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FOREWCRD

The enclossd analyzis is criginel a8 oconosived. bul is notl original
to the field fundamentally, The first reference in which the basic dif-
ferential aquations were establisned wes that by A. Schueter (Astrophysical
Journal, vol, 21, 1, {No. 5)) for the radiation through gaseocus stare.
Further elaborastion of this method was performed by L. Silberstein (Phil-'
osophical Magazine, vol. 4, 126 (1927)), J. W, Ryde (Proceedings of the
Royal Society of London, vol. 131A, 451, (1939)) and S, Q. Duntley (Journal
of the Optical Society cf Americs, vol, 32, 61 (lY4¢)). Bach succesaing
author ref'ined and extended the basic precepts until the analysis by Duntley
contained eight constants desoribing varlous physical properties of the
medivwm, Notwithstanding these feots, the application of the method heas
furnished en insight into correlating parsmetsrs for reflection and trans-
mission of a snow cover., In addition, the transmission was shown to be
relatad to the albedo of the cover and to be attenusted in an exponential

manner.



RADIATION IN A DIFFUSING MEDICM
WITE APPLICATION T0 SNOW

Introdusticn

The transmission and reflection characteristics of multipartiocle msdis
suocli 88 snow ars normally presumed to be independent for purposes of correlating
experimental measurements, If it is postulated that the medium is composed
of homogeneous semi-infinite slabs of finite incremental thiskness, the re-
flection and transmission ¢f, n, unit thicknessss may be analyzed by the
procedures described by Benford (1946), This method is satisfactory if only a
few 2labs are 00u81d6,6G DulL ws Lhis aumnbir ¢f clehe hannmas vary laree. calcu-
lation of the trausmission is difficult. In addition, the analysis presented
by Benford is not satisfactory for determination of the transmission et various
depths within the medium. Furthermore, no method of correlation of experimental
measurements is indisated by this analysis,

In view of these difficulties, an attempt was made to approach the problem
in a differen* manner. Ths bacgic assumptions of the analysis aret

(a) Ths medium is composed of a perfectly diffusing material

with & uniform distributsd roflactivity,
v

r. which is
defined es the reflectivity per unit distance, or ths
nunber of raflecting surfaces per unit distancs times a
constant reflectivity per surface,
(b) The spsorption coefficiant, k, is assumed uniferm.
(¢) BEmission within the medium i3 negligibls, i.e., the
temperature is iow comparcd tc thea enersgy sourcs.
Analysig
The total radiation downwards et sny depth, x, is given the symbol, Y,
BTU/hrftz, and the radiation upward is designated by, Z, BTU/nrft2,
The energy pessing downward thirough the medium, i.e., positive x directicn,

in a distence, dx, is decreased by absorption and reflection and increased by



raficction of the upward component:

AY * « ¥ Ydx - r Ydx ¢+ r 2 4x {1}
Similarly, the change in the energy passing uvpward is:
d2 =x 2dx ~r Ydx +r 2 dx (2)

An {llustrative diagrem of the energy transfer is shown in Figure 1 belowe

Division of equation (1) by (2) eliminetes dx and Y may be found in terms
of T by iulegration, givings
(k+r)zy-§rz-§za-o 3)

The value of the integratiorn constant is to be evaluated from the boundary con-

ditions after obtsining Y and Z in terms of k and r.. Solving for Z, cne obtains

z.y[k:r t\/(k;r)z—‘. {4)

L
Substitution of (4) into (1) and integrating givee

- an%k + r)a - 12 +y ex.¢«k & r)z - ré

Y- yy® 2
or

Bx

Y = e—ﬁx + )
yl y26 (5

whars

Bw Ak +r) - (6)



From equations {4) end (5), ths expression obtained for & iss
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The boundary conditions are {see Figure 2) at x = c¢

Yo = (1-r) Y *r.2 (8)
and at x = bt
Zy (1= 1y) 2 * Ty (9)
Y r.Y (1-ry)Z,
V |
T /L\
¢ 7 =

The boundary conditions give

™

xmot y, ty, " (1 - ro) Y, *r i,
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From equations (11) and (12)
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Equations (12) through (15) and equations (5) and (7) determine the

functions Y and 2.

0. For this condition:

The majority of applications in practice would havs 2y

(11)

(12)

(13)

(14)

(15)
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For the oase of a thick layer, e.g. doep snow cover, equations (16) and

{17) reducs to (b =+ = ):

a
(l-ro) Yi B‘-Px

(18)

r

&Iy (1rg) 1y 0P

o 1 - ro(kﬂ--ﬁ)] | i)

r

The v«lue of the raflectancs, Rc for a diffuse medium, is seen to be (refer o
Figure 2)s
r. Y, + (1 - r Z )
p oTo Y * (-1 2 '20)
Yi

The transmission factor mey be defined as the net energy pessing s plans
at distance x:

Y -
Tx-_.x_. X
Y
i

(21)

While the foregoing equations were developed for a distributed refliec-
tivity, they can be appliod with small srror to a seriss of finite absorbing

slebs, The distributed reflectivity in this case is taken as ths number of



reflactions per unit distance times the reflectivity or:

b ol S ——
&X

(2z2)
where, n, is the number of slabs of thickness, .x and surfacs reflsctivity r,.
The caloulatad reflectances and transmittances from these equations can
be compared with Benford's equations as a cheok upon the error involved in the
assumption of a distributed reflestivity.
The results by Benford (1946) gave for transmission and reflection of a

finite number of similar sladbss

v 2
" (Rzn-lyklznwl)

R «R “Ropo1 |1 * Tyl (23)
n-1 5 Zn 2n
an e 1 - (Byn-1)? - -
TZ
zn-l
Ton © ik (24)
1- Rgn--l

For an infinite (large) number of slebs, the expression for R, derived by

Benford was:

2 2. [, ..2 .22 2 /2
(1 + Rl = 11) = l.l + - 41) 421}
R, = (25)

The values of R; and T; sre the reflectivity and transmissivity of a single

slab. In terms of rg and k this may be shown to be (see Appendix):

2
, Ta(l-rg) a~2kex

Ry =p (26)
1 t
1 - r2 g-2kax

(l_ra)z e—kAX

T, =
1 1-r§ o-2kax

(27)

An important fact to be noted is that as ax = O, Rl is not equal to zaro,

This is cocntrary to the hypothesis of Benford and results from the fundamsntal



7.
concept thati reflectivity is & surfece property. Also worthy of note is the
lack in the work ¢f Benford of & methoed for determining the transmiszsion at any
dapth within the slshz, othar thar & backward reiteration process. BRanford
presented a method of caloulation for this but the basis for the procadures was
the postulate that R = O and T = 1,0 at zero thicknese.

The work of Benford does furnish e means of establishing the validity of
the analysis presented herein. Ths following values of k and r, were selected

(rg = ro):

k in~} rs
i R

10 & .1
100 .9

and a constant slab thickness of 0.005 inshes was selected. The number of
slabs selected were 2, 4 and . The results of the caloulatiors are shown
in Table 1. The agreement of the two methodz is within 2 percert or less of

unity and the major porticn of the differences may be attributed to sigrnificant

figure errors in caloculation.



TABLE T

Comparison of results obteined by the analysis
of Banford and the method presented herein.

Present
Berford Present Anslysis Benford Analysis
T R T R R R
(. o
Ty k=1.0 k=~1l.0
x ® 0,010" n =2

0.01 .952 .038 .952 041 502 .503
0.0 LR85 .305 683 | .291 .815 .804
0.90 .024 . 567 045 | .945 .977 .958

k= 10 k = 10
0.0l .869 .035 .875 .025 147 .153
0.10 .623 .282 .632 273 .019 526
0.90 .009 «939 .022 «925 .940 .931

k = 100 k = 100
0.01 353 .018 355 .020 .021 .029
C.10 247 .162 0251 .170 173 220
0.90 .0004 .905 .0023 .907 . 908 .908

k=1

x = 0.020" n = 4

0.01 +90€ .073 .907 073
0.10 517 .483 536 444
0.90 .008 .976 033 .581

k =10
o.cl | .77 . 062 759 | .062
0.10 .432 402 437 388
0.90 0 240 .013 .925

k = 100
0.01 .125 .021 .125 .024
0.10 .0863 .172 .085 .195
0.90 0 .905 001 907




Discuassion
This ansiysis was initisted in an attempt to resclve & porsvicn of ths
aif counterasd in the masasurement and correlation of transmission
and reflsction of a snow cover, 1ils not specified, it must be remembered
that rgy end k may vary with wavelength, and in generel monochromatic velues
should be employsd and an integration performed for specific sources,

The results obtained considered irrsdiation of both the top and bettom
of the medium, but for a snow cover the primary source cf irradiation will

be from one side only. The equations allow the substitution of any reflec-

tivity, ry, which couid be tvaken as tne reiieciiviiy ol e giouid lu cuse

a2}

of e snow cover. For a snow cover it hae been shown (SIFRE Report Ko. 4,

han 12 Vo 24 iochee, dspex

and naturs of ths srow, that tranemission of solar energy is negligible.
Gonsequently, the results expressed in equations (18) and (19) can be

oonsidered pertinent. Substitution of these expressions in esquations (20)

and (21) yields:

&2Byip
= ® A ‘e R fovm \
Ko A l'o * [1 - k*r_p) \&O0 )
& r
and
. -Px
(1-r,) e ror—p .

p et [ L LT (29)
where

A = albedo
Equation (2¢) can be written

T_ = (1-4) o~Px ' {(30)

Thus, the net transmission of the medium is directly related to the

albedo. Furthermore. the transmission of a particular snow cover will te
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exponsntial with depth (x) and an sttenustion cosfficient may be obtelned.
136 varianss bebtwsen 2iffarent ohrarved values of this attsnuation ovefficient
should be sxpected since k, rgs, and r, iafluence the value ottained.

The number of variables involved may be reduced by essuming, k, is a
aonstant for all snows. Thie assumption is rsesonably valid as the indices of
refraction (directly related to k) for ice and water are esrentially equal
and th§ presumption that this is true for en ice orystal {sncw) follows, Con-
sequently, ths primary variables are Ax and the reflectivities r, and rg. It
is seen frei esquati a (23) that the distributed reflectivity is defined for

the cvase of & dccp snew {2 = o).

(31)

It is thought that {;%) will depend upon the shape and Ax upon the size of the
snow parsicles, |

Ag a snow ages, physical changes in the crystalline structure ococur.
Melting, compaction, etc. will alter the shape and size of the individual
‘erystals causing changes in the transmission and reflection of the snow cover,
In a new snow with small crystals ax is small and hence r is iarge compared to
k,resulting ' a high albedo. As the jnow eges and crystals grow lerger, r
will decreass relative to k resuiting in & decrecase in albedo. The limiting
case would be & plane laysr of homogensous ice which would have a very low
albedo. It must be remembered thet this discussion appliss only tc clean s<ow

‘e -

From the foregcing discussion, ths importsnt variables affecting I, and

A, have besn reduced to:

=~ - the distributed raflectivity
Es & the first surface rsflectivity
The first, r, is suggested as a parameter varying between types of snow and as

a possible meens of correlating the deta. The latter variable r,, is a sur-

face coadition which will also be dependent upon the type of snow but shouid



i1.

have comparatively small effect upcn the salbasde {A) and transmission (Ty). The
suppesition that these may be trsated separately is subject to question and is

proposod as a first attempt to secure more satisfactory correlation of ex-
perimental measurements of snow transmission and reflection. Variations within
the cover have been neglected and this may negate sfforts to obtain descriptive

parameters of various types of snow covers.

Conclusions

l. Ths transmission through an idealized snow cover has been shown to be

s r2loted £o the nlhedo and +0 he an ~7r¢n~nf{-11y danrastine fanation .
2. Two parameters have been proposed as possible correlating factors for
transmission and albsdo measurements. The first factor is & charasteristic of

the surface condition of the cover and the second is a charecteristioc of the

snow beneath the suiface.

Expsrimental Verification

The experimental verification of the applicability of this analysis to
snow is contemplated. Measurements will be mede in a snow cover utilizing the
Solarimeter and Albedometer, descrited previously (Gier, Dunkle 1953).

Pacilities sre available locally for such work.
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i2.
NCMENCLAIURE

alvedo; reflectivity of s medium of large thicknass
(i.6. x & o) defined by equation (28)
naturel logarithm hasze
absorption or extinotion coefficient; (inches)~}
number of slabs
distridbuted reflectivity; defined by either equation (22} or (31)
reflsotivity of the lower boundary of the medium
reflectivity of the upper boundary of the medium
reflectivity of a single slat or lamine of the medium

total reflectivity of the medium at the upper boundary; defined
by equation (20)

reflectivity of 2B slabs; equation (23)

reflectivity of 22-1 glabvs; equation (23) end (24)
reflectivity of one sleb; equation (25) and Appendix
offective transmission at depth x; defined by equation (21)
effective transmission of 2B glaba; equations (23) and (24)
effective transmission of one sleb; equation {27} and i pendix
tranemission btheen boundaries of a unit slab; Appendix
thickness; inches

corstants; defined by equaticn (4)

energy downward in medium: BTU/hrftz

srergy incident upon lower boundary; BTU/‘nri‘t2

....... 2 e e 2D
ounaigy allvdvioll

BYU /hr e

upon the upper suriece of iLhe medivm £t x = o,

snexrgy incident upon upper boundary; BTU/hrftz
energy upward in medium; BTU/hrft2
energy inoident upon the lower surface of the medium; BTU/hrftz

ensrgy igcident upon the lower surfase of the mecium at x = »_
BTU/hrft
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W & FENET R

BOMBXCLATURE (Cont’d)

Owewmes

susrgy lucideat wpon ths upper surface of the mediuam; ET’J/‘nr'f-‘ca
varisble; defined by equstion (7)

inorement



AFPERDIX

et -

Traunsmission end Reflection from = Single Slah

1 (lers)zrstz (1-r3)2r§t4
s 1 T
1 L /\( 1y Jrit?
(' -r') 4 P4 te v, 4
(l-rg)rst (i-rg ) (v )t

Fa® <
(1-r )t (erdrgs (o )rits |

iy | |

l

¢ 2 . 223
(1-rg )t (1-r, ) r t
By »ry * (l-ra)zrst2 + (l-r,)2 rg g+ (l-r')2 rf 6+ - - .

vy, * (lwra)zrst2 [1 + r§ t2 + rg £+ o - -

(l-rs)at2
= r 1l +-—-—§—-:"

1-r° ¢“
2 J

2

3 2 4 .5
e T * (l-rs) re b2 F o= =

+3
[}

1 (l-rs)zt & (l-rs)2 r

2, [.,2 .2 4 .4
= (Lorg)"t | Irg t7 +trg t7 4 - - -
(1-r8)2t
S o aBin
--!‘SL

If t = 0758% 4ha gbove equations become:

2 -
. - (l-rs) 8 2kox \
L o - A
1 8 l_ri o=2kax ’

—
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