
UNCLASSIFIED

AD NUMBER

AD020295

NEW LIMITATION CHANGE

TO
Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies and their contractors; Foreign
Government Information; JUL 1953. Other
requests shall be referred to British
Embassy, 3100 Massachusetts Avenue, NW,
Washington, DC 20008.

AUTHORITY

DSTL, AB 15/1357, 13 Aug 2008

THIS PAGE IS UNCLASSIFIED



Armed ervlces echnical nformation Agency

1 '~

NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER DATA
MtED FOR ANY PURPOSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELATED
GOVERNMENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY INCURS
NO RESPONSIBILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE
GOVERNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIED THE
SAM DRAWINGS, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE REGARDED BY
IMPLICATION OR OTHERWISE AS IN ANY MANNER LICENSING THE HOLDER OR ANY OTHER
PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR PERMISSION TO MANUFACTURE,
USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERETO.

Reproduced by
DOCUMENT SERVICE CENTER

KNOTT BUILDING, DAYTON, 2, OHIO

ii NICLASSIFED.gi,, II 4 JW r



,NCLASSIFIE Q

ATOMIC ENERGY

RPMI =AR(; OTAP4IW INT

THE REPRESENTATION. OF AN

EMPIRICAL FUNCTION BY MEANS

OF A PqLYNqMAL

I.

AN A, I, R.EP. RPORT

by

DJ, BEHRENS

MINISTRY OF SUPPLY,
HARWELL. BERKS.

• " 1950

I UNCLASSIFIED
irice four shIllings Net.



Unclassi fied A.E.R.E. T/R 580

Cleared for sale

'THE REPRESENTATION OF AN EMPIRICAL FUNCTION

BY MEANS OF A POLYNOMIAL.

by

D. J. Behrens

Abstract

If the values of a function are given at n equally-

Sspaced intervals of the argument, a polynomial of order
n-i can be found which corresponds exactly to the given
values. In general a polynomial of order r( < n-1)
cannot be made to do thins, and r('f), the minimized sum
of the squares of the deviations, will exceed 0.

It is shown in this paper how 4r( f), and the leading

coefficient of the polynomial in question, can be evalu-
ated without having to solve any simultaneous equations.
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1. Introduction

It frequently happens in experimental work,, that we can measure the
value of some function f at several values of the argulnent x,. and we wish
to find & polynomial p(x) whihh is a sufficietly accurate measure of thegiven functional values..

We shall confine our attention to the case in which (1) equal errors
are considered to be equally probable in each of the given functional
values, so that the method of least squares may be u ed without weighting
factors to give the "best" polynomial, and in which (2) the values of the
function are given for equally spaced values of the argument x. We shall
assume them to be giVen at x = 1,2,,.... n, and the corresponding functibnal
values will be denoted by f. f2 .!... f..

The two reservations made in the previoup paragraph can upuplly be
ensured by suitable experimental technique. We make them, because on their
validity depends the simple method developed below.

It is clear that, if n fupctional values are given, we can construct a
polynomial p..I(x) of order n-i which will pass exactly through each point.
Ih general, a polynomial of order r, less than n-1, will not pass exactly
through all the points. We can however define an rt order polynomial

Pr(x) by adjusting its coefficients so as to minimize the su of the squares

n2

j {1 P r(.J f5

This minimized supi will be denoted by Ar( f)

If now we examine the fo rm of ArT) as r is ihcreased from -1to n-i,we find that, if the functional values fl f2....fn really dolieclose to a
polynomial of comparatively low order, the general form of Ar(f) is as
sketched in Fig. 1.

In the region shown as (a), we have too few parameters to represent
adequately even the general outlihe of the curve, while ih (c) we have so
many that phoney* "accuracy" is obtaihed by fittihg a curve even through the
random errors of observation. The region (b) is that ifi which we have
enough parameters to represent the general form of the curve, but not so
many as to purport spuribus accuracy. The value of r ih which we are
ihterested lies at the lower end of this regibn, and is indicated by the
dotted line in Fig., 1.

We shall show how to fihd this value of r without the-tedioup and
heavy arithmetical work involved ih actually calculatihg p(x) for each r.:

a
~b

log Ar (f) X-

--- or n 1

y= constant is apolynomial of order zero: -it is convanient to define y- 0 which
has one fewer degrees of freedom, as a polynomial of order-1.



'Ir
2. Determinatibn of hr(f).

Let A. denote fj+l - f. - -j, and in general r - A - .'

This is the usual fihite -difference notation for forward differences..

Let 14r denote the mean of the rth order differences Ar, weighted ih
accordance width the formula

where the terms in roupd brackets ( ) denote binomial coefficients. [It
will be proved in appendik (proof 1) that inr in fact euja

in+r. 
f~ r r

to ,n %sothat f ls nfat q~
to r+iJ s that Lr defihed as above is in fact'a weighted mean of the

A .3

k,, is defined in the same way, remembering that 69 = fj, and in fact
Mo can be seen to be the arithmetih mean of the f's. In general, Itr is
the rth difference of Pr(x), the rth-order polynomial gi.vitgthe closest
fi't to the given f's (See Appendix, Pmof 2).

Th en r( f) and kr-( f) are connected by the relatin"

(n+r 2 2r See Appendix,,•r-i ( f) )r(f) -( 2r +1) r proofs 3 and 4."

n

Sihce we know that An_ 4( f) =0,. and that -( f) Z (f ), we can
calculate the Ar's begihnihg from either end. -Altern.tively' the fact
that both end-values are known serves as a check on the arilthmetic if we
calaoate 4 f) - Ar( f) for every r from 0 to n-i.,

3. Probable error in tr

It remaihs to calculate the probable error of the i's, in terms of
that of the giVen fuictibnal values.

Expressihg Ir ih terms of the f's themselves, ihstead of their rth
differences,, we get

n r )m (r) (+j-i /n-j-+r n+rj~nT1 fj. Eo (_ 1)m ( r) r) 2r /,,r+1)

And thup the mean, squjare error in Ir is given in terms of that in'
the fIs by'

n r.) (r)(m+.j~ -1k- j-r)12

2r 41

.2.,

{,.5,



This reduces to

62 r / 8f = /r+l) [see Apendik, proof 51

But thi's ratio has already been shown- to be equAl to M'/(r(f)- Ar( f)),
so we have the resa~t that

62 8r 6 2 f

N2r Ar-l(f) - Ar(f)

Often, we do not know the mean square error 62 f. We may however
assu~ne that,, if r has been sensibly chosen, it is of the order of Ar(f)/(n-r-1)

- we divide by (n-r-l) as this is the excess numiber of degrees of freedom over
those reqaired to fix the parameters of Pr(x).

Thup we may say 6/r= Ar( f)/(n-r-1)(r--1 ( f) - r ( f)),' and the
conditibn that Mr should be significantly different from zero is
A-1f) < (n-r-l)( ~f) - Ar(f)1Y >

o r ( f)/ Ar-(f)/
or /n-rl) < /(n-r)

It is therefore worth while, in tabu~atihg Ar(f),, also to note the
value of the qupti~nt A r(f)/(n-r--l), sihce (a) when 6'f i's known, it is this
quantity which must be kept down to the order of. 2 f, and .(b) i any case if

the quptient Ar(f)/(n-r-l) exceeds the correspondihg value at (-1), thi's

shows that no signiTihant additibnal accuracy arises from takihg an rth order

polynomial instead of Pr-l': This argupnent is used ih Example 3 below.

Reference to other work

M. G. nmith "The Lorentz Method of Analysis of Experimental Data
using Orthogonal Polynomial's" (A.R.E. Report No. 15/52).
[This paper presents a method fbr calculating the best-
fitting r th order polynomial, having first obtained that
of order r-1. It differs from the treatment of the
present paper in computing first the polynomial-s them-
selves, and only afterwards the values of A( f), whereas
we have here treated the residual errors as being of prime

"* interest - i.e. we determine the required order of polynomial
without having first computed it. Either treatment can
be more useful than the other, according to circumstances. ]

I,
.3.
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EXAMPLE I. Furctibnal values lying close to a polynomial of low
order (cubic).

1 2 3 4 5 6 7 8 9 10 SUms

fr 261 378 392 320 198 63 -69 -162 -181 -100

w.f. 1 1 1 1 1 1 1 1 1 1 10
261 378 392 320 198 63 -69 -162 -181 -100 1100

L 117 14 -72 -122 -135 -132 " -93 -19 81
w.f. 9 16 21 24 25 24 21 16 9 165

1053 224 -1512 -2928 -375 -3168 -1953 -204 729 11234

p 2 -103 -86 -50 -13 3 39 74 100
w. 36 84 126 150 150 126 84 36 792

-3708 -7224 -6200 -1950 450 4914 6216 3600 4002

17 36 37 16 36 35 26
w.f. 84 224 350 400 350 224 84 1716

1426 8064 12950 6400 12600 7840 2184 51466

A4  19 1 -21 20 -1 -9
w.f. 126 350 525 525 350 126 2002

2a)4 350 -11025 10500 -350 -1134 7.35

A5  -18 -22 41 -21 -8
w.f. 1 3 336 441 336 126 1265

-2268 -7392 19081 -7056 -1008 -57

-4 63 -62 13
w.f. 84 196 196 84 560

-336 12348 -12152 1092 952

67 -125 75
w.f. 36 64 36 136

2412 -8000 2700 -2888

A8  -192 200

9 9 18

-1728 1800 +72

A9  392

392 392

A-1= Z(f 2 ) 54OBL58401
54C8 - (11D) 2(,X) 5 84(xe1 .oo = 4& 51445

A, 43GO-(11234) 2 (6))=43c-42 8
1 5 ~? 8 / 8  1=

)8 0 7 /1 0a-3W9/i3 2 7m521 /e0  A2 11029

he : 2052/,1,,-(56)/(,eo,,2l) ,= 52/ieI"/,> = 2:l. ,,,,,A, 4 . 5 'h4. Z 32'S A. 4.6

3 3 3 rNl. 2 5.7

A.=22717/ '.(qM/(58)Q2) 22172*/..W 11/2~ *A 7.'0
SI 410 1440 17 Y

-i : ,' '  (e ' ( e~ m ) a ' ; -' l '  18098 I,, " 1 .6
317 1/.722(8,40)11 /715 = 1/981 A=

/i 2185 / 0
* ~ ~ ~ a(M2 __A8~o 04=3 ~ ~ =3G 115" .



EXAMPLE I (continued)

x58 400 8

463008

100000 80575
' -k---- X7 720 5

4 ~ .58401 X

144 +compare this with the general form of
5k4 curve shown in Fig.; 1.-

10000 .0 +:.0o72 110,29\iI

1000

Tr
i00 5r and r/(n-r-i)

i ~ 1 .61 rn- r-) 1J

+ 7. N. ..+ 5-.7 x 3.-_ ,Z .
4~

"4"5

i .6 h

r --.

- 0 0 1 2 3 4 5 6 81'

1 !.

.5.

V-



EXAMPLE II.

Functional Values Not -Lying'Close to.a Polynomial of Low Order.

Independent variable:- 0 1 2 3 4 5 6 SUMS
functional values:- 1 2 4 8 16 32 64
weighting factors 1 1 1 1 1 1 1 7 127

1 2 4 8 16 32 64 127 -7

first differences 1 2 4 8 16 32

weighting factors 6 10 12 12 10 6 56M Ln_

6 20 48 96 160 192 522

second differences 1 2 4 8 16
weighting factors 15 30 36 30 15 126 213

15 60 144 240 240 699 42

third differences 1 2 4 8
weighting factors 20 40 40 20 120 7

20 80 160 .160 420

fourth differences 
1 2 4

weighting factors 15 25 15 55 25

15 50 60 125

fifth differences 1 2

weighting factors 6 6 12 .-.

6 12 18

sixth differences 1

weighting factors 1 1
1 1 :1

1 0

92S4- J9 .2 t 8 924 AS 024 -

12 12 9 S 1 3 1.002 25

J4AS 4 5 = 2 2  5 2 5 2 4 28 . A644= 2 4 + 28= 9_2 4 2 3 1  ii, ~ c
5s 558 L 125 t25 125 825 1925 25 -2A- 44 - "X x?? A,=" =--+i=' -i* 4.2

-A4 7 0X1? 4 = 7 0 12 1- 1 54  231j=~ 2 ~j A - 4.
1 20 /ij2 ±47 A25 14 7 ±80 (39 23sA 2 - As = 2 0 X = 2 - -7.8x 10

12(2/23 22 5 0271 2027 1
-)2  4 /()2 A)±=233{* + - i = 7.2 x 102

ho - A i = T ( =(261)2/28 ho=(2T1+68:12I)/28=ZC8/7 ho = 3 3.2 x 103

A- -  7o 
=  1 ) (127)2/7 A-,=(16129eC98)/7=5461 W_1? 541i 5.4 x I0s

Check:- of1 + 4 + 16 + 64 + 256 + 1024 + 4096 =5461

10'

110

and Ar/(n-r-i) 1 i .2
0 3\4 5 6

And the shape of the curves 0.01 G,
suggest that tle unctional values 0.001

certainly do not fit any low-order
polynom i.



EXAMPLE III What is the lowest order of polynomial consi'stent with
the following observations,

*(a) if the probable error of each observation is 50
(b) " " " " " " 1

x 1 2 3 4 5 6 7 8 9

f(X) 27 676 1211 1576 1730 1640 1209 775. 116

A wf)
f V 676 1211 1576 1730 1640 1309 775 116

wf 1 1 1 1 1 1 1 1 1 9060

6649 5853 5 154 --90 -331 -584 -659

8 14 18 20 20 is 14 8 1 186

6
2  -114 -170 -211 -244 -241 -203 -125

wf 28 68 90 100 90 68 28 -95271

A3 -56 -41 -33 3 a8 78

wf 5E 140 00 200 140 56 -5188

15 8 36 25 40
wf 70 175 225 175 70 19475

A15  -7 28 -1 5
wf 56 128 126 56 3290

S5 -29 6

wf 28 49 28 -273

A1.-64 35
wf 8 8 - .232

-99
wf 1 - 99

., 
= 

(99)2/1 x 12870 = 0.76== 0.76 = (.87)2

A - A, = (232)2/16x3432 = 0.98 A = 1.74 iA = 0.87 = (.93)2

Is - = (273) 2/105X924 = 0.77 -a = 2.51 ' = 0.84 = (.92)2

' 4 - -A = (3290)2/264x252 = 118 A4 = 121 4 = 20 = (5.5) 2

3- A4 = (19475)'/715x70 = 7578 A3 = 77 x 102 -4 A, 15.4 x 102 = 392
12- A, = (5188) 2/792x20 = 1701 h2 = 94 x 102 " A2 = 15.3 x 10 2 = 392

h1 - A. = (95271) 2/462 x = 22.7 x10" -A = 32.8 x 106 j A, - 4.7 x 106 = (690) 2
Ao - 1, - (1186)'/120 x 2 - 5861 1o = 32.9 x 105 " A, = 4.1 x 10" - (040)'

',-= (9060)2/9 x 1 - 91.2 xlO' .A,= 124.1x10' A-,. 13.8 x10' = (1200)'

.7.

p 4 _~
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7I

10

X o 4.. +: t Values of Ar

0Probable Error woo X x Values of Ar/ 'lo xr/(n/r 1 z)

X-X

10 5.

Probable Er r 'oo

10' -

Probable Error\ o5

1000 -

Probable Error 1o
1oo

10

Probable Error i 25 6 , 1 8 .r
1~~ Q -- -- -------- 31

/Ar/(n-r-l) should be of the sane order of magni.ude as the probable mean
error of observatibn [for detailed treatment see any textbook of statistics,,
uider the headihg. 'If dilstribu~tibn of goodness of, fit"].

In the example given;' it will be seen that a parabola (r-2) is consistant
with a probable error of 50,. while if the probable error is only u.ti:y, e 5 th.
order polynomial is requi red to gi.Ve an adequate fit.

With a probable error of 50 ifi each f,, however,, the lower values of
/' r/(n--l) for r ih excess of 3 wu~d appear highly suppibioup, and %ould lead
very defihi'tely" to suppose that the errors are largely of a systematic rather
than a random nature.

[[

~.8.



A P P E N D I X ,* - ,

Pmof 1.

T"nat E = J-n+r' [n > r],i

j.1

n-r n r+j-1 n+r

Let 6(n, r) denote Z r r r+l1
Sj=1l(

Wri.tihg the bihomi-l coefficints as the su~ns of coeffii'nts of

lower order, we may say

n-r (nn--rr7 (n+r-1) n-r-i\

6(n,r) r (nll) 1 - r-1)k1 + -r 1  -nr) + 2r+1

n-r (n-.j- 1r+j-2) n-r-1 (n-j- r)(j-1)) {n+r-2\/ n-r-"/ -r-l\

=~~~~ L2 r-7I~ + ______I 1+j 1 7\-1\-i/ 7\ + r - 2ij 2r+i/\ 2-1
j .(l 

r rj- 
r1 

)

'hetem vanishes both at j=l and at j=n-r; we m -y
therefore shorten its range of supimatibn by

one at each end.

so th t6 n, -r [nj l/(-% + +n r n-j;-' (+j2)(n+r-2 /t +__ _jtr-r--lk th+r-2)

S so that -(n,.r) r E r-1) rr r-1 j \rr ]r \2-!

n-1
-i C6(nl, r-1) + 6(n-2,,r)
r

n (nj) (j~l (-1
Now 6(n,O) = 2 - = n-n = 0

j ~i
rn-1 n-1 1

Agaihi, at r = n-1,j. can only be 1, and 6(n,n-l) = (n-l)(n-l- (-I)= i-i =

At r - n-2 j. can be 1 or 2,, and 6(n,n-2 n- n-2) -2 - "

Thii saffices to prove by ihductibn that 6(n,,r) 0.-

e-_ between contiigupup 6's
( i  e. (n, r)with

-,! . -
(n 1 r- ) ( -2r)

n

r-o on which 6=o

r. .9.



Proof 2.

'That 2 r 2r+ is the rth difference of the

rth order polynomial giving the closest fit to the points f f2 .....

Let the f's be chosen -so that all but one of their rth order differences
vanish, and the other is unity. Let Aj= 1, = 0 for k j. Su ch a
set of f's is given by f o = f, .. = fjp-i + 0 and fk r(kj-l)

for k >j+ r.

Let P r(x) = ar xr + a- 1 xI ..... + ax + ao

We are to choose the a's so as to minimize

(arxr + ar-ixr-l+..+ ax+ao)2 + x2 arxr + ar 1 xr-l+... + alx+ao - (Xai+r

x=1 x=j +r f i

If we use a notation in which (b) = 0 for all g < h we may simplify
this, and -say that we have to minimize

n.Z a r xr + a- 1  x r -l + ...... ajx + ao-

x=1 r-i

We obtain a set of simultaneous equations, from which ar_- ar-_2 .... al go

can be eliminated, leaving

n x _- -1
ar S2r S~r-1 S2r- 2 ... "Sr = rr-2

S2r1S2r-.2 '21-3 n ( r-1 ' 2 r- S2r-4 .... S' 1

3r S,.-1  Si- . ... So E ( x 1 . Sii .... So

S where Sk denotes (Ik + + 4. +.......+ nk).
We have to calculate the values of these determinant's.

10.



It may be shown that

2r+1 2r 2r- ....... - [( rY 4/ 3(2r +1)

2r 2r- 2r-2 r

1 1 1 1

2 --1 2r--- Sr-- .... . --

1 1 1

r+1 r r-i 1

where 3(r) denotes the factorial function 1! 21 2! 41 ...... r.

From this it follows that

-2r S2 r 1 ... Sr 3(n+r) 3(n-r-2)[3(r) 4/[3(n-1)] 2 3(2r+l)

-2r-1 'S2r-2' ' r-

Sr Sr- 1  ... So

It can also be shown that

n (x--J (-j) (r+-lj/(2r)}
2 r r-1 / S2r-i " ' S r (n r; r r 2r'2 _ r8" Sr-1

z xr-i  S2r--2 ... S_. .

Sr-'i Sr2 So

n
\ q-r/s_j ... so .

1 \1~

- (n-i (r~-1 n+r-1) (n-r-1) (r-1) [3(r) ]s

[3(n-1) ] 3(2r)

that ar __ (n~i)(r+i-l) (n-r-1)1 (2r+l)'
h rder (n+r) !

And hence the mth order difference of P r ( x), which is r'a r , is given by

fn-j\ (r+i1/(n+r)
rr - +i This is in fact the coefficient of Ar in the

\r/ \1 /( 2 r+1
expression for t . As thi's applies for any j, and the differences and Vt~s

are ali.linear in the f's, it follows that %tr i's alway's the rth difference

of the best pr(x), whatever be the values of the 'f's.

~11.



Proof 3. That fis a fupctibn only of n and r.
12r

Let f denote a set of fupctibnal values fI f 2 f .... f,' given at n

equally-spaed int'ervalsOf the argu~nent.

Let Pr(X) denote the best rth order polynomial through the fupctibnal
n

values - i.e. the parameters are so chosen that Z is mihiinized - and

let (f) be used to denote thil minimized sun, r(f) the rth

difference of the polynomial Pr(X).

Now let f* denote that set of fupctibnal falues f* f* ..* f* such that

the fMrst (rr+1) of them, viz f*, to fr+l, are the same as those ih the f set

(f* f fI, f*2 : f 2, fr+!), and the remaihihg n-r-l values are so chosen

that they lie on the rth order polynomial through fl, f 2 . fr+.

Then clearly-hr(f*) 0 O.

Next, define a new set f(e) of fupctional valuges, suph that fj(a) =

e fj+(l-e)f for any j from 1 to n. IT is clear that all the fj(G)'s muSt

be lihear in e,. sihce fj and f*j are constants already fixed. From this

it follows that Lr(f(e)) is also lihear ih e, as I is lihear ih all the
fj e)S.

Since r( f(O)) is linear ih 6, there must exist a e for which Mr( f() 0-.

Let thi' value of E be denoted by 0** , and let f** represent the correspondih

set of functibnal values.

Then the statement that~br(f**) = 0 means that the best rth order

polynomial through f**' f**" f * has a leadihg coeffiient of zero. I.e.

it is of order (r-1) or lower. Thus it followes that Ar(f**) = f'*

Now the coeffibients in pr(x) [and likewise ih pr-l(x)] can be seen to

be ihear h.j the functibnal valu.es and hence ih E. Thus it follows that

Ar( f()) and Prj(f(G)) are both quadratic ih 0. The difference

A I r-l( f(@)) -Ar(f(e)) is also quadratic in 0. But this difference can

never be negatiVe - (the best rth order polynomial must always be at least

as good a fit as the best r-1 th order). Also Ar-( f(e)) -r(f( )

vani'shes at e = 0*.

Ar~i~f()) - r(f(6)) K,(e - 0**)2 where K, is some constant.

Agaih, r( f6 ) is as we have seen lihear ih 0,. and by defihi.tion vanishes

a t a ---

,. r(f(e)). K(e - 0**) where K2 is another constant.

From this it followt" at once that

Ar-1 (f(e)) - rf(0))  K1
--_ = a constant ihdependent of 0.

As we could have defihed f0 by-any r'l poihts (not necessarily the first ones),
we can see that thi's constau.t"must be the same whatever the values of the

. fupctibnal values,, and ih fact rC (f) canr(f))/12r(f) ca depend only'on the
numbers n and r. ...

12.



P roo f 4. Th-it i s e qual to f n + jJ//2
r

'' f) f)r f,
3NOTE:, In proof (3) ibove we have shown that

depends only on r und n,,. and not on the f's. Cbnsequently we
are at liberty to choose now what f's we wish

Let. the f's be chosen s that fj = (1)t-J+1 (j- 1  for 1 j ,

and fj = 0 for r+l j c n.

n
men Z jk fj = 0 for k- r and = 1 fork = r.~j-1

n
From this it follows that Pr1 l(x) 0 and " l( f) 2 (f )

For Pr(x) we have the condiltibns

ar S2r+ S+2r-I + " + al Sr+ +a r = 1

Ir S2r-1 + r-i S2r-2 + .. + a' Sr + ao St_1  = 0

ar S2r-2 + :,r-l S2 r-, 3 +
-  + a, Sr_1 + ac Sr-2 0 [

ar Sr + ar-. Sr 1 + ... + a S + ao So 0j

n
But Ar = j (ajr + arl .- 1 + + aij + ao- fj)'

ar(ar Sr + + a- S r)

+ ar'(ar Sr-1 + + dk )

+ o(ar r ..... .. a)

: _ 2~ar  -jj 2ar- 1 2. fj j.r-l-l ;..,. 2.

+ fj

= ar- 2 ar + V(fj

So that Air-1- rare,

But, from the conditibns (1) above, it follows that

- S 2 ... Sr-1  j ......

• ~.1
- -- - - - - -- - -1- -.

Ir1 S r 3



(n+r)2' (r.1.4

r'
Agaih,. the qupntity A,. for the f's as defihed, is

1. (r) is r , and so on-

Hence Iris (-r )2 } - Y (-)r1\(r) \r'

jr+1
2rJ'(2r+1).'(n-r-1)J' or j!-n-r (-)j+1 Cn-.j )2.

and the sumratibn is in all cases u~ity..

hr-1 - ' r =(n'-r-1)1(2r)2'(2r+l)J f 2rJ1(2r+l)2'(n-r-1),

12r(n+r)! (rN) 4  -:L (n+ r)!. r.1

(n+r)!- r12  n~ I 2 r~

Q. E.D.

Prtof~. Tht ~ {2 )((j-1) (n-jrtn+r)}2 (2r) (nh)

Let rn+j =k and n+r =s

Th en L. H. S. k- {r r1k .(k )s)

We can supn at once over all j, for

2 ( = rL

.14.



S Z - 2 r k- 1 1•-1) (
k I ( +k r r r r

Now r {t)k-1) (1-1) (2I~)±)r k) 1

At thi's stage it is u~eful to put *k=i+d

Ths .H~.= 2r) Z 2 {(..)d (Z+d-)(1-1)(s-l-d) (&--I)I

Carryi g out the summatibn first over all d, we get

which may be written as

* ~~~ No id 1a besontht Z d (a-Id)(bd)2r2rrd r+d

for all a > r, b > r.

Puttihg a = 1-1, b-s-, these iheqpli'ties are seen to apply..

Consequently we are left with V

7(s-)i ){
(2r) ) -1

and thi s redu es at once to 2 r

1)1

whibh R.H.S.

(NOTE. We have omitted the limits of suinmatibn, sihce the sutmatibn
is required for all values of the parameters giiiihg nonzero contributibn;,
and may in fact be taken from -- to +c for each parameter].

r .15.



TABLES I and IA.:

r

Wei~htihg Factors to be Appli'ed to jin Calcu~atihg Mrs' and

Suprs of Weightifig Factors.'

............. ......... ..................... ...... . .... . ........... ..... ........ ...........

Fulictibnal Va ues gi'Vei at 3 poihts

W. f., lo 1, 12

1

2

1
1

1

SUMS 3 4 1

Fupctibnal Values 2iVEn at 4 poihts

w. f.for Mo 1, ,L 11S

1 3

1 3

64

1 9
34

4

1

SumS 5 21 8

Functibnal Values given at 6 poihts

w.f.for Mo 11 M, to h1. 1

15

1 8 10 10
1 18 18 5
1 18

8 10
1 10

1 5

SUMS 6 35 56 8 10

........ .. . ...... .......... ..... ........... ....................l.....

16



TABLES I d IA Contihued

Fupictibnal Values given at 7 poihts

w. if. for fto ft, 12 me X1 its M,

1
6

1 15
1 1 3 0 15
1 12 40 6
1 14 15

10 201 10 15 j
8

1

SUHS 7 56 126 120 55 12

Functibnal Values giVen at 9 poihts

w. f ir Io hi 12 M, h4 , MB

7
1 21
1 45 1. 35

15 00 21
1 60 75 7- 1 !16 60 IQO 75 6 1

15 90 21
1 45 35

12 35
1 21
1

SWKS 8 84 252 3W 220 78 14

Fupctional Values gi.Ven at 9 poihts.-

w.-f. fo r ho ft, M, 13 MI. ma M, -,

1
8-:

1 2914 561 63 7018 140 E6
1 90 1 175 28

1 20 100 200 25 4930 00126
1 90 2 175 29
1 18 140 71 14 63 70

1 2B 56

18

suS 9 120 462 792 715 284 105 16

.17.



TABLES I . IA Contihu,ed

Functional Values giVen at 10 points

w.f. for Ifto f, n 2  M3 M 4  g it , M, me no

1
1 86

16 841 84 221 4 24 1261 2.4 126 350 84
150 350 336 8

1 150 525 196 9
25 400 44-1 641 24150 - 525 - 96 - 9

1 126 25 50 36 84
21 224 126

1 16 84 8 12816 84
1 36

1

JMS 10 165 792 1716 2002 1365 560 136 18

Functional Values giVen at 11 points

w. f. for Mo 1, . 2 fts, k, it.. 1 M t. ft , t ft lo

1,
10

1 45
1 108 2101 24 336 252

1 168 630 210
1 28 560 756 120 451 210 1050 588 4
30 700 1176 258 1 01 285 1285 784 8

10 700 1176 289 10
1 210 1050 588 45

28 560 756 1201' 168 680 ,210
24 -326 252
18 108 12 210

1 10 45
1

SUMS 11 220 1287 3432 5005 4368 2280-- 816 171 20

Fupctibnal Values given at 12 poifnts

;!w. f. for ft, X7 MO MO- , 1

1
1 55

1462 462

27 261050 11
32 280 1990 1470 1653i5 ,120 2646 9e0 5,5

315 1 2450 2352 405 11
:4 1& 2831~-147 6 5

315 2450 16 2352 405 100 11
1120 26-'148 963) 5

20 19r 1512 1
1 82 216 8" 1050 15 42 32!1 7 135 480 380 462 0

1 20 55 165 '

WHMS 12 286 2002 6435 11440 12376 856B 3B76 1140 210- 22

•1c8.



TABLES I: 4 IA (bntihued

Functibnal Values given at 13 poihts

12
12 66
22 220

1 10 .165 66 495 792
1 6 270 1200 1650 2772 924 792
1 360 1150 5 3234 495

01 4 360 1680 05292 28 40 220

42 1960~ 7056 482 5
1 420 4410 5880 1485 66

40 1680 5292 2640 220
c6 1200 277279

1 30 270 660 1650 792 924

1 82 165 20 495

1 12 66
12

SU S 13 364 3003 11440 24310 31824 27132 15504 5985 1540 253

Functibnal Values gi.ven at 14 poihts

w. f. for Lo r r[l2  kT3  14 h. me Ne Tl o Mo

1
131 

7824 28
1 198 286 71533 880 1267
1 330 2475 1716

401650 4752 11
1 450 4950 6468 1716 1287

45 24C0 9702 6326 715
1 540 7350 12936 4455 286

48 2940 14112 11880 2200
1 583 8820 17640 7425 726

49 3136 15876 14400 2025
1 48 58 2940 8820 14112 17640 i80 7425 2 726

1 540 7350 12936 4455 2B6
2400 9702 63L-1z 715

1 40 450 5d 4950 4752 1716 1297
40 117 751 3 08 2475 171633 880 15 1267

1198 7151 24 78 286
,, 1 5

SUMS 14 455 4368 19448 48620 75592 77520 54264 26334 8855 2024

...

I.19.,



TABLES I . 2IA Continued

Fupctibnal Values giVen at 15 points

w.f. for M* Mt f2 M3 M4. me M, M, k' 1,

1 14
*1 91

1 26 91 864
1 234 1001

26 1144 20021 44 86 30 575 7 f2 8003 88

550 220 7722 24321l 550 7425 12012 3003
50 2300 IC632 13725 "002

1 675 " 11550 25872 11583 1001
54 4200 25872 28512 10

1 756 14700 38808 252 275 ' 3146
56 4.704 31752 49600 27225 12100 4356

1 784 15876 44100 72 4512100
.56 -~4704315 %081C

1 756 14700 38808 22275 3146
1 54 675 4200 25872 25872 2512 11583 7150 1001
1 50 65 00 1 16632 13729 2002

44 2200 7722 13432

1 6 1 575 30031 6 1144 1 20021 231 1001
26 -24

1 91
14

1

SUMS 15 560 6188 31824 92378 167960 203490 170544 100947 42504 12550

Fupctibnal Valups given' at 16 poihts

w. f. for ko It, M2 6 14' x, ft, M7 M, , ftlo

1 15 105
1 28 73 455 1,5

1 289 47 1456 5005 3003 5005
1 48 660 2860 10725 1212 21021 6485 6435'

55 4400 27027 27456 5005
1 0 .25 17325 48048 27027 20020 00

1 60 5775 443$52 61776 5795 0 101
1 945 23100 77616 9 57915 i01163 8 5720 58212 95040 81675 21 o2 66 9702 1 8

64 7056 63504 108900 81675 4400

1 1009 26460 97020 81675 18976
1 6720 5821,2 95040 57151111 3 945 672.0 2100 5B9 77616 57915 3925 1011

30 5775 4452 61776 20020
1 825 17325 27027 48048 27027 3003

554400 2O727456 5486
1 660 10725 21021 645

48 2860 64351 468 5005 5005

39 1456 3003
28 455

SUMS 16 680 8568 50888 167960 386716 497420 490814 184604 177100 65780

...



TABLES I & IA Continued

Functional Values given at 17 points

w.f.
for m t 12 h3 1. 13 M, 1o ma It,,

1

16 120
30 560

1 42 315 1820
1 52 546 6850 4368 8008 11440

i 60 780 5720 15142042 35035 51480 12870 114401 990 2505 84084 57915 8008
1 66 1155 7700 250 72072 123552 50050144144 135135 331 8033

170 126 9240 41580 99792 194040 205920 212355 10110 66086
72 10080 116424 261360 157300

1 1296 44100 1 213444 450 81796
1 70 1260 9240 41580 1144194040 2830 212355 157300 6

170 1155 9240 99792 14414.4 205920 i50110

1 66 99 7700 250 72072 84084 123552 7915 50050 8008
1 60 780 5720 15015 42042 - 51480 12870144 01 52 780 15015 381 5035 18011440
1 52 546 2640 6825 8008 11440

42 1820 43681 30 15 1820 80
1 3 120 560

1 1 2016
1

SUMS 17 816 11628 77520 293930 705432 1144066 1307504 1081575 657800 296010

Functional Values given at 18 points

w.f.

for

1
17 1363 2 680

1 3 360 238 0 618
630 2240 12376

56 4550 9100 26208 194481 6 5 910 45020475 56056 24310
1 65 7280 6306 0 91520 24310
1 1170 35035 140140 115830 19448

72 10010 112112 231660 114400
1 1386 50050 162162 252252 289575 275275 88088

7712320 1612411840 2571 1540 ' 62370 63060 495495 19819880 13860 199584 566280 440440
1 1620 69300 426888 637065 28628681 14400 213444 4288627264 511225 268

1 80 1540 13860 U370 199584 360860 566280 86625 440440 8

77 12320 162162 411840 5 2751 2 188 0010 500112112 231660 880882727
1 1386 50050 252252 289575 18088
1i7 1170 101 5035 1112140140 2360 115830140 19448

910 7280 63063 91520 2410
1 910 20475 156 2410
56 m 40 9100 26208 19448

1 360 2240 280 6188
32 680

1 17 136
1

SUMS 18 969 15504 116280 497420 1352078 2496114 326R760 2124550 2220075 1184C40 i.
.21.



TABLES I & IA Continued

Functional Values given at 19 points

w.f.
for to , t , it3 4 ta 'ke Th- m to 1o

18

1 84 153 816
1 408 306048 2720 8568 186
1 720 11900 18564

60 1050 5600 T300 27128 31824
70 9100 91728 155584 48620

1 1265 47775 224224 218790 43758
1 1638 12740 70070 88 420420 411840 579150 243100 213928
1 84 1848 16016 90090 252252 630630 772200 1061775 629200 528528
1 88 1980 18480 3 24324 1132560 1101100 858858980 1 03 0950 792792 1486485 885
1 9 2025 19800 108900 85776 1359072 165669 1431430 1002001

1 90 1980 19800 103950 365904 792792 1359072 1486485 1431430 858858
88 18480 824324 1132560 11011001 88900630620 1061775 5821 84 1648 16016 70070 252252 420420 772200 629200 25-28
78 18 12740 168168 411840 243100

1 70 9100 47775 91728 224224 15554 218790 48620 43758
1 1050 27300 86632 3 4375860 5600 27128 31824 -

1 720 11900 1856448 2720 85681 34 408 3060

184 153 816i 1 58

SUMS 19 1140 20349 170544 817190 2496144 5200300 7726160 8436285 6906900 4292145

Functional Values given at 20 points

w. f.
for t Mk , It t M 4 15 i7 is ' MT 0o

1 19 171
1 36 459 9 87651 M24 11628
1 816 15300 27132

64 1200 6800 51408 12 50388 7558275 11200 129948 254592 92378
1 84 15925 63700 3248 346528 700128 393822 9200 928782468700128 486200
1 1911 95550 672672 1@93950- 481328

91 20384 378378 1372800 1337050
1 2184 126126 1051050 2123550. 1283568

96 24024 504504 2123550 2516800
1 2376 150150 1387386 3185325 229028899 26400 594594 2718144 3578575
1 2475 163350 1585584 3864861 3006003

100 27225 627264 2944656 4008004
1 2475 16350 1585584 8 864861 00600399 26400 504594 2718144 3578575
1 2376 150150 1287386 3185325 2290288
1 2184 1261M6 1051050 2123550 1283568

91 20384 378378 1372800 13370501 9195550 672672 1093950 481388
84 1911 15925 244608 700128 486200

1 1575 63700 346528 393822 9237875 11200 129948 254592 9278
1 1200 35700 129948 75582

64 6800 51408 12 503881 1 816 15300 27132
51 3264 11628

1 459 3876

1 19 171

1

SJM820 1330 26334 245157 1307504 4407400 10400600 17383860 21474180 20030010 14307150
i .22.



TABLE II

Summary Table of Sums of the Weighting Factors.

bO 0

o V o o o o

~w 0 0 0 C 0 0 0 0 0 0

04- 4. 4-C. 4

3'4O00 0 0 0 0 0 0 0 0

r=: 0 m

1 General form: The sum of the weighting factors
2 1 for r , when functional values are given at n

4 10 6 1 2r+

5 20 21 8 1

6 35 56 36 0 1
7 56 126 120 55 12 1
8 84 252 230 220 78 14 1
9 120 462 792 715 364 105 16 1

10 165 792 1716 2002 1365 560 1 6 18 1
11 220 1287 842 5005 4368 2380 816 171 20 1
12 286 2002 6435 11440 12376 8568 3876 1140 210 20
is 364 3003 11440 24310 31824 27132 15504 5985 1540 253

14 455 4368 19448 48620 75582 77520 54264 26334 8855 2024

15 560 6188 31824 92378 167960 203490 170544 100947 42504 12650

16 680 8568 50388 167%50 352716 497420 490314 346104 177100 65780

17' 816 .1.1628 77520 29,2930 705432 1144066 1307504 1081575 657800 296010

18 969 15504 116280 4w,420 1352078 2496144 3268760 3124550 2220075 1184040

19 1140 20349 170544 817190 2496144 5200500 7726160 8A36285 6906900 4292145
20 1330 26334 245157 1307504 4457400 10400600 17383860 21474180 20030010 14307150

TABLE III

Ar-i - hr is given by KW, where the constant K is equal to the sum

of the weighting factors for 1r, given in the table above, divided by the

binomial coefficient ( r , a function of r oily and independent of n.

This is tabulated below for r up to 10.

r 0 1 2 3 4 5 6 7 8 9 10

(2) 1 2 6 20 70 252 924 3432 12870 49620 184756

.23.
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