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_ABSTRACT _
This report pressnts an analysis > radar range tracking in
Three apnroaches to the problem are pre-

the presence of noise,.
The first (Section TI) uses the mean square error crite-
takes

sented.
The second (Section III)

rion to obtain an optimun system.
into account the finite range aperture of the system and an optimum

svstem 1s obtained using a criterion of performance which is more

significant I»r range tracking tihan the mean square error criterion,

In Section IV, a solution i1s presented for the probability of losing
This last analysis presents

the target in the course of a tracls,

and seems rossible only in a track-

some mathematical difficulties

ing system with position memory.
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mitted pulse by an amount R!.

RADAR RAMGE TRACKING AND MOISE

I. Automatic Range Tracking.

The basic technique used for antomatic range tracking involves
the comparison of the true target ranre with the tracking system
output, which in general deviates sl'irhtly from the true tarcet
range. The differcnce of the two sipgnals controls the system output.
The true rance LK is usually measurced by the time of return of a ra-
dar echd> and the error is measured by the difference in the time de-

lay of the received echo and & locally runerated wavelorm,s¢

v

A simple block diagram for a tracking system is shown in Figure
1. The transfer functions of the bloeks are K and A(s), as indicated

where 's' represents the Laplace Transform parametcr,

! |
R === Error a 1 = K(R-R') _ 'Punction I ¥R
Deboctor f—-———— =" == = Unit } ,
o ( | A(s) L
" |
! :
O _ —

Fipurc 1
The error detector has an output nroportional to the error
(R-R') with a constant of proportionality dependent on signal

strength, This can be seen by examining the operation of a typical

unit wnich operatcs in thce manner described below,
FPigure 2 shows the transmitted and roceived pulscs as well as
two locally generated rates which are delayed in time from the trans-

For convenience a range scale rather

#A detailed discussion of radar tracking systems may bLe found in

Refercnce 1.
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ABSTRACT

This report pressnts an analysis of radar range tracking in
the presence of noise, Three apnroaches to the problem asre pre-
sented, The first (Section II) uses the mean square error crite-
rion to obtain an optimum system. The second (Section III) takes
into account the finite range aperture of the system and an optimum
system 1s obtained using a criterioh of performance which is more
significant for range tracking than the mean square error criterion,
In Section IV, a solution is presented for the probability of losing
the target in the course of a track, This last analysis presents
some mathematical difficulties and seems possible only in a track-

ing system with position memory,
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RADAR RANGE TRACKING AND NOISE

I. Automatic RRange Tracking.

The basic technique used for automatic range tracking involves
the comparison of the true target range with the tracking system
output, which in general deviates slirhtly from the true target
range, The differcnce of the two signals controls the system output.
The true rance R is usually measured by the time of return of a ra-
dar echo and the error is measured by the difference in the time de-
lay of the received echo and & locally generated waveform,#

A simple block diagram for a tracking system is shown in Flgure
1. The transfer functions of the blocks are X and A(s), as indicated

where 's! represents the Laplace Transform parameter,

1]
R =—————>{ Error L_ 1= K(R-Rfl‘w_w Adrunction | — Rt
Detector Unit
= K N A(s)
R!
Figure 1

The error detector has an output proportional to the error
(R-R') with a constant of proportlonality dependent on signal
strengthe This can be seen by examining the operation of a typical
unit which operatcs in the manner described below,

Figure 2 shows the transmitted and received pulses as well as
two locally generated gates which are delayed in time from the trans=-

mitted pulse by an amount R!', For convenience a range scale rather

#A detailed discussion of radar tracking systoms may be found in
Reference 1,
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than a time scale is uaed and units of time are converted to their

equivalents in range, '

'—-J—-- ——

b — ! T

| vy Received

S : . Pulse

R I
a e b Locally
i | -"Generated
| r—l V4 Waveform
l - e— i ——— —
:—4—-——- S S B -7
|

Figure 2
The action of the error dctector is to intcgrate the received
signal in the interval of the early gate and then in the interval of
the late gate, The differcncce of these integruls constitntes the
error signal, It is clear that the discriminator output depends on
both thc signal and c¢rror amplitudes., Figure 3 shows a scries of
error detcctor characteristics for differcnt signal strenpgths, Ex-
perimental curves closely rcscmble these theoretical characteristics
but do not exhibit the discontinuities which arc due to the infinite

slope of the lcading and lagging edeges of the pulse,
? Error Detector Output
|

strong sirnal

,———weuk signal

37/2 Error —%

-+ — Normal Operating Region

—— - — -

Figure 3
Error Detector Characteristic (Tg =T)
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The value of K in Fipure 1 is the slopec of the characteristio
in the normal operating region and is given by
(1-1) K=25Tf,
where S is the signal amplitude whon gated and fn is the pulse repe-
tition frequency,

The function unit transfer characteristic A(s) 1is determined by
the type of responsc desired and is almost always elthcr one or the

other of the foliowing:

a) A(s) = —%; (an intogrator)
, 1 1
b) Als) = + ~ (a singlc and double integrator)
Cs CDs<

where C and D arc constants of thc¢ system,

Upon a complcte signal fade and in thc abscnce of noisc, the
output of systoem (a) will rcmain constant, exhibiting position mcmory,
whilc the output of system (b) will vary lincarly with time., This
linear variatlion corrcsponds to thc vclocity of the target (for a
constant vclocity target) and in this manner system (b) exhibits
velocity memory,.:

The overall transfer function for the tracking systom is

- = KA(s)
(1-2) F(s) 17 KA(s)

This leads to

(1-3) F(s) 1

s + 1

for the position memory system, and to

2
(2-4) Fls) = —— “n°
€8 + 8 + weT

#From this point on asystom (a) will be roferrcd to as the Position
gam:ry or PM System and system (b) as the Velocity Momory or VM
ystem,
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for the velocity momory system, where T = % is tho time constant of

tho poslition memory system and W, =/ %5 is the gndamped natural

frequency in radians of thc vcloclty mecmory system.

The stcady stato position error for a target of constant velo-

city t'vt is

(1-5) €4y = Linm {1 - F(s)
S =0 \

wid

fvm for PM Systcm
} \o for VM System

Th> steady state position error for a target of constant accel-

oration tat! is

a f ) for PM Systcm
(1-6) toa = Lim  25{(1 - F(s)}=
s a
8 -0 — for VM System
“n

In the pres:nce of nolsc the vidco ccho appears as in Figure k

80 that the eorror detcetor output now contains in addition to the

\IA\\_\-//\A‘\,/‘\\/ [N i P «NM___.»-

Figurec L

error signal a random componcent duc to nolse, The random componcnt
is independent from pulsc to pulsc sincc the corrclation time of the
video noise 1is of the order of the reciprocal of the rcceiver band-
width which is much less than thc pulse repctition period, If we
assume that the mocan of the gated output is duwe cntircly to the
presence of the pulsed signal and the fluctuation is duc entirely to
the noise so that signal and noiso affcet the system independently,
we nmay write for the output of the crror detootor

(1-7) 1 =14 + iy

where 15 1s K(R=R') and iy 1s tho random component duo to noise, We
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180 modify our block diagram of Figure 1 to that of Figure §,
—
| In
R ™ Error R
Detecton ~——aFunction - > R!
— 1=K(R-R'") Unit
> K A(s) “—1 :
Figure §

1N consists of a series of pulses of duration much smaller thaa the
pulse repetition perl od and which have a mean value zero, The power

spectrum of a pulse series of this type has been found by Uhlenbecks

to be
2 (.2
(1-8) G(f) = 2 £, | B(r)° (a%)
where fp = pulse repetition frequency
R(f) = amplitude spectrum of a single pulse of unit size
and a2 = mean square value of the pulse amplitude,

The spectrum has a width of the order of the reciprocal of the

pulse duratlion and the tracking system has a pass band of the order

R S DR e

of one cycle so that for our purpose we shall be primarily interested
in the spectrum in the region near f = 0, Now G(o) may be interpreted
to be'2 Tn o: where OZ 1s the variance of the integral of the noise
pulse, so that if iy is a current, 582 is the variance of the random
charge for each gating opcration, The value of °82 for an early-
late gate system and square law envelope detector can be shown to be

approximatelyin:

#See Section 3,4 of Reference 2,

##See References 3 and U,
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l- 6 ° =
(1-9) . '1’g .

2
where ON is the dispersion of the video sipnal at the gate. Equa-

tion (1-9) 1s valid only for T, rourhly equal to the reciprocal of

g
the receiver bandwidth, This 1s usually the case in practical sys=-

tems,

II. Mean Square Error,

We now turn to the calculation of the fluctuation of the output
R'. If we assume that the system operates only on the llnear portion
of the error detector characteristic then this calculation may be
performed by first finding the overall transfcr characteristic FN(s)
of iy to the output R and from this (btain the spectral density of
the output, The integral of the swvectral density will give us the
output fluctuation, The calculations will be made for a VM system
and the results for a PM system can be obtained from these by letting
De—p co or w,—>0,.

EN(s) can be computed with the aid of Figure 5, to be

o)

(2-1) Fy(s) = A(s) _F(s) _ 1 s+ w7

1 + K A(s) K K T2 + s + unzr

The spectra) density cof R!' (cxcluding the d -function at £ = 0)

1s G(f) | Fy( 32 nf)l2 , S0 that the dispcrsion of R! is given by
-0

2
(2-2) o2 =j G(O)|Fy(j2n £)|~ df =
0
2 0 - -
2n o S (hnaﬂ;+wn21‘hﬂ
K2 hg €12 4+ (wan'c - hn°ren )2

Q
The integral represents the equivalent noise bandwidth b of the

system,

An evaluation of the integral gives



2 .2
(2-3) b=1* ¥n T
bt
21, o,°
The term - &_ may be computed from (1-1) and (1-9) in terms
of signal and noise amplitudes in the video gilving
2 2
T o]
(2-) of=_e n
2f,  s°

It should be noted, however, that ¢ is not directly proportional
to the reciprocal of S since, for a given system, b is also & func-
tion of S.

We are now prcpared to desiyn a system to have minimum error
for a fixed signal to noise ratio, The system parameter values which
give low noise fluctuations also result in high steady state errors
[see equatisns (1=5), (1-6) and (2-4)] , therefore the total mean
square error should ba considered, This is given by
(2-5) €S =€, + O©
where €, 1s the stcadyv state error,

Consider first a PM systcm to be diusigned for minimum crror for

a target with velocity v and a video noisc tn signal power ratio of

2
o]
_E%_ . From (1-5), (2-2), (R-hz and (2-5), ve got
5 :
ll\(..o‘-—
e = v2 72 4 2 N
8fp S°7
Minimizing this with rospcect to ¢ we get for minimum e? the condition
that
T,° 6,2 1/3
(2-6) = [ 2—5
* 16fr82v2

For this value of ¢ the rluctuation due to noisc 1s twice the mean
square steady state crror,

The VM systcm has two parameters w,_ and T which may be adjusted

n
for minimum error, For a targct with acceleration 'a' we get from




(1-6), (2-3), (204) and (2-5) that

2 2 2. 2
ez _ a2 E&_ Sy 1 tw "7

wnE 2f,, S8° L

and from this expression we obtain theo conditions for minimum € as
(2'7) wn'r = 1 1/5
2 2
w =[ 16 a“ . S 1
n 2. 2
Temoy~

If w, is fixed from other considerations, then for minimum e with
respect to variation in 1t we still got w, T = 1,

This rcpresents an underdampcd systcem [unt = 1/2 corresponds to
eritical damping (scc equation 1-4)] . Sincc these results would
generally be apprlicd to systoms with low signal levels it should be
noted that wpT varics as the revciprocal of the square ront of

sirnal lecvel and for increased signal amplitudes thc damping in-

crcases,

III. Another Criterior for Systom Optimlzation,

The analysis and systcm coptimlzation of Scetion II in no way
takes 1nto account the fact that the system is not lincar throughout
the entire range of ecrror valucs (see Fig. 3). The range aperture
for lincar operation extends about the valuec R' = R and is determined
by the gate and ccho widths, A simple technique which we may use to
take cognizance of the finiteness of the range aperture is to quan-
tize the error by associating one value with it il it [lalls within
the range aperture and another 1f it is outside this aperture, This
contrasts to the mean square error which weights the error values in
proportion to the square of the error magnitude,

Here, as in the previous section, we shall assume complete linear
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operation and our first task is to find the probabLility of the
error falliny within the range apcrture. Since the noise input

to the tracking system is wlde band comparcd to the band of the
tracking system, the output R and the error e will be Gausslan
distributed. ¢ has a mean value €y riven by (1-5) and (1-6) and

a dispersion 6° given by (2-l), so that the probability M that the

error be within ths ranre anerture is given by

- 12
+L/2 -(e €.) 4
(3-1) M= % g o  20° ¢
VZm ¢
-L/2

where L is the nagnitude of the ranme aperture centercd at e= 0O,

The value of L may be made equal to T (see ig. 3) but
in an application for wrich it is important to restrict the error
to a specific interval, L may be made equal to this interval,

Squation (3-1) mar -2 rewpitten as

L/2-¢, e
1 s -3
(3=2 M= e c] 4
3=2) Nz r
-L/Z-eQ
(o]
€ -€

where r is the normelized variable

¢

For low signal levels where (_ is rather close to L/2 and

)
the value of M mav be maximized by maximizing the value of

L/2 - ¢
[}

(9]

This 1s equivalent to finding the values of w, and T for

which

=
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2

(3-3) 2 56?(50"2) + (L/2 = 3¢,) .g%. =0
and

0 (e @) 4 (1/2 - 36,0 25 2 0
(3'h) 2 -5_1:’; eO + - 3,0 -é—@ =

The results for the P.M., system are obtained by substitut-

ing (1-5) (2-3) and (2-4) in (3-3) and solving for optiminm 7T giving

The results for the V.M. system are obtained by substitut-
ing (1=6) (2-3) and (2-l4) in (3=3) and (3-}) and solvins for optimum

w_ and 7T giving

n

(3'6) un'c = 1]
Ton

(3‘7) wn =\Jl%1

Condition (3=7) is valild rerardless of any constreints on

the value Of(gnt but the optimum value ofc»ﬁt is given by (3-6),

IV. Probability of Tarpget Loss. =

The analyses of Sections ITI and IJI consider stcady state or -
stationary solutions for tlie output of the tracking system. 1In
reality a steady state 1s never reached if ore takes into account

the true nature of the error detector characteristic, For sany

systerr with nolse the error will at times reach a sufficiently large 5

value to glve zoro output from the error detector. 'hen this occurs

*The result given by this equation was found by luchmore et al (cee :
reference 5) for a critically damped system using a different
ceriterion for optimization,
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the existence of a targot echo doecs not uct as r restoring "force"
and the system output is governcd by neisc only, The noise may
act to reduce the error iind to bring the system undcr control of
the taract ccho arain but it may, also, :act to inercase the error,
Ultimately the output will leave the apzrture not to recturn,

An ‘mportunt question that may be asked is, "What is the
probability thdt the target is not lost in time t?" By "lost"
we mean that the error docs not exceed n certain limit for the
whole period. The limit may Le the limit of linear operations or
may be a valuc deternined from other considerations for a particular
application,

This problem is a rormidable onc and a solutlon seems possible
only in the cnase of ¢ F.!M. system with complete linear operation
within the limits imposed on the error,

The method of solution is as follows:

1., Set up the Fokker-Planck* cquation for the probabllity density
of the output R', This partial differential equation 1s derived
from the systen transfer function,

2. Solve the equation with the boundary ccnditions which speccify
the output at the start of the track and the fact that the system
is "absorbed" if the error excecds the imposed limits,

3. Intecrate the solution for the probability density in the
restrictcd interval to obtaln the probablility of the system not
having left this interval,

The differential equation which describes the P.M. system may
bz obtained from Figure 5 as

¥A complete discussion of the method of Fokker-Planck and of
Brownian Motion problems may be found in roforences 6 and 7,
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c3R' + RY = R + lﬁ
dat K

The solution for R!' may be considered in two parts--the first as the

response to the forcing function R and the second as the response to

the nolse 1N. Let the first be R!' and the second x, Thus for x we
have the differential equation ;

(L"-l) 1{ + Z(. = iN
dt T

K=
T™is equation is analogous to the langevin cquation of Brownlan i
Motion,
The derivation of the Fokker-Flanck equation from (4=1) will not

be given here but may be found in the articles of Chandrasekhar6 and

v

Wang and Vhlcnbeck7 e The Fokker=Plancl: equation for the probability
density is

(4L=2) = 2
L %% = % g% (xp) + gé 3°p

ax<
where 0 1s the dispcrsion »f R' (and, also x) found in Section II for
a completely linear error detector characteristic, Thu torm 23

T
eorrcsponds to one quarter of the spectral density of %N which 1is the
T

appronriate coefficiont for the sccond derivative term in (4-2)
according to thc methnd of Fokker-Planck,

The first thing we can do 1s to check our rcsults for the case
handled in Scction II. This casc corrcsponds to imposing the follow=-
ing boundary conditions on (L-2):

(4-3) p (¥, t)=o0
p (x,0) = 5(x - xo)

The: solution with those boundary conditions is found in Appendix

A and 1s given by

(L-k) p(x,t) = [2r0%(1-c '2t/1)] -1/2 cxp{- (x=xp€ -t/z )2 }
29 S{1-e"<t/ 1)




1
This corrcsponds tn a Gnusslan dlstribution for x vith a time
varying mean given by x4 -t/% and a time varying disprrsion given by

62(1 - '2t/T). The steady state values arc g, and 62 ruspectively

Le)
which agrce with results in Scction 1T,

It is Interesting to notc what haupena to n(x,t) for the limiting
caese 2" zero nolse, A Gaussian probability density with 1ts dispersion
approaching zero is in the limiting casc n delta function so that

Itm 5 p(x,t) = &( x - x.e -t/7)
0"—0

This tells us in c¢ffect that i1f the nolsc should suddenly cease
at t = o and at that time x = x, , thoreafter x will have a value

X.e -t/T with ccertalnty, This is 1In exact agriement vith our know-
ledge of the normal transient rasponsc for the system,

We now turn to the prodlim of the solution for the prohability
of not losing the target in the zcnsc discusccd at the beginning of
this scction, ''e shall do this for a zcro vclocity tarpget so that

e, =0 and x =€ , For this we must find a mcthod of eliminating
from our probability crlculations the pessibility that € = R -'R' be
outside thc ran;ec aperturc at any time in the tracking interval, Ve
shall considor a target lost if 2t mmy time in the observation time
interval, the nnisc 15 sufficinnt to causc a deviation of the error

€ such that |e| > L/2,

T> calerulate the probability of lesing a target, we may employ
an artifice in the problem, Uert us consider the case where two
"absorbing" valls arc placed at cither ¢nd of the range aperturc (sec
Figurc 6), Thesc walls have the charncteristic that if R' should
have a value equal to R = L/2 the system would »: abanrbed and not
relcased, Ther:fore, with the absorbing walls, if, after some time,

€ is found within the range apcrturc, then it nccessarily remained

within thc range aporturc the entire interval; othorwise, it would
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have becn absarbed and "out of elrculation™, Tho existonec of the
walls has no effecet on the fluctuntions of R! as long as ¢ remains
within the apurturc, The probability »f not losing the target in
our problem is, thoreforc, the same as that of R not being absorbed
by one of the walls, The cffect of the absorbing walls is to intro-
ducoe the boundary conditions that for x, = o,the probability density
p (x,t) = 0o for x = £ L/2, Mathematically, the problem remains +o
solve (4-2) with the boundary conditions that

p (2L ¢)y=0

2
p (x,0) = (x)
The solution for low signal levels is given 1n Appendix B ond

the rcsult i{s that the probability of not losing the target 1is

(4-5) P=) . e ”Léggn(q,)
= 2 n

whero ¢ cnd O are dimensisnless paramoters given by

0 = n02 and ¢ = _L

12 = 23
and Q. (¢ ) 1s dcfincd by nm

- el | 2 42
Qn(’») =J e n-x

0

cos x dx

The function P (¢ ,0) is tabulsted as a function of 6 fop
soveral different values of ¢ in Appendix D and is £rop hed in
Figure 7,

For higher signal levels a different method of solving (L-2) 1s
nccessary, This 1s donc in Anpendix C, Thc results are tabulated in

Appcndix D and graphed in Figurc 8,



A G Ak A

4w

1

{

!
L

.

i

;
;

1

—_

.

o
L.

- jr. e
i
'
. t

P .
1
.
1

T T
o RIE RS SR B e e A

i

i

- emame .

S D W

i
]
'I:
|
+
L]
|
v
S S
i
'
i
?
1
!
}
i
i
|
| t
-
N

-y
i

- .

|

i
1 .
all.u&t..!x qlltlt.l.fﬂl!..«:. —e— «!“r...L wt!l_vrlf_' S - .
. .- * X ' ¥ ‘
N . . - N s '
N P I v y .
: SN]SR NN SUN SO SR SRR SEUNS ST SUNSU SN NN SRS S o
¢ 1 M ' : : ilvm
. 1 . 3 . . i
+ S .
! A S S T '
! . . i
b '
. 4 *
SRR AR DU VI 0 ORI DR DO ™~ B N G O I E O N ,
! ! h

” | i N
.. + M M mxl.vl [ u.vltL
! | | . ! ﬂ ;
e e B it et SRR SIS S P SN RS 1o eq
: i : : ! ! 4 : b. e B ‘&Illu
' “ w . 1 S . {
: . ; : X ' : . m
’ h . - L - M
o 1 , . ¥ , 1 : ] - “
P S SR S RS T (PSS S SPRSPOSLS S I WSS & B :L.
_ ! 1. . !
D o : ! o !
X 1 T : — * >
; H . . q“, .....
; . : !

R Tty S S SURTRRIISE UL SPIS SONS SHRRS SRS SHN SO SPE - N SO TONEE CRUSSUUSE UG AP INESETRIN

L “

. . o ;m
e ; HE
INTT TIVIRS 1 x _
PSS RSN SO w PO OO S S 1*1 ...... Dot e
i . . o
[ PO [ U .
| OYd =GR T
i fochs st Ik N EOTENN B PN
. : ; g 2 —t e
T i H Vv A '
. - ! | ol H .
T AU Sh : H . RSN SEREE AR N : '
o i S RO S Ll : 1. t . ‘ e O S
.4.!.,.&4.... - bk pabe n g o “xﬂ%v'.‘.x_'zrlci - PSR SO S — e ot e o]
JERE S SUOE FETTR ! . ST B T
T SIS T : o }
i : ¢ - - v
‘e § Pw item
Pt sy, . & eyl b T i
C.o 008 ON ‘A N O] GRSS1 @ ‘Bes B
. . .
-




'uiw‘xl

———b e

‘WL AN Y

LR TR LU Y S S A

Rl ]

‘A W 0D I & BesnBa
-
.



19
Appendix A Solution of the FokkerePlanck Equation in an Infinite
Interval,
The boundary conditions arc that p (feo , t) = 0 and that at
t = 0, x = x, with certainty., This is oquivalent to p(x,0) = b(x-x,).
The solution may be found as follows:

Change variables of (L-2) to

z = x ot/

tr = ¢
Since
e = 3P + _X_ et/'c s
ot at! T
and
_a_‘ig_ eat/"iz'%'
ax"

the original equation, after dropning the primec from t becomes

2
2 32
Lo =1 p+ 62 o t/x 822
e ] T T

with the initlal condition that at t = 0O
p= 8(z-x,)
Now, if we let
p = ot/v f(z,t)

we obtain for f(z,t) thc cquation,

2 2t/x .2
8f_ - ¢ e £ . 1(2,0) =
= L l?: . = §(z-x,)
Ot T az ! °

We may now scparatc variables by letting f(z,t) = S(z) T(t)
with the result that

I =, o=2t/% a - )%, a constant

T ¢

mlm
3
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From this wo pot £ .
T = (constant) exp -xz j 413 uat/%dtl = (constant)exp[-jfda(OZté-lﬁ
o7 J | 2
and S = constant ¢IN?

Since thc constants in the solution for S and T depend on A and

all values of N\ arc permittod, we may write
400

£lz,t) = S A(N) oxp {sz A2 g2 (o2t . 1)} an
2
- 0o
From tho condition that £(z,0) = b(z-xo) we have
+00
al) o an =8(z-x,)
-
or
AN = C-kao
2T

This valuec for A(A) may be substitutcd in the oxpression for f(z,t)
and aftcr intcgration the result !s

2
_ 2, 2t 7 -1/2 . Lzxo)
) = Lane® (2501 VR e -

Makinng the necessary substitutions, wo obtain for p as a function

of x and t the ocxpression

_ 2., <2t/% y 1-1/2  (xex, e=2t/T )2}
(x,t) = [2r6“(1- ) ] {w Q
pPix, ( c cXp 202 (1-0-21;/1)
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Appondix B = Solution of Fok%ore~Planck Equation in a Finite Interval

and Low Signal Tevrls,
The boundary conditions nn (L4-2) arc given by
p (!¢L/ ,t) =0
p (x,0) = d(x)
The coefficicnt 1 depends only on signal strength and not at all on
noise, while gi Tdepends only on thc noise level and not on signal,

T

For zero signal 1 vanishes and (L-6) with its boundary conditions
T
rcduces to a standard problem in linear heat conduction. (c.g. see

Churchill 8, p. 102)
o may separatc variablecs by writing p (x,t) in the form
(B-1) plx,t) = v(x)e u(t)

so that for v(x) and u(t) vwc obtain

T u! 1 (xv)! v"
oo + = = =\ a constant,
62 u Y4 v v !
From this we gect
2
(B-2) u = constant o - Ao %

and for v(x)
(B-3)

VAN A AN D SN \) v=20
PP

The boundary conditions on(lj-2) imply that v (% %) =0

For low sipgncl levels 1
g2
a first order in _1 . But to do this, it is nacessary to put (B-3)
62
in a form from which 1t is nossible to eliminatc sceosnd order torms,

{s sm21l and we may snlve (B=2) to

This may bo dono by using a new dcpendcnt variable f(x) such that

B } bt
(B-4) v(x) = 0" [52 fix)

8o that 2
" ﬁ 2 (pn . x
v*(x) = o Uo© (r [ LI

%ﬂh
&
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Now (RB=3) in terms of f(x) becomes

(8-5) "+ (-2;1-2-535—"2 + N)f =0

with the boundary condition
r(tr/2)y=o0

2
Let us, for the time being, irnore the X f term and we shall

Lok

examine later under what conditions this is warranted, Equation

(B~5) now remains as

(B=-6) fMe (L, +N) =0 ;3 r£(fth=o0
. 2:? 2
The solutlion is
202 \.2-0?-
where A and B are constants, The condition £ (% =0

requires that B = 0 and that

(B-8) L}_*K'—' ng. ;: n

Therefore, \ may only assume the values

2 .2
(B-9) )‘n=nf’2t - 2](;: ; n=1, 3, 5 ...,

[}
)
-
w
-
n
-

[ ]

L]

-«

*

These represent the eigenvalues of N\ for equation (4-2) with 1its
associated boundary conditions,

The complete solution may be found by combining (B-l), (B-7),
(B=-8) with (4-2) to obtain

(B"lo) o o)
2 2_2 2 )
(x,t) = An expq = Xep =R _O0_ t + t ' cosnax
n=1,3,¢%,,
It may be noted that the lowest eigenvalue A3 1is equal to
2

*z - 12 and the highest value of x in (B=5) occurs at the boundary
L 20

x° ¢ L% ana _1 32

x = L/2 , Therefore, in (B-5), maltyn 2+ At

¥

LA



- oy

so that neglecting
1r  Le
,:;-z(( n

The constant
that p(x,0) = &(x)
(3=11)

23

the former term does not introduce much error

A, can be determined from the initial condition

or

xe

Ay o H;Z cos "I"‘x = »(x)

o

- X ’
Multiplyins both sides by e hdz cos MR X (m = odd)
L
integrating from - IL/2 to L/2 , and recognizing that
~L/2 /2 n=m ]
cos R TX cosg__udx={
-L/2 L L ) n#mnm }
we have
A= 2
1L

To find the proh»ability, P, of not losing the target we must

integrate the probability density p (x,t) in the range aperture,

(B=12) L/2 L/2 .2
( %‘ 2 { nlnst ¢ 'E‘Z nnx
- - e - ; o) 8
P = J p(x,t)dx = I, exp \ '-i-z-;—— +z-1} K ¢ OOBTdI
-L/2 n=1,3,¢.. -L/2
We define the dimensionless quantities
2 g2
0= a° %, and
e =
(B=13)
b=
20

which, when subatituted in (B-12) gives

(B~14) N -n20 + 42
P4, 0= ) [ el 2,(4)*

n=1,3,5

#The function P(o,8 has been tabulated by 01
in Roforence 9. 32’ o u y Olson and Schultz

~a




where the funetion Q, () is d=finecd by

(B=15) Bx 2,2
Qn(\l:) =§ 2 o NZRZ o8 x dx

0

The function Qn(W) is briefly discussed and tabulated in Appendix D,

Appendix © - Solution of Fokker-Planck Equation in a Finite Interval

with Higher Signal Lovels,

Herc, as in Appondix B, the boundary conditions on (l-2) are

given by
. p(f1/2,t) = 0

p{x,0) = & (x)
and as before wc start by separating variables and obtaining equations
(B-2) and (B=5), In equation (B-5), substitute
(c-1)

y=3
In terms of the new variabhle y, we nhtain

(c=2) 2

2
a-f 1 = 1
- + (gL + N)fr=0
ay2 2 %T
vhere
A =02 A
with the boundary conditions that at 1y = & .'5.5 =ty, £=0

Equation (€C-2) is thc lleber cquation and can be found discussed

in the literature, (c.g. see Ince 10

’ fober 11 , Whittaker and
Watsonl2 .) The solution to this equation for integral values of A
is the parabolic cylinder function vhich may he cxpressed in closed

. -y2
(C=3) & = [)\ ! Zm-] o A‘- H)"(y)

form as -1/2
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2,

where H x.(y) {a the Hcermitc polynomial of degroe AL
For non-integral values of N we may solve equation (C-=2) but

not in closed form by first definings a now dcpendont variable by

2
(c-L) £=c T wy
thcreby transforming cquation (C=-2) to
2
(¢-5) 9—%~ -y %ﬂ +\w=0
dy ¥

We may now assume a serics solutlen for w,

(Cc=6) W=1+hy+ hoy? + h3y3 e e

Substituting this in (C-5), wa find that the coefficient of y»

is (n + 2)(n + 1) h - nh, + x'hn . Settinr all the coefficients

n+ 2
cqual to zero, we ohbtain a rccurrcnce formula
(c-7) . A4
n+e (n+1)(n+2)

This leads to two solutions for w--cnc, a powcr scries containing all
terms cven powercd in v, aad one with all odd powecred tcrms in v,
giving an cven function ond odd function solution respzctivcly.

Since our rcsult 1is neccssarily symmctrical about the zecro axis, we
are left with thc solution

(c-8)

W=1eXN 2, AN =-2) .0 _A=2)(A'-k) 6
- TR 3 v

It now rcmains to find the valucs of N for which w vanishes nt the
boundaries y = ¥ ¥, A method applicable herc was used by Chand-

rasckhar'¥ in a problen in Stcllar Dynamics, He attributes this
method to Sommcrfoldls'

#The functions of thc narabolic cylinder may bo found plotted in
Jahnko and Emde!3, p,33.
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If wo cxaminc (C=2) with rofercnce to our discussion of the
parent cquation (B=5), wc may noto that the solution for (C-2) for
2
small ¢ can be accomplished by ncglccting the torm XQ£LXl . This

leads to a sories of cigenvalues for x', the lowcst of vhich is
N, = -
T

This lowcst eigenvaluc decrcascs with incrcasing ¢ For V¢

=

1
we cennot usc the value in (C-9) but may obtain the cigenvalucs with
samc rcasoning uscd oftcn in Quantum Mcchanics to find elgenvalucs,
(evte, sce the discussion of thc harmonic oscillator in Pauling and
Wilson17, p. 71), Thc reasoning is as follows: The solution f(y)
in equation (C-2) 1is e~ éy2 w(y) where w(y) is given by the power
series SCEB)' This result will not converge for y —so00in spite of

the ¢ IV factor, unless the series (C-8) terminates after a finite

number of terms, This may be demonstrated by comparing the series

y2/2

for w(y) to the series for ¢ R
(c-10) .2 2 N 2n+2
v<€/2 Y
e 1l + & 4+ + oo J
Tirites Ben S o DRI

The ratio of the (n + 2)B4 term coefficient to the nt term coefficient

for large n is % .
The recursion formula (C-7) also gives as the ratio hnt2

n
large n the value 1 o« Therefore, coefficients for the higher degree

for

terms of y in (C-B)nand (c-10) giffar only by a constant ratio, so
that w(y) 1is of the order of eY'/zfor large yo 3ince r(y)-.'f%ﬁ"(”'
£(y) will diverge for y—soo,

For convergence, (C-8) must terminate after a finite number of
terms, or A' must take on the values 0, 2; 4 «o.... These represent

the eigenvalues of \ ' for $—»>, the lowest eigenvalue being zero,

do b o Bl

ik
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It would scem therefore, that the lowest cigenvalue tckes on tho
values given in (C-9) for low values of { and approaches 0 as ¢—>»r™
as shown in the sketch on page 28, The second lowest eigenvalue by

the same token will behave similarly and approach 2 as an asymptotic

value,
vith this in mind, let us rearrange the terms of (0=8) so that

our solution is in terms of a power series in \' . We have then

(c-11) wly) = 1 =N (y) + x'zq,z(y) - \'2 goly) - N3o3(y) o

The functions @,(y), ?,(y) .. are power series in y:

(c-12)
<P1(Y)

?5(y) = by + b6y6 + oeen etc,

a2y2 + auy)"" + aéyé + see

Since w = 0 at ¥ ={ we may substitute this condition in (C-11)
and solve for w(y) by first considering only the first two terms in
the serics and neglecting the higher order terms in A , obtaining
for the lowest eligenvaluc

(c-13) A= 1

Greater accuracy may be obtained by including another term in the

series (C-11) and obtaining 1
(c-14) b 9200) E[9 709 - by, ()]
2 ¢2(1b)

For values of ¥ greater than 2, (C-1ll) nnd even (£=13) offer

/2
A

1

very good accuracy, The results of these calculations are tabulated
in Appendix D, For ¢ small, the method breaks down because it would
be necessary to work with many terms of equation (C-11), This

presents difficulties in the computation of the tcrms and then in the
solution of a high degree polynomial tn A', It is interesting to note
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that for V=1, tho lowest eigonvalue N , by the method outlinead

above gives
: .
ANy =2.034 using equation (C-14), ond
k]f = 1,999 by including the)\'3 term in (C-11) and solving

1
’

the resulting cubic equation 1in kl
1

2
while by the mcthod of Appendix B, we obtain )\1 = J&- -1 1.967
2

This excellent agreecment indicates an overlapping in range of

.applicability of the two mcthods of solution, thus making unnecessary

any higher order approximation, such as Perturbation or W,K.B. methods,
to cxtend the range of the method of solution used for low V¢ in
Appendix B.
To each eigenvalue %fn corresponds an eigenfunction W,(y) ,
which is & solution to (C-5) and an eigen function fn(y) = e-y%hwn(y);
which is 2 solution to (C-2). The homogcneous differential equation
(C=2) is in standard Sturm-Liouville form with homogeneous boundary
conditions so that the funetions fn(y) form an orthogonal set.”
o Y 22 )
(c-15) £ (y) £.(y) ay = j e Wh(y) W(y) dy =0 n#fm f
~¥ ¥ A
The solutlon to the original partial differontial cquation may ‘
now be formed by combining (B-2) , (B-L) , (€-1) and (C-4) into (B-1),.
The solution is

(c-16) p(x,t) = Zn; A o Np bA e %% W (%)

The constant A, may be determined from tho initisl condition

p(x,0) = & (x) or

(c=17) . x2
Lia o™ Bz w(Z) =s(x)

¥The proof of this statoment, as weél as agbscussion on Sturm-Liouyille
problems may be found in Churchill®, IncelV, Margenau and MurphylO,etc,
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In terms of y =
(c-18)

al®

, this 1s

2
ZAne-yé w-n(y) = .18 b(y)
v

both sides of (C-18) by Wy(y) and intemrate over the interval y = =1

Since fn(y) =e ‘Wn(y) form an orthogonal set, if we multiply

to y = +) , all the terms in the summation will vanish except that

forn=m , In other words,

A Pt
) Ay j o V7w (y) Wm‘y"‘“J_ Z 8(y) Wiy(y) dy
n ¥ \
leads to
1
(c-19) A, =
Zo‘fwe'ygé Wi(y)dy
(o]

le can find the probability of not losing the target from (C=16)
and (C-19) by

L
(c-20) 72
P= p(x,t) ax
L
%
Or in terms of the variable Yy
(c-21) b b2
P = Z&- A, e'x“"e-y/z'n(y)ddy
" O
Substituting the value »f An1ﬁeads to
3 2
C=22 e VR W (v) d
( ) . Ze_)\;‘ t/x 3% nly) dy
n f o=Y% Wa(y) gy
v 0

Since the first eigenvalue x; 18 near zero md the second in the
order of two, etc.,, we sce that all terms except the first in equation

(C~=22) will diminish rapidly to zero with increasing t/v .

1
1
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Ample accuracy is obtalncd if we use only the first term of the
series, or R 5 ,

I &=V v :
(c-23) N ot/ ) C 72 W1(y)dy . R

P2 e™ M ‘% 5 5 scl(\b)e 1 x
f e~Y%h Wy (y)dy
0

A tabulation »f the coefficient, Cq(¢y ) , as a function of ¥ may
be found in Appendix D,

It may scem surprising that the coefficlent has a value very
i slichtly greater than onc, which would seem to indicate that for
: >0 ; P >1 , a situation which 1s impossible, The difficulty lies
; in the fact that only the first term in equation (c-22) was used.

The second eigen function would give a negative contribution. At any

N

rate, this introduces an error only for b/< small as discussed above,

s ) P <o e

Apgondix D

l. Evaluation onn(ﬂa)
The function

nn 2x2
Qn(il.v)--J'Te-Qn'qZ cos x dx n=1135 ...,
| : '

may be found in terms »>f Error Integrals with complex arguments,
Complete tables for this are not available and therefore the function
. had t» be evaluated, Since our interest is primarily in low values

of ¢y it was found advisablc to expand the exponential function as a

power s;x;ies in ¥ and evaluate term by tcrm, each tcrm being of the
nw/a
form Io x ¢28 x dx (n odd). This integral is tabulated for n

even in reference 18, but for n odd a brief tabulation sufficient for

our purposes is shown below.



2.

3.

b

) n=1 n =3 n=5

0.1 <9995 «e9977 9976

0.2 .2981 -.9909 «990L

1.0 09550 '07876 07819

Tabulation of P (¢,0) from (L -5)

w = O.ré ‘l’= lcO:
8 PW,0) L (Y, 6)
0 1.000 0 1,000
0.2 ,Q75 .2 «981
o.% 080 o.g 874
0. L710 0. 'ZEZ
0.6 tas: 0.8 Ol 2
1.0 .587 1.0 .SL8
1.5 «303 1.5 « 368
2,0 .188 2.0 2h7

Tabulation of Eigenvalue K; as a function of Y (see Appendix C)

v First order approx, Second order apnrox,
2 «222143 .22685

6 . 038013 09277

3 4023491 .02395
10 ,01510¢ .01531

L .00099); 000996

Evaluation and Tabulation of C1(¢) (Sec Appendix C)
The coefficient Cl(¢) 1s dctermined as
b
\
)

(¥ -7
je /2W12 (5)dy

-yl

o
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where wl(y) is a power sories in y and ')»1' ¢ Thercforc, a typical

-yl
term in the evaluatinn involves an integral of the i‘ormj yne y/2 dy.
o
We may find tabulated in the literatures the function

1 x -y?
a(x) = —=— (" 3" 0™V /2 g
Ja n(n-1).!

from which a typical term in the evaluation »f Cl(lb)can be computed,

q, Cl(\b)
2 1,0835
6 1,0538
3 1,0208
10 1,0160
L 1,0011

¥The function M,(x) for values of n below 11 is tabulated in
reference 19, and for n = 11,12 in refocrence 20,

Rt
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