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ABSTRACT

This report presants an analysis sfI radar ranige tracking in

the presence of noise. Three apr)roaches to the problem tore pre-

sented. The first (Section II) uses the mean square error crite-

rion to obtain an optimum system. The second (Section III) takes

into account the finite range aperture of the system and an optimum

system is obtained using a criterion of rerformance which is more

significant for rang"e tracking, tian the mean square error criterion.

In Section IV, a solution is presented for the probability of losing

the target in the course of a track-. This last analysis presents

some mathamatical difficulties and seems" possible only in a track-

ing system with position memory.
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RADAR RAYG'CE TRACKIT G AND YOI' S,

I. Atomatic PHange Tracking.

The basic technique used for Futomatic range tracking involves

the comparison of the true targiet ranrre with the tracking syste ,

outout, which in ,eneral deviates o iritly from the true taret

range. Tihe difference of the two signals controls the system output.

The true range R is usually mriasured by the time of return of a ra-

dar echD and the error is measured by the difference in the time de-

lay of the received echo and a locally ,unerated waveform. -;

A simple block diaFr,m for a tracking system is shown in Figure

1. The transfer functions of the 1blocr.!s are K and A(s), as indicated

where 's' represents the Laplace Transform parametor,

R Error i = K(R-R') -Function

Detector - Unit

K- ;__ (s) _
IR'

Figuro 1

The error detector has an out!put proportional to the error

(R-R') with, a constant of proportionality dependent on signal

strength, This can be seen by examining the operation of a typical

unit which operatos in the manner described be(low,

Figure 2 shows the transmitted and r.ecuived pulses as iell as

two locally penerated gates which nre delayed in time from the trans-

mitted pulse by an amount RI. For convenience a range scale rather

"A detailed discussion of radar track-ing systems may b(. found in
Rference 1.
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ABSTRACT

This report presents an analysis of radar rankle tracking in

the presence of noise. Three aprroaches to the problem are pre-

sented. The first (Section II) uses the mean square error crite-

rion to obtain an optimum system. The second (Section III) takes

into account the finite range aperture of the system and an optimum

system is obtained using a criterion of performance which is more

significant for rangle tracking than the mean square error criterion.

In Section IV, a solution is presented for the probability of losing

the target in the course of a track. This last analysis presents

some mathematical difficulties and seems possible only in a track-

ing system with position memory,
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RADAR RAYGE TRACKING AND NOISE

I. Automatic Range Tracking.

The basic technique used for automatic range tracking involves

the comparison of the true target range with the tracking system

output, which in general deviates slirlhtly from the true target

range. The difference of the two signals controls the system output.

The true range R is usually moasiured by the time of return of a ra-

dar echo and the error is measured by the difference in the time de-

lay of the received echo and a locally geinerated waveform.*

A simple block diagram for a tracking system is shown in Figure

1. The transfer functions of the blocks are K and A(s), as indicated

where ls' represents the Laplace Transform parameter.

HR - Error i = K(R-R') 1.,Functicn
Detector Unit

I K A(s) Ti. .

Figure 1

The error detector has an output proportional to the error

(R-R') with a constant of proportionality dependent on signal

strength. This can be seen by examining the operation of a typical

unit which operates in the manner described below.

Figure 2 shows the transmitted and received pulses as well as

two locally generated gates which are delayed in time from the trans-

mitted pulse by an amount R'. For convenience a range scale rather

*A detailed discussion of radar tracking systems may be found InReference 1.
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than a time scale is used and units of time are converted to their

equivalents in range. I
II

____Received
Pulse

. . .I I e___________________

R

-- '.- LocallyI i Generated

-- Waveform

F1 -- T'

Figure 2

The action of the error detector is to integrate the received

signal in the Interval of the early gate and thun in the interval of

the late gate. The difference of these integrals constitutes the

error signal. It is clear that the discriminator output depends on

both thc signal and Urror amplitudes. Figure 3 shows a series of

error detector characteristics for different signal strengths. Ex-

perimental curves closely rosumble these theoretical characteristics

but do not exhibit the discontinuities which arc due to the infinite

slope of the loading and lagging edges of the pulse.

Error Detector Output

strong sirnal

,--weak signal

-3T/27K
0 T

I r 3T/2 Error

I .*--Normal Operating Region

Figure 3

Error Detector Charactoristic (T = T)



The value of K in Figure 1 is the slope of the aharaoteristio

in the normal operating region and is given by

(-) K = 2 S fr

where S is the signal amplitude when gated and fr is the pulse repe-

tition frequency.

The function unit transfer characteristic A(s) is determined by

the type of response desired and is almost always either one or the

other of the foliowing:

a) A(s) = (an integrator)
Cs

b) A(s) = 1+ -1 (a single and double integrator)
CS CDs-

where C and D arc constants of the system.

Upon a complete signal fade and In the absence of noise, the

output of system (a) will remain constant, exhibiting position memory,

while the output of system (b) will vary lincarly with time. This

linear variation corresponds to the velocity of the target (for a

constant volocity target) and in this manner system (b) exhibits

velocity memory.*

The overall transfer function for the traoking system is

KA(s)
(1-2) F(s) KA(s)I + KAWs

This loads to

(1-3) F(s) =
'r + 1

for the position memory system,, and to

4 2
(140 NOS + W nT(1-4) F(s) = __ _____

IT Z+ s + W
n

*From th-is point on system (a) will be roferrod to as the Position
Momory'or PM System and system (b) as the Velocity Memory or
System.



for the vtlocity mnmory systoen, whore t - is the time constant of

the position memory system and w n  is the undamped natural

frequency in radians of the velocity memory system,

The steady state position error for a target of constant velo-

city 'rv is

vI  } (v for PM System

(1-5) e = Lirn - - F(s) =

OV s-.*o J o for VM System

ThD steady state position error for a target of constant accel-

oration tat is

a-0 I'( F(s)>= I for PM System
(1-6) a = Lim s- ~

(-6o i for VM System

In the pres 0nco of noise the video echo appoars as in Figure

so that the error detcotor output now contains in addition to the

I

Figure

error signal a random component duo to noise. The random component

is independent from pulse to pulse since the correlation time of the

video noise is of the order of the reciprocal of the receiver band-

width which is much loss thin the pulse repetition period. If wo

assume that the moan of the gated output is dhie entir,ly to the

presence of the pulsed signal and the fluctuation is duo entirely to

the polso so that signal and noise affect the system indopondently,

we may write for the output of the error detootor

(1-7) 1 = is + IN

whore Is is K(R-R') and N Is the random oomponont duo to noiso. We
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also modify our block diagram of Figure 1 to that of Figure ,

R Error
Detectoil uction R I--

K Unit

Figure 5

iN consists of a series of pulses of duration much smaller than the

pulse repetition period and which have a mean value zero. The power

spectrum of a pulse series of this type has been found by Uhlenbeck*

to be

(1-8) G(f) = 2 fr iB(f)l2 (a2 )

where fr = pulse repetition frequency

B(f) = amplitude spectrum of a single pulse of unit size

and a2  = mean square value of the pulse amplitude.

The spectrum has a width of the order of the reciprocal of the

pulse duration and the tracking system has a pass band of the order

of one cycle so that for our purpose we shall be primarily interested

in the spectrum in the region near f = 0. Now G(o) may be interpreted
2 2

to be 2 fr 0g where Is the variance of the integral of the noise

pulse, so that If iN is a current, i2 Is the variance of the random
9 2charge for each gating operatione The value of 0 for an early-

late gate system and square law envelope detector can be shown to be

approximate ly**,

Aee Section 34. of Reference 2.

**See References 3 and I.
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(1-9) 
2 2 2

g g; N

2
where 0N is the dispersion of the video signal at The gate. Equa-

tion (1-9) is valid only for T roughly equal to the reciprocal of

the receiver bandwidth. This is usually the case in practical sys-

tems.

II. Mean Square Error.

We now turn to the calculation of the fluctuation of the output

R'. If we assume that tie system operates only on the linear portion

of the error detector characteristic then this calculation may be

performed by first finding: the overall transfer characteristic FN(S)

of iN to the output R and from this -'.tain the spectral density of

the output. The integral of the snectral density will give us the

output fluctuation, The calculations will be made for a VM system

and the results for a PM systom can be obtained from these by letting

D-- o or wn-- o

FN(s) can be computed with the aid of Figure 5, to be
2

A~) F(s) S s n
(2-1) FN(s) = A(s) _2

1 + K A(s) K K rs 2 + s + nT

The spectral density of R' (excluding the 6 -function at f 0)

is G(f) FIT(J2 if)I 2 , so that the dispersion of R' is given by

(2-2) 02 G(O)IF 1 (J2, f)I 2 df-

2 f2 2
2n 0 g C (42f2 +wn T )df

- __ _

2~ J 0 17 2f C + ( W2 ~ - 2 f2 ,T ) 2

The integral represents the equivalent noise bandwidth b of the

system$

An evaluation of the integral gives
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(2-3) 
b + 1 + T2

2fr
d

2

The term g may be computed frnm (1-1) and (1-9) in terms

of signal and noise amplitudes in the video giving

2 T 2
(2-4) = N bS2f r  S

It should be noted, however, that 0 is not directly proportional

to the reciprocal of S since, for a given system, b is also a. func-

tion of S.

We are now prepared to dusitn a systtm to have minimum error

for a fixed signal to noise ratio. The system parameter values which

give low noise fluctuations also rcsult in high steady state errors

[see equations (1-5), (1-6) and (2-4.)] , therefore the total mean

square error should be considered. This is given by

(2-5) E = o +

where e, Is the stealy stato error.

Consider first a PM system to be dosigned for minimum error for

a target with velocity v and a video noiro to signal power ratio of
2
N From (1-5), (2-3), (2-4) and (2-5), ve got

• 2

C 2 = v 2 Ir2 + T 2 0 N

8fr S2

Minimizing this with rospcct to r we get for minimum e2 the condition

that

T2 11/3
(2-6) L6frS2v2

For this value of r the fluctuation due to nolso is twice the mean

square steady state error*

The VM syst(;m has two parameters wn and - which may be adjusted

for minimum error. For a target with acceleration 'at we get from
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(1-6), (2-3), (2014) and (2-5) that

2 a2 T 2 ON2 1 + Wn 22

and from this expression we obtain the conditions for minimum E as

(2 - 7 ) L n " r 1 /

16 a2 fr Sfl
fixu T 2 dT N 2

If Wn is fixud from other considerations, thon for minimum e with

respect to variation in r we still got wn r = 1.

This represents an underdampod system [Wn- = 1/2 corresponds to

critical damping (sce equation 1-4)] • Since those results would

generally be aplicd to systems with low signal levels it should be

noted that wn- varies as the rciprocal of the square root of

si-nal level and for increased signal amplitudes the damping in-

croases

III. Another Criterior for Systom Optirlization.

The analysis and system optimization of Section II in no way

takes into account the fact that the system is not linear throughout

the entire range of error values (see Fig. 3). The range aperture

for linear operation extends about the value R' = R and is determined

by the gate and echo widths. A simple technique which we may use to

take cognizance of the finiteness of the range aperture is to quan-

tize the error by associating one value with it if it falls within

the range aperture and another if it is outside this aperture. This

contrasts to the mean square error which weights the error values in

proportion to the square of the error magnitude.

Here, as in the previous section, we shall assume complete linear
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operation and our first task is to find the pr.obability of the

error fallin, within the range aperture. Since the noise input

to the tracking system is wide band compared to the band of the

tracking system, the output R and the error e will be Gaussian

distributed. e has a mean value E° riven by (1-5) and (1-6) and
C

a dispersion 0 given by (2-41), so that the probability M that the

error be within the ranre aperture is riven by

+L/2 (c -E ) 2

(3-1) M =20

where L is the narnitude of the ranre aperture centered at £= 0.

The value of L may be Trade equal to T (see Fig. 3) but

in an application for wlhich it is important to restrict the error

to a specific interval, L may be made equal to this interval.

"quation (3-1) ma, .o lev:ritten as

L/2 - co r2

(3-2) M=5 C7 d-  '

CrC
L/:!- eo

where r is the normalized variable

For low sina levels where F is rather close to L/2 and

the value of Y, mayr be mnximized by maximizing the value of

L/2 -

0 i

This is equivalent to finding the values of wn and T for

which
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(3-3) 2 &(eO 2 ) + (L/2 - 3E O )  2 = 0

and

22

(3-4) 2 ( ) + (L/2 - =
n

The results for the P.M. system are obtained by substitut-

ing (1-5) (2-3) and (2-4) in (3-3) and solving for optimim T giving

(3-5) L

The results for the V.P'. system rire obtained by substitut-

ing (1-6) (2-3) and (2-4) in (3-3) and (3-4) and solvinr for optimum

and giving

(3-6) Wn = 1

i lO.

(3-7) W = --

Condition (3-7) is valid regarllcss of any constraints on

the value of WV but the optimum value of w n is given by (3-6).

IV. Probability of Tartt Loss.

The inalyses of Sections II and III consider steady state or

stationary solutions for t ie output of the tracking system. In

reality a steady state is never reached if ore takes into account

the true nature of the error detector characteristic. For any

syster with noise the error will at times reach a sufficiently large

value to give zero output from the error detector. 1hen this occurs

*The result given by this equation was found by ?uchmore et al-(Pee

reference 51 for a critically damped system using a different
criterion for optimization.
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the existence of a tvarget echo does not act as r restoring "force"

and the system output is governed by nolrc only. The noise may

act to reduce the error tnd to bring the system under control of

the target echo argain but It may, also, :ct to increase the error.

Ultimately the output will letvc thu ap-'Jture not to return.

An important question that may be asked is, "'hlit is the

probability that the tarfget is not lost in time t?" By "lost"

we iean that the error dous not excued a certain limit for the

whole period. Th2 l1mit nay be the limit of linear operations or

may be a value determined from other considerations for a particular

application.

This problem is a frrmidahle onu and a solution seems possible

only in the casc of r P.N. system with complete linear operation

within the limits imposed on the error.

The method of solution is ap follows:

1. Set up the Fokker-Planck cqu-tion for the probability density

of the output R'. This partial differential equation is derived

from the system transfer function.

2. Solve the equation with the boundary conditions which specify

the output st the start of the track and the fact that the system

is "absorbed" if the error exceeds the imposed limits.

3. Intemrste the solution for the probability density in the

restricted interval to obtain the probability of the system not

having left this interval.

The differential equation which describes the P.M. system may

be obtained from Figure 5 as

*A complete discussion of the method of Fokker-Planck and of

Brownian Motion problems may be found In reforencts 6 and 7.
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dR' + Rt = R + iN

dt K

The solution for RI may be considered in two parts--the first as the

response to the forcing function R and the second as the response to

the noise i N . Lot the first be RI and the second xe Thus for x we

have the differential equation

(4-1) dx + x = i Ndt '-

This equation is analogous to the rLnngevin equation of Brownian

Motion.

The derivation of the Fokkur-Planck equation from ()4-1) will not

be given here but may be found in the articles of Chandrasekhar6  and

Wong and F,.hlcnbeck 7 . The Fokker-Planek equation for the probability

density is

(4-2) :1 a (xp) + 2

at T~ __T

where i2 is the dispersion -)f RI (nnd, also x) found in Section II for

a completely linear error detector characteristic. Thu torm 0 2

T"
corresponds to one quarter of the spectral density of !N which is the

KT
appropriate coefficiont for the second derivative term in (4-2)

according to the method of Fokkor-Planck.

The first thing wu can do is to chvck our results for the case

handlod in Section II. This case corresponds to imposing the follow-

ing boundary conditions on (L-2):

(4-3) p (± Q, t) = o

p (x,o ) = b(x - x )

The solution with those boundary conditions is found in Appendix

A and in given by

(4-4) p(x,t) = [x22(1-e -2t/1)J-/2 oxp (xxoa -t/ )2



This corresponds to a Gnus-sii-n dintribution for x v:th a time

varying mon ,i von by Xoe and a time varying dispnrsion given by

d2( _e -2t/t). The steady state vali, , -ire e 0 and o2 ruspectively

which agree with results in Section II.

It is intor,.sting to note what hau,:ns to p(x,t) for the llimitinrp

ct'so of zero nols,. A Gaussian, )robbility density vith its dispersion

approaching zero is in the limiting case i delta function so that

TiM 2 p(xt) b( x - xoe -t/)

This tolls us in effect that if the nois should suddenly cease

at t = o nnd at that time x = x , thereafter x ,-ill have a value

Xoe -t/ with curtainty. This is in exact agreement with our know-

ledge of the normal transient rrcsponsu for the system.

WIe now turn to the prol,;m of the solition far the probability

of not losing the target in the sense idiscu.z,::d at the beginning of

this section. ''e shall do this for a zero velocity target so that

E= and x = C For this we must find a method of eliminating

from our probability calculations, the pcs:,.Ib.lity that E = R -:R' be

outside thu ran.-,, aporture at any tim,. in the tracking interval. U'

shall consider a targt lost if it ay time in the observation time

interval, the noinc i2 sufficient to cause a deviation of the error

C' such that H > L/2.

To calculate the probability of losing a target, we may employ

an artifice in the problem. Lot us consider the case where two

"absorbing" v alls are placed at either cnd of the range aperture (so

Figure 6). These wills have the characteristic that if R' should

have a value equal to R = L/2 the system would 1 absorbod and not

reloased. Ther;fore, with the absorbing walls, if, after some timo,

c is found within the rango apcrturo, then It necessarily remained

within the ranre aperturo the ontire Intorval; othorwise, it would
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have been absorbed and "out of crciielation". The oxistonco of the

walls has no effect on the fluctuations of R' as long as E remains

within the ap,;rturu. The probability of not losing the target in

our problem Is, therefore, the same as that of R not being absorbed

by one of the walls. The effect of the absorbing walls is to intro-

duco the boundary conditions that for xo = o,the probability density

p (x,t) = o for x =. ± L/2. !atheoiatically, the problem remains -o

solve (4-2) with the boundary conditions that

p (+ L t) = 0

S(Xo) b (X)

The solution for low signal levels is given in Appondix B and

the result is that the probability if not losing the target is

(-)P e ii;q e ('F
n=l .3.5 nn

where * and Q are dInmnsq1nlcss paraoreters given by

= 0 2 t qndiI = L

and Qn (') is dfined by nE

f) = n2 %'Z cos x dx

The function P ( ,@) is tcibultud as a function of @ for

several different values of * in Appendix D and is grqphed in

Figure 7.

For higher signal levels a dIfferent method of solving (L-2) is

necessary. This is done in Apendix Ce The results are tabulated in

Appendix D and graphed in Figurc 8.
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Appendix A Solution of tho Fokkor-Planck Equation in an Infinite

Interval..

The boundary cnndittlns aro that p ( , t) = 0 and that at

t = O, x = xo with certainty. This is oquivalent to p(x,O) = b(x-xo).

The solution may bo found as followst

Change variables of (4-2) to
Z= X a t/'r

t' =t

Since

+ X e l

at 8t'

and

2 2 et/ 82P

the original equation, after dropiing the prime from t becomes

2 2 2t/ 2
a - P + _ z 2

with the initial condition that at t = 0

p b(z-x o )

Now, if we let

p = Ot/ f(zt)

we obtain for f(zt) the equation,

af 02 2t/r 2 f

8e A ; f(zO) = (z-xo)

We may now separate vartablos by letting f(z,t) = S(z) T(t)

with the result that

-T1 u - 2 a constant
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From this we got
T = (constant) exp =I d2  UJ'tAdt (constant)xp( -_2d(2t4-I

and S = constant ojAz

Since the constants in the solution for S and T depend on X and

all values of X are permitted, wO may writo
+00

tNz~t) A(X oxp j x2 d 2 (e2tA 1) dX

-00 2

From the condition that f(z,0) = b(z-x ) we have0

A()eJXZd aX =b(z-xO

or

A 2X)- JX 0

2 it

This value for A(X ) may be substituted in the expression for f(z,t)

and after intcgrati-)n the rusult is

2( ) ] - x ) (z-x 2

IIf~z~tA =k [2 2(-Jt --

Makin" the necessary sibstitutions, we obtain for p as a function

of x and t the expression

p(xt) = [2xd2 (l-2t/' ) -1/2 exP-2t/T )2

IL
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Appendix B - Solution of Fokcor-Planck Equation in a Finite Interval

and Low Signal rev,'s.

The boundary conditions on are given by

P (IL/ ,t) = 0

p (x,o) = b(x)

The coofficient 1 depends only on signal strength and not at all on

noise, while 02  depends only on the noisc level and not on signal.

For zero signal 1 vanishes and (4-6) with its boundary conditions

reduces to a standard problem in linear heat conduction. (C.g. see

Churchill , p. 102)

7o may separate variables by writing p (x,t) in the form

(B-1) p(x,t) v(x)" u(t)

so that for v(x) and u(t) wo obtain

ou' 1 (xv)' Vn-- =8 ---- + -- k ,a constant.

From this we got

(13-2) u = constant o - - I

and for v(x)

(B-3)

v" + xv' + (1+ Xv =0

The boundary conditions on(t-2) imply that v (0 I) = 0

For low signal lovols 1 is small and we may snIve (D-2) to

a first order in 1 . But to do this, it is necessary to put (B-3)

In a form from which it is possible to eliminato second order terms,

This may bo dono by using a new dependcnt variable f(x) such that
(B-4) x 2

v(x) = e" f(x)

so that 2
22

v"(x) 0 t" 2 (f X f f P2Xr + f
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Now (9-3) in terms of f(x) becomes

(B-5) f + - + r = o

with the boundary condition

f (t L/2) = 0

Let us, for the tlme being, irinore the x2f term and we shall

examine later under what conditlons this Is warranted. Equation

(B-5) now remains as

27 2

The solution is

(B-7) f = A cos x i + ) + 3sinx 1 +

where A and B are constants. The condition f (t L) 0

requires that B = 0 and that

(B-8) . + t ; n = 1, 3, 5Y

Therefore, X may only assume the values

(B-9) Xn- n  it 3, L 2c--

These represent the eigenv-lues of X for equation (4-2) with its

associated boundary conditions.

The comtlete solution may be found by combining (B-4), (B-7)o

(B-8) with (4-2) to obtain

(Ba-1o) r 2
p(x,t) = An exp 1 .-. 7>

n=l, 3, .

It nay be notod that the lowest eigenvalue X 1  is equal to

%2 - 1 and the highest value of x in (B-5) occurs at the boundary

L~ 207

x = L/2 . Therefore, in (B-5),X < and 1 + X
67 : '4 27
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so that neglecting the former term does not introduce much error

if L2

The constant An can be determined from the initial condition

that p(x,o) = 6(x) or
x2

(B-I) Ae Cos n-x = (x)
~L

n 
(13d5

Multiplyini, both sides by e Cos M n x (m odd)L

integrating fron - L/2 to L/2 , and recognizing that

L/2 L/2 n= m

cos mUt ,xco nn xdx =

2

we have

A n 2
n r L

To find the probability, P, of not losing the target we must

integrate the probability density p (7,t) in the ranCe aperture.

(B-12) cL/2 L/2 2

= P(xt)dx L exp V- % 2 0o, p-L/2 n=13,5,,L~

We define the dimenslonloss quantities

2 02 t and

,(S-13) = L

2 C

which, when substituted in (B-12) gives

(B-14) P( ). 4 .- n2 9

n=1,3.5 nn(On(

*The function P(o.e
iefence 9(,'" ) has been tabulated by Olson and SchultzIn Reference 9. i2
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where the function Qn(*) is definod by

(B-15)nn 22

(B-an(*) 2 cos x dx

The function n ) is briefly discussed and tabulated in Appendix D.

Appoudix C - Solution of Fokker-Planck Equation in a Finite Interval

with Higher Signal Lovela.

Hero, as in Appondix B, the boundary conditions on (4-2) are

given by p(-" T/2,9t) = 0

p(xo) - b (x)

and as before wc start by separating variables and obtaining equations

(B-2) and (B-5). In equation (B-5), substitute

(c-1) x

In terms of the now variable y, we -btain

( c-2) d2 f

dy
2

where

r
with the boundary conditions that at y = !..-= + f 020

Equation (C-2) is tho Vebor oquation and can be found discussed

in the literature. (e.g. see Ince 10 ,'hberl Whittaker and

Watson .) The solution to this equation for integral values of X1

is the parabolic cylinder function vhich may he expressed in closed

form as -1/2 .
(C-3) 2, X~"T] 0 sHO 7



where H X(y) is the Hcrmitc polynomial of degree X' .2

For non-integral values of X we may solve equation (C-2) but

not in closed form by first defininC a now dependent variable by

(C-4) f = w(y)

thereby transforminC, equation (C-2) to

(C-5) d2w dw
- + X W = 0

dy
2

We may now assume a series solution for w,

(C-6) W = 1 + hly + h 2 y2 + h 3y 3 + .

Substituting this in (C-s), we find that the coefficient of yn

is (n + 2)(n + 1) hn + 2 - nhn + X'hn n Settinr all the coefficients

equal to zero, we obtain a rocurrncc formula

(C-7)
hn+ 2 =

(n+l)(n+2)

This leads to two solutions for w--one, a power series containing all

terms evcn powered in v, end one with all odd powered terms in y,

giving an even function vnd odd function solution respsctivcly.

Since our result is necessarily symmetrical about the zero axis, we

are left with the solution

W(c-8) w = 1 - ' 2 ,'(,' - 2) y4. X(%'-2)(X'-4) y6
" + 4! 6!

It now remains to find the values ofX' for which w vanishes it the

boundaries y = ±t . A method applicable hero was used by Chand-

rasckhar14  in a problem in Stcllar Dynamics. He attributos this

method to Sommorfold1 "

*The functions of the narnbolic cylindor may bo found plotted in
Jahnko and Emde13, P.33.
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If we examine (C-2) with roference to our discussion of the

parent oquation (B-5), we may noto that the solution for (C-2) for

small * can be accomplished by noglocting the term yf(y) This4
leads to a series of oigenvalues for X', the lowest of Yhich is

(c-9) 2

This lowest eigonvaluo decreases with increasing $ . For 1 ,

we cannot usC the value in (C-9) but may obtain the oigenvaluos with

same reasoning used often in Quantum Mochanics to find eigenvalucs.

(e.g., see the discussion of the harmonic oscillator in Pauling and

Wilson1 7, p. 71). The reasoning is as follows: The solution f(y)
12

in equation (C-2) is e" Y2 w(y) where w(y) is given by the power

series C-8). This result will not converge for y---ooin spite of

the e factor, unless the series (C-8) terminates after a finite

number of terms. This may be demonstrated by comparing the series
y212

for w(y) to the series for ey /

(C'1°)ey2/2 +2 4 2n+2
+~(~c+~-1) to 0+ n + Y +227Z72+ n I 2Z=+In + ..

The ratio of the (n + 2)nd term coefficient to the tnh term coefficient
1

r for large n is-.
n

The recursion formula (C-7) also gives as the ratio hn+2 for
hn

large n the value 2 * Therefore, coefficients for the higher degree
n

terms of y in (C-8) and (C-10) differ only by a constant ratio so

that w(y) is of the order of eY/2 for large y. Since f(y)ne " yA W(y)

f(y) will diverge for Y---Ao

For convergence, (C-8) must terminate after a finite number of

terms, or X' must take on the values 0, 2, 4 ... These represent

the oigenvalues of X ' for *-* , the lowest elgenwalue being sero,
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It would seem terefore, that the lovost aigenvalue takes on the

values given in (C-9) for low values of 4 and approaches 0 as

as shown in the sketch on page 28. The second lowest eigenvalue by

the same token will behave similarly and approach 2 as an asymptotic

value.

Vith this in mind, lot us rearrange the terms of (C-8) so that

our solution is in terms of a power series in X' . We have then

(C-l1) w(y) = I -)1q,(y) + X'2qP2(y) - X 2  T22(Y) -. ! 3Y3 (y)

The functions pl(y), 2 (y) .. are power series in y:

(C-l2) = a2y
2 + a4 6 + a6y6 + o.f

T2 (y) = bj.y4 + b 6 y 6 + *. etc.

Since w = 0 at y =* we may substitute this condition in (C-11)

and solve for w(y) by first considering only the first two terms in

the series and neglecting the higher order terms in X' . obtaining

for the lowest elgenvalue

1

Greater accuracy may bo obtained by including another term in the

series (C-11) and obtaining 1/2

.1l(*) .[.P 1(M -

2 ff2 )

For values of $greater than 2, (C-14.) rnd even (C-13) offer

very good accuracy. The results of these calculations are tabulated

in Appendix D. For * small, the method breqks down becnuse it would

be necessary to work with many terms of equation (C-l1). This

presents difficulties in the computation of the terms and then in the

solution of a high degree polynomial in X'% It is interesting to note



2.

The first two eiimenvalues of equation (C-m2) as a
function of

L
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that for 41= 1, tho lowest eigonvalue , by the method outlined

above givos

X = 2.034 using equation (C-14), nd

1.999 by including the ' 3 term in (c-11) and solving

the resulting cubic equation in I ,

while by the method of Appendix B, we obtain _ 1.967

This excellent agreement indicates an overlapping in range of

applicability of the two methods of solution, thus making unnecessary

any higher order approximation, such as Perturbation or W.K.B. methods,

to extend the range of the method of solution used for low in-

Appendix B.

To each eigenvalue X n corresponds an eigen'Punction 1Wn(Y) ,
y2

which is t solution to (C-5) and an eigon function fn(y) = e YAVn(y),

which is a solution to (C-2). The homogeneous differential equation

(C-2) is in standard Sturm-Liouville form with homogeneous boundary

conditions so that the functions fn(y) form an orthogonal set.

Or,

(C-15) f (y) d Wn(y) Wn(y) dy 0 n mn )1y dy~y n =on

The solution to the original partial differential equation may

now be formed by combining (B-2) , (B-1) , (C-1) and (C-4) into (B-i).

The solution is
2

(C-16) p(x,t) Z An e " '  t (2

n

The constant An may be determined from the initial condition

p(x,o) = b(x) or

(C-17) ~i

The proof of this statomont, as well as a~iscussion on Sturm-LiouVille
problems may be found In Churchillu, Ince l-', Margenau and HurphylO, eto,
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In terms of y=x this is,

(c-18) ZIAneYk n(y) = l b(y)

Since fn(y) = e-y 1 Wn(y) form an orthogonal set, if we multiply

both sides of (C-18) by Win(y) and integrate over the interval y = -4

to y = +* , all the terms in the summation will vanish except that

for n = m . In other words,
A a + "Y Wn(y) W (y)dy-- + Ib) my yn •"

MY VI4)y (1+

n -

leads to
1

(c-19) Am 2
2 e Y Wn( y)dy

IWe can find the probability of not losing the target from (C-16)

and (C-19) by

(c-20) L L/2
P= p(x,t) dx

u-L/

Or in terms of the variable y

0c-21) +
V-e7l W (Y) d

Substituting the value of An leads to

(C-22) -1 1 -~ ~)d

n e" W(y) jY

Since the first eirenvalue X' is near zero m d the second in the

order of two, etc., we see that all terms except the first in equation

(C-22) will diminish rapidly to zero with increasing t/T .

L*
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Ample accuracy is obtained if we use only the first term of the

series, or A e Y2 2ly d ' e l
(C-23) "oc . Y.. 2 =,1(y)dy e*

f e'Y 2 k W1 (y) dy

A tabulation of the coefficient, Cl(* ) , as a function of 4 may

be found in Appendix D.

It may seem surprising that the coefficient has a value very

slightly greater than one, which would seem to indicate that for

0---o ; P > 1 , a situation which is impossible. The difficulty lies

in the fact that only the first term in equation (C-22) was used.

The second eigen function would give a negative contribution. At any

rate, this introduces an error only for t/z small as discussed above.

Appendix D

1. Evaluation of On(W)

The function iib2X2

fn = e" --cos x dx n = 1,3,5 .....

may be found in terms of Error Integrals with complex arguments.

Complete tables for this are not available and therefore the function

had to be evaluated. Since our interest is primarily in low values

of * it was found advisable to expand the exponential function as a

power series in * and evaluate term by term, each term being of the

form / x cos x dx (n odd). This integral is tabulated for n

even in reference 18, but for n odd a brief tabulation sufficient for

our purposes is shown below.
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n=1 n=3 n=5

0.1 .9995 -.9977 .9976

0.2 .9981 -.9909 .9904

0.5 .9983 -.91111,i .9411

1.0 .9550 -.7876 .7819

2. Tabulation of P (p, ) from (4-5)

=-o.5 1.0

0 1.000 0 1.000
0.2 .975 0.2 .981
0. .050 0.4 .874

0 .710 0.6 .72
o.* 0.8 .642
1.0 .I487 1.0 0548
1.5 .303 1.5 .358
2.0 .188 2.0 .247

3, Tabulation of Eigenvaluo X' as a function of *(see Appendix C)

First order apprnx. Second order aprox.

2 .222143 .22685
6 .089013 .09277
3 6 023191 .02395

10 .015105 .01531
4 .000994 .000996

21. Evaluation and Tabulation of CI($) (See Appondix C)

The coefficient C () is determined as

* k V,1(y)dy-
Jo

J2 (y)dy

hf
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where wl(y) is a power series in y and X I  Theroforo, a typical

term in the evaluation involves an intogral of the formJ*yne'Y2/2 dy.

We may find tabulated in the literature* 
the function

1 n n I x /2
~)= "y 2 dy

2 7E(n-i).. 10

from which a typical term in the evaluation of C (M)can be computed.
C 1

2 1.0835
6 1*0538
3 1.0200

10 i.ol6o
14 1,0011

*The function T(x) for valuus of n below 11 is tabulated in

reference 19, and for n = 11,12 in reforence 20.
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