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AN APPLICATION OF THE SCHIFFER VARIATION TC THE FREE BOUNDARY

PROBLEMS OF HYDRODYNAMICS

By
Edward B. Mcleod, Jr.

1. Introduction.

It is demonstrated in the literature which deals with the physical
applications of the calculus of variations [327] that the static equilibrium
position of a mechanical configurstion is one in which the potential energy
has a stationary value. There are many problems in mechanics and electro-

statics that can be formulated either as problems involving static forces
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or as variational problems. It should not be startling to discover that
equivalences similar to these also occur in hydrodynamics. The variational
. principles of hydrodynamics were first noticed by Lord Kelvin [19].
; This papar will be devoted to existence proofs and solutions of some
variational problems which have hydrodynamical analognes. We use a

technique which has been devised by M. Schiffer. As the principal problem,

we shall treat the problem of finding an extremum logarithmic capacity (other
terminology referring to this functional or related functionals is Robin'ag
ggAajgn&, or outer mapping radius) vhen the length of all competiug curves
is held fixed; in this problem we also add the constraint that each competing

curve contain, in the domain complementary to its exterior, a particular
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fixed segment. We shall also discuss the hydrodynamical interpretation of
this problem. The logarithmic capacity is a functional snalogous to the

virtual mass of a two-dimensional vortex. We shall treat this problem

thoroughly with regard to existence of the sslificin and the justification of
!
the formal processes which are involved. We shall obtain, finally, = differen- 1

tial equation which defines the solution of the problem. The plan
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of the dissertation will be as follows:

In Section 2 we shall introduce a technique deviced by Hadamard [14],
(151, Thoﬁgh this variation of Hadamard is not as mathematically rigourous
as that conceived by Schiffer, it will be of interest from an historical
point of view and will develop for ths resdsr a physical intuition for the
hydrodynamical interpretation of the variational problems. We shall use
this method to demonstrate formally the variational equivalents of some
specific free boundary problems.

In Section.3 we define the variation of Schiffer and prove soms theorems
which justify its use in conjunction with Lagrange multipliers. In Section 4

. we prove soms theorems which are useful in establishing the existence of a
solution of the principal problem, justirying rigorously each formal step.

The final section will be devoted primarily to solving some important
hydrodynamical free boundary problems by considering their variational
equivalents. Berore discussing variational problems let us first discuss
free boundary problems.

An example of a classical free boundary problem is the followirgs
Conaider tke motion of a fluid issuing through an aperature in one of the
walls of an infinite reservoir (Figure 1). The fluid will emerge as a jet

which is in contact only with empty space. The boundary of this jet must
be datermined along with the rest of the streamlines of the flow. This

problem, when simplified to the two-dimensional cese, is 4reated in standard
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textbooks on classical hydrodynamics (see, e.g., [197 and (217). By

comparing various conformal mappirgs, one is able to arrive at a differential
equation involving the complcx velocity poterntial of the flow. We shall
incorporat> some of these techniques in the solutions of the problems in this

disseration. In general a fluid flow problem, where part of the poundary is
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deformable and its shépe is not known beforehand, is called a fres boundary
problen and the undetermined surface is called the free boundary.

The problems which we shall encounter will be of a two-dimensional
nature, since we shall be a2pplying the methods of complex variables. A two-
dimensional flow is one where the streamlines and the boundary of the region
of flow are the same in every cross-sectional plane psrpendicular to the
sams direction (which, of course, can be chosen as cne of the coordina‘e axes);
consequently, only two of the coordinates are involved and the flow may be
represented by considering a particular cross-section in one plane. If
the flow is 1izgﬁgjigng1, the velocity vector is derivable from a scalar |
quantity known as the velocity potential; if, in addition, the fluid is
Incompressible, it can be shown that the vslocity potential satisfies
Laplace's equation and thrt there exists z stream function which is conjugate
to the velocity potential. By forming the analytic function having the velocity
potential as its real point and the stream function as its imaginary part,
we ﬁave what is called the complex yelocity potential; the use of this function
enables us to solve many two-dimensional problems with the aid of the theory
of functions of a/complex variable. We shall adopt the symbol w(z) to denote
the complex velofity potential. The complex vector representing the conjugate
of the velocity can be shown to be w/(z). All flows which we shall consider
will be assumed to bo two-dimsnsional, inéompressible, and irrotational, thus
enabling us to introduce the complex velocity potential.

A classical formula is the two-dimensional, irrotational, incompressible

external force-free equation of Bernoulli which states B

2 q

llﬂ!’ +M-c ¢!

2 ldz © ’ i

where P(z) is the real function which represents the pressure at s point z, ] '

C is a constant, and F’is the density of the fluid., If %n represents the
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rressure at infinity, if the density of this incompressible fluid is umity,
and if w represcnts the complex potentizl of a uniform flow of unit veloeity
about a body, then Bermoulli's equation becomes

11 2
i
{1.1) ds

2|2 +P(a) =B +3 :

As an example of a free boundary problem let us determine the shape of
a bubble filled with gas which is placed in a uniform stresm of unit velocity;
the gas, together with the effects of the depth of submeraion, creates within
the bubble a pressure Pb; there is a force T, caused by the surface tension,
which acis on a unit length of this two-dimensional, cylindrical bubble.
Let us consider the forces acting on a surface element of this bubble which
is of unit length along the axls perpendicular to the coordina'bé | plane and
has as its other dimension an element of arec AS. Let 5, and 3, be the end-
points of this arc and let 8, and 0, represent the respective arguments of
the tangent vectors at these points. Let us use the prineiples of elementary
mechanics and construct a free body force diagram for this element of arc
and consider especially the forces acting along the normal at 3.
’ The press?.u‘e Pb contributes a force PbAS, wkile the hydrodynamical
pressure force is p(zl)AS. The force due to the surface tension directed
along the normal is Tein(8,-6,). In order that these forces be in equilibrimm
the following equation should hold:
(1.2) P AS-P(z

b 1
Let us now pass to the limit Z,—3 %5 We have then, for any point z on the

YAS- 7T gin (92-91) =0 .

surface of the bubble,
P-Pz) =T Lrk(z)

where X represents the curvature at z. Recalling (1.1), this equation is

expressible in the form

e e i e . . 5\
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' 1 'sh - 1
(1.3) Pyt2las] ~Hotz* X '
It 1s for smaller bubbles that the surface tension forces become significant.

An important special case, which we shall discuss in detail in the last
sectica, is that for which Pb-lc’n+% . In this case {1.3) becomes

(1.4) |42 (% - or | .
This is a simplified mathematical idealization of such naturally occuring
problems as those described in the following examples:
1. When a bottle of champagne is uncorked, gases which have previously |
been dissolved in the liquid are released in the form of rising bubbles.
2. When a driller has struck oil, the top of the derrick is uncapped |
' Aand because of this sudden change in pressure bubbles of the above type are
formed.

In the next section we shall show that these equations, which we obtaimd |
by the use of Bernoulli's equation, can also be derived by certain vartational
formlations. _

The author wishes to express his indebtedness to Professor P. R. Garabedian |
and Professor M. Schiffer, whose guidances have greatly contributed to the
successful completion of this work; however, the author is individually

responsible for the accuracy and correctness of the results.

2. The Variation of Hadamard and the Equivalence of Variational snd Free

| - PRroy |

Boundary Frobienms.

Let us recall the formal procedure which is employed in the calculus of 1'

}
; *
variations. We wish to find within a family y (x) a’function y(x) which 3
]
extremizes an integral of the form \&
#* L J *
I-J’f(y 3F oY yee,Xx)dx . }

We assume that an extremizing function actually exists. Let us now set (
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y =y@:en@

where € is an arbitrary real parameter and Yl(x) is assumed to be as many z
times differentiable as is necessary for the discussion. At € =0, y* is |
eqnal to the extremizing function y. A necessary condition that a funetion
y be an extremising funetion is that I, whem considered as a function of
the parameter €, satisfy
E‘g- =0 at €=0 =

Appli;atioxi of this conditilon leads us to a set of dirferential equations

involving our extremizing function.

* The types of problems to be discussed in this discussed in

. tliis paper will include the extremization of a functional J which depends

on the form of a domain D*. Throughout this paper we shall adopt the

convention of allowing letters in their unaugmented form to refer to our

supposed extremal domain D, and letters which are super-soripted with an

asterisk to refer to any donﬁin D*‘ aimitted to competition. lLet r denote
a vector drawn from the origin to a point z on our extremal curve C, and
let n denote the mit vector extending along the outer normal at z (i.e.,
away from D). The variation devised by Hadamard is to define a point on
a curve of comparison 0* ty the wector

? - R+ e e(2)X ,
where e(z) is an arbitrary real function depending on the point s£C, and
€ is an arbitrary real parameter. J (D) becomes a functional which depends

on €; if J 1s to serve as an extremizing functional, a necessary condition

which must hold is that !
e i
di(e) 5 .t e=o0 \

de e
If a side condition !
*
G(D ) =0 |
}
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also holds, we may extremize our functional J by comstructing the functional
H= XJ+AG ,

where X and A are Lagrange multiplie_z. Our necessary condition is

éﬂeﬂ -0 at €=0 ;

this result follows from the classical caleulus of variations. The mefhcd

of Lagrange multipliers will e used formally in this section and explained

completely in Section 3.
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We shall now develop some specific expressions which relate functionals
of the domain of comparison to the corresponding functionals of the -extremal
domain. We adopt the notations A
. D -- the domain; this symbol will gsually represent the domain exterior
to a simple closed contour;
C -~ The boundary of D;

L -- the length of the curve C, it C is rectifiable;

4 -- the area of the complement of D; and

¥ -- the logarithmic capacity of D.

We use the variation of Hadamard to find these functionals which are
= ¥*
associated with D , the domain of comparison. U

*
From geometrical considerations the area &4 is observed to be
%
(2.1) i -A-e\['eduo(e) ;
To derive an expression for the length 1*, we let T demote the vector
position of any point on the curve C. Then

s __?-?4.5(;'3 h\
* - - ’ A
dr _dr dlon’)
. ds da = ds
72 -y —y -
) |$g'—l .1+2e%§-dﬁ+o(é)-1*26%'[(0%4'—5%?]*0(6) .




= B

- =
But since %ﬁ--?- 0 and %‘E = - K %‘g‘ [4], we have

» *
de | _ds_ _ 4. p
15 e =1 ep.k*o(é) g

where WX denotes the curvature.

On integrating both sides of this last equation with reapect to s over
the full length of the curve, we obtain the result
(2.2) - 2'-£-ef,okds+o(e) 5

"
v

In a two-dimensional flow a vortex of wnit strength has a complex velocity
potentiai
w=1logs )

" If a body is placed in this vortex flow and 7 (z) transforms the regicn of
flow D about the body onto the exterior of the unit eirele, then the complex
velocity potential of such a flow is given by |

w=1logy
& function which is very useful in the representation of functions is
the Green's mnction; it is defined as followa:
The Green's function g of a region D 4s a function of two points =
and ¥ with the following properties: it 1s regarded as a function of z with
% fixed in D, i5 continuous and vanishes on the boundary, and is regular at
all points of D except at v, wheve it becomes logarithmically infinite in
guch 2 way ihat
g{z,%) - log T;};f—l - w(z,7)
is regular and barmonic. _
It can be shown that this function actually ex'ists and, in addition,

has the symmetric property that
g(z,%) = g(¥,2) :
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We shall be attacking problems which involve the region exterior tc =
curve bounding a simply-connected region. We introduce the notation g(z)
to represent the "wnction g(z, ®). Then g(z) has an expansion about
infinity of the form .

a a
g(z) = log |s|- ¥ "'-’l +:2§ S

The constant 5‘ ia called the lggam capacity or Robin's constant;

sometimes the quantity

Rag?
is called the outer mapping radius. We shall find it convenient to introduce
the analytic function

; | p(z) = g(z)+1 n(z)

where h(z) is the harmonic conjugate of tha Green's function. It can be
shown that

%(z) = eP(2) 1,
maps the region D bnto the region exterior to the unit circle; Ho is an arbitrary
constsrt of ro;bation. We have the following expansion whick defines a mapping
from the cu‘beriﬁr of the mit circle onto Ds

penpea oo, .

It 1s of interest to notice that g(z) in its hydrodynamical sense

represents the stream function of a vortex of unit strength flowing about
the boundary C in the region D.
*
%o derive a formula for ¥ » we conatruct a circle S so large that it

%*
lies in D and includes all of C and C in its interior. We note f‘at

l erom (2.1) ¥ {
: if (Ve-Ve )ad - *H (ve-veas - J[ (7g-9gMar
D -D D -D, D"_Da

-eff(Vg-Vg*)duo(e) ’
c
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where Ds denotes the domain exterior to S. Since

»*
Vg = Vg*tole)
we may write

eJ?(Vg-Vg’)ds -€ éf (Ve)as+ole)

but from Green's theorem

HVngdo' “nggdr f -a-‘daJ

j(g an-g'a‘-)ds-f(g 9n-82n)d3 s

By letting r denote the radiug oi‘S , wo have

g -logr-zs‘ ""—l"'...

g = log r- K +:-2—

Our previous equation must hold for any choice of S; and consequently
must hold in the 1limit as S becomes infinite; therefore, we have
2y ) = e p(VPas+ ole) .
We have, finally,

(2.3) il j( ) (Ods+o(é) .

Let u3 now investigate the problem of maximizing the logarithmic
capacity within a family of curves all having a fixed length. We wish to
*
extremize y (€) defined by (2.3) under the side condition that

z* - 2- éJr(OK dg+g(€) = acnaten

At WGAdd

c+

By applying the mosthod of Lagrange muitipliers, we construct the
functional .
J "8* Y
and if this functional is to satisfy the necessary condition that

. -
deOatéO >

- e e e e e e e e i L s . ; vty B
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the following equation must hold:

2642 "
![(311) -)\K]Pds =0

RO A

Since Q 1s arbitary, we have

AT W

2
(2.4) 2‘5%2-- AK(z) , =zeCc ;
but we have
2z, dzs . 28, , 2h .4 2b .
S =P(2) g =5 155 "1 %53 ;
and, according to the Cauchy-Riemann equations,
2E _ 2h
on s 2
hence
» . 'aa'g - ip’(Z)Z.
where we use the dot to denote differentiation with respect to s. {2.4) becomes
(2.4Y p’(z)2 .- A K ,
more convéniently expressed in the form
p'(z)zdz =-)\z Kds s
Making the substition 3% = e'¥, where ¥ is the argument of the tangent
[ vector to C, we obtain k

p'(z)zdz --Ae 3y

2T AT 70
-

By integration along C, we obtain
-1¥

(2.5) q(z) =E+i)e gor z£C e)

where K is a constant of integration and q(z) is an analytic function in D }

such that 'T

. a’(z) = pA2)?® . ';i
2.5) shows that the curve C maps into a circle in the g-plane. HNoting that l

) fo1- large 2z |
P’(2)2~'15+ “&

z ¥

we see that its integral must have an sxpansion which begins -1/z. Since ;

T —
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represents the transformation of D onto the exterior of the unit circle, and
since the imags of D in the g-plane is the interior of a circle, we are led
to the equution

(2.6) q" ‘%“* K,

where a is a complex constant and Kl is an arpitrary constsnt of translation.

’

But since q/(z) = p’(z)z- ‘4'2/ ;2, we obtain, on differentiating both sides
of (2.6),

22 _ax’ ]
22 1
' We have, finally,
(2.7) 7/(z) = -a :

By solving,; this differential equation it becomes clear that ~ur extremal
curve is a circle in the z-plane. This circle must have a radius .ﬁ/z-rr, where
£ is the value of the fixed length.

The complex velocity potential of a body bounded by a curve C placed in
a uniform stream of unit velocit& has an expansion

L z""?' v
Letting a=Re «, }t can be shown [13] that the following relation holdss
(2.8) 2=z (Hed)
where M is the virtual mass of the flow about C and A is the area enclosed by C.

In a manner very similar to the one in which we derived (2.3), we can
also show [13] that
(2.9) e ma-ge (V@ pllastole)

c
where q) represents the velocity potential of the flow about C. From (2.8)
and (2.9) we obtain )
(2.10) B o= ef (1- (V@) 1us+ole) :
Let us now consider the problem of maximizing the constant a, when the

*
length A~ of each member of a family of curves C is held at a fixed value 4.

e A A PRI R e e v, om0 . on -
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. We construct the functicnal
J = a**‘ Al*
By repeating the procedure in which we solved the problem which led to (2.7),
ve use (2.8) and (2.9) to construct the functional J; on applying the conditions
for a minimun that % = 0, for € =0, as before we obtain

(2.12) (v - [JFak .

But this equation has the same form as (1.4), which we derived by Bernoulli's
equation. This variational problem is equivalent to the special case of the
problem of détermining the shepe of the bubble with surface tension and

with Py =P +1. We shall treat this problem in detail from the variational
point of view in Section 6. Prescribing the fixed length £ is equivalent
to prescribing the surface tension T.

It has also been shown that variationsl problems which involve logarithmic
capacity are reasonable idealizaticns of free boundary problems in a two-
dimensional vortex flow [13]. Since this functional has been studied widely
in mathematical literature, we treat a problem in great detail which involves
this functional. The proofs of existence and justification of formal
procedures are easily extended to the hydrodynamical problems which we
consider in Section 5. The problem considered in Section 5 is an idealization
of the following hydrodynamical problem:

Eind the shape of Lhe cross gection of an infinitely long inflated
rubbor sheet attached at both edges to an infinitely long rectangular plate
of fixed width, mhen this configuration is placed in a mnit two-dimensional 5

.
B - - 4
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3. Ihe Variation of Schiffer.

In the previous sesction we were able to proceed in a formal wmanner
directly t;a a differential equation when we used the Hadamard method of
comparison. Very often, however, this method leads us only to an heuristic
method of guessing an extremal solution to the problem. In order that the
mothod of Hadamard be strictly applicable, one may admit to competition
only curves with smooth boundaries. To generalize the class of admissible
functiﬁm and to justify each formal process would require tedious arguments
based on the theory ot: real variables. M. Schiffer has evaded this hopeless
task by devising a method of comparison which employs a conformal mapping
rather than a shift in the normal diroction; oonseque;xtly, this procedure
is valid for any goneral qort of domain.

We let a point in D*, our domain of comparison, be defined by

' p [
(3.1) 5 - z+§f’£ .

where z  is én arbitrary point of D, € is an arbitrary real parameter

which assumes values in some neighborhood of € =0, and P is an arbitrary
member of [0,2'“'). z performs a Schlicht mapping of the exterior of a circle
iﬁ the 3z-plane, having z o 88 its center and having a radius ATET onto

the entire plane save for a alit extending from z_- 2NT€T L1902

zg+2 NTeT e(iq) / 2. Since, for € =0, z* performs the identity transformation
on D, and since a circle which lies entirely withi
as center, provided that its radius is sufficiently amall, there is some
interval of values of e,' say, [- €1’ 61], such that z* performs a Schlict
mapping on the boundary of D. We now define D as the domain whose points
comprise the exterior of the curve C' on which C is mapped by (3.1).
Consequently, if an extremal domain exists, the extremal value of the
functional J (D*) is given &t € =0, and J (D*) is also defined in the

N
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_ neighborhood [- €y ell. It is a necessary condition that

a4
de 0 at

Let us now apply the Schiffer variation to the determination of the

€E=0 .

functionals associat2d with the domain of comparison. We_zhail f£ind the
* * :
length £ of G the boundary of D . By aifferentiation of (3.1) with
respect to arc length, we obtain
* : 1¢
dz2_ _ds ;_€e )
ds 2

28 (-3,
we have . '

"2 * W i¢ -19
dz | _dx_dz _,_.r—8 &
\ ‘ as as ~1-¢€l *

1+o(€)
a8 (s-5,)2 21"

G,

ig *
= 1-2¢Re -(:_’-;-5 +o(c) = (‘3{';)2
o

* 1<P
98 .1 ene 21 4 o(e)
- (z—zo

Integration of both sides of this equation over the full length of C produces

(3.2) B £ -eRe-eiQP ?'dﬂ—)'z' *.o.(e‘)
: -2,

3

~ Let us now develop an. expression for the logarithmic cepacity 5‘* c# D . With
this goal in mind we cornstruct the integral

T (p (M)-p(t))apt)

c-c’+¢c"

wﬁere C’/ represents a circle large emough to include C and the point z in
its interior. OC” represents a system of cuts. connecting C and C’ so that
t traces C in a counter-clockwise direction, C’ in a clockwise direction,
and C” in such a way that the complete circuit encloses a simply connected

region.

TR o L T P P e T M- | ML | i 1 e
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FNoting that we may write dp-gg dt on C/ (not necessarily trus for C,
Luwever), and tha%

* i¢
log z; = log (1*;&_‘_"’—5) ,
[+)

we consider the expansion at infinity for the logarithmic function and for
p/(t); since

p(z) = log z*b‘*?*... "

-
ry is the only term which contributes to the integral over C/; by the
residue theorem it becomes simply b'*- Y. How p*(t*) and p(t) are both
imaginary for t€C. This integral when viewed in the p~plane represents a
contour integration witk an imaginary dp. Considering the integration taken
over the image of C in the p-plane, we see that the pertion of our integral '
taken over C is imaginery. Thus, if s is a point oftDend T isa

c¢ircle whose ciroumference lies entirely within D, surrounding 3,5 We have
* ' P _»,» :
" = 5+Re "Lzmil_ (p (t7)- p(t)7 4R at :
(Note that here we are justified in writing dp= p’(t)dt.)

If z, 18 an exterior point of D, then it i3 not enclosed in the circuit

of integration and we have
*»

=8 )
nean:!.né, of course, that » is conformally invariant under such a transformation.
To evaluate the integral over ' we note that pft) and p (4) ars both
regular inside [' and hence
Al j - o¥ ()7 9B gt =
zﬂ.ir[p(t) p(t)Igfat=-0 .

Thus, .
* *
_zg* = Y +Re -2-1];,—{ J [p ()= p (£)Ip(t)at
| i
=y *Regiy [ 10 /(8) B8 ¢ o(e)pritlat .
o
I
S T e T P —— o o —— : ﬁ-‘;‘%
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Since _
H . p/(t) =pr(t)role)

we have

.o

» ie (S\ 2
& o’ | p$)
3 ¥+ Re 32— o dt+o(€)
II [v]
by applying the residuve theorem we have, finally,
* %
(3.3) 8 =T tE G‘(zo) Re eiﬁp’(zo)z*o(e) 5
where ¢(s )=1, 5,€0,
() = o0, zois,
and where D is the domain complewentary to D.
S _ ; N
Lastly, we shall develop an expression for the area A* associated with D .
We use the following formula as a point of departure:
A_'-%Reilfzd; o
c
It follows that

' I 19 -i9 _
" =1 1fz*d? = % Re i/Qz*f‘;)(l--E%%)M
c* ¢ "% o)

-u-g-naiei“’[féfﬂwj—iﬂ)-z-]«‘o(e) ;
6 o g (z-z

integration by parts provides us with the result

(3.4) A"= a+€Re 1'e14’f;§§— +o(e) .
: c ° ) i
It is possible in this manner to f£ind the changes in many of the

functionals associated with the domain of comparison. It should be noticed
that formulas (3.2), (3.3), and (3.4) actually reduce to formulss (2.1), (2.2),

and (2.3) when the bovndary of the domein is & smooth curve. This is clear

if we write the magnitude of the shift in the direction of the normal as ‘i‘1
jo~ :
Reia;'zz- , where the normal is considered positive when pointing away from D. Y
c

If we substitute this expression in (2.1), (2.2), and (2.3), we obtain {

- rara e v " ‘
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immediately {3.2), (3.3) , and (3.4). Examination of thess formulas shows

that capacity and arss are functionals which grow monotoanically with the
domain., Within families of twice differentiable convex curves this property
is also true for length.

In most extremal problems which occur in conformal mapping, it is
desired to extremize one functional while others are held comstant. There
are a number of ways in which this can be accomplished. One may either
generalize the form of the Schiifer variation, apply a procedure which utilizes
the Lagrange mnitipliers, or use a combination of the two methods. In the
direction of generalising the variation of Schiffer, one may extend tke
method of obtaining a comparison domain to include variations of the form

* i= =
. g = r"iz- 51’1("’) .

ri(z,;) can”generally be a non-analytic function of a point z, although it
will usually involve some fixed points as parameters. We shall see that we
will ultimately obtain a differential 'equation involving these points, whose
solution defines an analytic function of the points.

Let us denote our functional which we wish to extremize by J, (D*), which
varies with the form of the domain D* under certain constraining conditions.
Let us now consider the hypothetical situation that a minimum value

J (D) = h

%
exists for the function J (D ), where J, (1=1,2,...,m) are functionals which
sutisfy the m constraining conditions

. »* e
Ji(D ) - O (i=1,2,ooo,m) -!‘ ‘ ’ A*
*
. ' Let z represent u point in the extremal domain and let a point in D i
be given by | _ !&
* . !
z = z+eoro+ €1F1+."’eiri+... - f

i e i - 1T
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The Fi are chosen so that thers 1s a one-to-one correspondence between the
points of C and those of ¢" for a11 € (1=0,1,...,n) in a sufficiently

small neighborhood of € 0" el- €= e 0. The theory of.hgrange multipliers
tells us that if a minimum of Jo is to exist, a necessary condition to be
satisfied 1s that there exist constamts A, (1=0,1,2,...,m), which we call

Lagrange multipliers, such that
»

210) , ,

for €
? 61

=0 (1#0,1,2,...,) ,

.
where J(D')w NJ_ + Ay ¢ ...+ A J . There axe an infinite number of
equations for the m*l Ns. If these equations are to have a soluticn in
the ]\1'1, then the infinite matrix

2 2 4
¢, o€, 2€,

L] LR L]

.
. L LI .

27 27,
?ei ‘i [ LN ] aei

Lol T e ead Y
. . esn .

must be cf rank less than m*l. To see that this 1s indeed the case, we note
that if this matrix were of rank m+l it would be possible to choose a
particular arrangement of tha infinity of rovs sush that the determinant
83, 93, _3_n_
aéko aeko 961:0.

) a

ae L ] [N N L[]
ky

27 o7

ae [ ] . e ae
km km

sy
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does not vanish. But the non-vanishing of this determinant implies, by the
theorem of implicit functions, thai the system of equations
J(D)-J(eb 0,0,...,0) = h+U

o: xl,--o,ekm, s

Jl(ek,ekl,...,ek, 0,0...) =0
a(eko,ekl,...,

. . DN} - e & seee e e

J (€
m ko’

ocan be solved so that the €  are functions of U in some neighborhood of

ky

U= 0, ' However; this means that Jo is defined for certain negative values

of U in this nelghborhood, and, consequently, there are values of U for which
J,<h, even when the equations Ji(ei)' 0 are still satisfied. However,
this situatioﬁ is a violation of our original hypothesis that h is a°solution
of the minimum problem. Thus, the matrix is of rank less than m+l and must
be solvable for the Lagrange gultipliers.

4. The Existence of Extremal Domains.

~ Once it has been established that a solution to an extremal problem
exists, we may feel secure in applying the method of Lagrange multipliers
to obtain a differential equation for our extremal domain. Because of the
unigueness of s solution of g diffsrential equation with properly chosen
boundary values we can be sure that the solution is actually the extremal
solution. This section will be devoted to proofs cf a general nature on
the sristence of solutions; we see :{n Section 5 that the conditions of our
specific problem are speclal cases of the more general theorems in this '
section. Much of this discussion is a slight generalization of [31] and

is designed to suit the needs of this paper.

l " i
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We shall first demonstrate a property possessed by the length £ ot
a curve belonging to a family of continuous, rectifiable curves C in the plane.
Let there be a family G of such curves and let the complex position of a
point on C be represented by
gz = x+iy = £(t) ;
where t is a real parameter which assumes values in an interval [0,T] ant_i
£(t) iB perisdic with a period T. We shall now prove the following theorems
Iheorem 4.1. Any particular member G of a family of curves C bas the
property hat for auy sequence of curves C, such that £.(t)—>f_(t) for all t
in (0,7} given €>0, fhere exiats an N such that £(6 ) > £(c)-€ for all n>N.
. Let to,tl,tz,...,tk denote a sequence of valuas of t, where
0=t <t <t,<...<t =T, and lot f(to),f(tl),...,fk(tk) represent the
corresponding points on a curve C. If we now inscribe a polygon P in C with
vertices at each of these points, then

A{?) = 2‘—-;"“1)"“1-1)‘
1=1,

ey = 1um A(P)

K->
Max |t,-t, ,|->»0

If Theorem 4.1 were not true there would be a curve co’ the length of
whizch we shall denote by Lo where the following situatfion would hold: We
could find a sequence £, —>f, such that for any € >0, we would have
(4.1) dic )= 4c )-€
for every value of n.

Inscribe a polygon P in C_ with the fi(t) as vertices.

Now, in view of the convergence of fn’ we may find an N, s0 large that

i
[£(8)-2 (8)|< &% (1=1,2,...,K)

for n ?’Ni‘

P e e €57 ¢ b T o b
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Let N=Max Ni.
Inscribs a polygon PN in the corresponding curve GN' On writing
2,08, )-1 (b, 1) = £ (6, )-0 (6, )+ £ (b, )- (e, )+ (8, o)-2 (25 ,)
we have

AR AU L ‘fo('fi)'fn(ti) NSRS R EORRE ALY

< |£g(ts)-2g(t, )] +z£x

it follows that
L)< LB+ 5 <o) +5 .

But since Gy satisties (4.1),
€

Q(PO) <ib ci= .
Since this must hold for every possible choice of Pc’ we have
=z1 .& '
£(co) - 1,"o 2 :

But this is a contradiction of our original hypothesis that
2(00) =L ;

hence, the only other alternative is that Theorem 4.1 must hold.

We shall find it convenient to use [(f) interchangeably with the symbol

A(C), where £(t) is the complex parametric function representing C, We
shall say that a family of curves C is compact if it is possible to select
from every sequence of C a sub-sequence Gn such that

1im fn—9 fo ’
n -0

where f_represents parametrically a curve G_ within the fumily C. No

confusion should arise if we use interchangeably the terminology "the family f£*

and "the family C". Ws now prove:

Theorenm 4.2. If C represents a compact family of continuous, rectifiable

curvea, then the problenm
£(C) = Min
has a golutiopn within the family C.

i
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Due to the obviously non-negative character of the length ot a curve, there
must certainly be a greatest lower bound Lo. In view of the definition of a
greatest lower bound there must be a sequence of functions fn such that

1im E(rn) - L .
n->m °

Since C is compact, we may select a sub-sequence fn of fn which converges

i
to a function fo within the family f. fo must, of course, satisfy the
irequaiity

Ae)zz,
siace Lo is a greatest lower bound. Becaunse of Theorem 4.1 we have

ﬂ(fni) >4(,)-€
for sufficiently large values of i. But because of the convergence of g(fn )

' i

to Lo’ there must be an i large enough that

£(fni)<;o+e .

Then there is a value of 1 (say, I) large enough so that

f(fo,)- e< l(fn )<L +€

I
and we must have

L<f(e)<L +2e .
o o o
This inequality can only hold for all € if
L(e o) «L .
g5t lower bound is attained within the family.

It is clear from the manner in which we defined length that this termin-
ology is also synonymous with the terminology, variation of the funotion £(t)
in the interval [0,T]. If a curve 0 is rectifiable, then f(t) is necessarily
a function of bounded variation. We shall have occasion in Section 5 to

refer to the following theorems which we now state and prove:
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Theorem 4.3. let of (¢) (n=0,1,2,...,m) be 8 sequence of non-
decreasing, bhounded, real funotions defined for t in an intervai [0,T); ihen
there exists a set of natural numbers

n < n < n, < ...
and a non-decreasing, bounded function or(t) such that lim o (t)—>or(t)
for all t€[0,T]. 2T,

Proof. Let us first form & sequence of values of t which is everywhere
dense in [0,T], say, t (m=0,1,2,...). Then since the sequenes osn(to) is
bounded at to’ it follows from the Bolzamo-Weisrstrass theorgm that it must
have at least one limi% point. We may select a sub-sequencze O(no(to) 3 ogo(toj s

© 2
rhich converges to a limit which we shall call o((to). Since the sequence

I g(tl).:ls also bounded, we may select from it a sub-sequence o(n%(tl),. o(n}.(tl),

o(l(t ),... for which lim o, \t )"“(t ). In the same manner we may
n2 10 4

select a subset of the iIntegers nl,nl,nz,n]B',..., say, n i,_ ni,n%,ng,..., such that

Ha o 5(t,) = o((t,) ;
If we continue this diagonai process, we have for every t

Um of (6 ) = X(t) .
iowo !11

We thus have an o¢(t) defined for all t . Furthermore, we are free to adopt
the following definition for any t in the interval
lin o }w) - A(t)

jom

Um o 4(t) = o(t) .
i —>00 B

where, of course, o((tm)- o((tmj- D((tm) (m=0,1,2,...).

If t is any point of continuity of X or o, we must have of(t)= X(+),

since one can find a sub-sequence tm of tm for which tm—-7 t, and since

— i i
o((‘l'.m ) = [} (tm ) for every member of this sub-sequence; we nmow havs the
i i
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result that

Um o, (t) = oe(t) = oc(t)
ipo 3y

for every member of t and for the points of continuity of ow{t) and x(t).
We are free to designate this common limit by &X(%).

The remaining points comprise the set ‘Tl, ‘T‘z, '1‘3,...,
of discontinuity of the functions ¥ (t) and ot (t), which, becsuse ¥ and X

-rn, of points

are non-decreasing, form a countable set. The sequence o 1(’1‘0) is bounded,
5 n o

: i
and from nz,n}_,ng,..., we may select a sub-sequence I‘;,K;,K;, for which

o Ko(To) approaches & limit, which we may designate as a . We may, in
fact, apply the same diagonal process to the points of discontinuity that
we applied to the set t_ and select a diagonal sequence K?_ (where ths

subscripts and superscripis of K have the same meaning 2= those of n) such

that

-o o 00 *
O(K:'_( ‘T'p) >a, (p=0,1,2,...)
Let us now detine o((‘T'p)= &5 Then o((t) 1s defined at every point

in the interval. Since Ki is a subset of ni, we may set no-K:, nl'lz,

~

nz-l‘;, and we have

Um X (t) = oc(t)
i»m i

defined for all points on the interval.

Furthermore, o(t) is non-decreasing, for otherwise there would be a

\
ta<tb such thaf. on’(ta)>°<(tb). Set o((ta)-o((tb) =35 . OConvergence °f°(ni
. implies that we can find a positive integer N such that

§i
i
1

i

oo o . e - TR P ARSI MY T A i invn e . - - — A ti

' lotg(t )- (£ )< E  and lolt )-ox(t, ) < 3
~ for all ni> N. lle‘ conclude that

oo o A2 1
B ) N C T -
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olt) > (6 )5
K{ty) < ot(t, +2 ;

o (ty)~ og(t,) < X(t,)- x(t,)425 = -5<0

Howevar, this last inequality is a contradiction of our hypothesis that D(H
is non-decreasing.

In view of the fact that a real function of bc;unded variation can be
represented as the difference of two non-decreacing functions, Theorem 4.3
can be easily gxtended to apply to real and complex functions of bounded
variation ([16] and [331). This theorem, which we shall be using in
conjunction with Thedrem 4.2 %o demonétrate compactness of cur family, was
originally proved by Helly [16); we now state

Theorem 4.4. Let £ (t) be a sequence of bounded, complex functions of
uniformly bounded yariation defined for ihe real parameter t in an interval
[0,7]. Then there exlats a set of poaitive integers

n< <D, <...
and a function £(t) which is also bounded and of bounded yariation for which

Um £ (t)~=>£(t)
iy i

Another result which we shall need, also dus to Helly, is:
Iheoren 4.5. Let the sequence of functions of (t) bs of uniformly
bounded variation in [0,T), auppose

1im o(n(t) = o (t) s
Ny ®

and let £(t) be coutinuous in [0,T]. Then

1im [ £(t)a o(n(t) -jf(t)d«(t)

n—»® ,
[+
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The hypothesis implies that o¢{t) is of bounded variation. Hence there

exists a number V which is not less than the variation of any of the functions
o(n(t) and A(t). Let &€ be an arbitrarv positive number. Choose a
sub~division of [0,T) so small that the osciilation of £(i) is less than

in any of the sub-intervals. Let the points of the sub-division be

H

and let us designate

T
H = ZIr(t;)dt ixn(t)- f 2(t)aex(t)

&
- = . J {'t(t)-r(ti)'}dvin(t)- f_’i f [f(t)-f(ti 1)]“""9
’ - s * ng(“ ) fidtogt)-o((t)],
then s 49

i-1
|Bg) < €V €Veu i | f (o lt)-o((t))l
i=]

b1 .

where M is the maximum value of |€(t)] in [0,7]. Then
n
g |<2er+u 1¥1 Lo (8,)- o (8, )+ ox(t,)-oc(t, )1 .
By selecting n sufficiently large we have

lot, (8,)- =, (£,)] < €/n
and

'|6‘ln(t;1-1)’ o(n(1'.1_1)\< €/m

hence,

; Mm [B|&26T+2eM
n ~»00

’ In order that this inequality should hold for all possible choices of €&,

we must have

lim H =0 5
N—>wo :

o and from this Theorem 4.5 follows. This result is also easily extended to

complex functions.

E ‘-'T SRR,
x,;%;... = o l‘
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S g

5. 4An Extremum Problem with Capacity and Length.
We shall now extend the problem which we solvad in Sectioz 2 to the

following problem with an added comstraint, which we formulate in the following
manner?

Find, within %he fanily of rectifisble, continucus, elosed gurves ¢,
mmmmm:nppinemmﬁ andmutha&aﬁrminnga:umn&
is contained in iy » lho curve C which solves the problsz

) - :

We let the letter L refer to that part of the boundary C which excludes
~any part of the fixed segment which we specify to be the interval {-1,11.

It should be noticed that this segment can either be completely enclosed oy
an admissible curve G*, or that part or all of this segment can be part of
the boundary of G*. We shall refer to any part of this segment which may |
happen to 1ie on the boundary of a curve C a&s the fixed boundary and to the
remaining part of the eurﬁ L* as the free boundary. We shall let the
letter £ by itself signity £(L).

For each member of the family C there corresponds a Schlicht mapping
function £ (), which maps the region exterior to the unit eircle onto

ie

% *
the region exterior to C . On setting 7 =re , f (re1®) 1s expandable in

a Fourier series. From the principles of Absl summability of Fourier

e * .
series (241 it follows that lim £ (rei®)= £ (e1%); that is to say, the
r—l
analytic function defined by the Fourier series defines the sams analytic

function on the boundary of the unit cirele.
‘ Because o% the obviously non-negative character ‘ length there wi]‘, ‘
inevitably be a greatest lower bound m for which there would be a sequence

I.-n such that

1im f(L ) =m
n—»®

- e SeBa ‘ii
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Associated with each L, is a curve On whose length 1s at most 2 more than L.

DI
.

Hence, each function fj associicted with On is of boundod variation onr the
unit ecircle, so that the result of Theorem 4.4 implies that from the family
1;(019)’ which is defined for O in [0,27TF), we may select a sub-sequence

£ (e'¥) which converges to a function };(eig) which must be of bomnded

3
variation. In the regicn exterior to the unit circle, each fn has an
i
expansion of the form n, n,
%2
-R; %4'; ¥ e
where " e i =2
. f ( )d o) 53
© mazh “i‘ M S AU RPrIe)
2rri 2 2wl J T zrs | 0 :
- j71=1 8=0

Let £_ ( ¥) be the analytic function in D having as its expansion the

coefficients o
1
= 1im g o
‘n 1o n
e 2"1:19 ' 9
R : i
. =~ J o' ar () .
[+]

In view of Theorem 4.5 these coefficients must be equal to - ;L'j‘ 1mgﬁf (eie);

hence, 1ix 2, (rel®) 1s equal to 3 (1°) and ve myy use £ ( ) to denote
r-»l

the same analytic function exterior to the unit circle and also on its

boundary. We hkave from Thoorei 4.5,

df \0 ar
B ok [P _LJ'_Q ,
. 1_’00 Fare ei@ 21T ie

go that fo(eio) meps the unit circle onto a curve having the same outer

. 10).

mappihg radius as each fn(e Since f_ represente the limit of Schlict

functions, it must elso be Schlist.
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We now show that the segment [-1,1] is included in the domain 5;
asdsoclated with fo. Let us suppose that the contrary condition neclds, nazely,
that there is a sequence which converges o a .lim:lt Go, where a point 5, on
(-1,1] belongs tc D.. Then by definition [22] there is an n (say, N) so
isrge mt s, my he surrovunded by a neighborhood N 3 containing points
entirely in Dy. This means that D must contain some point of [-1,1] which
beiongs to every member of the converging soqueﬁcs 5;. We have shown that
the functions rn forn a compact family.

Let us now considsr the family of free houndary curves I’n for which

1im Q(Ln) -n
n-—2

Let us now map each Dn by mesns of a mapping function ¢t onto the

et X 3

~ half plsne, so that Ln corresponds to the interval {0,1]. Then the coordinates

of each I.'n are represented by parametric functions hn(t), where t is a_x'eal

parameter which assumes values in {0,1]. Since each h is of bounded

variation, we may ipply Helly's szlection principle and find a subsequence

hn such that. hn-ﬁho, where ho is a function also of boun&od variation.

Remenbering that the terminology / (Ln) is synonymous with the term

varit;fion of hn, we have from Theorem 4.l for any €, and sufficiently large i,
(Lnj) >4L(L)-e ,

where Lo represents a curve, which must be rectifiable, assoicatec with the

mapping 3_~h (t). Zut we also have for n, sufficiently lar
(4] J g

Y (Lnj) < mt+€
£rom which it follows that
4 (Lo) <n+2e .
Y ""n is a ocompact family, there must be associated with Lo a curve

C, having an outer mapping radius R and having {-1,1) in D_O-. I7 the last

e SR T Tl S ce g e T Y | TN g€ P TS g g - T O
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inequality is to hold for every possible choice of €, we must have

201 o) =mn .
Whether the equality or inequality sign holds, Lo solves our minimum problem,
since it is associated with a curvs Go having the properties specified in thes
hypothesis which we used to formulate the problem.

It will be convenient to prove also that the extremal domain D must be
bounded by & curve whose free Loundary is convex. If it were n‘ot so, we
would be able to find two free boundary points % and 8, which can ke jcined
by a straight line which lies sntirely within the domain D. The region D
enclosed by the boundary formed by replacing the arc % 3, by the straight

line 3,3, has grown montonically. Consequently, the outer mapping radius
R/ associated with this new domain D’ is greater than the B associated with D.

Let us now seleot two free boundary points 3, and 3 4 which, unlike 3, and s,,
oan be joined by a atraight line lying entirely within D’. The domain D¥,
~~

bounded by the curve C/, formed by replacing the arc = with the straight

3%
will have an outer mapping radius R”, which is less than R/. By

3%
chooging the ‘points 5y and 3, sufficiently close to each other, we may

line

choose a location of 3, and z 4 such that R*=R. However, we decreased -
the total length when we constructed C’/ from C and decreased it again when
we constructed G“ from C’, so that we obtained f(L“) <£(L). Since we have
constructed a new curve with the same mapning radius, $“ is eligiblie for
membership in the family of curves admitted to competition, thus introducing
a contradiction to our hypothesis that C is a curve whose free boundary has

a minimum length. It can be seen from this argument that the curve having

a minimum length must belong to the more exclusive sub-olass nf curves having

convex free boundaries.

T o I S T P I TR e
e T R e T =T . .
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It should be noticed that there are four possibilities for the form
of the extremum curve; they are listed as follows:

1. That the extremal curve degenerste to a segment along the real axias
having a length grester than 2 (i.e., a point traces a total length which
is greater than 4) and containing the segment [~1,1] (shown in Fig. la).

2. That the extremal curve completely surrounds {-1,1], and no point
of this interval 1ies on the boundary C (Fig. 1b). .

3. That not all but only a part of [-1,1] 1ies on C (Fig. o).
4. That-the entire interval be a part of G (Fig. 1d).

Let us consider the first of these situations. If the extremal curve
has this sort of shape, we may apply a variation of Hadamard. Let us choose
a point x  on this segment and in an interval [x - « X+ ] which surrounds
x, apply a variation function p(x) 5 constructed so that e(x)-o at all
points outside the interval and so timt .e(x) is negative inside the interval;
apply this varistion to the upper branch of the segment and lot P(x)=0 -
throughout th® lower branch. In view of (2.2) we have for our curve

constriucted by this variation

" - of€) .
However, in view of (2.3) we nave
x
5ty - ej° 287 paxsole)
-

resulting in a change having a magnitude of the first power or €. We have
increased the logarithmic capacity vy this variation, but we may decrease
it to its original value by removing part of. the end of this segment; we .
must, however, shorten this segment by a multiple of the first power of € in

order to accomplish this result. Thus we have constructed a new curve also




{
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eligible for membership in our class of competing curves by applying two
operaticns. The first operation lengthened the ocurve by o(< ) while the
second reduced its length by according to the first power of €. By choosing
€ sufficiently small, we may make this newly construoted curve have a length

which is less than that of the original, thus contradicting our hypothesis

that this segment solves the minimum problsm.

We shall postpone our discussion of Cases 2, 3, and 4 until we have
constructed a certain avriliary conformal mbpiug function q(z).

®o shall now consiruct a Schiffer variation of a form that is consistent
with the constraints of our problem. Lst L be a sequence of points in the

domain D such that they have a limit point 5, Let us denote a point in a

|
i

* P
domain of comparison D by the relation

®
(5.1) z'z+e1?Z;::'fe Zz—_é.?

n=1 n

We have here @~exmesaion defined in a neighborhood of én;- o,

n=1,2,...,00; we a;-e, of’ course, obliged to rabtrict ourselves to such vaiues
of én. fsuch that these sums are convergént. This transforﬁétion retains the
réal axis and, in particular, transforms the segment [-1,1] into another
real segment. This transformation will leave this segment totally invariant
if we add the constraints

-l

X €a (<) €
el o g & 1‘? - -
nz- » Ts +e nz-i =y 2Re o Z s fl( en) 0

10
=1

(5.2) o

’ 1 __n. viq!T"D S 1 ..EL |
(5.2%) e'PZ; te L:ilﬁn 2 Re o' _l(en)-o

¥e now develop a formu.u.a tor f v:lth our axnenued Schiffer variation;

differentistion of (5.1) yielda
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*
dz_ ,dz ;05 & 1957 5p
ds ds (1-e =y 5%, - ‘:i;n- n] !

v* =
Ll R = S~y

- (e-izpv" _.En_ - emi —-E“—)-ro(e)
a=t 5 A1 Ges)?

= 1-2 Re ¢F in—io(e)
’ i (z-zn) (z—zn)z -

*
€8_ . 1. Re o? l—;
s * Z (z-z )2 (z--zn)2 |

Integration of both sides produces

.»)‘ r-£~R mi §/1 +_1 )d+ ) ’
(o2 °° n= “n ((z-z.‘:,)2 (2-30)2 °role

where we let € = max en.

*
Each step in the derivation of 3 in Section 3 is valid until we
obtain an equation ihich must be modified to the following form:
= )+ Ro o*? Ip (¢)-p (t)
¥ =§+Ree 2-“-1 p(t)-p(t)ap |,
2= Iy
where in this extended problem I’ must consist of a set of circles small

enough to surround exclusively all zn‘s and ’Tn"’ We have as a result ‘ !

@ . - -
(5.4 & =y+he e o'Pe pr(x ) ols)) + ¢ V¢ p/()? 5 (3 ) + ol€) .

Ik X T ReZ[ei‘penp’(s )za'(z )+ o 1P¢ p'(z )zo'(z )1+ o(€) ‘

n=1 I

-+ B o' 5 e [pets, oo 0GR €G)Iee)

g - el
e N e —aumat
B T i e e T R R LYY R T T T s T i R T4
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where ({t) is a function defined such that
t) =1 , +teD,
(t)=0 , teb .
A necessary condition that a minimum to our problem exist is that the
functional :

» » f](S) f_](Gn
R A I
have the property that

. .
-a-é;-o for € =0 _(_.':‘-'III.,Z,...) .

Therefore, we ‘havo
ds { ds—

) (5.5) Re ei"’;\ ( 5 + P2
] (8-3 ) c (8"2

| . A A
-'-n«'-ttoiﬂl(pz(-n)zo—(.n)+pf(.n)zcr(znm—ﬁ- —3-11 ,

n=1,2,...,0 .

Since ¢ 1s arbitrary, we obtain

' r 2 I4. 'l- 2 = E
f5.6) N[j;(z-z 2 .f(’ T )2] )\l(p (sn) o‘(zn) Pﬁ(”n)_ 0(s,)]

L T
l-zn 1+zn

We note that both p(ﬂ)2 and p’ (;)2 have expansions in 1/z and we

conclude that this is an analytic expression in s which vanishes for z = L
Since it vanishes at all points of this seti L which has a 1limit point, it

must vanish everywhere [30]. We¢ note also that

- 2 ’
1-z, n  %n =
n
1
1 v *n n 3 g;
- e SOV ———— - m‘"%éq
R T g N S A T e T A G I — n«-:,-—-u-- — R &g
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but since none of the other terms of (5.6) have terms in 1/z in their
expansion, we conclude that )\2--)\,. We have, finally, for all t in the

complex plane

(5.7) A [f—-—‘- [-—‘-] - A {p ()2 ¢ () + ’(1;)2 d’(t)+—'\"‘- 3
(s-t)% g (z-¢) 1-¢2

where )\4-2/\2- -2/\3.

Now if /\o were tc vanish, (5.7) would assume the form
A Tp (802 T(8) + p2(0)? o'(i)l'«—)‘-‘g -C
1-¢

Since these are analytic funotions in t we may integrate this equation around
a contour I' which encloses a sub-arc of the free boundary L; let [ intersect

L at points z_ and s and enclose a region /A, which consists rartly of a

1 2
portion of D and partly of a portion of D. Since p'(;)2 ¢(t) 1is an anslytie

function in ['*A and A+l contains nsither 1 nor -1, and since p’(t) ¢ (t)
is analytic in D, we have
z
PR -
U(s,) = N, | pr(t)%at = -\ '(1;)2 dt + )\ a5
2 1 1l 1 t2
z -
This shows that U(zz) is ar analytic function that vanishes on the open
~ free boundary. In view of the principles of analytic continuation, we have
the absurd result
.i = ’ 2 —
g U(t) = A;p’(¢)° =0

Thus >\°;‘ 0, and we may introduce
A

-
It will be helpful in our investigation to construct a function r(z)
having the property that
ri(z) = Ap'(s)?

for s€D. Toward this goal we write (5.7) in the form




- 37 -

ds ds— A
(5.7%) f i f - ,\ Ip/ (0% + pr (022 ¢ (®) 1+ —L5
(z-t) (z- let

-y

where t is in D and where A’ = )\4/ Ao+ ‘Integration of (5.77) with
respect tc t ylelds
U _ Ir U ds
A J tor 2+ C@p (2t + N f i ftf—-—ﬁ-+f—-&—1at :
o ) c
Integration with respect to U produces
t, U - t, N
N I RIS S S A e R G Y o e R
U t]_ 1] ¢ [¢]

1-t

tl o 1

. "
. t{‘ ‘?C(ﬁ}ﬂ-)- - ﬁgﬁ;y)ds;du

Here tl and t2 are points in D, Let vo,v, ¥, and v, denote pbints of 5;
then we obtain

\ N e N =y
") + /(%)
f J (¢ -dtdu )\:{ #{p t)°dt dv
3 2 X & ds dtdu
Y didy , )’ m:,,f‘f ds dtdu
)\ [1 u{ 1-4° !1 "[ 1-+° ¢ é (z-t) /

t. U w v
ds dtd ds dtd 2
R e e T U e Y el A S I
J 6’ g @t Y st J Y o§
t 0 1 Yo "1 %

It may be inferred that




t \
) Af f o(4)2at + J»2§ds du '2§da dv j dszdu Zjda dv
z- U 3=V, (_-U ) 2=V
[ v, c t1 z¢C o' w .G
SYLY 0 s
- f '/.pv‘(t) at* (t -t, )‘ﬁ 2-tl)§ = U + ('2—' ) § + (‘2..'1) 3
o z£0 ¢
%
2 ( ds du da dv ds du da dv
S 55 e fees
Y U t, U
; = fq‘(%)p'('i)zdtdnw\! /' p/(3) atév - ) f J gﬁg
: tl Uo 1 Y% : t‘l (]
. 02 0 gsay
. *Af f 1-¢%
; “1 vo

has the desired property that r’(s) = )\p'(z)z.
We shall find it a useful manewver to evaluate lim _ r(t,), where s,
Y23 -
: e !
and 3, are points on the free boundary of C. This is most easily accomplished

by Bimultaneoﬂs.'v ﬁllv' g -1_;__>=1 and izﬂusz i.il‘_ P D. we . 11 ﬁenof,e
this passage to the limit by the symbol 1im . We have

m r(t,)- Um r(v,) = nm r(t,)~0 = lin r[t)
tz—nz >z, —9:2

We shall call this limit simply r(z2 .
When no singularities are involved, this passage to the limit becomes
a simple contour integral around a closed path I'. As z traces [', =

races lts ref:!ected image in D, and since p’ (;) is analytic in D, a double
passage to the limit nullifies this term. The same result

Integration an

is true for the term with,—l-z' and al~o the integration and lim ' performed
1-% '

: . 4 & e
R T PR e S . & ik i 4 - SR R L ST IR A e s
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d
n =_—L . Our remaining task is that of computing
geC o

r(s)-lin[/f‘-‘du-/‘f'-zdv}
1

= 1h°[11+ I+ I+ 14] R
where ’, ’
1) z w z
2 I| ds 2 2 ds
- — = —
I, /‘ J hau / —% 4v
Yh o5 “w %
Y 4 ’
. Y % dsdu " %) ds dv
—2 =

I = f — _ —5
3 s-U / v
h 5 "w 5
£, =% w, 3z’
. 2 2dsdu- n2 pZdde
4 z~U ‘/ J, -V f
3 % 1 %,

where all integrations are taken along C in a counter-clogkwise sense

(Fig. 2a). We let 3) and 57 be the endpoints of an arc of lemgth 0

containing the point %y and attach a Icorresponding meaning to zé’ ) Ty, and zé’.
To evaluate I,, we may pass to the limit without obsiruction; since it

is easlly verified that this double integral is absolutaly convergent; we

order of imt graw.on md write

2 ds dt
e =t ’
- ™ |
where [' is a closed circuit ernclosing the arc s/ 5{'of C and passing through
7, and 3, (Fig. 2b). Hence -

.T.}

N R SPPEREAY I BNASERLATIRRI VI AT s sy - e S
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- '
%, , dids

- — 2o ak
B lin I, =t " 2Tilsi-a))
z-:i
where 32 is equal to the arc parameter s at sé and ’1 has a similar mesning.

By analogous reasoning,
Z-37
1 %‘ dtds

= ——z =
n‘c 12 Z -t 0
” 54
2 I
To evaluate I, (Fig. 2c), we find no obstruction in allowing t, and
v, to approach 5, within D and 3, respectively; we obtain

lia I, = f
>3,
where t traces a curve in I bsiween Y and 5, and a continuation of this
curve in D from 5, to.'l.
the free boundary, we are justified in writing
"
1
I, - 41 [log(z-t,) - logis-w;)Jds = f [log(z-tl) log(z-w )] d'a
1 e

In view of the convexity and rectifiability of

Since convexity hpliaa that z(a) is of bounded variation,

. - 5 -t = z! -
13 sl(s'l- tl) log "J‘—"le - :l(si- tl) log —le—tl

-
.~V f-w

-?;(z;- v) log 21— - 3 (s7-w,) 1oz-l—-1

" L]

% 31 =t . 1 -, .
__"n . - i i L2 " -
f ‘ j (s-t,) log —'l° ds + / (s-w,) log -—-1° dz
1 !
. "—
(The reader should note that log ‘la—t'l is n=ed &0 wepweasut zsre

concisely, log (zi- tl)-l.)
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-‘ N We let e and lvl-tll be so small that

\Igl‘—‘-lzi' t, (1og ];leq+1+2w)+ \zi-tll (log +142T)

—Tl—
|21 - %]

T NS - S N )
+ 8] - w; | (208 \’:.I."1|+1+ZTT)+ =] - w, | (l0g -] +1+2TM)

’l
1 2
+ sz |s-t,| (Log T;:_"t—ﬂ*'ZT\'*'l)dz!*'
1

x> x
Now since log x~J L < [ Jﬁ- <2212 2 2222, gor sutticiently small p
{1t (12 11 ¢

B ) r\ )
we have log ,‘_151\ <| -2 17z for all 2 along the.closed are zz7. Thus
i -1/2 ’ ¢ -1/2
g lin i13l< 2[:;- zi‘(ﬂS{- zll /2, 2T+ 2lzl-z|(2|zl-zl\ 1/2, 377)

+ 2] fsz(ls-s]_.l/z"‘ 3m Is-sll)id-;,

1/24-’211-?4.2(].( /2+3-"P)| idz‘<36T|'29 5
since a corrssponding reanlt also holds for I 4
1/2
Un |r(t,)- L | = |r(s,)- 1tm L|< 727 p
This result must also hold for the limiting case e—-}O- hence for z€C,

r(z ) = -21\‘1(5 -8 ) - AJ fp'(t)zdtdv

for all z on the free boundary L. We may deduce immediately thit A cannot
vanish and that we may use it freely in either the numerator or demominator
e of an expression. |
Since p(z) is an apalytic function of z in D, save for a logarithmic
pole gt infinity, we have

| R U — — S 2

W\_._' . ' ' ~ ~
— e =

= o T, 'm"mrcﬁycww—ﬂ“w ——

1 =
f {z-w, | (108 T‘—_J:EF* 1+ 2mds l

i



g,

- j2 -

z{s) - -A—jf p’(z)zdsdz = R(p) i

5 IR £+ Nk 2o ey

2TvE  2Td
where R{p) represents an analytic function of p in D. Let us now resall the
definition of the Gireen's mnction.g (x) and its analytic sxtension p(z);
we deduce that the image of C in the p-plane is the imaginary axis. We
"also note that for z on the free boundary, R(p) is equal to the real quantity s.
How let X denote an arc of the extremal free boundary and let H denote &
region containing X along with parts of D and 3, having ¢ as their common

boundary. Then, in view of the Schwarz principls of reflectioca, we may
define R(p) as an analytic function of p for all s£H. If we write

(p) = 5‘%.-1 (J'p".z)zds) g: ap

Rf(p) - —2%_? (J’ p/(s)ds)s “(p) ’
7 () - dp
s'ﬁp; - 511!'_{5 3 (p) i

" TR
Whence finally we have
(5.8) z*(p) = z'(pitg:—’g% - m] :

Now R*(p) and R/(p) are both analytic functions of p for z€H, and since
this is a linear equation in 2z, it is solvable uniquely for 2 as an analytic
function of p at all points correspondiag to z€H ({6], [18]) except about
the pointe corresponding to the zeros of R’(p). These zeros, however, are
isolated points; hence, 1f p 1is a zero of R’(p) which 1ies on the image of oX
in the p-plane, there is some deleted neighborhood No of P, on the image
of & where z is an anaiytic function of p. Let P, and P, be any two points
in this neigiborhood. Let us now write (5.8) in the form

" o
VA - -




Integration between the limits p, and p, ylelds for the left side of (5.8)
R‘(p,)

7 +C
zpz

log

:

1
%
[}
{

] s/{p,)
< log 57 .

R Py

Now at all points paﬂo, z is an analytic function of p, which is purely
imaginary on &, Henoce, it is an analytic function of ih, where h is & real
parameter, and the arc corresponding to Ho in the z~plan® is analytic. Thas
at p=p,, R'(pz)- g: g;]pz and the integration side of (5.87) becomgs
‘simply '

s(p
c+ 108 —-—_2_

s = C+1i arg dz,

G_sz Ee

This expression remains bounded for any 1oeation. of P, even near po. Since

P, is & zero of the analytic function R‘(p), R’(p) is expressible in the form
— R/(p) = (p-p_)ut(p) 3 |

here m 1s a natural number and £(p)#¥0. However, the integrated right-hand

side of (5.87) is

Py Py
A e __1_ T"%
Z‘H‘if B’Zp’ 211'1[ PP,/ f(p :
P Py '

Since P, is a pole of this integral expression, we can make the absolute

value as large as desired by bringing P, sufficienj:ly near p_; this, howaver,
is a contradiction of ithe result concernix;.g the integral of the left of (5.87);
hence the culy other aliernative is that z be solvabls at any point ca the
boundary as an analytie function of p. Consequently, on the boundary z is

an analytic function of a real parameter, and any sub-are Sf the free boundary
is an analytic arc. Therefore, formal processes which follow are

adequately justified.

LTl e o - oo v e
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With proper choice of the limits of Jntegration we may write
r(s) = -21vis

for s€L. On differentiating with respect to =, we have

zl‘zl .‘.
T2y "%

Let us now denote -(r‘(z))/(2Tr1) by q(z) and examine the conformal

mapping properties of this function. We may infer that the free boundary
i3 mapped onto an arc of the unit circle.. At an earlier time we mentioned
in this section that there were four possible forms that the extremal curve
could g3sume. -If C has the form mentioned in Gase 2, the image of C in the
- g~plane must be the unit circle, whose boundary is traced exactly once in
a clockwise sense as z tracez C in a counter-closckwise s.ense. Since q(z)
is an integral of a constant ~ultiple of p’(z)z, it has an erpﬁns:lon about
infinity form
| % 2
Thus the image of ihe point at infinity in the z-plane ic located in the

=

interior of the image curve in the q-plane. The region D is mepped by q

onto the interior of the unit circle. W¥We may conclude from ths cénformal

- e

)

i

mapping properties of g, which were discussed Section 24 that the extremal o

. . -:.,.1)

curve is a circle of radius R, which ccmpletely enclofes the segment [~1,11. il

7k

This case 1s certainly impossible if R<<1., In the eventthat R =1, let it;

y

us get %
1

R= , (0egar) é

(1*%) sin —£E P ‘

1"' by [

Wo chall see the gignificance of this substitution in the discussion which

e e 8 o e e MO 1 T

follows. Let us map the exterior of the unit circle onto the exterior of

the configuration consisting of the segment [-1,1], and the circular arc !
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having as its center the coordinates O, cot F‘ and having a radius ;_1%;_5

such that the points at infinity correspond to each other. This confi.guration
is mapped onto = wadge by the mapping z-1/2+1 with the segment corresponding
to the negative real axis and the arc corresponding vo ths radius vector

in the direction elf. Multiplication by o P makes the arc correspond to

the positive real axis. The mapping h= (e ﬁ)‘ﬂ'fﬂ' p maps the exterior
of this arc and segmexnt onto the lower half plane. The unit circle is

mapped onto the lower half plane, so that eiﬂ corresponds to the origin

and ¢ 2 corresponds to the point at infinity by the transformation

o oo du | | |
e ' %28-— | The point at infinity in the z-plane will correspond to the

B _
point at infinity in the 7 -plane if -—1%' . Thus the mapping from

the ‘; -plane to ths z~plane is accomplished by
£ £
: 1+ 1+
I i N 0 B
} 1+ { 1+4
(o )% (%)
The mapping radius of this iransformation is given by

lin 42 . 140 —2
g o % o -ritexp . i E*rv

7-edyae— s -ga-aed)e——

g
5
-
g.‘
4
#

1 7
- R ) L
(1+'e') sin —ER‘_ %
I*F ?4‘
Weo have, however, § E
1 >——l i
; (1+‘—) sin -"—'é——-(1+__) (1+%) sin p B

e
s e sATEaZT
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. . But the length of the circular arc of the configuration which we have
just shown to have an outer mapping radins R is % . We have
S 1- 11:- 27e(1- -.?‘.-)

?‘ILI;% = zw(sinp o

-t _ owR

2
(1- T"A‘rz)sin g (1+ '-%)sin g

This circular arc, however, is eligible for membership in the family

of free boundaries admitted to competition for solution of the extremal
problem and has a length less than that of the circumference of the circle

of radius B, and consequently this circle cannot be a solution to our

ER TSI | PR KT NCRT I PRI T Res et s AT

minimum problem.
Lot 16 mow scanine the mamnar in which g mepe the firsd bowsdary. We
have .
p’(z)-gsf-ii -gf ,
which is a puwrely imaginary quantity. Hence q(z), which has the form
=A

Fas p/(s)?dz, must map the fixed bomndary into a segment parallel to the
)

:Lmagigary axis, whieh, éf course, must intersect the unit circle. In

view of the geometry of this mapping, we conclude that the tangent vector

is discontinuous at the points of contact of the fixed boundary with the
free boundary and that the limit of the argument of the tangsnt vector of the
free boundary as it approaches one point of contact must be the negative

of that at the other point of contast.

With this last fact in mind, let us consider the appearance of a

)
f
|
1

ok

possible extremal curve which satisfies the conditions specified in the
third possible case. Let us suppose that our extremal problem is solved
by a curve C having a fixed boundary which does not consist of the entire

segment [-1,1]. If the free boundary does not intersect the fixed boundery

'}
{
|
i
};.
¥
!
1
‘i
3
:i
i
i
%
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at 1 or -1, since it is convex it muat enclose the ends cf this segment.
4 we trace the point £ around the free boundary, we see that the tangent
vector must assume certain .values twice. Hence q performs = mapping of C
ontc the complete unit circle and a chord parallel to the imaginary axis,
where the chord separates the circle i.nto &8n arc which is traced once and
an arc which is traced twice. We may say with different wording that as s
traces C, q traces two closed circuits, one of them being the complete unit
circle and the other being & crescent-shaped circuit _["q formed by the |
circular arc and chord.
Acoording to the argument principle [227, the number of times g(s)

assumes a certain value v is given by

Aapr

where the integration is taken around C in a c¢lockwise sense. But this
integral is equivalent to the following counter-clockwise integration
around the image curve cq in the g-planes

27 | g-w ‘
c 9 '

q
By the residue theorem this integral is equal to 2 if w_ is inside [ o’
since L is a point encliosed in two complete circuits equal to 1 if L is
inside the wnit circle but cutside [‘q_. and O ctherwise. Was notice
especislly that certain values are assumed twice. This means that q(z)
must have a bransh point for a certain z €D snch that ¢ (g)=0. This

implies that p’(s)=0, meaning, of ge, that the derivative of Green's
function along tic normal of the level curve must venish. This situation, {

however, 18 impcssible as is shown in texts on potential theory and conformal
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mapping (({17] and [29]). We are able to conclude from this argument that
the extremal curve must satisfy Case 4. .
Under the condition the image Gq of the extremal curve must be ccmposed
cf a circular arc and a segment parallel to the imaginary axis and is traced |
exactly once in a clockwise sense as C is traced in a counter-clockwise .

sense. The number of times that q assumes & value LA is as befors

1 | dq.
2l qw,

q
This integral is equal to 1 if w, 1s inside cq, and O otherwise. Hence,

each value corresponding to a q(z) for z€D is assumed exactly once and
the mappia~ of D by q(z) onto the g-plane is Schlicht.

= Let 2 ? denote {i{he angle subtended by the image of the fixed boundary
in the o-plame. (3 is also the angle which the tangent vector to the
free boundary makes with the real axis at the point of contact with the fixed
boundary.) On the fixed boundary q is expressible in the form

' q(z)-cosehlv ‘ B —

where v i3 a real function of thé position on the imaginary axis. Since

q(z) has at infinity an expansion
(s} = mhle 2

0 2.“.z 22 so ]

we have as a reasult of the residue theorem

N 3 n . A 3 : '
(5.9) Jq(z)dz = 2TWi(- é—#) =-A . |
c
But this contour integration can be expressed as the sum of an integral :‘[1
. over the fixed boundary, C-L, and an integral 12 over the free btoundery L. '
We have '
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. 1
I - f (cos {3+iv)dz -2 cosp+i - v(x)dx

_2l‘?zdz-fds 4 )

From (5.9) we obtain _
(5.97) L+I, =2 cos +1fvax+l - A

Since 1fv;dx is the only imaginary term in this equatism, it mmst vanish.

4lso by the residue theorem we have

2 Al
§qu-2ﬂi[“L]-aA g
. ‘rhe portion of this mtegral over the fixed botmdary we designate by
. I = f‘ { 21 cos Bv- v '
. _ 37 cos P P x|,
r.. A |
£ which must be equal to a real constant K,, since the imaginary part vanishes.

i _ Over the free b&undary we have

= = -1
I = |2z = |dz =[2] =2
4 { 1

]

r We obtain as a result

§ =2

N (5.10) a8, = El,\-— = 1lim q(z)
Z-r0

Thus the point at infinity is mapped by q(z) onto the real axis.

A drawing which shows the image of C in the q-plane and “n the Z-plams
is shown in Fig. 3a and Fig. 3b, respectively. In the q-plane the fixed
boundary corresponds to a straight line parallel to the imaginary axis and
subtends an angle /5 with the origin. The image of the free boundary is the

arc of the mit circle. Let us assume that the fixed boundary maps onto
the unit circle, with eid corresponding to 1 and e-i“ sorresponding to -1;
thece points correspond to e""fg and eila, respectively, in the q-;ilane.

g It should be noted that by varying our fixed mapping radius R, wo should
E W L - Iy

\‘ﬁ' “b- ) - o e ﬁ,k
:: b U R I A e I Y G T I O gy e o - WAL M“
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obtain a one-parameter family of extremal curves. Each different value of B
should produce a certain (3, which in turn depends on . We shall subsequently
def;ormine relations between these three parameters.

Let us nox map the image of D in the g~p’ane onto the upper half
plane. This operation is eccomplished in the following three steps (See
Tig. 4)t

1. The g-plane is mapped onto a wedge with the neéative,real axis
corresponding to the fixed boundary and the s traight line oriented in the
direction F _c_‘.orresponding to the free boundary z=1 in the z-plane
(or e 1P in the q-plane) corresponds to the point at infinity, and z~-1
corresponds to the origin. The mapping is sccomplished by

Y
he Tl
2. %.eﬂﬁl.;vitiﬁ

i ’
q- e o
rotates the fixed boundary so that it corresponds to the positive :rreal axis.

3. The wedge is spread apart so that it corresponds to the upper-

" half-plane by the transformation

h.%& ’
where
k=1- ‘TE;-' "
The rsgion corresponding to P in the Z-plane 3= mapped onto the upper
half-plane so that ei“ corresponds to the point at infinity and e-i'(
corresponds to the origin by a transformation »f the form A_em '{-—Q'-Ti: ’

G-
where these correspondences hold if A is any positive constant.

q is related to ¥ by
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- - ik
(5.11) Scel _ pylif ,
q- o ¢ (4= o2
where
Y- ko\*{ﬁ

On solving for q, we have

-1(5 - g) 1(1_(5) i

(5.117) q=2 -g. f (mk- (z- g 1%K
"1'& X »
e 2 ( Y- ic()k_

- (.F- e-m -

where B is another positive parameter equal to sk, we have
-1({- -p) (&)
Eg
I ¥
i 2 5 i 5
- Be

e =lim q=1lim q=2
oo Z —»m

However, we learnec from {5.10) that a, i3 veal; this can only sccur if

B=1. We have, finally,

-1 F-p 1(E--p) :
(5.12) q =2 LAl (¢ - aiNE- o 2 P (4= o)

1 X
iﬂ)k_ s (\‘_ e-id) .

) (g -o
On dit:ferentiation with respectr to %, we obtain
dq _ ik st TR PP
(5.13) Gy =° ) k=2
le 2{y-e

togk_ 2 (o _ ik

z must have the following expansion with respect to %@
i1 O | -
z = e RY *z-* oes
where §§ is an undeterminred constant of rotation and R is positive. But

14 -ep(Z)ﬁ'H", where Ho 1s also a constant of rotation, since
do .zxia) | sA )2 . A 2
dz =~ 2mi " 2wi P 2T .2 ’

from which we obtain
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) -4 .1.52: 1oy k.
(5.14) 4z . iN 1 - .‘LZ\. e a (E_-_Qi_“)k- e (I_-_Q- °‘) ]2 T
i¢ 2w 52 9. 2T gy ratn sin /3 (?-oia)k-l(‘!;-e:i-“) ] 62

iy

as the differential equation which defines our extremal curve. We have also

. . Pda] o 24
(5.15) R ‘él-j::n Idﬁl A sin® £ :
where

A A

¥ 2kTr.sin « sin B i
by an algebraic manipulation let us write (5.14) in the form

1“ -io"\ :
(5.147) gg - i,j—t Dl b 38 L o Bt T L e )
I 9. -1
+olZ ) £y

This equation, when expanded about infinity, becomes

' = =io
aan AR 0 ) & .00 (0 B L)
=1

1
-20- 29880 Ly 0 o £ ) (1) T )T

In view of the form of the mxpansion of z in terms of 4, the term in 1/y,
should be absent when expanding a‘% 3} on,ocollecting the coefficients of
1/% in (5.14") and nullifying this sm{ we obtain

(5.16) (1+x)cos (¥ - ox) + (l-k')aos(b"+ X)-2cos & =0 ,

or by a trigonometric rearrangemen't',,/ we have

(5.167) cos ¥ cos X+kain ¥ sin X = cos X
We now have a method for evaluating the parameter R and a relation

between « and 4. To beget & method for evaluating the constant <\
which is related to the Lagrange muitiplier, we use the following version
of (5 014)3

o 1\ k -iK k
o 1¥\X
(5.14"") ad% & % (I_Z_Q‘gﬂ.ﬁ.-l--l'z‘)te-iw —1—-—;-.%-;- -2+ 31‘5 (1- fo\_l):.] E
12 i 1-8— (1- %)

I OIS W TGP B i s e

——
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To evaluate dz or d# dz on the unit circle for 6 in (-w,K), we make the

substitution ¢ = eie, from which we have d 7 = 16'%0. We obtain from (5.14")

%-90
(5.17) adz'cw = ZZA (cos © - cos ) [~ 1¥(-e1" f-ji?%— k2
v stn 452
. X*Q
+ o187 ill-;--"'?“---')klde
-gin =8
2

It should be noticed that the relation defined by (5.11) indicates that

-ioyk ' sin 252
eiG.LZ_:_Q__L , which reduces to o1¥ o i* 22 ) the wnit circle,
(7-eF sin %52

performs a conformal mapping on the ‘% -plane such that a point in (ecx,),

which is an image of a fixed boundary point; is %4rznsformed into a point

on the negative real axis. On substituting the values of k and o', we have

: A+ O i X8 ,_ &
ol (kx+B)(_ -da sin 73 ¥ o1f(-1 ;'.m.___a_)l T .
o= 8 %-0 2
sin 2 sin >

and on replacing -1 by eiﬂ-, this expression assumes the obviously negetive

form 4

+

for valuss of & in {-w,o¢), (5.17) becomes

?

«-0 x+0
(5.7 85 4y == (con 0- 008 K )[(miZm) + 2+ (mePi¥140
dv 2 sino“%'e asini'é-9

This expression when integrated between - and K must result in the length
of the fixed boundary, which is equal to 2. Thus A is defined by the

relation
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| «
(5.18) 2= '%'/ (cos - cos ) (sin 2"-:E'Q}k(sin '-’-‘-5-9)-k+2
-t
+ (sin °<—-:‘;—Q)k(sin %i)-k]de
We summarize our results wi '
Theorem 5.1. Ihe sclution of our minimup problen is defined by ihe
differential squation |

(5.14"") §g~ =& (2. 2pcosw+1) [ (5- XK(g- o7 NE. 2
A% '

+ol K(‘;- e’m)k(&- e 5

The family of minimup domains depends on only one parameter, which is

- deiined through eliminution in the following equatlons lnvolving the constants
: R, %, @, and As
(5.15) R - NAstn? &
(5.16") cos ) cos & +kainpy sin& = cos o

X
(5.18) 2= % [(o0n0-con a)l(otn 25¥(otn 257
-0t

+ (sin 259X (a1n ¥59) 100

A
!nmaum‘l\'.zk‘rsinoﬁ sinf °’ k-l'é’ and Pek*+f.

The proccdurs Zor solving (5.14) is to solve first (5.16) for X and
/6 , one of which can be specified arbitrarily, determine ./L from (5.18),
and then integrate (5.14) along the unit circle to determine o set of
points on the minimum curve.

Substitution of =0 in (5,16) ylelds the equation
2-2cosxA =0 ,

whose solution is X = 0, Substitution of @ =~ gives the result

i o A

- " s . - B USSR e A e et o o T e e 4
R Y ML S . oo o o R 1 T LT e ] P i i vt ety
W e

TR 4 T e =" B R e T T | I L R S e g QT . T IR ‘@
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co8 (Tr- k) +cos(Tr+ k) = 2 cos o
-2 cos % = 2 cos X
K = TT/2

Por (3-‘11—/2, (5.16) becomes

> cos(% - %)4-% cos(‘} + 3'%) =2 cos X |,

2
gaino\-lainzéﬁ'-Z-l.sinz‘%

5 5
but
otn 2B = 3 o1n B - a1’ L
hence we have .
- | 36in 2 - 3510 L4 4 o1n? & = 48 ain?

. which becomes
sin’ £+ 29102 % -1 -0

b4

(ain%+1)(ain2-$-+s1n%-1)-o

?

2, =usds
2 2 .613

sin ’
L rpn -
To determine £ we may write (5.9/) in the form
(5.19) Zcos/3+/-2(1-"1€')"."'aino< sin @ A 5
When ﬁ—ﬂl’we have
-2+4=0 |,
La2 .
: This shows that in this case C has degenerated to a slit and that the free

boundary ccincides with the fixed boundary. This result is consistent with
geometrical intuition.

T AR L - !

" = TR e " e - —
T — - —— -twﬂww*rmwwpﬁ-wm*y WM%
ff" .
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Another interesting limiting case is when the vuter mapping radius
becomes increasingly large: the fixed houndary becomes less and less
significant and geometrical intuition tells us that the extremal curve
should resemble a circle. We now donsider the ratio Z/R as ot 50, ﬁ-—-)O.

To evaluate this limit it will be necessary to first compute the limit

1ip Sdnesing

>0 sin2 'g‘
which we wri*e in the form
2
lta (-G GO
®—>0 sin 2

and then consider the limit

s ag
K—>0 sin 2

We write (5.16’) as
k sin ) sin &k = coseX(1- qoszs')

which becomes

ksin-g'- cos %'—aino(-oosot sinz-g-' e

Solving fcr m—%{ we have
sin 5° '

~aint _ _cog of
inr ‘fﬂﬂl

ng ke

we

on passing to the limit this expression becomes unity. To evaluate

gﬂﬁ- we differ‘ntiate numerator and d'nominator wi¥1 respect to of
and obtain y
bl il 9
cos *

!
o T - e WW-W:M?WWWMW‘WMM~“ W‘M@
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This 1imit must be equal to 1im S . To compute & we
X =0 9

differentiate (5.16) with respect to of, obtaining
-sin x cos o<[.L- -2 gﬁ' MT- cos 3 singx

-'}‘-‘ sin » sin & *koosb‘sino&(l-.rﬁ;: .}""-d'ﬂ' + 487

+k sinyooso(--sin.o( :

:

We divide both sides of this expression by sin -g- and recall

lim —ﬂ“_-g--z and  lim -m%-l and obtain.
%~>0 sin o~—>0 sin

A

un 8.1

o= %
hence we have, finally,

| L, M aing .

*>0  g4p2 ’;;L

To compute .£/R, we write (5.19 in the form

2esag , L ginx sing
+ = = 2K . B
R R 61 2 12

apd on passing to the limit wo have

. lim fl = 2T 3
Row
: this result is also consistent with geometriecal intuition.

! 6. Tha Tas o8 Damfcmmnal ll.pp.t-.. Taalhed reas S H_dm:‘y__-_a- Pz P
' { : A Problems of" the type which were diseussed in the previous section are 5
},- of special interest to the mathematician. Problems which are of more ]

-‘j’ interest to the hydrodynamicist are those which involve virtual mass. PFirst,

: we return to the varlational equivalent of the hydrodynamieal problem of ‘

-"“';%-.__ : S remeeterms SRS = vl
Y o SEBEEERE |~ WWW——‘“ «:wwﬂwmmm~ﬂ-‘wv Sl
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the bubble with surface tension, and having internal guses with such
compensating pressures as to lead to condition (1.5). From the variational
point of view, we wish to consider the problem of extremizing the constant
a when the length of C is held fixed. We recall that the velocity
potential w has the expansion
v = z+ﬁ' * e s
g
here the constant a is 'equal to the resl part of o<. We shall show
that it is sufficient to minimize the dimensionless reiio £°/a.
We note that we may also formulate this problem by fixing a value
for a snd minizizing the length .£. Since our result should not depend on

the scale which we select for our unit, we should be able to magnify the

length of a curve by a factor d and also magnify our flow by the same
] - . factor and obtain an extremal curve of the same shape. Let us make
the change of variable

|  Z =gz H

then the complex velocity potential is given by

Z,d
'-d+:z+

Multiplying the velocity of the flow by d we obtain
2
-7+ 4
'1 Z+ 2 +

hence the constants of the new flow which correspond to ® and a are
multiplied by dz. Thus, the ratio ﬁz/a remains invarilant no matter what

we choose as a scale, and we may consider the problem of minimizing this

functional. If we let 7 represent the function which transforms D onto the

{
{ ektdrior of the mit oirble so that the points at infinity correspond to
('.
( : ecach other, % takes the form

PN |
v Rz+z+

et et st i 4« e S s et e S i RO, - —— ——

St SCNEEIIR I Y T e e I N I R b A e . - WP




2
TS R S e ot 1o s - - RN A 16 N R T T L YRS E P e AT s s . . 4

We may fix a convenient scale by selecting R=1. We may now state the
problem:

Pind, within the fanily of elosed rectifible curves O , sueh that
the region D' asscoisted with each of these ourves is mapped onto the it

sixs.lnhxa.mnm:ugn
&sp'l'—l

the suxve O, for which %ere iz 2 minirum value zzlammmumm
VN

The manner in which we proved that a solution exists and that the

H
.
£
B

boundery is convex and analytic, etc., in Section 5 can be easily exterded
to apply to the problem just ststed. We shall omit repetition of these
L | rroofs and assume that the same formal procedurss =:ick we employed
| before are justified. We can also eetabiish, from the fact that a is
a functional which grows monotonically with the domain, that the solution
does not degererate to a slit. BHenoce, a#0.

 For a Schiffer variation of the form

i
z* - z"‘"‘L'
z-t
we have the extremal con;lition
&Lt Lau L2 0"
This equation becomes
. SLL] - _é; dﬁ:] )
d€ "cep 20" 49€ “gup
: Let Z be a point of D. Since the velocity potential is conformally

invariant we have for z in the neighborhood of infinlty

T, R e s s S R B S L3 Sy ST R 6 MBS 15 ANk RPN R WM R g RN P e T

A
- gt . § B e T, S AP TEN . s PP k3
T, AR - —— T S ——, PR PR SO o™ il B T e
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wis) =g +2 ... -z+£"-i‘f+ S .
3 ’-to egicp
B R
I T . oo
8(1-&) w(1+ ﬁ.ﬁ.i‘p____
£°(1- ﬁ)
ie *
ces = w(z)

L]
[
-e

thus Dk*w v<+€ei¢ "

'y L ]
‘ da, _ - d&X_ i
. de 3o 3¢ Re o

At € =0 we have

I
Bgeitp P ds . . ¢ i¢
(z-t) 2a

Since ¢ is arbitrary, this can be written

¥

.1 i~
c (Z't)z 2a

For 3 €D we are justified in integrating.’ Under the integral sigm,

fron; which we have

where k 18 a constant of integration. i
Let us define £(t) in D to be the integral ff-’% . For t in the
neighborhood of inifity we may write .

w-d—d8— __dde_ L -2,
£(t) t(l-g) ft tzfzds Tt




p——

e R

i
¥

- 6] -

However, the function ‘ff* k- £(t) is one which vanishes identically
for t€D. Let us denote this function by q(t)

. We wish to examine the
mapping properties of q(t) for t€D

We note that for large t, q(t) must have an expansion of the form

]

and to examine its mapping properties we must evaluate

a(z,) = 1im q(t)]

t—s, teD ’
where s, represents any point on the boundary C. Since q(t) vanishes
for zeB we have

a(s, ) = 1im q(t)] - lim q(t)] _ :
t-s, teD t»z, tD
Let us now evaluate the limit
lim £(t)] - lim £(t)] = f(z )
t>z teD t-n.,
_ 2
We construct the integral
t w
J; '{ (15-1'.)2 ’
t2D

where t. and t2 are points of D and " and w, are points of D. On
integrating by pgrts me have

W
2 pdi
dt j’ Jz_tdt ;
c

and pascing to the limit t2—>zz, tl—,zl, W,—>T,, W

>% 8 formal
process which has been justified in Sacticn 5, we obtain

LB S By f g

2£C o 1

L -2'"‘122 + k1

AP 2o "’fu*s P
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where kl is a constant of integration, and I’ is a closed contour, enclosing

the arc sf}z on C and intersecting C at Z; and z Conssquently. we have

1 2°

for z€D

Lz =

——l
f(sz) =5 * k,-2Tis, 5

where k2 is a constant. We obtain, finally,
(6.2) q(zz) = 2Tz, 4k, i
where k is another constant. '

We see from (6.2) and the convexity of C that C is mapped onto a eircle

whick is iracsd cnce in 2 counter-clockwise direction as C 1s traced in a

clockwise direction. In view of the form of the expansion of q(z) for .

.
;
:
5
§
i
;
H

=N
& L

, we nots that the point at infinity in the z-plane corresponds to

the point at iufinity in the g-plane; hence there are points of D corresponding
to points outside the unit circle in the g-plane. But because of the reversal
‘claf sense in which the image of C is traced in the g-plane, tﬁe;e ar; aiso |

points of D corresponding to thepoints inside the circle of radius 27" in the

TSI P YA RS PRSP - SRS BN LSNP A7

q-plane. Thus by the maf:ping q{z), D is mapped onto the entire q-plane,

25z s

save for tke set of points on the eircle corresponding to C. We note that
q(z) has one pole of the first order in D, located at infinity. The
difference between the number of poles of q(z) in D and the number of times

that q(z) assumes a certain value w_ (denoted by K, ) for s€D is given by
S ° 1

M g the integral
—l—— §ﬂf—‘.§)—dﬂ - N - N - 1 = N
: 2‘!71-0 qlz)-w, © ¥, LA d
= where the integration is taken around C in a clockwise sense. But this ‘

is equal to the integral

'y
e S

B T IO YT R i I PR VT 9 e 6t ¢ AT

M—“' - ".:._, ) . A
T e T T T W T T e N PO ‘m@'m.w»wuﬂm&‘,
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where Cq is the image of C in the g-plane and the integration is in the
counter-clockwise sense. The integral is equal to 1 if w, is in the region
enclosed by Gq and zero otherwise. Hence, q assumes each value inside the
circle 02 twice and each value in the region exterior to this cirecle only
once. Hence, D is mapped onto the g-plane so that the exterior region to

Oq is covered cnce and the intarior region is cofered twice. With ¥
representing the mapping of D onto the sxiscis» of the unit circle, the
image of D in tl;e % -plare is mpM onto the region bounded by "Jq in

the g-plane so that q has two zeros at the designated points z=a and z=b,
log l‘aﬁL - q(s, qo) is a harmonic function which vanishes on the boundary C,
where th2 constant A 1s given a value such that the logarithric terms
cancel at infinity. This harmonic function, however, has negative logarithmic
poles at the zeros of q(z). However, g(z,a)*g(z,b) is a hermonic function
having the samd®poles and boundary values. Hence, in view of the

uniqﬁeness of a solution to the Dirichlet problem, we must have

: - log ,Lg,&ﬂl_ - gz, o) = -[g(z,a) + g(z,b)] :
Letting A and B represent the respective images of a and b in the ¥ -plane,

we have
-2 Ia.B
log lq(z)| = log A + log|Y| - log lli’,_}al - log ,a—i__eén :
\ )Y - A -B iH
(6.2 UwY) = =0 Tya-By) ’
where H is a constant of rotation. We note that q’ (¢ ) has the form
P(y) ’

"(g) = ———h—e
Ve T 1 1%)2(1-87)

where PL(‘Q) is a4 degree polyncmial in % .
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Let us now exhibit a relation between q ani w. Remembering the
expansion
. L £
(6) = 55 + k+ % ...

we have

q’(t) =£ (l-zg eed)
t

far(t) = 2—‘8 (-2 )2

t

/’/: (1-1_':2 Saer) .

Integration with respeet to t yieldas
z

‘./‘ 70t = fo5 (42 .Y = x(a)

o

For z £C we obtain by differentiat:l.ng (6.2) with respect to s
q’(z)z = 277‘% (iz) -2 k; ,
and it follows that

4q’(z - 1 2T k(z) 2 .
5 :
Thus r= zf fa’(t) dat 1s a real quantity for z£C. The same 1s also

true for the velocity potential. But r(z)- Eéa- w(z) is regular at
infinity. Its imaginary part vanishes on the boundary, and in view of the
gaximum principle for harmonic functions the imaginary part of r(z) -/r-z‘c?'(z)
must vanish everywhere. From the Cauchy-Riemann equations the real j)art

'of r(z)- 2£a w(z) must be a constant. We have the result

(6.4) r/(z) = II ‘(z) = ':r w(z) ;

this shows, incidentally, that X =a. Thus

AR AR I s WA VTGP e e e NG LT ST, 3t TRV e A L S ST e B M : .
= BB et Bl 4 of Sk e W—m—g-mwmﬁ—“m“w

i‘l'lﬂ?"‘m‘
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a’(a) = £ wia)?

“e

4q 4z . .ﬁ( )Z(d_rc)z .
4y dz dy’ ‘ds #
k 2 Y- .
(g e - F) 3% :
Since
z=7 *;1 cee
and Y
'-z'*: o ':

and because of the mapping prcperties of w, we have

v

v nz‘i-%

) (1- .(..'L 1)2 (t)
d‘Q 2& z ; 2‘ 4 (1 54)2(1 B«\2

Ir :_?% were to vanish at a peint on C, there would be a cusp on C

at such a point, thus contradicting the results we have established

8 M AR

L e e, e i e A e o R R
-5 G VTR TS R AR TR RTINS M O0TTON G O SO SO TN ORI o W AN R R O e 0

concerning the nonvexity of C. Thus Az has no zeros on C, so that Pl;( %)

dy _
must tske the form A( 42- 1)2, where A ie a complex constant. !
Thus ,
-_\2 o
dz (1-4%)(1-3%)
T 7
¢
e (1+B) 7.+ p2(1%+ 438 + B2)- (128 + BRL)p3 + 128%¢°
. [‘ 3
b A
4

where Al is also complex constant. But

&
L z d + J L N ] .
A : | ‘
and . . : . o : :
dz .92
= d ¢ Y, L) y
and from this expression we conclude that the term in %— is absent so that

32E+ Bal =0

" é

- ,&*
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or A=-B and consequently A=-B., Thus (6.3) has the form

‘ iH 2_,2
(6.5) alg) = Ae f%?u

2
¥

differentiation yields

(g - et=a®s ¥2(3- A2 13- 3% 2
'\ (1-1272)2 ’

and becauss of he form that the numerator must invariably have, we are
led to the result
-.2 - -Lz 'y

so that q’(7) takes the form

dolBroa?+ 22(3-a%) - a2y4

q/(y) = -2 g2
Also, because of the required form of the numerator, we have
2 _ 3- A4 ,
whose solution is
T B

(The o"/l'.her solution A°=1 is absurd.) Thus
‘ 242
dz _,1_ .(l...l‘.&.)_.

¥ 7
wkere .Az is a complex constant which, because of the form of the expansion

’

of z about infinity, must be equal to 1/9. We conclude that

(6.6) AE o {(ivgptegat) = pa—taa =la
7 o9t 3% 97
Integration and tr sns]‘tion yields, Ln.*ly, ' '
. (6.7) z =7 - -
3 7 27 ;
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It is interesting also to calculate the length £ . the constant a,

and also the virtual mass M of the flow about C. To calculate €, we write

2= [ias| - f\ Il ayl

c | =1
Since 1%
dz . 1 2y2 | :
dy 9;4 (1T3z; ) ’
!lg.z_i;s.&a.ié.. +3%9)a+37%) |
ay fay dv 9|”¢'L
27T s ;
6.8)  £=3% f [1+36%194 367240 g1a0 « AT . |
0 !

To caleculate a we write

(6.9) a = = Qwds = &= §(~¢+.l.).i’a‘:dp

ST 2R

from which we ecneclude _ —_— - .

2 2
L0 8w
(6.10) . o :

To calculate the arez of the curve 0 we Svaluate

= o . ! 1o o o RY2
(6.11) A-%Reiszz-%Re:. J (5-% = = Lt g

MR A

-%%‘5"wrrl(27$’*- 186%°- 7974697 e 1)dy g

- 75z Be 1‘7\"‘ (24d - 168y - 1095 + 162 ¥7 - 977~ 1872 + 275 4)10%4
0

= 109 T7/243

- o : 1t
W‘uw;mmumwmmw e R ad ‘ 'ﬂ
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-
4

view of the expression
a= # (M+a)
we obiain, finally,
3 - -4 = Tr(aQ - 199y | Z1TT
(6.12) K = 2mra-4 = (g 21‘3) 5 s
We summarize:

Theorem 6.1. The family of curves C satisfies the inequality

ﬁ>§9ﬁ

a-l- = 27 ’
ghera ésuality ia obtained under the normalization R=1 by the transfor-
zmaticn
(6.7} z s - A" P
| F735 " %>
Undér this normalization we have
(6.8) 0~
(6.9) © a =5/

A graph of the extremal curve is shown in Hg.' 5. The curve is
flattened along the re=l axis and elongated in the vertical direction.
One Amay observe the rising bubbles in a newly unéapped bottle of champagne
;:r the bubbleé of boiling water in a sllex coffee container and see that
they are actually flattenéd 1n the direction of motion.

Having solved the problem in Section 5, and the problem at the

tion, we wish to investigate the possibilities of

solving very general free boundary problems. The problem of Section &

in a more general form would be that of sesking a minimum length and shape
for a free boundary when thei- is a fixed boundary of arbitrary shape in
& class of curves, each member of which has the same outer mapping radius.

Mme may also generalize the problem which was just solved in this section
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by adding a fixed boundary in the formulation. One may conceive of this
problem.as a generalization of the following physical configﬁration:
an airfoil, whose profile is partly rigid and consists in part of a canvas-
or rubber sheet, moves at a unifgrm velocity; this airfoil is inflated so
that it has the same compensating .pressure forces as in the first problem
in this section. We shall again restrict ourselves to the case where the
fixed boundary is a linear segmbnt. 'We formulate the problem in the
following manner: ‘
minimizg &h& ratio '-SEL' in a.:amily QI Qlﬂﬂﬂd rectifigble
curves G, where a" ia fized so that a Point in a correspunding reglon D
' - is given by the :gln&ign _
-¢+_1+

;n..zna:e a linear aﬂgngn& Lixed aymmnixlsnlly along the real axis belongs
-l
to D . ; - E

L, Z(i), and 7 have the same meaning as in the previous problenms.
We gonerats a dhe-parameter fﬁmily of~e;tramal'curves by Vérying the length
of the fived segment. We assume thit the free siream velooity is parallel =
to the x-axis. We may establish the existence, convexity, analyticity,
etc., of the free bounéagy and also the fact that.the fixed boundary must
consist entirely of the linear segment, in a manner very similar to the
one in whish we eatablished theze proper ties in Secticn 5. In sach of
our previous problsms we were lsd to some kind of condition regarding the
- . ' symmetry of our extremal domain. It can be shown that the extremal ourve
. for this extended provlem must be symﬁatric in the y-axis. We shall use
this result in order to simplify owr construction procedure. The technique
which has played the leading role in the solution of our problems is that

’ ARSI T e et st o, o et SOV S e =y .8
P ; h E‘ﬁ e T I Y T T T I T e A L A e e - Y m‘ﬂ' 2




of constructing the function which we designated as ¢ and of examining

its eccnformal mapping properties. This function must be defined and

constructed in such a way that we can ascertain the form of the fixed and

iree boundaries. For the problem which has just been formulated we shall

see that it Iis oconvenient to defins

g = 5%:1’ fa”(z)zdz .
%o

By the same calculations which we performed in the similar problem without
 the fixsd boundary, it can be shown that this function differs on the free

bour lary by an additive constant from :, and by proper selection of z,

this additive constsnt can be made to vanish. Because of the integral
. - form of the function, the fixed boundary is mapped by q onto a segment
parallel to the imaginary axis. The extremal domain is mapped onto the
q-plane so that g, as before, is double-valued insids the image of C and
single-valued outside. Let us designate the ‘angle which the image of the
Cixed boundary subtends with the center of the unit circle as 2 p . The
negative and positive end-points of the fixed bourdary correspond to ei‘e
and e-i/ , respectively. Because of the conditions of symmesiry, we may
assume that the image of the fixed boundary in the T -plane occupies an
arc of the unlt circle wlth end-points at -ie-“ and -:leid, where K
is another paramcter which must be determined.

We may place ourselves in a more convenient situation by mapping the
q-plane by the transformation

t#e-ifl-ﬂ-—?' :
q- ¢

AN A o8 135
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This maps the q-plane into a wedge such that the fixed boundary corresponds
to the positive real axis and the free boundary corresponds to the ray
oriented in the direction TT- p . Each value of t whose argument is in

(o, TT- (3.) is attained by two values of z in D and each value outside this
wedge is attained by one value of z. On the free boundary there are two
synmetrically located stagnation points which, of course, must correspond
to -1 and 1 in the % -plane. (For certain values of the length of the

fixed segment these points might lie on the fixed boundary, and the argument
which follows would have to be modified; we shall treat only the case where
3 they are on the free boundary. By making the fixed boundary very small we
- | would have a configuration very neagly like the solution to the problem
! ’ | without a fixed boundary. so it is reasonable to expect that there would
be lengths of the fixsd boundary in some neignborhood of zero where the

stagnation points would be on the free Loundary.)

o

The zero streamline ;a mapped by q onto a curve, which extends to
infinity, joins the circular arc portion of the image or‘C in th2 g-plans,
and is symmetric in the x-axis. The p-rtion of D which consists of the
region Dl,‘located above the zerc atreamline, is mapped by g onto the
region to the right of the curve corresponding to the zero streamiine and

the arc of the unit circle corresponding to the arc of the free boundary N

extending between the stagnation points. The remaining part of D, DZ’

is mappad crnto the region at the left of the image of “he zero streamline
and the image of the part of the Leundary consisting of the complement

of the arc joining the stagnation points (See Fig. ).
On appiying the mapping function t, the stagnation poin%s map into two

f
e e B g
it -

points on the real axis. Let us designate these points by Pl and P The

2.
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arc of the free boundary which lies above these stagnation points is

mapped by ¢ into the real segment (P].’Pz)' The remaining part of the
wundary consists of the remaining part of the wedge. The zero streamline
is mapped by t into a contour terminating at P]_ and P, and extending in

ths lower half-plane. Let us designate the closed curve in the t-plane |
‘consisting of the image of "Y=0 and the segment (P].’Pz) by the symbol .L'.
The domain D is mapped in a one-to-one manner onto the following two-sheeted

Riemann surface: the first shest, which corresponds to D., is the region

1’
exterdor to‘f-' ; the second sheet, 52 , corresponding o 32 i8 the region
interior to the wedge, plus the segment (P].’PZ) and the interior of I'.
The two sheets are joine1 along the image of the zero streamline. The
Riemann surface is illustrated in Fig. 6.

Let us now seek a relation between 7 and t. Because of the form of
Sl’ it becomes apparent that there must be two points exterior to the unit
circle in the % - plané which correspond to the origin and i.nf'in:l.‘l;yj in the
t-plane. In view of the symmetiry we may take ihe liberty of designating
these points by a and -a. We note that a general analytic function which
ﬁaps the unit circle onto a slit along the reul axis is Infinite at a and

vanishes at ; is the function

e

o Vel Zms W1y Wata _ -1f 1+87
Iig,a) =e” T3 te %-a -e 1+;2 e o+ 3

where @=-arg ?1_—2 . The mapping from the ¥ -plane to the t-plane is
ta

-

arg t(7) =Tr-f, for ¥ on the image of the free boundary;
& arg t(%) =0 , for ¥ on the image of the fixed boundary;

Ty e e TN g T e

tla) = @

tla) =0 .
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In view of the uniquexs3ss of solutions of the Dirichlet problem, we must

have
i

arg t = arg £( F:a)"'L%P' In log o 1% S -1k ’
iy -e

since this function has the required argument boundary values and singularities.
By forming the conjugate of our harmonic function arg t, and then adding it

to 1 arg t, we obtain,
- i
(6.8)  log t = log £(%,a) +k log & % AR=2—
ig-e
t must be the exponential of the function. k is the quantity 1-'%% ‘as

in Section 5. On solving for g, we chiain

10 (% .a)e %y oo JINE. W16, o SINE
£ ?,a)e'ik“(iz i o T V- o IGE

We have a relation between § and q which involves the parameters «, A

(6.9) q=e

~nd a. We may reduce our results so that one less parameter is involved
by utilizing the fact that the term in 1/2, must be absernt when ég: is

~expanded in powers of 1/¢ . In the problem which we solved at the

beginning of this section we determined a parameter from the fact that
convexity on the boundary implied that g&? cannot vanish on the stagnation
points. A generalization of this principle will lead t¢ another relation
among the parameters. .

There are many ways in which these free boundary problems can be
generalized. In addition to varying the constraints and the form.of the

fixed boundary, there are many unsolved free boundary protlems in multiply-

connected domains. It is generally expected that this mathematical theory
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which has been motivated by hydrodynamical problems will be greatly expanded,
and it is also hoped that the worker in applied hydrodynamics will also find
the techniques in conformal mapping a useful tool in some of the problems

which he rimy encounter.
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Fig. la
(I1iustrates the possibility that the extremal curve might degenecrats into
’ a segmént oriented along the real axis and containing the fixed boundary.)
J
+ ; ] = ’
-1 1 '
/r.s
\\__/

\ Figl 1 | . '
. (I1lustrates the possibility of having en extremal curve which eonpletely

encloses the fixed boundary. It is shown that if this case occurs, the
curve must take the form of a oircle.)
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Fig. 1lc

1 . (I1lustrates the possibdility that the extremal curve C contains only a
' part of the fixed boundary.)

i
c
= 1"— L

0 1 ji
%
il
, Fig. 1d
\ " (I1luytrates the remaining possibility that C cortains the entire fixed
y boundary. It is shown that this is the only possible case.)

e SESse

—

gk y e —: - Cmgee W et e = - o
i BT T g ot N ————; e W S T W T T PRI e 2 y B



. d * ‘e E
.
o I e ot N e O S TR o et e e R A T SRR re el e cir e S L AV S
L s ]
STp o

-1 0

Fig. 2a
(I1lustrating the manner in which the 1limit is reached.)

Fig. 2b

(I11ustrates the passage to the limit in the evaluation of Il=>
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Fig. 2¢
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(Illustrates the paths of integrations used to evaluate 13.) !
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Fig. 3a

(The image of the extremal curve in the g-plane. The free boundary
. corresponds to the linear segment; Pl corresponds to 1 in the z-plane;
P , corresponds to -1 in the z-plane. l:o corresponds to o in the z-plane.

The image of the region D is the cross-hatched region.)

(Shows the image of € in th
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i ot (The expscted form of the extrémal domain D, D, and its images are desigmatoed

with perallel lines leaning toward the right. D, and its images are designated

with 1ines which lean toward the left.)
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(The image of D
in the g-plane.
Note that the iy
inside of the
image of C is
drawn with both
s 7 left and rignt
B leaning axws; this
| part is doubly
covered.)

Fig. 6b
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