eese 21 do

eliminated, leaving

Sgr Sgrq Sgreg vy

Ser-152r-2 Spr-3 ¢+ + S

Sor-gSr-8 Sgr—4 ++++Srg

‘z { ap xT +apy xF 14 s a1x+ao—<x—‘-]_l)}z

r1

x;j?l . - .
xf ( ~1 ) Sgr-1 Sgp-g «++¢ Sp
e\ N

—1,) S2rg Sgr-g -

PSS PMS P
b
£
i

[ ]
where '§ denotes (1k + K os Sk + eeeee +nk).

We have to calculate the values of these deteminants.

10.
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It may be shown that

1 1 1 1 . .
2_;.71 or gr—1 U rma [(B(ry)*/3(2r+1)

i 1 1

2r 21 2r-g UUUUC

1 —_1_ 1
gr—-1 2r2 @r-3 Uttt

L T 1

r+1 r I\—l LN ] L ) 1

where &(r) denotes the factorial function 1! 2! 2! 4! ...... 1

From this it follows that

Sor  Spreq e+ Sp = B(n+r) 3(n-r-2)(3(r)]¥(3(n-1)1? Har#l)

Ser-1 Sor-g’ +e+ S

It can also be shown that

or (¥ ‘ )
X (r—l) Sop— +++ Sp

g

LAY

'32r-3'32'r4 v Spp

- (n—j> (NH) Hn+r-1) Ko-r-1) A1) (X 0))°

r r

(3(n-1)1 3(2r)

(n-r-1)! (2r+1)!

. n=j\ /r+j-1
S that =
% that e (F) ( r ) (n+r)! rf

And hence the m'!! order difference of pp(x), which is ria., i's given by

(““J> (”""1 M N . This i's in fact the coefficient of AF in the

r r 2r+l J .
expression for M.. As this applies for any j, and the differences and M's
are all linear in the f's, it follows that M, i's always the r'h di fference
of the best ppx), whatever be the values of the f's.

11,




Beg(£) = Bi(D) {
#“ Proof 8. That _Pi?_._i__ is a fupction only of n and r. _ ) ——y
e : ' 1

Let f denote a set of fupctional values fy f2 fa ...,. f,- given at n
. equally-—spéﬁed interval§iof the argument. ‘ !
§ Let pp(x) denote the best et order polynomihln through the fupctional
’ values — i.e. the parameters are so chosen that 2 is minimized - and
| let $(f) be used to denote thiks mininized sum, and M (f) the rih
difference of the polynomial ppn(x).,

i Now let f* denote that set of fupctional falues f¥ £ ..., f¥ such that
the first (r+l1) of them, viz f’: to f§+1, are the same as those in the f set 1
(f% = f,, %=1, ....f% ), and the remaining n—r—1 values are so chosen
that they lie on the rt order polynomial through fa, fz .o..: fpyqs.

Then clearly-8.(f%) .= 0.

Next, define a new set f(e) of functional valugs,  such that fj(e) =
6 fj+(l—9)f3**for any- j from 1 to n. It is clear that all the fj(g)'s must
be linear in 6, . since f end f*. are constants already fixed. From this

it follows that M f(e)) is also lihezr in 6, as M is linear ih all the
f:raoyts.
j{8)

Since M f(e)) is lihear ih 6, there must exist a © for which My( f(e)) = Q. o
Let this value of 8 be denoted by 6%, and let f** represent the corresponding
set of functional values.

Then the statement that"‘mr( f%%) = 0 means that the best r order
polynomial through I3 % . f** has a leading coefficient of zero. I.e
it is of order (r-1) or lower.  Thus it followes that () = A (F**).

T
e e ¢ i A v e £ A S AT

f " Now the coefficients in p(x) [and likewise in pq(x)] can be seen to
{ be linear ip the functional values and hence in 8 Thus it follows that
; Br( f(e)) and Brq( f(e)) are both quadratic ih 8. The difference

[ Al f(e)) - 3 f(e)) is also quadratic in ©.; But this difference can .

i never be negative — (the best r'! order polynomial must always be at least !
' as good a fit as the best 10 order).  Also 3. 4(f(g)) = #({(g)) Lo

vanishes at @ = O%%, : \

B ( f(e)) - ér(f(e)) = K.(8 — )% where K, is some constant.

Again, M(fg) is &s we have seen linear in 6, and by defihition vanishes
at 6 = 8% ' ' '
m(f(g)) = Ko(€ = &*) where K2 15 another constant.

From this it follows at once that

by (f(e)) = Belf(e) K,

= a constant independent of 6.:

n2 Ka*

As we could have defined f* by:-any r+1 points (not necessarily the first cnes),:
we can see that this constant must be the same whgtever the values of the
fupctional values,: and in fact (ép‘_l(f)-ér(f))/m (f) can' depend only on the
numbers n and ... . . . e e e e e e e e

. 12,
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Bppq(f) = A1)
Proof 4. T b T is equal to (nﬂ])/{’Zr)
AEE— n? 2r+ \ T
r
drq(f) = A(f)

NOTE: Ih proof (8) sbove we huve shown that -—----—F-—--—
(r)

depends only on r ond n,- and not on the f's. (onsequently we
are at liberty to choose now what f's we wish

XK X
i+l (. F
Let the f's be chosen =0 that fj = (__]_')___J_'}) for1 ¢ j ¢ r+1,,
’ o

andfj=0 for r+1 < j <n.

n B
Then g .jk fj =0 for ker and =1 fork=r
j=1
- . N n b4
From this it follows that py(x) = 0 and & 4(f) = jfl (fj) . )
For pp(x) we have the conditions
ar Spr* 8p Sppeg ¥ eeriritea Spyg v ee 5p = 1)

5 Spr-1 * A1 Sgrgterert 21 Sp 4 a0 Sg = 0
b e (1)

But ,&r = jfl(arjr+ ar‘_lj;f“1+..:._.+a‘j +a°-f.j)a

= ap(an Sor + «:e.+ @ Sp)
+ ao(ep Sp+ oiye + 80)
~2p 3y jT - 2apg I 5 jT -0 05000 3]
+ E(fj)z
= ap—2ap + X({j)’
S that ér-l = 3. = Bpa

But, from the conditions (1) above, it follows thzt

- e o a E e w— - w w— e

18.

.
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S(n+r1) 3(n-r-1)[3(r-1)1* [3(n—1))* S(2r+1)

[3(n-1)1% 3(2r-1) 8(n+r)3(n—r-2){3(r)]1*

(n—r—=1)! (2r)! (2r+1)!

(n+r)!  (r})*

Again, - the quantity Ay for the f's as defined,.is

2 (2:) pr is ¥£<i‘"1

Hence M, is { (n;l)(::)(z:)} - { (n:‘g)(r:l)(rii)} reiae {{;‘)(n—;l);\n_z;l)}

) , and so on.

r! n+r
2r +1

jere |
2r!(2r+1)!(n-r-1)¢ OTF J=n°T (-)3*L (n-j)1,
= 3
(n+t)! (rf)?® j=1 (n=j=r)1{(j=1) (r—j+1)!

and the summatidbn is inh all cases upity..

P

Pi — A (n=r-1)!(2r)i(2red)! { 2ri(2r+1)! (n—r-1)! }’
me ) (n+r)! (rd)* (n+)! (r?)°

. (n+r)t- et (n*r )/(21‘)
(2r+1)d(n-r-1)! 2r! 2r+l r

Q.E. D.

. _pnfr\fm+ei-1Y (n—jrm+r }"’ - (er\f(n+r ) |
Proof 5. Tat. 2 {g( 1) <n)< ) )( - ) o= (E) (e
Let m+j =k and n+r=s

me wbis -2 {2 () (V) ()

C i () (T ) ]

We can sum at once over all j, for

z (kf_j)(,:j) o (o)

14,
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")

-

- R ; { okt (rffz)(k—rl)(l;l}(s;k)(s;l>}
: o ((8m) () () - (s N o)

At this stage it is useful to put ‘k=l+d
(2r o1\ (-1 \( s=l-d ) (sl
Thus L.H.S. = \,) 2 3 {(—1)“( Ted )(,,_d . . }
Carrying out the summation first over all d, - we get
05 o ()
2 b} -1 :
( r) 3 r ) 4 {( ) r—d r+d r } .

which may be written as : |

P () e () () ()

l

' b
t Now it may be shown that g (-1)d (a;d)( rd)(rzé) = <2rr>
N :

forall a>r, b>r.

T

Putting a = 1-1, be=s-l,.these inequaliti®es are seen to apply.-
Consequently we are left with

()3 (7))

and this reduces at once to (2:)<2rs+1)

which = R.H.S.:

{NOTE. We have omitted the limits of summation, since the summation !
is required for all values of “the parameters giving nonzero contribution;: '
and may in fact be taken from —® to +® for each parameter].
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TABLES I and IA.:

Weightihg Factors to be Applied to AJF in Calecu}ating Mp,- and
Sums of Weighting Factors.’

Fupctional Values given at 38 points

w. fo mo i 1 m2

! 2
1 5 1
1

MS 3 4 1

Fupctional Values jiven at 4 points

We f. ;for‘ mo m; mz ms

1
Lo s
1 3 3
1
SOMS 4 10 8 1

Functional Values given at 5 points

w.f. for mo m; mz ms m‘.

Ly
1 )
1 2 9 i 1
1 ) &
1
SUMS 5 20 2 8 1

Functional Values given  at 6 points

We f- for mo mg mz mo m" mg

1
1 18 5
9 18 1
1 8 18 10 5
1 5 10
1
T amMs 8 35 58 5] 10 1

| "

r—— e,
N




w. f. for

SUMS

w. f. for

e o e

S

w.f.for
4
!
[
i’ SUMS
mat

Mo

B S e =

Mo

1
1
1
1
1
1
1
1
8

Mo

[N

Lo N T W ST

TABLES 1 ¢ IA Contihued -

Functional Values given at 7 points .

Me Mz Me M Ms  Me
1§ 15 20
12 ot ~O 15 8
12 % 30 2 8 1
. 0 15
10 15 20
3
8 1286 120 55 12 1
Functional Values given at 8 points
m; mz ma m( ms mg m-,
7
21
Bos P o
15 80 21
60 75 N 7
18 100 36 1
. 60 X 78 7
15 45 30 a5 21
©2 21 35
7
84 262 3% 22 78 14 1
Functional Values given at 9 points.:
e Mz Mo M Mg Mo My- Mo
8 .
b
14 83 £8 70
18 g0 M0 5 B 4
20 200 128 8
; 100 | 225 40 1
20 200 128 3
90 . V4] 28
18 140 B
: 63 70
14 o 58
8
120 482 792 715 B4 105 18 1
<17




§3 TABLES I ¢ IA Contihued e
| B
Functional Values given at 10 poihts
.!H
w.f.for Mo My Mo Ma Ma 10 Me My Me Mg ' : A
1
‘ 1 ‘12 ® g
Log B gy B g
1 g, 18 L W o 8
] 1 .. 150 Zoo 5 L W8 L 9
1 -7 150 S B2 - 198 9 |
24 T @ 296 6 |
21 204 128 '
1 g 8 Ty, 12
1 T, %
1
SUMS 10 185 792 1716 2002 1365 560 13 18 1

Functional Values given at 11 poihts

e

We f. fo r mo m1 mg m; m4' m; mG m7 me' mg mgo

b Loy e o -

1.
: ig e
15, 18 o0 20
1o 18 0 e SF a0
1 gy B 0 1050 0 588 2;8 45
1 gy B o0 15 0 e 0 81 0y
.. L 55 210 o 1050 e OB 10
’ 1 168 60 ' 20
24 3% 252
1 108 210
1 18 45 120
o *
1

SUMS 11 220 1287 3432 5Q05 4368 2380~ 816 171 20 1 |

i
. Fupctional Values given at 12 points l
P w.f.for Mo My M2 Ma N Ms Me M Me Mo Mio

oy

i 1 % .

o 1 135 ¥ amp \

‘ 1 & 218 8@8 1050 15612 w°e
1 §2 280 0 1890 S0 1470 9;0 15
1 % a5 1%2“ 2450 000 2362 05 O 11
1 B a5 ¥ a0 25 2352 129? 405 12‘5’ 11
1 B g5 MO g0 BB ypg B ges S
1 8 g 8L go5 1018 450 330 %
1 & g5 480 ggy 482 ’
20 1¢5 ;

1 55 :
;1 1

6435 11440 12376 8568 376 1140 210 22

=
3
g




‘ TABLES I § IA Continued ' -
Functional Values given at 13 points M
We .f- for mo m1 mg ma hh' m5 mg m7 me mQ m’lO - ‘
b
1 12 v
§ 1 o0 86 520
Loogy W0 g B 7o
i Do T a0 e R g
Y . N i
1 . 420 4410 . B80T 1485 66
42 1960 056 4320 550
1 441 4900 70856 2025 121
42 1960 7056 4820 550
1 420 4410 5880 1485 66
, 0 o 1 TE sme o w0 o0 20
) R o 1200 5 72 - 792 o
30 O &0 13 R < 924
1 e 185 L 495
1 66 .
SMS 18 854 2003 11440 24810 81824 27132 15504 5985 1540 258

Functional Values given at 14 points

X w.f.for Mo M, Mg Mgy My Mg Me m, Me Mg Mo
- s )
Yo 8
., 1 108 75
E R mie
1 D w0 X0 wx T we [0 oww
1 - 540 N 7350 12088 4455 Y 283
48 2940 14112 11880 2200
1 583 8820 17640 7425 728 |
9 3138 , 15876 14400 2025
1 588 ' 8820 D840 7425 O 796 .
48 2940 14112 11380 2200 ‘_
1 540 7350 12096 ~ 4455 286 -
45 2400 902 8322 71F .
1 . 450 4950 6468 = 1987 :
20 1650 4762 1718
: 1 g, 3 5 25 oo V8 a
: 12w X0 s
¥ 1 78
: 1
) JMS 14 455 4968 10448 48620 75582 77520 54284 26334 8855 2024
!

Fad - TR
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TABLES I § -IA Contihued

Functional Values given at 15 points

w.f.for Mo My

i 14
foo
o
. 4
PR
54
Vg
i 5
54
g
44
i %
26
1
1
IMS 15 560

M2

91
234
6
550
675
786
784
796
675
550
396
231

o1

6188

Fupctional Values given:at 16

W. :fn ’fOE mo mg

(230N
(WS S)

N G0 o O O
u)(’s-mcno

I e I O Ll = S S e e e S N
[
n

UMS

&
3
o

Mz

105
273

660
825
945
1008
1008
945
825
660

273
105

8568

ms m" mg m. m-; m.,
B4
1001 :
4
20 T mm 0
B T 60"; 12012 1:7;'; 008
aopy TS0 o 2BE72 S 11583
wos 1700 317% 8608 o BB
pos 15876 2l 7‘5’2 44100 27225
S0 amoo S o308 PO ooz
4200 < 20872 28512
ssp0 L1650 oo 28872 11588
: 7425 112 B 03
2200 oo TR T 8432 :
mea o0 2002
B4 !
31824 92378 167060 203400 170544 100047
poihts
TM. m" mg mg m‘l me'
455
13685
W6 soos 0% 5us
2860 12012 6436 ~
10725 21021 3435
4400 27027 27456
17325 . 48048 27027
5775 44352 61773
23100 77616 57915
5720 58212 95040
26460 7020 81675
7056 83504 108900
120 B0 o1y TR oqyy BIO7E
s 23100 oo 77818 . 57915
7R, 48048 270
4400 27027 27458
10725 21021 . 6435
2860 12012 8435
5005 5005
456 g 003
455
50368 167960 497420 490314 346104

352716

Mo

2002
7180
12100
1210C

7180

2002

42504

Mo

5005
20020
20325
43400
0325
20020

8005

177100

« 20.°

Mio

mlO

2003
11011
18878
18876
11011

85780




Ty

.g&,A:,ﬁ‘;"._~f“~<

J
crer e

——

Functional Velues given at 17 points

w. f
toe n
for '

=
o

18
30
42
52
60
66
70
72
72
70
6
60
52
42
30
16

e e e e i = S S L S S S NS

SUMS 17 816 11628 77520 208930 705432 1144066

M2

120
815
546
780
990
1155
1260
1298
1260
1155
990
780
546
315
120

TABLES I & IA Continued

Mo

860
1820
3640
5720
7700
9240
10080
10080
9240
7700
5720
3640
1820

860

Mo

11440
50050
110110
157300
157300
110110
50050
11440

miD

8008
33033
66066
81796
86066
33033

8008

m; ms m,, m? mB
1820
4368 ,
6825 8008
18018 11440
16015 38035 12870
42042 . 51480
25025 84084 87e16
72072 123682
34650 144144 135135
99792 205920 _
41580 194040 212355
116424 261360
44100 218444 245025
116424 261360 .
41680 194040 212356
09702 205220
34650 144144 ‘ 135135
72072 123552
25088 42042 84084 51480 57915
15015 35085 12870
18018 11440
6825 4368 8008
1820
1307504

Functional Values given at 18 points

w. f.
for

=
[

s

17
32
45
3]
65
72
77
80
81
80
77
72

SUMS

l_)
Lo B e e S e T T O S S S T T S S Gy S W W WY

Mz

136

. 360

630
910
1170
1388
1540
1820
1620
1540
1388
1170
810
830
360
136

Ma

680
2240
4550
7280

10020
12320
13860
14400
13860
12320
10010
7280
4550
2240
680

M

2380

9100
20475
85035
50050
82370
69300
69300
62370
50050
85035
20475

9100

2380

Me

61.88
26208
63063

112112
162162
190584
213444
199584
162162
112112
683063
26208
8188

'21.

e

12378
86056
140140
282252
30360
420888
426888
360880
252252
140140
58066
12378

%7

19448
91520
231660
411840
566280
627264
566280
411840
231660
81520
19448

Me

24310
115830
289575
495405
887065
837085
495495
289575
115830

24310

089 15504 116280 497420 1352078 2480114 326R730 3124550

Mo

24310
114400
278275
440440
511225
440440
275275
114400

24310

1081575 657800 206010

Mio

10448
88088
198108
286286
286266
198168
88088
19448

2220075 118440

Y

S o e e




w. .
for Mo

I N I S T B Y e

. SUMS 19

el el i = S oS S Ty Uy U U O T G T S O I S PO G 5

My

18
34
48
80
70
78
84
88
90
90
88
84
78
70
60
48
34

18

1140

Ma

188
408
720
1080
1365
1638
1848
1980
2025
1980
1848
1638
1365
1050
720
408
1563

M,

171

459

816
1200
1875
1011
2184
2376
2475
2475
2376
2184
19011
1575
1200

816

489

‘TABLES I &

TA Continued

Functional Values given at 19 points

m a m; m 5 'me m7 ms me m:: o]
816
3080
2720 gees
11900 18564
5600 37128 6 81824
87300 86632 43758
9100 01728 165884 48620
47778 224224 21870 43728
12740 1688168 411840 243100
70070 420420 8791850 213928
16016 262252 772200 629200
90090 630830 1081775 528528
18480 924324 1132560 1101100
108980 792792 1486485 | 868858
19800 266004 1369072 1431430
108900 8563776 1656369 1002001
19800 365204 1389072 1431430
103950 792792 1486485 868888
18480 824824 1132860 1101100
90090 6830630 1081775 828528
16016 262252 772200 629200
70070 420420 579150 21028
12740 168168 411840 243100
47775 224224 218790 43788
9100 91728 155864 48620
27300 86632 43758
5600 11900 128 18564 31824 -
2720 3080 8568
816
20349 170544 817190 2496144 5200300 7726160 8436285 6906900 4292145
Functional Values given at 20 points
m 3 m 4 m 5 mg m7 ma mo m!. o]
989
3876
364 11628
16300 27132
6800 35700 51408 190048 50388 5582
11200 120948 254502 - 92378
83700 3465628 303822 02378
15025 95550 244608 79872 700128 1099050- 486200 451338
20384 378378 1372800 =~ 1337080
126126 1051050 21238EC. 1283568
24024 504504 2123680 25163800
150180 _ 1387386 _. 3185325 2200288
26400 894594 2718144 3578575
163350 1685584 3864861 3006003
27225 827264 2044856 4008004
183320 1885584 3864861 08003
26400 804504 2718144 3578875
150180 1387386 3185328 2200268
24024 £04504 2123550 2516800
, 1z6128 1051080 2123580 1283568
20384 378378 - 1372800 1337050
9565680 872872 1093850 481338
15925 244608 700128 488200
83700 346528 303822 92378
11200 129048 254592 92378
35700 120048 756882
6800 15300 51408 07159 50388
3284 3878 11828
8968

171

022.

| SUMSZ0 1320 28334 245157 1307504 4457400 10400800 17383860 21474i80 20030010 14807150




T

funictional values are given.

Number of points at which
Sum of w.f. for Mo
Sum of w.f. for liy

{

1
4

10
20
35
56
84
120
165
220
286
364
455
560
680

" 816

O 0O 23 O N0

I~ = i vl ol
O OO

Sum of w.f. for M2

1

6

21
56
126
252
462
792
1287
2002
3003
4368
6188
8368

11628

TABLE _II

Summary Table of Sums of the Weighting Factors.

Sum of w.f. for Wis

1

8

36
120
330
792
1716
3432
6435
11440
19448
31824
50388
77520

18 969 15504 116280
19 1140 20349 170544
20 1380 26334 245157 1307504 4457400 10400600 17383860 21474180 20030010 14307150

=]
2 2 2 & 2 2 £
s 8 S S $ s 8
o 4 o % o “ o
= z = = = > >
5 % % % % 3 %
General form: The sum of the weighting factors
for M., when functional values are given at n
points, is the binomial coefficient (n+r ) .
2r+1
1
10 1
B5 12 1
220 78 14 1
715 364 105 18 1
2002 1365 560 138 18 1
5005 4368 2380 816 171 20 1
11440 12376 8568 3876 1140 210 22
24310 31824 27132 15504 5885 1540 253
48820 75582 77520 54264 26334 8855 2024
02378 187960 203480 170544 100947 42504 12850
167930 352718 497420 490314 346104 177100 65780
203030 705432 1144086 1307504 1081575 657800 293010
497420 1352078 2496144 3268760 8124550 2220075 1184040

817120

2496144 5200300 7728160 8436285 6906900 4292145

ér—l

TABLE TII

- ér is given by xm;, where the constant K is equal to the sum

of the weighting factors for M., given in the table above, divided by the

binomial coefficient

r
This is tabulated below for r up to 10.

(2‘") 1 2 8
r

8 4

20 70

, a function of r only and independent of n.

5 6 7 8 9 10

252 924 3432 12870 49620 184798

028. )
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