
o 

! •> 

1* i—J 

0 h < t 
\ 

i 

SERIES    61      (Jj 
ISSUE        3 

MSTITUTECFEMdNrEPING .tSEARCH 
Jg BERKELEY, CALIFORNIA 

? CO 

WAVE RESEARCH   LABORAlORY 

APPROXIMATE SOLUTION TO THE PROBLEM 

OF A FREELY FLOATING CYLINDER IN SURFACE WAVES 

BY 

R. C MACCAMY 

U  NIVERSITYOF  CALIFORNIA 

5 

I 

ti 

i 



University of California 
College of Engineering 

Submitted under Contract Nonr 222(18) 
with the Office of Naval Research (NR-084-079) 

Institute of Engineering Research 
Waves Researoh Laboratory 

Technical Report 
Series 61 Issue 2 

APPROXIMATE SOLUTION  ID   TEE PROBLEM OP A PREELT 

PLQATING CYLINDER IN SURFACE WAVES 

by 

R.C.  MacCany 

Berkeley, California 
Ootober 1953 



University of California 
Institute of Engineering Researoh 
Technical Report*    Series 61,   Issue 3 

APPROXIMATE SOLUTION  TO THE PROBLEM OF A FREELY 

FLOATING CYLINDER IN SURFACE HAVES 

by 

R.C.  MaoCamy 

1.  Introduction 

Attempts thusfar to treet the motion of ships in ocean waves have been 
almost exclusively limited to semi-empirical methods based on the Froude- 
Kriloff hypothesis.  That is, the effeot of the ship on the indioent wave is 
assumed to be oontained iu two terms involving first and second derivatives 
multiplied by constants called the damping factor and virtual mass respectively. 
These constants are then determined experimentally by oscillation of the object 
in still water.  The foroing function of the resulting differential equation 
of motion is then taken as the pressure due to the undisturbed incident wave. 

The procedure just outlined has been presented in detail by Fuohs^1' for 
the case of a rectangular blook and simple harmonic motion, and the results 
generalized by Fuohs and MacCamy^*' to the oase of hon-periodia actions.  It 
was felt by the author, therefore,that such considerations had been carried 
sufficiently far to warrant a more oritioal analysis of the problem of ship 
motion. To this end a study of the hydrodynamio problems involved was begun, 
with the ultimate goal of obtaining solutions which are complete within them- 
selves and do not depend on experimental data. In order to deal with the sim- 
plest cases, mathematically the investigations have been limited to the two 
dimensional problem of an infinitely long circular cylinder and the three dimen- 
sional problem of a sphere. 

The present report represents the first results of the above study and 
deals exclusively with the cylinder. A portion of this problem has been con- 
sidered by Urseilv5), -lamely, the forced osoillation of the oylinder. Ursell's 
results yield the veritc&i foroe on the oylinder in a form exactly like that de- 
scribed above exoept that the virtual mass and damping factors are now functions 
of frequency. From this solution we obtain an approximation of the heaving mo- 
tion in incident waves by neglecting the diffraction by the moving oylinder. 
This approximate solution is found tc be valid for waves whioh are long com- 
pared to the diameter of the cylinder. 

• The.method used hsri Is  essentially that recommended by Weinblum and 
St: Denis' '.  The idea of introducing virtual mass and damping factors, as 
determined from the forced oscillation of the object was investigated by 
Havelook1' '. He succeeded in obtaining an approximation to the damping factor 
by assuming the object might be replaoed, in forced oscillation; by an equiva- 
lent distribution of sources. 

Another approximate solution, obtained by an entirely different method, 
ie found to yield good agreement with observed values provided the waves are 

For figures in parenthesis see References at end of report. 



short compared to the diameter.,  This method involves replacing tho usual free 
surface oondition for the velocity potential, <P , by the simpler condition, <f>-0. 
The condition, <fi - 0 , has been previously used by J-L. Taylor^®) and others; 
again, however, only for the case of forced osoillationo  The present report ap- 
pears to be the first effort to extend the method to treat freely floating objects,, 
A discussion of this simplified boundary condition is given in the appendix, and 
it is shown Lhat it is indeed the proper approximation to use in considering large 
frequencies, i.e., short waves. 

Using these two approximate solutions it is found to be possible to pre- 
diot th"> heaving motion of the oylinder with good accuracy ov«r almost the entire 
range of frequencies considered,, 

Forced Oaolllation of a Circular Cylinder 

We suppose a fluid, infinitely deep; occupying the region - w < x<+co,0< y <<o 
ao that  y : 0  is a free surface.   The problem treated by Ursell is the fol- 

lowing. An infinitely long circular cylinder of radius  0, is plaoed with its 
oeuter at the origin, (0, 0 ), and made to oscillate vertically with simple har- 
monic motion of small amplitude. We will not review Ursell's prooedure in de- 
tail, but will content ourselves with giving the results, which are needed for 
the subsequent developments.  Briefly, Ursell obtains a solution by assuming the 
velocity potential may be represented as a superposition of the potential due to 
a point souroe at the origin, and an infinite series of non-orthogonal hamonis 
functions, satisfying the free surface oondition. A method for computing the co- 
efficients in the expansion is given and a proof given for the convergence of the 
series. 

For our purpose the important result of Ursell*s work is the vertical foroe 
per unit width on the cylinder.  It is found that if £  represents the heaving 
motion, the foroe may be written in the form 

Fv (t ) = M1 

where    a   is the frequency of the motion,,    ft   the density of fluid and   Q   the 
aooeleration of gravity.     The functions   M    and   N    are  given by 

(1) 

M   i,—g— )  -- 7 tr /x a   m [ —— )  • 

N (~5~)  -2 fj, a a    A,((rl 0/g)+ Bl(<r. 0/g) 

(2) 
-• -  • ,  M0{at Vq) A^' Q/g)-N0(q-2 °/g)B(crt Vq) 

with   m.  A,   6    tabulated functions.     The functions   Mo and    No   are not tabulated 
explicitly but may be easily determined by equating the average work  done over a 
oyole to the average rate of propagation of energy outward.     This  oondition leads 
to 

M0 A - N0   B  =   y   7T2 
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whioh together with the expression for  m  , 

m  . Ma B + N0 A 
A2 + Bz 

permits the calculation of   M0 and   N0    &nd henoe the  second term in the force. 

It is to be noted that the  foroe as  given by Equation (1) has the same 
form as has been assumed in previous reports.    However,   the  quantities M     and 
N     are no longer constants,  but are functions of frequency,,     These functions 
are plotted in Figure 1,  with  the values obtained by oscillation in still water 
indioated.    We see  that although the experimental values  do not differ too muoh 
from the theoretical values at the  same frequency,  they differ quite radically 
from theoretical values at other frequencies,, 

30    Heaving. Motion for Long Waves 

To obtain MI approximate solution to the problem of finding the motion 
of the cylinder in an inoident wave train, we pressed now along the lines used 
by Fuchs"'in an sariier report.     That is, we assume the heaving to be periodic- 
with the same frequency as the incident wave,  and we add to the force already ob- 
tained,   the foroe due to the undisturbed incident wave.     The resulting differen- 
ttial equation for    £    differs from that given by Fuchs in that the coefficients 
of the first and second derivatives are functions of frequency.    Such an assump- 
tion means that we are neglecting the effect of diffraction of the incident wave 
by the moving oylincer. 

For purposes of calculation we introduce polar oo-ordiaates    (  r,   9 ) 
where  r    is measured radially outward from the origin and  9   is measured from the 
positive    y    axis  (whioh is vertically downward).     The velocity potential of the 
incident ^?ave is 

\. 

|  . <j> = -5-^-  *~ky    COS (kx-<7t)   , 

where  A  is the amplitude  and k= —— „    From Bernoulli's equation the 
periodic part of the pressure is 

! 

~ 

i 

*,< 

and -Siie resulting vertical  force per unit width on the oylindwr i« 

Fv
a,(t) = a/igAJ ^-kacostf     Sin (k o sin £ - o-1) cos  0 d £ 

-    TT/2 

= -2a^gA sm a t J   " e"kocos&cos (ka sin 9) cos   9 6 9  . 

Now 

-kacosfl .   D. ,   -ka*'# ~     (-i)n   (kg)" in0 
8 cos K k a sin a) = Re (e ) - Re    >     —•—ri—•— s 

n = 0 

--  I —in  cos n B 
•     - n = 0 

S 



thus, integrating term by term, we find for the force, 

A sin rr t     I    bLL-^       r 

where 

Fv
(,,(t) = - 2a/xg 

II -    V 

= - 2 a /i. g A sin cr t   f(ka)   , 

->o 
cos n # cos 0 6 8 

* 

t 
r I 

i 

f (ko)-.u -f-ka + i-   (ka)2-(T51I^rr (kc)4 + (35)i'720) (ko)« 

With the notation 

M (     q)    z   2    T a     M l+ m l-g-))     . 

•<rf a oh-  NT' °/q) ,2 .    2  fi  q f 
g )      ' M(«-   a/g)      ' 

the  differential equation of motion becomes 

—-f + 2b 4£  + *»2   £   = f0 A '   ( ko ) sin <r t   . at o t 

The steady state solution is 

o - — 2oM   9 
M(0"» o/g) 

e fo   Mko)   A 
[« a» 

(CJ1 -(r1), + 4bl  cr* 

so that the relative heaving amplitude is 

2  - <rz ) sin <r t + 2b <r cos a t | 

C/Al fo iUe! 
V(ai* -o-2)2 +• 4 b2 <r* 

(3) 

(4) 

(5) 

This ratio is plotted in Figure 2 with comparison to the observed values 
obtained by Sibul' ''.  Ihe agreement is seen to be quite good for the first; por- 
tion of the curve where the waves are long compared to the diameter of the cyl- 
inder, but the theoretics.! results drop off too rapidly a<. the wave length shortensc 
The theory does, however, seem to be adequate for the rsgion of mucistai heaving- 

4» Heaving Motion for Short UTaves 

In dissussiiig wave motion involving a free surface, &t say y = 0 , 
one has to deal, tc a first approxima' ion,, with the bounds; y condition 

o-^-g|f = 0 or y =0 

It is shown in the appendix, however, rhat for large frequencies, this oondition 
reduces to the simpler one (j>  : 0  on y = 0 . We are led then to search for a 
function harmonic in tht: domain of the fluid, vanishing on the portion of y r 0 
corresponding to the free surface, and having a prescribed normal derivative on 
•she cylinder. 
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This simplified problem may be solved by strr g.'.ionts...    -isthcds of 
separation of variables. We prefer to give the sol..;*-' •" <" te»"-.«: Qf *. Green's 
function having a logarithmic singularity.  The latter \~»£..*i  vs., of course, 
exactly equivalent to the former insofar as the for:-«l "-i_uls :.< ;i5; are concerned, 
but the modification of nouroes to satisfy the complete free surface condition is 
known'3/, and it is felt that th6 cresent method might serve e.3 a first step in a 
series solution to the complete problem*  That is, one could /jet n second approxi- 
mation whioh satisfied the free surfaca condition but no longer satisfied the con- 
dition at the cylinder; then oorreot again for the oondition at the cylinder, etc* 
Suoh a technique has been used with some suooess by HavelockC9/ to study the motion 
produced by completely submerged objects. 

I It will be convenient for thie section to measure the polar angle,     8 , 
positively clooktfise from the positive    x-axis.    Let   ?*(r, ty),      Q= (/5, Q) 
represent two points,  and  R   be the distance between them.    Consider the function 

Gi   ( P,   Q)      defined by 

G, ( P, Q ) = - log r - log    ; , ' A   •  - log    .       . ' —- . (6) 
"* Jr*+f-Zrpo*lB-W        \/tX+$ -2r f cos(0 - * ) 

Gi    ( P.,  Q)        is harmonic  for     P ^ Q    and has a logarithmic singularity for 
P = 0 '   . Using the identity 

109   O.-Zr «.,+,• /    =   .?,*  r"   C°5nX   ' <7) 

we find 

Gi = log p -     1     4r    { rn   + -^r-   }   cos n ( 8 - y ) 

II 
II 

2G,       n -srp*- = 0      at r -   a   . 

If we define 

6(^0)^(4^-2^00X^^)1  + loq(^ + °4>   -2or//>«»UM0T,  (8) 
Wr +/3  -    rpec»(8 -f) J Wr      °/p   -2° r.p css{9 -±') J 

we have the desired Green's function.     That is,    G   ( P, Q)      satisfies 

A) G   (P, Q) harmonio for   P^Q    in     -co    < x < + co        0 < y < co  •, 

B) G — log R      regular in the same region ; 

C) G=0 on y = 0 ; ! 
i 

D)   4^z0  on p --0  . 

We remark further that 

G ( r, y, py   8)  = 0 ( \/p) as     * — a> . (9) 



6. 

Furthermore the conditions that <$>   be bounded at «>  and be 0 on  y = 0 demand 
that 

<f> (p,6) -- 0(1//?) as \XV) 

We are now in a position to express the velocity potential <f>  satisfy- 
ing the above mentioned conditions. We apply Green's theorem, 

ff  (,j V*  v-v V* u)dS = f (u-ff - v ^-- ) dt , 

where v2 = a2 
—r   -r   <    i     i      D    is a region in the plane,   C     is  its boundary, 

and   n     is the exterior normal to     C   .    For    D   we take the region bounded by 

the  oylinder,    the line    y = 0     ,  a large semi-circle of re-iiue    K     and center 
at  the origin,  and a small oirole of radius    £    a.id center at  ( r,   \jf   )   . 
Than both     6    and     <f>     are harmonic in   D      and Green's theorem applies, with 
the left hand side equal to zero.    Using conditions  (9) and  (10)  the  integral 
over large  semi-oirole vanishes as    K~" °>   .      Using (B) the integral over the 
small oirole tends to    2.7T <p ( r,    <// ) as    € "* 0 .     Consequently, using (C) 
and  (D),  and letting   K — co    ,       < — 0 , 

*(r,lM = 2  IT 
fc    j±-   (/>,  B)  G(r,^, />,  0)drc    , 

where Cc  is the lower half of the oylinder. Again using the identity (7) we 
find 

* 

G(r,*,a,0)=2   £   f   (f)" cos n (0+,/,)-2  £   f ( f )"  cosn(0-*) 
n=i n=i 

= _ 4    f    i-   ( f)"    sin   nSsinnij/   . 

From Equations  (11) and (12), 

The pressure is obtained from 

p(r,  «//,  t.)= p&f-   . 
Hences  fcr the vertical foroe en tho oylinder we have 

(12) 

*(r, *)«-V-    I    i"   ( f)"   sinn^/  /        ff  (o, 5) sin n0 d£  .        (13) 

FvtD-MoX'^U    sin *d*' = -^a2.T (yfirX- sin*d** 
(14) 

To make the oonneotion between our results and the theory of sources in a 
fluid ws nc?d only note that the function Gi ( P , Q )   as given by Equation (6), 
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is merely the superposition of line souroes of unit strength at ( p , 8 ) and 
the inverse point with respeot to the oirole, i.e., (0z/p , 9    ), and a sink 
of strength one at the origin.  If we modify these souroes as indicated by 
Kennard'°' we will have a funotion satisfying the oomplete fr*? surface condition 
but no longer having zero  normal derivative on the cylinder. 

»      He consider two oasss.  First the forced oscillation of the oylinder 

with a velocity  u (i) ,   Then ( s~    371    )     -      -   "XT" sin $ * 
From Equation (14). r      r 

Fv'
n(t) = -4 irM a2 4T- • (15) 

This result is a familiar one, being the force on the lower half of a oylinder 
moving vertioally with velooity u , in an infinite fluid. The second case is 
to oorrespond to the diffraotfci wmv* produced by aa incident plane wave, 

E 

4>u)--  V" *"ky cos(kx- at), k --   cr2/g 
i 

inoident on a rigid oylinder.    In this instance we take 

(-?££r)p:a    :^U"kfl^      cos (ko cos 0 + 0-  at) , 

the term in the foroe multiplying    cos   at       is odd with respect to 

d   =   v /2    , and 

' 

I 
I 

Fv
<£1 =-2k/igAo2 D (0) sin  8 d 5   sin  cr t  , (16) 

where   D( 0) = 6~ sin {k a cos 9+9) 

then represents the feros dus to ths diffracted wave.      fo solve the problem of 
the notion of the oylinder due to an inoident rave, we oombine these last two 
results.    We assume the motion of the oylinder is 

£ = £0 sin ( a t + c ) . 
For the total velooity potential we take 

shers     !p       is  the potential  due to motion of cylinder,  and    oV''     is the po- 
tential of the  diffracted wave,  from a rigid oylinder.    By construction we  then 
have 

a <£"'    d <pr•• at 
and, henoe, 

d± .  d <P<n 

dr d r - £     a  cos ( a t + € ) cos 9       at 

I 

• 
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I 

1 
I 

8. 

whioh is the desired boundary condition.  On combining Equation (3) of the pre- 
vious section frith Equation (15) and (16) we can compute the vortical foroe on 
the cylinder*  The equation of motion then becomes 

r • w/2 
fi   r    a7 a-2 £0 sin (<r l + € ) = -   [ 2 /x q k A az J D (8) sir, 6 d 5 

+ 2^gAaf(ka)  [•    sin rr t 

from whioh it follows that       * =0 

v/2 
!S0

/A|    s 4  {/    ~D(0)   sin 0d£   +    -Mr^1 } (17) 

The oonolusion   € s0   means that tJw aiubiou of the cylinder is either In 
phape, or exactly 180° out of phase with the pressure due to the incident wave 
at x = 0 • 

The results from Equation (17) are plotted on Figure 2 for the r-jgion of 
higher frequencies. For smaller frequencies, the results cease to be o/.' value 
but it is seen that between the two approximate theories included in this report, 
it is possible to oover almost the entire range of frequencies with considerable 
accuracy. 

For purposes of comparison the results using valuss of the virLu».l 
mass and damping factors whioh are oonstant and equal to their experimentally de- 
termined values are included in Figure 2.  It is seen that the maximum amplitude 
predioted in this manner is nearly 20 percent too high, while the method, of this 
report yields the maximum almost exactly. 

Future Studies 

It may be remarked that despite its apparent complications, the problem 
of the sphere seems to be fundamentally simpler than that of the cylinder.  The 
reason ia^hat the wave motion due to the presenaa of the sphere vanishes »i 

infinity*"'' and one is left with the incident wave only.  The oylinder on the 
other hand produces waves whioh remain finite at infinity and it is not clear what 
one should tako as conditions at infinity. 

I; is in fact possible to obtain formally a oorpi-ste solution to the 
problem of the motion of a sphere in an incident wave.  This solution has been 
obtained and involves some additional numerical calculations, in addition to whioh 
there are serious convergence questions still unanswered,  It is however, planned 
to present these result:: in the near future. 

I 

I 
The analysis of the present report- may be repeated for the case of the        ^1 

sphere, although the procedures are somewhat more oomplicated.  The solution for      '? 
large <T     has been obtained and the numerical calculations have been carried out.    .} 
The formal solution to the forced osoillation problem has also been obtained and 
calculations are under way.  Tne calculations xnvolve solutions of systems of 
linear equations and are quite lengthys 
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Appendix - Discussion sf th-' ••^-•-rt^-y\r   uo •J'fi ~*i 

In order to study the eispiified zrunaary condition,  4> z 0,   we first 
consider the exact solution of th* probitm of waves of frequency, 0" , in the 
presenoe of obstaolea of bounded ©r-ssc r.cstion.  Suppose that th« depth of the 
natsf io finite,  h , and let R denote the r9gion of the fluid exterior to the 
obstacle.  In this region the potential, <p ,  way be expanded in a series of 
c' araoteristio functions, 

I 

<f> = A0 COS k0(x- xj cosh k0(y+h) + £ A„ cos kn (y + h) cosh kn ( x-x0) , 
(A-l) 

where i k n srs roots of the equation, 

cr   - g k  tanh k h 

and the An are constants.  These constants could be determined if <f>    were 
known over the vertioal section x = <0 , -h < y < 0        •  However, for 
our purpose it suffices to remark that, in water of large depth, the potential 
quickly approaches the form 

i 

<£ = A0 cos kc ( x -x0 ) cosh k (y +h) 

as the distanoe from the obstacle increases* Hence, we have 

4> = 0 (A )   for   y = 0 . <A~2 > 

Now the surface elevation, 7]    , is obtained from <f> by means of the equa- 
tion 

i   a <P 
d t 

which, in the case of periodic motion, means 

V = 0 ( f- A0 ) • (A-3) 

Now let  0 bo a dimension of the obstaole. We may determine the de- 
pendence of A0 and consequently of <£ and i)     on cr by a simple dimensional 
argument.  The variables of the problem may be taken as a, a   and 9. W6 then set 

A0 = 0(ga *$ oy   ) £ 
n (length)6 

and determine    a,  p.y so that A0  has the proper dimensions, namely        time" 

Ihis  calculation gives 

A0
:Oig     (T a ) 

for some    a  . Ihus we have 

ft 
K 

i 

5 
4>:0(qa   <rl'za    o2"a   )     for      y=0,   r}--0(q 

a-i      2-2a o2-a ) (A-4) 

K 



1 
A-2 

Now the velocity potential of a progressive Tfavs is sivsxi by 

* 
g A   cosh K0 ( y ->- h ) 
0"      cosh k0 h 

cos ( ko x - a t) (4-5) 

, 

v.aere A is an amplitude.  For the cases in which we are interested, namely, the 
motion produced by forced osoillation of a cylinder, and by the diffraction of an 
incident wave about such a cylinder, we wish to have the wave motion at infinity be 
of the form in Equation (A-5), with  A bounded.  It follows then, by comparing 
Equations (A-4) and (A~5), that 

a -  I that is, 

4>  = 0 ( I /a) at    y = 0 ,   r, --  0 ( I ) . 

therefore,  that to obtain motions produoed by an obstacle of bounded 
oross-section, which give finite wave heights at infinity, we should solve the 
problem obtained by setting     <f>z0    on the free surface. 

- 
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