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ABSTRACT

The theory of molecular scattering of light in a plane-
parallel atmosphere, presented in the simplest form by Lord
Rayleigh, was recently extended in an inganicus way by
Chandrasekhar to cover the process of multiple scattering and ths
effect of the reflection from the groumd.

The computation of the intensity and polarization of the sky
radiation by this theory requires the solution of four pairs of
non-linear integral equations, obtainud in the general case by
succegsive iteretion, For small values of the optical thickmness
T (t=0,10), the sscond approximaiior. is an adequats approxima-
tion., The following tables present the result of computation
based on the second approximation only. They contain the in-
tensities in the direction perpendicular and parallel to the
vertical plane through the zenith and the sun (sun's vertical)
for different zerith distances along this plane and for differ-
ent zenith distances of the sun,

iv
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INTRCGDUCTION

All problems dealing with any type of radiation iransfer
through the atmosphere can bs reduced to the problem of light
secattering, During ths interaction of the radiation itii matter
some part of the absorbed energy msy reappear as redistion of the
sane wave length radiated from the matter in directions other
than the incident radiation., This scattered radiation has differ-
ent characteristics according to the physical properties of the
matter, To evaluate quantitatively the character of the scatter-
ed radiation is, in general, a difficult task. In the special
casc when the scavtering material is dilelectrical, the dimensione
of the scatisring particles are small compsred with the wave
length of the radiation, and the radiation is not absorbed by the
partiecles, the scattered radiation is described by & well-imown
law discovered by Lord Rayleigh., This type of scattering is
usually named "Rayleigh" or "molecular" scattering., It is enly
for this case that an exact solution of the radiation transfer in
a plane parallel atmosphere has been obtained.

In most problems the atmosphere can be considered to be plane-
parallel illuminated by a parailel beam of uvnpolerized light, of
the net flux (the rate of flow of radiant energy per uni+ fra-
quency interval and per unit area normal %o the inciden®
direction) equal to wF,. The net flux of the sun radiation is
reduced during its passage through the atmosphare. At a level =z
above the ground the reduced flux is given by the equation

(1) =F = F, exp (- TAL )

where @ F _ represents the flux at the upper limit of the atmos-
phere (extraterrestrial value), P, = cos © , 6 , being ti'~ zenith
Jdistance of the sun. The parameter T, calfed optical thickness,
depends upon the mmbe:r of scattering centers (molecules), and
their refractive indices as discussed in detail elsewhere (Rsf. 1).
Since T increases with the distance fyrom the upper limit of the
atmosphere, it can be used instead of the vertical cocrdinate z.
Furthermore, it depends upon the inverse fourth power of the wave
length ° and thus determines for each level of the atmosphere the
wave lengih of the monochromatic light, for which the result is
valid.
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Tne scattered radiation has, hwiover, u completely difl“erent
character, It is not a parallcl radintion, since each scattering
center becomes & source of a spherical wave around the center,

Tach point within the atmeephere is iiluminated by scattered radia-
tien from all directions, & its illunination can be mecsured by
the rate of flow of the radiant energy through a cone, with its
apex at the point and with the exis in any particular direction.
The rate of flow is then pronortional to the so0lid angle which the
cone intercepts. The oroporticnalit: factor in this *ela ionship,
colled the specific intensity or simpTy the intensity, is the
auantity which must be determined for the specific problems that
arise. The scattered radiation is in general polarized, i.e., the
intensity has different values, in different directions, in a plane
normal to the direetion of observaetion. Fer a complete quantite-
tive description of the scattered rediation, it is thus necessary
to introduce, besides the intensity I, othar parameters, defining
Lhe ctate of polarizztion of the rediation., This can be done most

conveniently by defining the state of polarization by 8 set cof
threc additional Stokes parumeters, Q, U, V, the meaning of which
is discussed in detail by Chandrasekhar (Ref. 2).

Computaticn of the intensity and of the polarization of the
sky radiation is not a simple problem, It was made first by Tord
Rayleigh, under a simplifying assumption of primarv scuttering
only, when the scattering process of the light already secattered weas
neglected. The extension cf his theory for the more realistic case
of multiple scatterir-, when no restriction is applied to the scat-
terirg of the lipght scattered once or severel times before, is
connected with difficulties, considered unswrmountable :io% . long
time ago., In 1947 Chandrasekhar succeeded in redueing the exaet
soluticn of the problex teo the solution ¢f four pairs ¢f non-linear
intepral equaticns, allowin~ a solutiecn by itcration., The commnia-
tion of" the intensity and the polarization parameters aecording +c
the nethad leseribed in detall by Chandrasekhar {(Ref. 2) was
periormed for throe values of the optieal thiekness (v = 0,15, C.2F
and 1,00), Thero results were published in Rel. 3. The foliowing
tables represent thno eontinuation of the computation for smaller
values of the opticzl thiekness. corresponding fo the rod and
inTrared purt of Yne speectrua Tor aormal eonditions at the sea
level,

For cmall v, as nredieted by the theory, the computation ca
be simplified baoecause of the fact that the effect of multiple
‘cattering is decreasing and the second approximation, ecrrespond-
ing to the srcondary scattering, is so close to the exact value.
that further iteration is not necessary for all practical purposes.
The first iteration of the ahove-mentlioned interral eguati 5ons leads

to anal:tieal expressions for the fundanentzal functions 1) and
(1 =1,2,3,4), given in Ref. = wna discussed “n t . foliowins

o
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section., The wvalues of these functions for v = 0.10, 0.05, 0.02,
and 0.01 are tabulated in Table 1 as functions of w, corresponding
to diffsrent zenith distances., In further computations their
noments of two dirlferent kinds are needed; these are tabulated in
Table 2,

The intensity and the polarization of the sky radiatiorn Is in
general different in dilferent directions, thus varying with the
zenith distance and with the azimuth of the direcltion of observe-
tion., In the cormputation the terms dependent on the azimuth and
the terms independent of the azimuth are separated. The terms
dependent on the azimuth include the first two pairs of the X and
Y functions, xD) ana Y por 1 = 1,2). 7The azimuth-independent
terms contain the remaining two pairs (i = s, 4) of X and Y func-
tions in a more complicated relationship, com oniently expressed
in terms of eight functions: V¥, @, &, ? ¢, v, X, 0. These func-
tions are linear combinations of the X (1) ang yiil (1 =8, 4).

The censtants in these combinatiors wre functions of the moments
tabulated in Table 2, The values o the 2ight functicns mentioned
above are given in Toble 3, the consticnts used for their computa-
tion in Table 4.

Trne polarization of sky radiation is relatively c¢b»nl in all
directions along the sun vertical, the vertical plane through the
zenith and toward the sun. The simplification s caused bty the
fact thalt along thic plane U = £, the plane of polarization is
either parallel or verpendicular to the sun vertical. In such a
case the ctate of polarization is completely defined by two inten-
sitiez Tp and I, in the direction parallel and rerpendicular to
ical, Tlese intensities ere related to the mentioned

- - ey o o
ty I and the parameter Q by the formulas

+the sun ver
total inter

&) - A Ia) T

L = + = ] =

L ) I z I N v 4 l‘.’ .

From the genay al form of the expres sicns for I I’Z anc I'I' ( Oy ";)

it ic cvident that the intensity I, has the same value on the
solar side of the sun vertical, where ¢ = ¢, and on the antisolar
side, where @ = @_ + 7, whereas the intensity I has different
value on the solar and antisolar sides, denoted by Ig and Ipa
respectively. The values of the intensities I, Iia’ Ir along

the sun vertical for F, = 1 ars tabulated in Table 5, for differ-
ent sun elevation, and Tor several optical thicknes<«es.

Chandresekhar extended Rayleigh's oripginal theory also in
another dircction, The effect of the reflection from the gioud

e e et ST ¢ R AN ) FP R 7 1
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was incorporated for the case of the reflection according to the
Lambert's law. It is asswned that the reflected radiation is
independent of the direction, unpolarized, and the total flux up-
ward is a fraction {albedo A <1) of the flux received from above.
The effect of the ground reflection can be expressed by the

correctiaps to the intensities Iy and L., denoted accordingly by
Ii end Iy . These corrections can be computed by means of two
functions\jf,‘r: tabulated in Table 2 and of a constant 8, given
in Table 4. The correction for the intensity Ig is the same on
both sides of the sun vertical, thus the cutcerizt a is omitted.

The vzlues of these corrcctions are incorporated in Table 5 for
N = .25, .50, .80,

4s explained in the following section, for very small values
of T some of the terms become so small that the computational
scheme, used for the moderate v2lues of T does not lead to a result
with a satisfactory accuracy, In this case the effect of the sec-
ondary scatiering is so small that the primary scattering is quite
rredoninant, The computational scheme abuve can then be replaced
b the formulae given below, ecsily derived f{rom the equation of
the radiative trans’er (p. 44 in Ref, 2):

Ip (uap) =E(Tppapg) { 203-48) (142w (1412

o (147) A1) Zeos (pgp) 07 (1412) cos 200700 ]
(3)

IrQiéP)‘E(Teuﬂic){Jﬁﬂif(l-pg)cos 2(@G-Q)} .
U {,0)=2E(t,ua )] 2 (1-u2)12"(1-412323 10 (0 <) =t (1412) 42 ( 1
£ - LTI @ <) S It () sin2 (@ -0

with

- r / ,
In Kk ~T;
E(’r,u,p,c) = = Lo-'c;’ !_e /p'o_ e_,t/u].

o

(p, - @ being the azimuth difference of the vertical plane from the

sun's vertical,) For the sun's vertical these expressions reduce to
the following:
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(4)

Ir =

dith the velues of Iy, IE and I

ing values for any other direction in
azimuth © can be readily computed, as

I (1y9) = Ijcos
(5) I.Ge,q) =

1
=
[

U (yg) =5t
with

(2@ )1

_ Bl =y
lﬁilb-lL -)

and X(2) and ‘( ) as miven

THF £ AND Y FUY"TIONS

Therse functions are burlc in whwtl
dizeussion of their oroper
shall strte hcre without
roference will
RT (126), will imply
otherwise spocified,

\ie ursof

enuvation (126) in

(6) x (k) (1, T)

1
Y(“)(p,t) u-T%L+!

% = ZE(T;p,po) { L
L
J

{Ip-Ig,)sin(@y~@) =Lz

(29 2 5
12 )x ) gy}

Lies is glven by
come of
Le made to cauations of Chandrasekhar's

Chapter VIII will be impliced.

=l 1-u2)’3’(1-ui) %], :

QE(T)}L:ILO)

in Table %, the correspond-

& vertical plane of the
proved elsevhere (Ref, 3):

o-@)*ﬂ sin“(@o-;ﬂ

sin 2(q-o) ,

is Lo Zollow, und 2 fdl
Chandrasekhar (Zel, 2).
these properties, and
text; ihus
Chandrasskhar's text. Unless
By definiiticn

v

1+ 1 (x (KD, y (K))

v (o) ()
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where

() ) (o) x ) (g, 001 () () v () (4,3 0t

: , . ).
(8) 7, ,y(k)yap2 Tk
~ p’ % t

(9) Tz(x(k) ,Y(k))= 5'01 ¢k(t) [Y(k) (p"c)y‘(k) (t)‘f)-x(k) ([J.,T)Y(k) (t- ;’t) ]dt
TR

In the above the characteristic funection ¥, (t) is an even polyncmial
in t, satisfying

I 4, (1)t € 3.
The following four polynomials are considsred in this discussion:
ko= 1, (8) = 2(1+e2-2ud); k=2, 000 = (watPerh);
k=3, P () = 1—3-(1-4;2) — the conservative case; k=4,¢k(t)'§(l-t2);

Whensver no amblguity is likely to arise, the functions defined in
(6) and (7) will be atbreviated by X and Y, respectively,

Let
(k) : | k K)o
x,(T) = Ioltn ¥y (£ (8, 7)at; yr(‘('{—) = j’olt“dxk(t)l’(“) ty1)dt;

(k) (k 1
@t = £ ® (e poth = 1 (4 e
9 o

For the sake of simplicity, the "mcoments® defincd above will
usually be Indicated by X,» Yps @y, and Bn; the perareter T will
always be dropped ard k will be indicated only when recessary, A
property of fundamental importance is given in (29RT), namely

(10) Xy & %(xoz - Yo2) + Iol¢k(t)dt .
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Chrndraceihar has :hown that for kX = 3 (the conservative case)

selutions cf (() and ((} are not unigue; and that if X, Y

.
vile
forn one seot of colutions. then the set X, Y defined by

(11) Tl enqlyey); ¥ =Y -pq¥+y)

(7) for an arbitrary q. The standard so-
ar~ cbtained from kkB and Y‘J' by setting

5 s \ ’
(12) q = }'éB),/(x£3’+ ‘fiB) ]

PETHOD OF LR OIRMTLN THE X OAND Y FUNCTIONS

Droprins the parameters k and T for brevity, let

i (_;:J - -X}D(—i/mi,) + pjr)--':‘__1(‘LL),Yn_l(lL.)J

with Ty srd Ts fafined i (8F and (9).
i} ?
a1 s . o 2 VT - g . o =
Stariiig watlh Ao apg I . wé nay @ompute in setuenée 4. s,
e e -
L, 2., dWhea Gvo snoecessive approxismations &gree

oy ) B S A i . =] = YaY
accapaoy . Whe solutlons £ = X ¥ Y

= = ah e D A 2 A A . 2wy % e 4] -~ e HE ~ TN s mel
siderzd sevisfacior: avsrovine dons Lo the solutiens of {(6) and

In vrder to spoed convergeuce, use cun be made of (1.2427T)
and (120KT). Thus 18 X . Y, are available, an "improved" set is
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o
(16) Xn+1 = Xn *HAB(I-G-TXL); Y = Yn *;LAn(l—e-Q'“) ,

n+1
vhere
- e Y
(-—-'1 An = [1 (Xg’n"yo’n) DlJ/'DQ ’
. 1
(ae) by [r2 [u)en)/ i, vy, o)
(19) Dy = 2§ 1t b(t) [1-exp(-t/t) Tt .

The symbols xg and g imply the evaluatlion of these mements
. ’

corresponding to X, and'Y¥,. It can be readily verified that An

vanishes if X,, Y, are identical with X, Y respectively. HNore-

o

b4
Set Xml’ J.n+1g

In Ref, 3 values of the X and Y functions are given for
T= 0,15, 0,25, and 1, An examination of the results shms that
for T = 0.15, X5 and Y, agree with the more accurate values,
based on szveral iterations, to witHin 0,001, for smail veluss of
i, and often to four decimals for p > 0.4. It is expected that
with decreasing T, X, and Yo approximate X and ¥, respectively,
nore and more closely, Cecnsenuentlr X5 and Yo were taken as ar-
rroximations to X and Y for the calculations iven here,

It is possible 1o express Xl and Y, in Lerns ol Uhe exponen-
tial integrals En(x) and slementary functions, Thus let
* 1
- - -2
(20} E (x) = f e x-t‘dt/‘t;n =[ e x/ttn dt
5 )
. T
(21) F(tp) = §TetME (v)at
n o N
' = 1 m-2
(22) &, mi(e) = ,ro t7F (T,-t)dt
(23) @' (o) = fle'r/ttm"zr T dt
<2 n;m 3 ‘.n vy
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servher, let us new assign simibols to the coefficient of the poly-

1ials Wﬁk(t) entering into () and (9) by writing

4 4

.l L - nl, m

(24) G ) = g by "= T k.
=0 m=0

=

For brevity the dependence of the coefficient &, on k is not indi-

%
5

cated, ¥ith the above definitions it can bte verified that
A
(1!\/ oy
(25) X" Cogpd = 1% B a].FJ-”_(q;,..p,)
j=o °
A
b4 (1:) -7, -
(26) Y, (,p) = e /h[; + 2 e Faqqlt,u ],
-— - L4 v
J=0
ke 1, By 2. A
The following recurrence reluations can be readily estoblished:
) T 5w Tyl (o) 1 1
27 2 (x) =ale =& (x) 1/n, fi e L.
n+l ol
TA. i
/= - - \
28) By () =plr Glepd s e E (D) -2, np2.
{eia A IR /- 1 -T = - /’T’. -~ ] -~
Q) :1(*;4L) —|L[102\1*7) - Al5~(t) + B+ T ], T 3+
- TA.-/L T
el D (7 : - lor (=<3} ¢ e (7Y + Ti(==T B
( ¥y ,}L) = L o134 ” [ I e 90 ) l(IL ).I ’

-~ res

whare v = 0,5772156647 {Buler's congient to ten decimals),

In (30)

%
e "
is the well mown exponential integral, and Ellx), defined ir (.0},
ir ejual to ~Bl(-x). ©BDoth Ei{x) ard El(x) have boen exteisively
subulated,
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The moments a: 1» Bj 1 can be obtained by numerical integra-
2 }
tion, or else by the use of the functions Gn,m(Tﬂ and G'n’m(T).
From the definition of these functions and (25), (26) we have

\ (k) R 4
(33) o n,l(T) vy j§o ajGn+2,j+l(T)'
(34) (k) () A ()
Bn:1 Tl = Brprsd @ J§0 850ne2, j+1VF7 ¢

It has been shown by Chandrasekhar (Ref. 2), Appendix I, that
(35) : K
35 Gn,m(™ = ) Ep($)E(t)dt = Gy
(36) Gy, (P = S:En(t)sm(x-t)dt =G'yn
(37) Gn’m('t) = Tm-T:rLlTﬂ [TEn(’C)Em(’C) + Fn(Tr‘l) + Fm(T,-l)]

() - 1 1 4
(38) U'n’m(T) b G'n_l’ml(T) e ;l":i %1(1) + "’m Em\'r) n> 2

(39) G'y,1(D) = 2 [B () + (v + log T)E,(7) - U(T)J
where
. ) b 1, -\m
(20) 0w = ey tg )P e e 3 Tl
2 1< me] MM
The moments of order scrc and ons werse obtalned [rom the

above formulas, rather than from numericsel integration, for all
velues of T. For7T»0,01 higher order moments were obtained by
rumerical integration. All required moments for T = 0.001 and
0.003 1isted in these tables were obtained from the above formu-
las. The computaticn of the function Gn,m(T) from (37) is

straightforward., The functions G'n’m(T) are somewhat harder to

get. In practice G'l’l(T) was computed, and the additional func-

tions specified below were derived. F-r convenience some abhre-
viations are also introduced, as explained,

10
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Abhreviations

= ’-It, A o 5 = (31 o =5
£ = ¢™F_(r,1); AN L’i,-j(T)’ E = E, (1)
ol :l
(£1) 8073 [-To'l,l +TE, + f1+§g
(43} 3'3,2 =80 =y, * )

=3
N

(£4) Gls 5+ Gl g ~FBg+

4

-

I~

I~
e W

Once q and :)i  are avallable, the moments x, ; and
3] iy

4.9
BEER 2 ¢
T 19 Can be obtained from
‘i,
; & A
(43) % 1= T B@A . 3F. 1% F a,P
’ T gt il 1 ; P 3
’ j=o 4 017 Yrgl i6 ifnp+j,l
: (i) (k) e
Jhen A\?Z l\i’and their moments are lmown, m(ﬁ)and X\E) can
he obtained from (16). It can be verified that
a. L2
N - /‘, ~ h 2) *
(4L0) D2 g * = ¢ :é - f2u0u3 + 2a2b5 + kaALqJ
L ~

The memeonts corresponding te the secomd approxizatlon wre ¢

tained from

(&%) 3 ) ( i )
% a - + A e o . N + —_— -
seet T g2 cn,l n+ D n+3"’ P Nye  n,l A w2 R

Veluez -0 =, 5 and g, o are then shtalined by substitutine (47)
n I 5162

inte (48). )

To et the standrrd soluiion, (12) is used in conjunction with

(2
\'(3) \—") ~ N o ol i %
L8577, Y57 and the corresponding moments Xy 0, yl,Q and y, o

bt
jont
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SCATTERING AND INTENSITY FUNCTIONS

The scattering and "intensity®™ functions depend on the coeffi-
clents listed in Table 4; they are based implicitly on the X and ¥
functions and their moments, It turned out that for small values
ot T, some of the coefficients are sensitive to a small change in
the moments of Table 2, In view of the fact that the X and ¥
functions are approximeted by X; and Yo, respectively, the approx-
imations to X and Y are probatly correct to no more than four
decimal places. The functions have a logarithmic singularity irn
their derivatives at the origin of p, and straightforward nureri-
cal integration for the noments of order two is good to only five
decimal places. It was expected that this accuracy would be
ample, in view of the fect that X, and Y, ars themselves correct

representations of X and Y to &% mest that accuracy, At the
cutset all moments of order higher than one were obtained by
nmunericzel integration, and it turned out that some of the coeffi-
cients in Table 4 became indeterminate for T = 0,001 and 0,003.
The required coefficients were then interpolated from s table of
such coefficients. These interpolated coefficients were good to
within ¥ 0,003, and the scattering functions actuelly listed were
based on them, It turned out that the "intensity" functions be-~
came meaningless when based on these scattering functions, The
higher moments for T = 0,001 and 0,003 were then reconputed by

the formlas (33) and (34) and the coarficients listed in Table 4
are based on thes: recomputed values. Although they are probably
correct to only three decimals, compared with those based on exact
values of X and Y, it was possible to derive them from computations

LA o merme
LU DJCVYell

[4})

P TN R CONTON. ) DU 0% SO A T S RS (UM i SRNE SN T PR R G
Ci Une TONeNus WALCH weTres ConSisushy &nlOnhf TnsSlhiSe.ve

decimal places, Computations of the "intensity functions™ based on

the Mcorrected" scattering functions were made for a few parameters,

and the results were consistent. We give helow some comparative
values:

12
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(a) Coefficients (b) More consistent
on which scattering coefficients, given
functions are based in Table 4
T=,0C T = ,003 T=,001 T = ,003
vy -0.18820 -0.18946 -0.18847 -0.18975
v -0,1887¢C -0,19095 -0.18897 -0,19123
Vy +1.,13551 1.13659 1.13257 1.11348
va -1.51307 -1.,49888 -1,510%23 -1.49651
s ~0,24957 -0.24873 -0,24936 ~0.24837
t -0.49981 -0.49943 -0.49981 =0.49%44,
u3 =0,28202 -0,28343 -0.28229 -0,28371
ua -0,28252 -0,28492 -0,23279 -0,28520
U 0.300037 0.00113 0.20038 £.0C113
a 0.49812 0.49452 0.49744 0.49354
b C.49877 0.49646 C.49853 0.49621
¢ ~0.37540 =0,37779 -0,37559 -0.37632
g 1,32144 1,30424 1,32145 1,30425
3 0.00062 0, 00296 0.00100 0,00297

The following arc the scatterins functions based on coeffi-
cients of column (b), for T = 0.001 for three valnes of .

T= 0,001 b= 0,1 p= 0.6 p=1

) 0.01621  0,36115  1,00287
£, 0.01011  0.36055  1.00186
® 0.99490  0.64321  0.00010
n 0.98503  0.64212  0,00012
@ 0.00009  6.,00009  0,00010
6 0.00009  0.00009  0.00009
X 1.00284,  1.00285  1.00285
o 0.99¢6y  1.00118  1.00185
Yé 0.99503 0.99918 0.99694
Y. 0.99503  0.99917  0.99950

Compared with the values tabulated, n diverges by most, espec-
ially for p = 1,
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v was not deemed worth while to recompute the scay.ering and
intensity funections for T = 0,001 and 0,003, especielly since the
simple formula {4), given ir the preceding Introduction, gives good

results for smsll values of T.

parative results are given,

A: Voluss computed fvon Shundrasekharis formulas,
B: Values computed from formula (4), Z. Sekera's

Introduction,
T BB
0,001 0.1 0.6

0.6 0.1
0.6 1.0
i.0 0.6

0.01 0.02 0,10

C.G2 0.60
0.02 1,00
0.01 0.6 0.1
0.6 0.8
0.6 1,0

I

0.00031
.00031

0. 00187
.00186

2,00019
.0001387

0,00031
.000278

0.01772
.01398

0.00307
.00244,

0.00125
. 00147

0.0180.
L0L777
C.00235
.00231

0.,00288
.00135

T
-

0.00023
.00023

0. 00120
.00137

& O000TF1L
. 000067

0.00012
.000111

0.01786
.01389

C.00255
. 00209

0.00008
.000006

Oo 013[0/0
L0130

0.00218
.,00213

0.00068

.
i
- a

0.00017
.00017

0.00118
.00101

G. 000071
. 000067

0,00012
.000111

0.01048
.01378

0.00139
.00151

0.000¢C8
.000006

0.00999
.00958

0.00001
0

0.00068
. 00067

Irn the folleowing schedule some com-

w > o o>

o

tg 3>

W >

A

o

o x- o >

o >

There is a considerable loss in significani figures, in com-
puting I and I _ by method A, and wherever one significant
l{iguro only is given, that figure is not trustvorthy, and the
in [act be the better one.

value given by method B may in

The above

schedule seems to indicate that Sekera's formula is pgood, even

when T is as larpe as 0,01,
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It should be emphasized that the entries given are all hased
inplicitly on the second approximation to the X and Y functions,
as stated previously, and it should not be inferred that the
values are correct to all the decimal places given, compared with
the true results based on exact values of X and Y, Fort 2 0,01
the scattering and intensity functions are probably correct to
three decimal places. This conjecture is based on conmparisons
made in (2) for ¢ = 0,15, with similar computations.
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3

alle 1, X on

iy
Values of Xx(lk) (}L,'L') and Yr‘ll‘

for T = 0,001, £.063, 0,01, ©,02, 0,05, and N.10. xr(l”‘) (it,t) and

Y\K) are dafined in the section on humerical Analysis,
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X end Y Functions (Continued)
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X and Y Functions (Continued)
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X ana 1 Functions (Continued)
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TABIE 1 X and Y Functions (Continued)
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X and Y Functions (Continued)
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TABLE 1

X and Y Functions (Continued)
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X zand Y Functions (Continued)

TABIE 1
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TABLE 2 Moments (Continued)
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TABLE 2

Moments (Continuea)
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Moments (Continued)

TABLE 2
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Moments (Jontinued)
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NAVORD REFCRT 2061

Table 3, Scattering Funetions

¥ (@) 'p.[le(S) - sz(s)] s E(wT) = u[vzx(e) = le(s)]

e (p,7) = (1 + va)X(s)- poY(s), n,t) = (1- pv4)1(8)+ ;wjx(’)

( .
£ (u,t) = %p[le (4) -vzx(l')J e q:2x(4) _g(4)g

N

6 (r) = 5[yt - v x(W)] - g2pW _y () )

X (em) = (1= px @) 4oy () 4 2308 _ 3

+

o (1,7) = (1 + I-LHA)Y“) - “UBX(I.) _ tﬁfx(&) - y{4) ]

) = a[z(s) . Y(S)1

e Yr(p':'t) b{x(lo) + Y(‘;)J - pcfx(lt) = Y(I‘)J

Yf_(f“v":

3.\
\In the above X(K) and T are abbreviations for Xék’ (#,7) and
Yé_k'(“,—t), The soefficients of X(5) sng v(X) are defined and tabu-
lated in Table 4.
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Ycattering Functior
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Scattering Functions (Continued)

TABLE 3
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TABLE 3 Scattering Functions (Continued)
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TABIE 3

Scattering Functions (Continued)
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Scattering Functions (Continued)
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Scattering Functions (Continued)
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Scattering Functicons {Continued)

TABLE 3
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Scattering Functions (Continued)
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Table 4. Coefficients
Coefficients relating to the computation of scattering funciions
Vs Vo vB’Vl.’ u3’ uéy u5’ s, t, a, b, ¢, Q, q, 8

The coefficients are defined by the following relations:

(3},
g = Y(BB)/(I](_B) . (3), Vo +va s AN

EFTEY p Vg Vg € g
Vo =¥ = As(kgsy - kb)), V) = A (4 -2 k)
Vi TV '4A2[clbl - c062 - 2Q(d°61 - dl%):
u, +uy mAyfegdy el v -uy A, fdik -dk,]
us mbyfe ks ~eqky ], 8 e %(.1(\:2 - §1) » b= GQ(w - uy)
a= %Q(vz -vy)@,-4,), b= %Q(uL - ug)(d, ~ dy)

Co = ©2
(dg ~dp) T + 2(d; ~ ds)

e xRN, - ddug , Q=

;’1-31{1-1)014'0(12 ’

wkene
1 _ USRS
B " 401 = d1dn s T = oy = ol - 2Q(dyky - dky)
(1) L&Y _a 8 )
cO = ao + B(()A) _g 9 dO LT PN = Bél‘) - -5 ’ cp = aF()A) + ﬁéln
. q(4) _pl4) (
b RSN N a'r(~8) ‘ BrgS) » T “és) "Q'r(>S) ’
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’

(k) . (k)
%p ’Bp

tabulated in Table 2,
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k)

» and y(k) are the moments defined and
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Coefficients
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Table 5, Intensities

Intensities in the direction normal (IT) and parallel (I,)
to the sun vertical and their correction for the ground reflsc-
tion (Ir’ IZ) along the sun vertical for different sun eleveticns

I, - %M {w(p) + LO() - Mylp) - Ng(p) + H}
Iﬂ ] .2_.QLLG ( U/ o
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II&J o}

(The upper sign aepplied to I, ; the _ower sign to Ila')

I3 = e gl +Y b I - vy ) )
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TABIE 5 Intensities
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