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THE EFFECT OF LENGTH ON THE AERODYNAMIC CHARACTERISTICS QF
BODIES OF REVOLUTION IN.SUPERSONIC FLIGHT

ABSTRACT

As a result of a joint interservice research effort, the Army-
Navy Spinner Rocket program consisting of more than three hundred
models of warious lengths has been fired on BRL's precision Free
Flight Spark Range. The data obtained Irom these firings are analy-
sed to provide a good determination of the effect of model length
on the aerodynamic coefficients for supersonic Mach numbers. The
effect of length on dynamic stability is considered in detail. ’

Appendices provide a summary of theoretical relations, conversion
relations between aerodynamic and ballistic nomenclature, and a full
tabulation of the experimental data.
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INTRODUCTION

In 1946 an intensive program investigating the dynamic properties
of spinning missiles in supersonic flight was instituted as a joint
interservice effort. The Army through the Free Flight Aerodynamics
Branch of the Ballistic Research Laboratories agreed to manufacture,
measure, and fire the one hundred and thirty-five models required by
the program and the Navy agreed to contribute the plate measurement
and data reduction facilities of its computing group under Dr. Zdsnek
Kopal at the Massachusetts Institute of Technology. Alreport on the
data reduction process was :|.ssued by the M.I.T. group.

The basic interest of the prog‘am was in the dynamic stability
of spimning bodies of revolution with an emphasis on configurations
possessing large fineness ratios. Of the six ballistic coefficients
of the Kelly-lMcShane linearized theory which affect dynamic Stabéhty,
very féw measurements of the Magnus moment coefficient, KT(CM , and

the damping moment coefficient, KH(CM + CM.) , had been made.

' q a : :
Information on these coefficients was therefore to be an important result
“of the program. Since these quantities are functions of the center of
mass location, three force coefficients which characterize these funetions-
also had to be founds These were the Magnus force coefficient, |
I{F(CN ), the damping force coefficient, (C + C ), and the normal

pa Yo N
force coefflclent KN(C ). The remaining three ballistic coefficients
a
are the overturning moment, KM(C ), which is of prime :i.rnportance to
a

gyroscopic stability and is essential for consideration of dynam:.c
stability, and the two axial coefficients: axial drag, K.D(C ), and

gpin deceleration, X (C XP

" The determination of most of these ballistic coefficients espe01ally
K, and K‘l‘ is usvally quite diffieult for wind tunnels and hence the

selection of BL's Free Flight Spark Range for the study was a logical
choice, This range.at present consists of forty-six spark stations which

1l. Kopal, Kavanagh, and Rodier, A Manunal of Reductioﬁ of Spihner Rocket
Shadowgrams, Center of Analysis, Tech. Rept. No. L. (out of print).

2. The symbols appearing in parenthesis after the ballistic coefficient

: are the corresponding aerodynamic coefficient. See Appendix B for a
discussion of the precise correspondence. Brackets will be used to
identify the number of individual publications listed in the References.



R
..

are distributed over a distance of two hundred and eighty feet. 1
Figure 1 shows a view looking down rangerwith the spark cylinders

on the left and the plate holders on the right. The brass squares,
located at each station, shield single loops of wire which form part
of the electrostatic triggering circuit. As the gun launched models
pass each of the spark stations accurately located to 0.001 feet,
they are photographed simultaneously in the vertical and horlzontal
planes by a short duration spark discharge. The time of occurrence
of the discharge for ten of the stations is measured to an accuracy -

of 10™® seconds. From the photographs the spatial coordinates of the
missile are obtained to an accuracy of .001 feet in position and

three minutes of arc in angular orientation. The ballistic coefficients
- are computed from these data. [10] - |

 When the program was originally set up it was decided that five
rounds were necessary to determine one value., Since it was planned %o
obtain reliable values of the force coefficients from the yawing motion
of identical shapes possessing different centers of mass, this resulted
in the requirement that three different center of mass positions for
each shape be fired. In order to study stability over a reasonable
range of supersonic Mach numbers data were to be obtained at three

Mach numbérss 1.3, 1.9, and 2.5.2 These considerations meant that
forty-five rounds would be needed to complete the study of each design.

Body length was selected to be the basic design variable and the |
shape was to be representative of service spinner rocket designs. For
these reasons the common head shape was chosen to be a secant ogival

head two- éaliber53 long whose radius of ogive was twice the tangent

ogival radius. Three body lengths of three, fiveB and seven calibers

were agreed upon. and thug fixed the program size at 135 models. A

draw1ng of the conflguratlon with the actual center of mass location =~
indicated is shown in Figure 2 and a tabulation of the physical character=
istics of the models is given in Table Cl in Appendix C.

- In order to be able to make flow computations a smooth contour was
requlred and hence no .rotating band was used. 'Spin was imparted by
means of a pre-engraved alumimum -sabot placed immediately behind the
model, At first friction coupling was employed but later it was found
.to be necessary to connect model and sabot by means of a cruciform key.

1l. See [ﬁ] and [:9] for descriptions of the range. Appendlx A of[?d]
gives a2 more recent description of the range.

2, At the time the intermediate Mach number firings were made, no suit-

- able gun was availalis and hence the flrlngs were made at the slightly

lower Mach number of 1.8, Later using a gun contributed by the Navy,
it was possible to fire at the high Mach number of 2.5.

3. 4 caliber is one diameter. In this program 20mm models were used and
hence one caliber coryespondéd to 20mm.

=



T

Finally a copper obturating cup was placed behind the sgbot. A model
with its key, sgbot, and copper cup is shown in Figure 3. Although
‘these auxiliary launching components usially separated quite quickly
from the model due to their high drag, for some rounds it was possible
to observe this separation. (See Fig..l). In LA the missile is about
two feet from the gun and none of the components have separated. The
 fragments above the missile are from paper wadding used in the cartridge
case. Figure LB shows the copper cup separating at five feet from the
gun. At twenty=three feet (I¢) the sabot is clear of model and the key
is dropping freée. ¥inally the sabot separates to over four calibers
and the missile is in free flight twenty-eight feet from the gun, (up).

In the firing portion of the program considerable difficulty was
experienced in launching the models properly. In order to obtain fhe.
aerodynamic moment coefficients a yawing motion whose magnitude is
between half a degree and six degrees is required. The lower limit is
imposed by measuring accuracy while the upper indicates the limitations
of the linearized theory. . .

In order to obtain the program requirements, 330 models were .
launched. It was possible to perform a complete yaw reduction on 109
- of these of which 9 had average squared yaw of over 30 and so were not
included in the analysis. The overturning moment coefficient was ob-
tained from 19 additional rounds whose yawing motions were too small for
a complete reduction. Of the models launched 145 were suitable for drag
reductions. A total of 162 rounds provided wusiblae data., A good indi-
cation of the improvement in firing efficiency as experience was gained
is shown by Figure 5.

The body of this report, which is basically concerned with the
data resulting from these firings, will be divided into three major
parts. The first part will deal with axial force and moment coeffi-
cients, the second with transverse force and moment coefficients, and
the third will analyze the dynamic stability characteristics of the
configurations. In the appendices all theoretical relations are stated
and the conversion from the ballistic nomenclature to aerodynamic is .
derived.

- AXTAL FORCE AND MOMENT COEFFICIENTS
(a) Drag Force Coefficient
Denoting the component of the aerodynamic force along the axis of
- the missile by Fi, the axial drag coefficient can then be defired by
the equation: '

Ty

(1) =
AT

where p = air density

d = diameter

U= axial velocity



It Fl in (1) is replaced by F&, the component of the aerodynamic force

directed along the trajectory, the more familiar drag coefficient
: 1 :
KD_= ,% Cb is defined. If cross spin, p, i1s neglected, it can be shown

= ol 2 . 2 .
that Ky = Ky, cos & + K6 sin 6= Ky, + [K. KDA:I &% where & is
' 2

the magnitude of yaw and KN is the normal force coefficient. The drag

coefficient, KD, along with the Mach number, is determined for each
round by means of a polynomial least squares fit of time-position .

data. [lh]

Since K is a function of several parameters, basically shape of -

missile,. Mach mumber, M, and the squared magnitude of the yaw, the
effect of the different parameters have to be separated. 2 The assumptlon,
therefore, is made that the drag dependence on yaw is linear in the
average sguared yaw, 6, for the particular round, This average is "
over the -distance between the first and last timing stations and can
easily be computed from the parameters of yaw reductions. Drag wvalues
were grouped in interwvals.of Mach number less than 0.1l long and the
parameters of this linear function for each group found from a least
squares fit of the drag coefficients and corresponding mean squared
yaws, The zero yaw values of the drag coefficients, Kb s, wWere then:

: )
computed and use _was made of the empirical Q function derived by 3
Thomas [9] 9 J s to derive their dependence on Mach number.,*

The @ function essentially assumes an inverse quadratic dependence of’
KD on Mach number and can be written in the form

(2) Q= l1+M2KD =g + BM

. o]
where a and b are empirical constants. This function provides a
good description of the drag coefficient's dependence on Mach rmumber
for supersonic Mach numbers. The constants a and b for each model
length were determlned by the usnal least squares method.

Since the yaw drag coefficient Kb o Was contaminated by Mach number
&
effects, the rounds of each interval were converted to central Mach
munbers by means of (2} and new yaw drag coefficients determineds
The process can now be iterated and convergence is rapid. Table T

1, Throughout the report we will indicate for each ballistic K its
exact relationship to the corresponding aerodynamic C's {See
Appendix B for details of the conversion process. )

2. TInn Eﬁi]Waldapendence of. Kb on<spin ‘which has bDeéen measured is
degeribed.:

3., In E}Q] the technique for handling drag data which is.employed
here is described and applied to a study of the effect on drag of
systematically blunting the heagshapeb



presents the final values of the a's and b's together with the KD 2
used. (These KD52 may be converted from 1/sq. radian to 1/sq. degree

by the factor 3280-%%:955593 ) The defining relation for K , is
. 4 . . 5

: 2
(3) Ky=Ky +Ky, &
o 6

TABLE T

Q - Function Parameters

S cal. 7 cal. | 9 cal.
a .927 .92 920
b .157 .16k S.172

1 2
Square radians

o

Maph No S cal. 7 cal. 9 cal.
1.3 3.1 %.2 Lo7 + .6 3.4
1.8 2.6 +.3 2.6 + .2 2.3 # ;3
2.5 2.7 41 2.7 % .3 2.9 #1.0

1. All errors calculated in this report are standard errors. In order
to convert to probable error, the multiplicative factor 0.67h5
should be smployed. '

2. Since K is about 1.0 this table indicates that the axial drag

coefficient, K
yaw.

DA is also strongly depéndent on the magnitude of
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The original Kﬁ“s for each round and their mean squared Faws

are tabulated in Appendix C. An indication of their internal
statistical accuracy is provided by the representative standard
errars provided by Table C7. These standard errors of about 0.5%
seem to conflict with.the actual dispersion of about 3% as seen in
Figures 9, 10, and 1l. This spread is quite easily explainable by
the wide variation of boundary layers. Figures 6 and 7 clearly
illustrate this point.

A further check on this explanation can be obtained by means
of a simple computation. It is possible to compute approximate
values of the skin friction drag coefficient KDSF for both turbu-

lent and laminar boundary 1ayers.l The results of this computation
are listed in Table II.

| TABLE II .
Skin Friction Drag Coefficient, Knsp X 10°
M 5 cal. 7 cal. 9 cal.
turb,  lam. % aiff.? turb, lam. % diff. turb. lam. 3 diff.
1321 . .5 10 340 6 1 3.8 o7 17
1.8 1.9 b 10 2.6 .5 1h 3.k .6 18
2.5 1.6 .3 11 2.2 L L 2.8 .5 18

An interesting use this drag data can be put to is the rather indirect
measurement of the base pressure. The drag coefficient is usually broken
up into the head drag, skin friction drag, and base drag coefficients.

+ K

(3} Kp = Kpy + Xpep * Kpp

1. The Bla51us flat plate values with the Van Driest correction for
- compressible flow wére used:for the lamifiar fldw com tation.and.’
.- ¥he recently. Adgrived formula-. obtaindd by Van Driest - 31] o Eﬂ{]
was, employsd- for. the turbulent boundary layer. The Heynolds numbers
bascd.on.dlameﬁery 4 Werss . -

M Ry X 10"5
le3 ' 5_090
. 108 8-17
2.5 11.34

2. The percent diffarence was computed with respect to the total drag
coefficient.

10



Since the head drag arises from compressible fluid pressure difference
on the head, it can be computed exactly by means of characteristics.
This was done by the ENIAC and the regults are given in Table III,
The correspond:.ng values obtained by the linearized’ theory are also
listed for comparison purposes. In Figure 8 the pressure ratio, as
obtained from the ENIAC is plotted against distance along the model.

TABLE III
Head Drdg Coefficients Ky

M © Exact Theory Linearized Theory
1.3 079t +0790
1.8. - .0603 .0660
2.5 | 0549 .0555

An exmn:l.m tion of Table IIT, the furbulent values of Table IT and
Figures 9, 10, 11 shows that KDSF contributes about 20% of the drag .

while Kpp. and Kpg each contribute about 4j0%. The ratio of base pressurs
p‘B to free stream pressure can now be computed by means of the relation

@ 222wy [y g
Y=1.h0§.

Charters and Turetsky, [:13] , were able to make an independent de-
termination by means of measuring the wake angle and assuming a
Prandtl-Meyer flow around the base to this wake angle.. A comparison
of these methods is provided in Table IV. The values for Mach mumber
1.3 are omitted as the ENIAC computations of ratio of pressure at end
of cylinder to free stream were made only as low as Mach number 1.5.

1, This is an extrapolated value as KDH was computed only for
M 3 1.5.

11



TABLE IV -

Model Numberr K, K Ky Ky Py Py

| T
¥ =1.8 Total Drag Wake Angle
5=h7 1431 0190 0603  .0638 .63 67
7-48 o 1h97 -0263 0598 0636 .62 6l
9-09 : .1586 0342 0607 L0637 NS 68
M= 2,5 _
5-56 1198 L0188 0552 L0488 .48 46
7=50 21277 0218 0548 L0511 l2 olily
9-13 1322 0282 0548  .0h92 o115 L3

The descrepancy between the two methods is cé.usedpby the measurement
error in the wake angle. The estimated error in °B from wake angle is

- B
.0ly while the total drag method has an estimated error of .0l.

An examination of Table IV indicates that KDB does not vary with
the length of the cjr'Z_Li-nder and hence KDSF is the only varying drag com=

ponent. This conclusion is further substantiated by comparing the

change in KD with length with o KDSF in Table Yo The change in KD
a ’ E . . ) B

was found by fitting it to a linear function of length by least squares

and 8 K'DSF was found by differentiating the Van Driest formmla,

TARLE V

M o fosr xw’ - - 51°Pe'ofKDvsL]inex103
5 L . U
1.3 4.08 bl + .18
1.8 3.57 : 3.7k + .37
2.5 ‘ 3.00 " 3,13 % .30

1. The first digit in the model number indicates its length.

12



It is interesting to note that this variation decreases with
increasing Mach mumber.

(b) Spin Deceleration Moment Goefficient

The spin deceleration moment coefficient may be defined by

2 = - . I
) X=_1 == F 0
uyy &
where
Ml is compment of aerodynamic moment along the symmetry
~ axls

cold

¥ = — is spin in radians per caliber
ml is a:m.a\l compaent oi‘ ahgular velocity

Although it is possible to determine this coeff101ent from the yawing
motion, after part of the program had been fired it was found that this
determination was not very accurate. It was, therefore, decided to
Place pins in the bases of the remaining missiles and measure the roll-

ing motion directlyl. Figures 6 and 7 show models with and without pins
respectively. The findividval round values of KA are tabulated in

Appendix C and plotted in’' Figure 12.

Since the spin deceleration moment is a pure viscous effect, it
seemed probable that it could be related to KDSF Charters-.and Kent

D.l:l have shown that for a cylinder K = 1/ KDSF This appeared

to be a good approximation for our conflgura.tlon. -(The 1/h appears
because the diameter and not the radius is used as characteristic

length). Kygy Was obtained from Table IV and 1/4 Kpgy 1s plotted in

Figure 12, The agreement seems to be quite good. ~Since the moments
‘are small and the surface conditions from round to round are clearly
not identical, the experimental scatter is not unexpected. The usual
values of the individual statistical standard errors as given in
Appendix C seem to support this consideration.

1. In Appendix A, the exact relations employed are listed.



In Figure 13 K is plotted against,length. The slopes of least
squares fitted l:Lnes are compared with 1/l aKD_SE in Table v.

3L
TABLE V
- 3
M Siope 1/h K%E%"
1.3 . L00106 + ,00006 00102
1.8 "' .00099 + 0000k, .00089
2.5 .00079 + 00004 .00075

TRANSVERSE FORCE AND MOMENT COEFFICIENTS

From Appendix A we have the statement of the Kelley-McShane
linearity assumption.

if F2 and F3 are the components of the transverse aerodynamic
force, then

(a2) F, + ify = pd ul [(-KN 1vK.F) A+ (VEgp + K )u]
where v is the spin in radians per callber :
A= k2 + i'h3 is the complex yaw

(m2+ ima)d

M= is the complex angular welocity

lll -
and the K, ¥s are the ballistic coefficients. They are identified in-

both Append:l_x A and the Table of Symbols and Coefficients. Similarly
for the components of the transverse moment there results

() 1+ 3 = oPeg® [ty - 28 2 v oy o i

By assuming a reasonable size for the Magnus cross spin coefficients
XZF and KX‘I” it can be shown that they have little effect on the motim

of .a body of revolution [28] In none of the firings made on the BRL
Spark Ranges has this assumptlon seemed unreasonable and hence only the
remaining six coefficients will be considered.

14



In Appendix B an aerodynamic nomenclature is
relation with the ballistic coefficients stated.

defined and their
The conversion

equations are:

=7 n
= c = C
Ky N, ﬁﬁ B M,
=, 01 ¢ K =="T¢
K= Mg 7B
- I _ |
3 gCN * GN&) | T (ch * CM&)

Note that the last pair of relations are written with an equality sign
and not in the manner they appear in (BIO). This is due to the fact
that in this report Ks and KI-[ are measured solely by means of their

effect on H in the homogeneous part of equation (.6;8) and as is stated
in Appendix B the equality sign is proper.

Throughout this section use will be made of the symmetry argument
that all coefficients are even functions of the magnitude of yaw.
It is assumed that the yaiing motion of each round may be characterized
. by its mean squared yaw, 5°, and that the coefficient obtained from
each firing is constant for the yaw encountered in each flight and may

be associated with 52. It was found that a simple linear dependence

on 62 was sufficient to describe the data for 52< 30 square degrees.
(a) Normal Force and Overturning Moment Coefficients

The overturning moment coefficient can be obtained accurately
from the turning rates of the two arms of the characteristic epicyclic
yawing motion of a spinning missile. Actually small corrections are
necessary.which involve the damping exponents and the Magmus force
coefficient KF’ and although these are usually less than one percent

all of the data in this report contain them. These correetions are
explicitly stated in Appendix A. A further correction’is necessitated
by the variation in center of mass from round to round. Since this
variation is less than .02 calibers for models of the same type all
the models are corrected to a standard center of mass location for each
type by means of an approximate KN in equation (A5.7).

These final results were examined for Yyawing motions of different
' amplitudes. It was found that the sewven caliber forward c-m. models
: together with the nine caliber forward and middle c.m. models had
definite dependence on the magnitude of yaw. Values for a fixed Mach
. number were fitted to a linear function of mean squared yaws

15
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6) Ky=Ky *Xyo
o b
The resulting values of K , are listed in Table VI together with
. .

their standard errors:

TABLE VI
KM52 Squari radians .

Mach Ho. TF 9 F 9 M
1.3 36 7 -85 * 16 -53 + 2
1.8 =23 *+ 3 <16 + 3 -59 % 3
2.5 -53 + 7 20 + 207 256 + 16

Eq. (7) =L, -83. -39.

o Thié value is poorly determined since the total variation of 62
is from 1 to 5.7 square 'degrees.

The values provided by Table VI should be considered only good
qualitative results since they were. obtained by a rather crude technique.
Since the samples are small the standard errors have only qualitiative
significance. With this in mind we see that the effect of yaw on the
overturnlng moment has a stabilizing influence and that the explanation
of these indications of non-linearity lies in a non-~linear pressure

distribution ower the rear of the modelsl. This distribution probably
starts about six calibers from the nose and increases in its non-

linear character with increasing length. From this we would expect the
longer missiles to exhibit non-llnearlty and that this effect will become
more pronounced as the center of mass is moved forward and thereby
accentuates the effect of force on the missile's rear. This predictiam
is roughly verified by Table VI. .

H. R. Kelly E?éj has reéently developed a simple relation for
KM 5 and KK 2 by considering the viscous cross flow. His results can

be wrltten in the followlng forms

( - 2L
7) By 1/uc ESr oL |
(8

) Kmaa

L2
3/L CDc L

1, This explanation was suggested by J. D. Nicolaides.
16



where r is distance to center of mass from the nose and Cp is the drag
c
coefficient for an infinite cylinder in a cross flow. For laminar _
boundary layers CD is 1.2 and for turbulent boundary layers it is «35.
c
Since the average transition point is about 1.5 cal. ;far of the shoulder
far the seven and nine caliber models a weighted walue for QD' of .78
- 'c

Was used for the seven caliber models and .68 for the nine cdliber models.
KM p and K 2 have been computed by equations (7) - (8), and are tabulated

T in Tables VI and VIII respectively. Gon51der1ng ‘the roughness of the
experimentally determined values and the use of a "weighted" Cj the
- . . c
agreement is good. )
. Using Table VI and the round values for KM and.52, individual
values of K, were then computed and in Figures 14=16 are plotted
8]

against Mach number. The maximum scatter is about 2%. The circled
points were computed by fitting Kﬁ for each Mach number. to a line as

a function of center of mass locatlon°- (See Eq. A5.7). The slopes of
these lines are the normal force coefficients and are tabulated in
Tahle VII.

TABLE VII
. . = o I
Normal Force Coefficient, KN g CNu
M 5 | 7 9
1.3 .98 + 01 - 1.02 + .02 1.06 + .01
1.8 1.13 + .01 : 1.13 *+ .01 1.16 + .01
2.5 1.26 * .02 - 1,21+ .01 1.28 + .01

As is described in Appendix A it is also possible_to measure*KN by

means. of the swerving motion. Values of KN were obtained by this means

from all rounds with large enough swerv1né motlona. These data also

exhibited a dependence on yaw for the seven and nine callber rounds. The
values of KN p are given in Table VIIT.

(1.2)3.5 + (. 35)3 5=
~ 1 - -
A similar computation was performed for the nifie callber models.'

2. The criterion was that the swerving motion be six times the linear
measurement accuracy of .010",

1. More precisely for the seven caliber models Cpy =

17
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" The swerve KN“S were computed in a manner similar to the KM'S and are

plotted in Figure 17.

TABLE VIII
KNGZ wquare radians

Mach No. 7 o | 9
1.3 23+ 7 20 + 3

= |
1.8 13+3 26 + 3
2.5 b6 + 3 | 33 *+ 13
Eq. (8) 29, W1,

The circled values are those obtained from the KM"S at dlfferent

center of mass locatlons and crosses are based on tests in BRL's
Supersonic Wind Tunnel. The agreement is fairly good. . In Figure 18
the distance to the center of pressure from the nose in calibers CP ’
: : ) N
is plotted as obtained from the individual swervihg motion, the center
of mass method, and the wind tunnel. Since this scale is larger than
model size, in order to show individual points; the curves are re-
Plotted against model length at the actual model size of 20mm per
caliber in Figure 19 TFinally Figure 20 shows K.N?s dependence on

length. Note: that both center of pressure and normal force are re-
latively insensitive to length. (A mild exception to this is the
behavior of the center of pressure at Mach mumber of 1.3) " In this
characteristic they follow the ‘slender body prediction that.cylindrical
afterbodies have no effect on normal force or center of pressures.

(b) -Magnus Force and Moment Coefficients

In this section and the next one we will discuss thoge coefficients

which at the present time can only be determined by the precision Range

Technique. The determination of the quantities is difficult, and,
quite naturally, is not as accurate as Kps KM, or KN The dlfflculty‘

lies in the fact that the dynamic coefficients affect only the damping
of the epicyclic yawing motion. The damping is difficult to determine
as it is the rate of change of a small quantity. For 20mm models a

1l. The data, however, is not very close to the slénder body wvalues of
KN .78 and GI%I = 1, 111 This disecrepancy has been observed by

many investlgators and is probably due to the :Lnapproprlateness of
the theory.



reasonabls estimate for the size of ‘error of a damping coefi‘icient
G is 2 x 10 l/calibers, Since for .the five caliber models

a, ~ 25 % 10 -5 , this is roughly an 8% error. (The figure 2 x 10_5
is sensitive to the frequency of the two mode s, thelr amplituds,
and the distribution of the observat:.on.)

An inspection of the Magmus moment coefficient data for the
"TF, 9F, and 9M models shows that, in common with the normal force
and overturning moment coefficients, they are functions of yaw. This
dependence is clouded by the scatter of the data and hence K’I‘ 2 as

tabulated in Table IX is poorly detem:.ned for some Mach m.xmbers and
can only bhe estimated for others. - ; :

TABLE IX
Ig1‘52 . _ Dquare radians
Mach No. TF 9F M-
1.3 -2 +10 13" - 16"
%
1.8 <43 +20 =43 + 16 ~ 16
2.5 =72 + 20 b3 -6
#* Estimated value ¢ Qbtained i‘rom two points

For fixed Mach number, KT is a linear functlon of center of mass
location (see (45.8)). K, 15 plotted against c.m. in Figures 21-23 and
0 :
its rather 1arge scatter verifies the prediction that dynamc data is
certamly not of as good ‘quality as that for Eyo In Table X, the .

slopes of the least squares fitted lines, which are the Magmus force
coefficients, are tabulated. This linear relationship is used to ’
obtain "average" values of Ky .which are eihibited as a function of

o

Mach number in Figure 2}, For some rounds where the yawing motion is
such that the Magnus force has a measurable effect on the swerving -
motion an independent measurement of KF is poszsmle.1 In Figure 25,

KF”S as obtained from the center of mass method togethei' with those

obtained from the swerving motion of individual rounds are plotted
against Mach nmumbers. The agreement of such dslicate measurements is
quite encouraging.

1. Appendix A provides the exact relations employed in this determination.

q
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TABLE X

Magnus Force Qoefficient, KF, From C.M. Method

Mach number - 1.3 1.8 2.5
5 cal. b+ .01 .1k + .0k .05 + .02
7 oal. .20+ .02 L2 * .02 16 % .02
9 cal. ' »31 + .03 .33 *+ .02 .26 + .02

J. C. Martin has recently suggested a simple model by which KF and

K, may be computed theoretically [29] . He shows that the effect of
spin on a body of revolution at an angle of attack is to rotate the

plane of symmetry of the boundary layer configuration sllghtly out of
the plane of yaw. The linearized flow over the resulting shape then
provides a force which is perpendicular to the plane of yaw and pro-
portional to the magnitude of spin. These considerations result in

the following formula for the radio of slender body Magnus force coef-
ficient KF to slender body normal force coefficient KN for incompressible

flow.
(9) ol
LS

where L is the equivalent cylinder length in calibers1

= 6,930 &

and 5 is the boundary layer dlsplacement thickness
in callbers._

Since our main interest is in compressible turbulent boundary layers,
We. have to assume that Ecuation (9) will apply to this case. From 3]
and [3&]-, it can be shown that & good approximation for 5 is

- A LS -1/3 : e
3——-—-(1 - 1L M) L R 4 where R, is the Reynolds' number
093 d E d -

based on the diameter and ¢ depends on the velocity profile. Inserting

this value of 5* together with the slender body normal force coefficient

1. Since Martin's calculations are based on the usual flat plate boundary
layer assumptions, his results are for a circular cylinder whose
boundary layer build up is equivalent to the body of revolution.
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value of -E in (9) there results:

(10) A =c(l - .1 M)’ﬁ9/5 -1/5
Ffom (10) it is now possi’tﬁle to compute thecenter of pressure of
the Magnus force by the formula: (8

1 o £
C.P.F-;K;—o* %

9
1L

where C.P.p is the equivalent cylinder distance to Magnus force center

of pressure.

' We now assume that /ﬁ, the equivalent cylinder length, can be written
L - Ln where L is the model length and Ln is a correction due to the nose

and is a function of Mach number.

Pal
CquF = COP-F - Ln
and
(11a) C.P..= 9 L+ 5 I

F -ﬂi -TE n
(110) O Rme-aum @-1)Y5 RS

In Figure 19 C.P.F is plotted against length and it can be seen
that the predicted slope of -1% is very good. For fixed Mach mumber we
fit Equation (1la) and obtain the following values for L

Mach number 1.3 1.8 2.5

L S24+.5 1.3+ .08 2.55 + .12

Using equation (11b) as an empirical relation and fitting the data
shown in Figure 25 there results ¢ = .19 + .03. These results are plotted
in Figure 19. The agreement is fair for such a rough theory, although
it is certainly not as good as the C. P°F slope. Finally it is important

to note that the slope of the C.P.; curve versus length of 9/1} is in-
dependent of the Mach number and velocity profile apd depends only on
the assumption that for turbulent boundary layers é‘_[;g varies inversely

as the 1/5th power of the Reynolds' number based on length.
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(¢) Damping Force and Moment Coefficients

When the data on the damping moment coefficient Kﬁ is examined,

once again the existence of non-linearity in the 7F, 9F, and 9M models
can be seen. In Table XI are tabulated the wvalues of KH o which were
&

employed to obtain the KH T3,
0

TABLE XI
1
KH52 Square radians
Mach No. 7F 9F M

1.3 590% 650° 650"
1.8 590 + 361 koo + 230 720
2.5 590 + 230 650" 650"

* estimated 3HE two.Values of KH

These values are inserted in a modified form of (AS.9) and Kg, the

damping force coefficient at the centroid, is obtained.1 The desired
form of (45.9) is

' - it 3t
[Ka) = % - oq =%+ o

where q 1s measured from the centroid and unstarred quantities
are for c.m. at centroid.
In Figures 26~28, [KH] is plotted against c.m. location and lines are
fitted. The .scatter. indicates the poor quality of Kg.. In order to
obtain other values of Ks.fbr c.m.'s which are not at .the centroid,
relation. (A5.L) must be used. Tabls XII presents Kg at the centroid
and it is plotted against Mach number in Fipure 29.

1. The middle center of mass rounds have their centers of mass located at |
their geometric centroid.
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TABLE XIT

K. at Centroid

s
Mach No. 5 | 7 9
1.3 -3.8+.1 5.3+ .6 - -8.6+.8
1.8 © =3.14+.5 -S.h + .1 =9.2 +L2
2.5 -1.1 + .2 -3.8+.1 -6.6 +1.4
Eq. (13) -h.6 -7.0 -9.3

In Figure 30 KH at the centroid is plotted against Mach number while
Figures3l and 32 give the centroid values of X5 and K, as functions
of length.

In order to get some theoretical basis for predicting KH it is

necessary to use certain results recently obtained by W. Dorrance 35] .
According to Dorrance's “zero order" slender body theory for missiles’
without boattails.l El‘he relations for EM ‘and CN were first obtained

by M. Munk.
¥ 1 ] -l‘z(g-r)q
M&_ n ¢
CMq=-h[(L-r)2+h—;‘:(r-rc)]
16
CN&“‘:TV
__ U (@L-r)
Cy = -

where L is length :Ln calibers
r is distance to the c.m. from the nose in calibers
v.is volume in cal.3

r, is distance to the cgntroid Ifrom the nose in calibers

From these equations there results

(12) K= 3 oa-n?

(13) Kg=-p (L-1)~v

1. Care has to be used in order to transform the symbols of DS] to those
" of this report. C, and CM of [35] actually correspond to™Cy and

W w _ . &
and CMu while Cn~ and Cm. of Dﬁ] correspondl to CN +cﬁoa’ndch * cﬁaof;.ﬁhisj Ta e
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Equation (12) predicts that KH at the centroid is a pure quadratlc
function of the distance of the centroid from the base which has-n .79

as its coefficient. If we fit KH at the cemtroid to such a function,

there results the values of 1.19, 1.43, 1.50 for Mach numbers 1.3, 1.8,
and 2.5 respectively. - Since the fit is quite good, we will consider

KH =C (L - rc)2 as a good empirical formula for the damping’moment at
the centroid. Table XII compares KS at centroid with Dorrance's Ks.

The agreement is not too satisfactory. It 1s finally of interest to
note that within the accuracy of this elementary theory K, has no

H
contribution from CM. when the c.m. 1s at the centroid.

r

DYNAMIC STABILITY
It - -

A study of the dynamic stability of the rounds fired in this
program provides some of the most interesting results of this report.
As in-[é@] a missile is defined to be dynamically stable if the yawing
motion deseribed by the solution of the homogeneous eguation of the
yawing motion does not increase. It is proven in [28 that a sufficient
condition for dynamic stability of a statically unstable1 missile
traveling over a flat trajectory is

(1ha) thN-KD+k;§H-k;2KA70

(1kb) 57:_“-—]—""*:-— 3 0&s £ 2
s (2 -8)
where L A°YY (Gyroscopic stability factor)
hB b & KM
A-% axial noment of inertia
B = transverse moment of inertia
b = air density
d = diameter
v = ?}f 3 spin in radians per caliber
u
1

1. A missile is statically unstable if KM7'O .
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|2k - Xy 1 Kp) .

s = = (Dynamic Stability Factor)
G-t Ky ky = 1

s md2

kl = = (kl is axial radius of gyration in calibers)

m = mass

1-c'2'2 = —-B— (k is transverse radius of gyration in callbers)

If5<£0 or's » 2, it is further shown that a statically unstable missile

can ‘not be stabilized by spin., The curve s = ﬁ is plotted in Figure 33
5(2 - s :

and thé gtable.and un3table regions are identified:’ .

This requirement is much more complete than the classical gyroscopic
stability requirement that s 2 1. Since h is usually positive for missiles
in supersonic fligh‘bl, conditions (14) will reduce to the classical in-

equality for s = 1. 5 .is tabulated in Appendix C for all rounds and it
can be seen there that it definitely departs from this optimum value of
unity. For some of the 9F models s exceeds two and hence these models
are dynamically unstable and cannot be stabilized by spin! 5 has the
further property that the slower arm has the smaller dauping rate

(d.2< al) when s &£ 1 and the reverse is true (a’. 7 a.l) when s >1.

This therefore, means that the faster arm w1ll grow for the 9F models
irrespective of spin. (Unless h is negative the slower arm, however,
will always shrink.)

It is possible to make an important generalization of the dynamie
stability in the following way, (see E28 ).

Theorem

The damping exponents oy and sy of the epicyclic yawing motion of a
statically unstable missile are greater than or equal to an assigned
value, @& 1if the following rélations are satisfied:

h-a20
2 1
(a) [2 - E(c)___]

s

1. It was positive for all missiles fired in this program.
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0 <& Eh(a)<: 2
2(KN-KD-k'1'2KT)-a

=2 -2
| Ky -Kptky K-k Ky -0
- (Note that s{0) is the dynamic Stability factor.)

where s(a} =

With the above information in mind we will now move on to a con-
sideration of the various applications of our experimental information
to the stability problem. First the effect of center of mass location
is of interest.

Looking over the 8's for the five caliber models in Table C-2b,
it can be seen that s lies between .40 and 1.30 and hence. the dynamic
stability is of little interest for these models. The dynamic stability
of -the seven calibers, and especially the nine calibers, is more
interesting. In order to obtain a rough picture of the effect of c.nm.
we will assiime that c.m. may be changed while the masses and radii of
gyration remain constant. An examination shows that with the exception
of the bimetal middle c.m.'s (9 M2, 9 M3) and two of the rear c.m.'s
(9 B2, 9 R3), these assumptions are roughly true. )

With these assumptions in mind, v2 requirsd for stability is
plotted in Figure 3l.against c.m. position for M = 1.31. v° was
selected as one of the variables in this plot so that the gyroscopic
stability curve, s = 1, appears as a straight line. According to
this plot the interval of c.m. location where spin stabilization is
possible, identified in this figure by a = Q, is relatively small and
even there -a rather high twist is required¢ The rear asymptote corresponds
to 8 = 0 while the forward one is caused by 5 = 2. Note that 0.3 cal.
rear of the centroid is located at the "optimum point" where 5 = 1.

Now it is shown in [28] that the situation is ix;lpz'oved by in-
creasing k;z. Since k;z is 0% larger for the bimetals (9 M2 and 9 M3),

the stability curves are replotted for their masses and radii of gyration
in Figure 35 (The physical constants for both figures are listed in
Table XIII).

1. In the two stability plots c.m.'s forward of the centroid are
plotted positively. .

2. This fact was first observed by R. Turetsky in [}é] whigh was an
interim report on the program.
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TABLE XIII

m gms k;z k;a
Standard 137 8.3 .19
Bimetal 200 7.6 .26

The bimetals as can be easily seen are much more stable than the solid
models. -ThebBe figures become, of course, more inaccurate as the c.m.
is moved from the centroid. If the exact physical characteristics of
the 9 F's are used, a much better determination of the c.m. position
for which s = 2 may be nade. Similarly better values for the "optimum
point" and the point at which s = 0 can be found when the physical
characteristics of the 9 M's and @ R's respectively are used. These
calculations have been made and the results appear in Table XIV. Note
that according to Table XIV it is impossible to spin stabilize the

9 Fis and furthermore that at M = 1.8 they should be markedly .unstable.
This is verified bty Table C-Lb. As the yaw increases, however, the
non-linearities which have been. observed throughout the program have

a destabilizing effect and increase the size of s considerakiy.

TABLE XIV

Location of C.M. From Centroid For Dynamically
Stable Nine Caliber Models

M 5 =0 s = 1 (standard) s = 1 (bimetal) =2
1.3 1,09 -.32 .08 .97
1.8 ~1.59 -.70 -.28 .30
2,5 =203 ~.73 -.28 9

As a final application of the data obtained by this program we will
make rough estimates of the gtability of models which are longer than
nine calibers. (Since these estimates are based on linear theory, they
are at the mercy of non-linearities which seem to increase with length.)
For simplicity the center of mass will be located at the centroid. The
data for ntie=caliber length models definitely shows a bimetal design to
be superior and we will thus consider models possessing cylindrical center
sections of length 2,2 and of density different from the remainder of
the model, Finally ths following formulas for centroid, mass, and
moments of inertia will be needed. They are good approximations for
models-over eight caliber long:




¢.m. from base = 1/2 (Qd +/?‘£-J)

L

,QB.? -’L?‘ (volume of nose in calibers) = .857

-E ‘(Pld3) [QN + /QC + (;_i - l? Q’QB]

where Py is density of nose and tail material

length of cylinder in calibers

=]
1]

Py is density of center section material

A AN (p, = 1) ' '
pw il I ol LTI Y

4

Py

5
o]
In]
(o]
5
n

axial moment of inertial of ogival nose

0565 (o, ¢°)

: 2 2
B = 3 P2 -1 (“2 ) (L &1{_‘4,25_
o0& tp e+l (EI' ! 2B A S
1 .

In order to get some idea of the stability situation for these long
. missiles, we will select fig =.3 and /QB so that the spin required for
P1
gyroscogic stability will be a minimum. This is equivalent to requiring
that .%_., be a maximum. In addition we will also specify P1 be equal
to the density of dural. In Table IV are tabulated the resulting {| o, A
B, m, and-s's.

TiBLn XV

L Q.ﬁ (cal.; .-.-x(gm~ca12) B(g-:m-ncalz) m{gm) s
9 oo 38 1060 30 Lo
11 3.08 L8 2080 387 1.2
13 3.66 57 35600 hé5 2.2
16 L.58 72 7062 582 3.2



According to Table XV, models with c.m. at centroid and longer
than eleven calibers-are impossible to stabilize by spin. It is
" possible to make ‘a rough calculation as to the location of the
optimum points for the models in Table XV. This would give some
indication of possible improvement of dynamic stability by varying
c.m., location and is done in Table XVI.  In this table the location
of the optimum point is given together with the gun twist, 1 ,

required for stability. =
TABLE XVI
L © c.m. shift from centroid 1/n
9 -.05 1/20
11 | .63 1/15
13 ‘ -1.03 , 1/12
1.6 | -1.h6 1/9

From this table are observed the very important facts that dynamic
stability can be 1mproved by moving c.m. rearward and that quite long
models can be stabilized with reasonable gun twists. The rather crude
approximation on which the above is based should be reemphasized and it
should be remembered that the above is done only as a rather weak aid

to designers of longer missiles.

:f.-C. ,BM

L. E. SCHMIDT
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TABLE OF SYMBOLS AND COEFFIGIENTSY

A Axial moment of inertia
Ay Axial moment of inertia of the nose
B Transverse moment of inertia
n A ' 2
c Empirical constant defined by KH c(L - yc)
CD Two dimensional cylinder drag coefficient
( ' .
CPF Magnus force center of pressure
CPN INorjmal foree centef of pressure
=2
D Jp =k J A
(Fl’FE’FB) derodynamic force
. ﬂ..2 . . -
G y’»[(JnhszH)-e-lv ¥
- =2 . )
J. D & x.
; LY
KA(cfp) ' Spin deceleration moment coefficient
KD(GD) ' Drag coefficient
KI;A : Axial drag coefficient
KT;IB Base drag coefficient ..
Koy Head drag coefficient
Koap Skin friction drag coefficient
K'I;..(CN" ) ' Magnus force coefficient
@F Slender body Magnus force coefficient

1. The symbols which appear only in Appendix B are omitted from this
table ° :

.
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Damping moment coefficient

Kt - iyt

Lift force coefficient

Overtﬁrning {restoring) moment coefficient
Normal force coefficient

Slender body normal force coefficient
Damping force coefficient

Magmis moment coefficient

Magnus cross force coefficient
Magnus cross moment.coefficient
Zero-yaw coefficient

Coefficient of yaw squared term
Complex coﬂstants in yaw equatién

Length of projectile

Length of nose which is uneffective in Martin's theory

Equivalent cylinder length in Martin's theory
Mach number |
-2
ko "y
Aeroﬁynamic moment

Number of yaw stations apd timing stations

Shift in c.m.
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P Constant term in the swerve equation
Q Coefficient of linear term in the swerve equation
Q= Il + KD'M2 The "Q"-function

Rd The Reynolds' number based on diameter
R, ' The coefficients of the exponential terms in the
Swerve equation

13 Constants defined by Ri = Ril + 1Ri2

(Ri)L Contribution of the 1lift force to the swerve

(Ri)é Contribution of the Magnus force to the swerve

' -2
T JL - k1 JT
a ' The constant term in the "Q" function
a; The coefficients in the polynomial expression for t
aij The coefficient of'JN -‘JD in Rij
b The coefficient of the linear term in ‘the “g" function _
bi The coefficients in the polynomial expression for ©

i _

13 The coefficient of JF in Rij

. g _1
c Empirical constant defined by K = e(1 - .th)£§§ Rég
\

C.. The coefficient of Jq in R. .,

ij 5 1j
C.M, Center. of mass in calibers from the nose
d Diameter
dij The coefficient of JXF in Rij

g Acceleration due to gfavity

(‘gl, Bp> g3? Vector acceleration dus to gravity
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K% - E@E
1 4

k=2 = EEE
2 B

s
e

=2 -2
Ky - Ep* oKy =g X
kl is the axial radius of gyration in calibers
k2 is the transverse radius of gyration in Calibefs
One~half length of center cylinder in bimetal design

Length of ecylinder

_ }Q N =.E (volume 'of nose) Bquivalent length of nose .

n

u = (ul,uz,ua)

Mass

The reciprocal of the gun twist

Independent variable -

Base pressure

Free stream pressure

0 - 0% (distance from centroid in definition of KH*'

Distance in calibers from the nose to the center
of mass

Distance in calibers from the nose to the centroid

Stability factor

Dynamic stability factor
Time

Velocity vector

Volume -

Lateral displacement
Véptical displacement

Assigned lower limit of a,

36
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ai Yaw damping rates
Y Ratio of specific heat of air at constant pressure
to that at constant volume
8 2

Y [Cor - g ) *iley - gy M e

6 = ‘X‘ Magnitude of yaw angle

62 Mean squared yaw

&t Boundary layer displacement thickness

€ ' Perturbation term in solution of yaw differential

equation

€ Standard error in ballistic coefficient

) Roll angle
u, + iu )

A= (2 5 3 Complex yaw

1

XR Yaw of reposs
(m2 + i m3)d

b= = Complex angular wvelocity

1.

wld .

= = Spin in radians per caliber

1

- A

v IE v

P " Density of air

Py ﬁensity of the material

¢;_ ' Yaw turning rates .

(mi, Qs mj) Angular velocity of the missile
f .. .

() Primes denote differentiation with respect to p

9 KDSF : Partial derivative of skin friction drag coefficient

oL with respect to length

| I Bars denote absolute value

- 37
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APPENDIX A: SUMMARY OF THEORETICAL RELATIONS AND SPARK RANGE
TECHNIQUE

In the bibliography the classical publications are listed and a
fairly complete 1list of BRL publications which would have a bearing on
this report is provided. Most of the-fheoretical relations used’here
are_taken from [247] or [28] . The data redyction technique is described
in [}Q] or in the Kopal Feport mentioned i# the introduction. In
this appendix we will state but not prove the relations referred to in

the body of the report, " Although these relations will be in terms of
the ballistic K's they can be easily converted to the aerodynamic C's
where necessary by use of Appendix B.

We flrst dsfine a right handed orthogonal coordinate system with -
axes numbered 1, 2,” 3 moving with the missile and sc¢ orientated that the
1 axis always p01nts along the missile’s axis and the 2 axis lies in
the horizontal plane and points to the.rights The linear velocity of
the center of mass and angular velocity of the missile are expressed
in this coordinate system as the vectors (ul,'uz, u3) and (qﬁy ) 03)
respectively. Employing the convenient representation of complex
variables the basic Kelley~McShane linear force system fgr'a missile
possessing an angle of rotational symmetry less than 120" and a plane
of mirror symmetry is defined by the following equations:

(A1) F, = ~pd2u1? Koo 3 Fp= - od” “12 D
iF, =-pd2u§ [ (K + 1vER) & + (VEgy + iljfs)tﬂ_ |

3,2
«pd vy vKA

+

(a2) F,

(a3) M

+

(ak) M, + My = pd3u12 L—(vaT - iKM) A+ (K, + ivK-XT)!J-]
where | | |

(F F' F )} is the aercdynamic force vector )

F

F, is component of aerodynamic-force vector directed along the
trajectory

(Ml, M M3) is the asrodynamic moment vector

29

o is the density of air

d is the diameter of the model

\

1. Although all of the relations stated are true for all missiles
possessing the proper symmetry redquired for (Al) = (AL), some of
the remarks on range technique refer only to splnnlng bodies of
revolution, 38
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2 3

A= ———= 1is the complex yaw
!
w., d -
v = is nondimensicnal spin
(m2 + imB)d ‘
w= is complex angular ¥elocity
!
KD " Drag Force Coefficientl
KDA Axial Drag Force Coefficient
KA Spin Deceleration Moment Coefficient

KN Normal Force Coefficient

Kp Magnus Force Coefficient

KXF Cross Spin Magnus Force Coefficilent

KS Damping Force Coefficient

Kp Magmus Moment Coefficient

KM' Overturning Moment Coefficient
K; Damping Moment Coefficient

KXT Cross Spin Magnus Moment Coefficient

Since the moments are defined with respect to center of mass and

)\ is defined from the motion of the center of mass, these ballistic K's
are functions of center of mass location. Since we require symmstric

l. For:zéro.cross spin it can be e351ly shown that Kb = KDA-cos & '+Kﬁ6 sin 6

. K 2
= Xp, [#N SA KDA where 6 = ) A
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mass distribution, all c.m.'s are on the axis. The explicit form of
these functions iss

(A5.1) Kyt = K (A5.6) K,* = K,

(a5.2) K¢ = K (45.7) Kgt = K, + oKy

(45.3) Kg* = Kg (85.8) Kg# = Ky + ok

(A5.L) Kg* = Kg + iy ' | (:AS.‘9) K=K+ q(Kg + K )+ q2KN'
(B5.5) Kye# = Kyp + oK | (85.10)Kpt = Ky + q(Kypt Kp)+ qu_F

where the starred quantities correspond to the center mass located at point
Oo% and the unstarred quantities to center of mass at 0. q is the axial
distance from O to 0% in calibers— and is considered positlve when measured
toward the base from the nose.

Placing these definitions in the equations of motion we obtain the
following equations for the axial and yawing motion for a flat trajectory:

. ul
(A6)

— = =
7 D

(A7) vt ' = Dv

(A8) X“+(H~i’\:’)7\'+(-M-i'GT)1=G

A

where prlmes denote differentiation with respect to nondlmen51ona1

t uldt 2
axial arc length p = | = and t is time.
B : - %
o}
.33
= oL
Ji m Ki
- =2
D = JD - kl- JA
-2 _ md®

kT = -jr'(kl is axial radius of gyration in calibers)

A is axial moment of inertia

m is the mass

1° A caliber is a unit of length equal to the misgilels diameter.
2. Equatign (A8) is based on the size assumption or convention
that J¢ terms may be omitted in comparison with J terms.
] o



H= JN - 2JD + k2 Jﬁ
2 _md® L
k, - =5~ (k2 is transverse radius of gyration in calibers)

B is the transverse moment of inertia

_BA. :

v EV |

o =2 (1 2 .. 2 -2 . .

M k, (JM:l-v ky JF)£k2 Iy
=2

Tedy=dp=k ° JIp

Egz = B1hp) * ilgy - gl"j)-] d
Y= 5
Bk

(gl, Eos g3)'is the vector acceleration dus to gravity

Xg + ik3'= A

The solution to the equation of yawing'motion.can be written in the
forms '

i - id. 4 (e . .
(A9) A = Ki e¥—§} ?.%Q}:)p + K2 e(,ag + lﬁé)p f 1BM .
where

14‘2‘1" z | ¢2‘-I“‘

'Kl, K, are complex constants-depending on initiél conditions

i 'E
Ay s - Egg (yaw of repose)
uy M

g 1s acceleration due to gravity

ai‘are‘constants and ¢i' are linear functions of p

——



%‘he)exponents of (A9) may be related to the coefficients of equation
AB) by:

S (a10) V=g o+ g,
(A11) H = (“1 + “2) = D£‘1 .
(a12) M= gy . fyt - 00, + gfl[‘l‘-‘“z -3 6J
(A13) T = -1/2 [(a -az)(¢1 iy ) -H-QJ
fyt+ ¢2
"+ g0
(A1L) D = u
¢1| + ¢27
. ¢1l + ¢2
where a very good approximation to the perturbat:.on term6 is RTR
| 1 T2

A missile is said to be statically stable if KMéo. A statically

. 2’
unstable missile is said to be gyroscoplcally stable if s = m P4 1. A

mlss:Lle is dynamically stable if the yaw described by the homogeneous
solution to (48) does not increase. TFor a statically unstable missile
the exponents & and Gy’ are greater than or equal to an assigned value

g if
(A15) H+D=-a >0;

(016) s& —L ' ang
. (2 ~3)

(Al?).. 0<3 <2

where 3 (a) = "PZILLHE” g 1S the generalized dynamic stability factor.

Ifa-= 0, s becomes the dynamic stability factor 3 {0) and (A15) - (A17)
become conditions for dynamic stability. If s (0) does not satisfy
(817),a statlcally unstable missile can never be dypamically

stabilized by sp:l.n1 .

1. For a statically stable missile (Al5) and (Al6) apply when s is
outside the interval [0 2] while only {Al5) is needed when
s is inside. :




If the position of the missile is calculated from the squations of
motion, and the p axis is taken to be down range in the horizontal
plane, the y axis pointing up, and the x axis determined by the right
hand rule, we hdve the relation ,

+ i, )p

(A18)x+1y=P+@p+RKle(a1+1¢l)p+R2K20

ﬂ'xR(J -JD + iv Jp)dp dp f —EL dp dp

where
P and Q are complex constants determined by initial conditions
X and y are in calibers

R, = R., + iR

1 = By * iRy
Rip= ayq U ‘JD) *biy Jptesy Igtdiy Iyp
(2, 12 .2) . 2va, @
= 22(JNJD)*—21122JF
(¢' (@7 +e,9)° °
+ e Jé " vt 5
5 3 — 5 2, xF
(3,'° +a,7) @1°+a) 7
Rip = ay5(dy = Jp) + bjp Jgp *c5p Ig* iy Iype
| | D 2
2851 o4 v(@ ' - e%) Jp
= (JN - JD) +

(7,12 + 6,2)°

(¢ii2 + qi252

gi! - J %Y J
2 2 s ° 2 2 XF
(ini % s ) (¢i' + ai) K

The first integral is the displacement due to yaw of repose and
can usually be estimated to a sufficient accuracy for range work. . The
real part of this integral is called the “drift". The second integral -
is, of course, the gravity drop. The expression JN - JD can be replaced

by J;, the 1lift force coefficient.




On the BRL Spark Photography Range the drag cefficient is found
by means of up to 'twélve time-distance measurements. The distance
error is less than ,001 feet and the least count for the time is 5/8
of a microsecond. The data are usually fitted to a cubic in distince.

2 3
(Al9> t = ao + alp + a,p + a_3p
where t is time

The velocity u at point p is then given by

(a20) §= ——

; 2
a; + 2va2p + 3 33p

and Jp at point p can then be computed from (46).
2a, + 6a3p
(421) Jp = — -
a; + 2a2p +.333p-

U-and Jy'are usually evaluated at the center of the data. The temperature

and pressure are measured before each firing, thereby providing the
velocity of sound and density of air. From this the Mach number and the

o .3 s
density factor B%_ may be computed. (m, A, B, and center of mass location
are precisely measured for each model before firing).

D can be directly determined by measuring the spatial location at
each station of two pins placed in the base of the model. This then
determines the roll arigle ® as a function of position, p, on the range.
These | data are then fitted to a cubic polynomial

& 2 3
(a22) 8 =1b  + bllp + byp” * b3p

From (47) we have:

i 2b2 + 6b3

(AEB) D = e
b + 2b2p + 3a3p|

From (A23) and (A21) we ‘can then obtain dye
The two components of the yaw of the missile are usually measured
to an accuracy of .00l radians. They are then fitted by a combination

graphical and. analytical technique to equation (A9). From the coef-

ficients of this fit by means of (All) - (A1l) we can obtain dys B, T,

and a relatively poor second determination of D. The spatial position



of the center of mass is now measured to an accuracy of 001 feet and

fitted to equation (418). Of the farm Rij usually, however, only R21

is well determined, Fortunately Jy = Jp is the principal constituent

for most firings and can then be determined. This plus the values of

JD’ H, and T then provide us with Iy and Jp. In certain cases R22 can

be determlned and from this follow values of JF By firing different
center of mass p031tlons, equations (AS) then provide us with JS, J

‘and a second determination of JN.

In summary we see that the firing of a single model with satis-
factory initial yawing motion (large enough. to_measure and small enougl
t6 be linear) and satisfactory swerving motiont will provide values

KD, A Kys Eys Epo Ky and possibly Kp at a given Mach number. Firings -

of identical models with different center of mass positions at the same
Mach number then yield additional valués of KN’ K, and KS.

1. It can easily be shown that the 1ift force contribution to the slow
swerve arm is (R )L lK2” al 2§2 JL and the corr ng con-
tribution from the Magnus force is lK ‘ 22 F

For most rounds Jg and Jyp may be omltted,a22<. a21,and by F(_L a

Hence (R2')L ~J K2| I R21I' Swerving motion 1s satisfactory for

Ky when (R2) is more than six times the experimental accuracy. ~ Since

our Magnus force measures were limited in number, Kp values are con-

51dered when (R2)F is twice the experimentsgl accuracy.
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APPENDIX B: CONVERSION OF THE BALLISTIC COEFFIGIENTS TC AERODYNAMIC
COEFFICIENTS

Theé work of this report has been done in terms of the ballistic
K's which are little known outside the field of ballistics and may be
quite confusing to ah aerodynamicist who does his dynamic stability
analyses in terms of the aerodynamic C!s. It is therefore worthwhile
to express the results of this report in terms of these symbols. This
effort is handicapped however, by the three facts:

1. The misgsiles usually treated in ballistics have a rotation
symmetry which results in pairs of aerodynamic coefficients
being equal and hence corresponding to only one ballistic
coefficient.

2. In ballistics the missiles wsually have a high rate of spin
and Magnus effects have to be considered to which there are
no correspondlng aerodynamic coefficients.

3. Terms involving the rate of change of angle of attack appear
in most aerodynamic stability analysis while no such. terms
appear in the usual ballistic force systém.

The axial components of the aerodynamic force and moment are
usually defined in aer'odynamic nomenclatire as:

X=-1/2p 7 8 Cy
(B1) L= 1/2 0 ¥ 5 b(ED) oy
. . P
where p is air density
V is axial velocity
S is a reference area
b is the wing span

From this we see that

2
Kp = 1/2 s/d Cy

(2) Ky = - W ;suz/d’*? o
v= 22 (po/2v)
16
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If the transverse components of the aerodynamic force and moment
are assumed to be linear functions of yaw, change in yaw, and angular
velocity, and Magnus coupling is :Lnttr'oduced we have the i‘ollom.ng
definitions:

4

2 ' _—
Y=(1/2 p V° S) [E:Yﬁwcyr )+c (79

*qEy e+ ()+c
vy sy, @) zg
z==(1/2pvzs)[[z<:L+cZ (-2—‘,"1)+c.Z (& ]
+|¢c Q+C )+C (s0) [ (
T B 8] )
(B3)  w=(/2p VS ) [c e+ e, <g?)+c (5%
G
ong s, @ 0o <~‘3€>] &
PP pr pp
N=(1/2p V¥ §1b) [cmp*c]rl (g{,ﬂcn. (%%)]
B r B
o oy € o, G0 B

whers ¢ _is the wing chord and the angles'a, P .and angular
velocities &, ;3, q and v are thoss defined in the standard aero-
dynamic ncmaencl,ature,

If the missile is assumed 05Sess tr:. onal or greater rotational
symmetry, 1t follows from lg. 6j I:25] _

Cc, =¢C, =¢C =€ =C, =C
YB ZG NQ Ypa Zpﬂ ’Npa,
b i i b
-C, ==0, =C G = <=0
Ir c Zq Nq qu Zpr c Npq
B -,b
Ch ==¢C, =C C C, (=)=C

L7




(BL) =0 @) =-C Op = Cn @) 2C
m nB c MCL mpB npa .c pa
¢ oac (B2 < &=-c @=-
m n, ¢ Gﬁq Tor © pq ° pq
dcm& = cné (E) : ‘CM& I ) C]'l], n (.E) = g (—) : CM é

pp e © &

The third set of symbols is introduced in order to emphasize the
existence of symmetry and will be employed throughout the remainder
of this appendix. If we insert these symbols into (B3), multiply the’
second and fourth equations by i and add to the first and third respec-
tively these results:

T+ iz = (1/2 p V 5) {[CNG +1 &) o ](p ‘i a)
pe. -
' +E§—'%)"‘c +i CNq] (g + 2 or ;vi =

Npq
+[T vt l'gV' j] A_ELiﬁ%_Eél
: & . :
(B5) M+1I‘I'°(1/2p cs){ 'mch](gq-ia)
ol a

o, - & o q] ‘-5—;#9

[?pb) e “iC ( +1ica
Mg M& 3

If equation (B5) is compared with equations (A2) and (Ah),,the Magnus
and non-Magnus static coefficients are easily related. :

5
Ky = - 1/2 8/d CN:;
FM = 1/2 S¢/& cMa'

| K, = 1/ 8b/d
¥ .. -
KT == 1/h Scb/dh C

My
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The relationships between the remaining dynamic cosfficients is
somewhat more complicated. TFortunately it can easily be shown that the
remaining Magms coefficiegts are lost in the differential equations of
yawing motion due to the J  convention. It therefore, remains only to
connect two ballistic coefficients, KS'and KH’ with four aerodynamic

coefficients, CN > Cy s Oy and CM .
q & q &

In orden to do this we need only to consider the purpose of this
work, namely to state the results of this raport in aerodynamic ‘nomen-
claturea Since this report is concerned with stability, the only con-
tribution of the aerodynamic coefficients is how they appear in the
basic differential equations. This means that in ordsr to obtain the
partner of KH we see what coefficient appears in the corresponding

point of the differential equation similar to (1) which is based on
the aerodynamic force system (see [?f] for example). By this tactic
ws have:

2
(87} Ky~ 1k &ﬁ (B, *+ G)
: a

Sihce the major function of KS is its contribution to KH when the

center of mass is altered we have:

S
d qQ &
Notes The method of obtaining (B7) and (B8) is not too desirable.
It would, of course, be more satisfying f{o enlarge the ballistic force
system so that. there would exist a one-to-one correspondence. It also

should be noted that (B7) follows fram a comparison of the homoganeous
equatlons.2 In the yaw of repose, equation (49), Kﬁ should be replaced

W= /S Gy

By use'of (B2}, (B6), (B7) and (B8) it is nowip0351ble to convert
our symbols. We will merely tabulate the results. (KL will be replaced

by K, - Ky for this purpose.)

"pds[ '«z'cD+1/2k2 (;i)"’(cM %)—J

= . 2d ( )

- ~2- cS
L N CMGL

1. In order to avoid confusion a# in B (a#) will be replaced by .
49 .




-pdS

(B9) . T = T

Da:.ed_s
2m

2.2
s = AD

LB (1/2 V p Scg,)
o a

2 fCy *C0y-k " (b Gy | *y .
a 2d pay .

5=(y) =

e

c .+ Cp * 1/2 kz"

2

q

&

kl"-2 Bl

) =

*
C,+ v
XP

For bodies of revolution if S is the maximum cross-sectional areal

b S n c '
iR A
. _n a =—n
.57 Cps K73 O
P
n
=" C . = C
i w, * u= s ¥y
(B10) K.=3, ¢ 3 K,=-32
S | 0T 1
16 "N 6 M
_.>,ﬂ - .
K>y Oy +Cy) 5 Ky —35 (G + Gy ) :
i q &. . - q &iC 1 -2 #*
) (2.2 : i2(N+CD--§1 CI\T)-'”Y
s = '“2)3 e —— = #
n B(pv°ad CMG) CNG+ G +%k2 (-;CMQ'* CM&)_ %kl 'Clp*”Y

1. OSome authors prefer% = L. where L is the model length in calibers.
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APPENDIX C: TABLES OF DATA

In Table C-1, tHe physical characteristics of the twenty-seven
model types are tabulated. The types are idehtified by two numerals
separated by a letter. The first number gives the model length, the
letter specifies whether the center of mass is forward (F), middle
(M), or rear (R;, and the second number identifies different types
of the same length and center of mass location. The composition of
each model is given by three letters which specify the metals used
in the nose, center, and base sections respectively.

In Tables C-2, C-3, and C-h,.ﬁap aerodynamic data for each round
are given. The mean squared yaw, §%, is in square degrees and is
effectively zero for those rounds where it is omitted. . The drag
coefficient, K., is tabulated for all rounds possessing over five -
timing stations, and the spin decelerating coefficient, Kﬁ, for only

rounds with pins. Values of KM'are given for. those rounds for which

both arms of their epicyclic yawing motion exceed .005 radians.
Values of Kﬁ and KT are listed when both arms exceed .007 radians.

In addition to the arm size requifement there must be fifteen observa-
tions and a favorable distribution of the observations on the epicycls.
For some rounds it was possible to calculate KM from the spin and the

turnlng rate of one arm when only one arm exceeded .005 radians in
size and the model possessed pins. KN was calculated when the swerve

associated with it, (RZ)L’ Was greater than .06 inches. For those
rounds which' did not have Kp or Ky values, K, and K; were computed

using values corresponding to the same type at the same Mach number.

The column marked N - Np gives ﬁhe_total mumber of observations-
and the mumber of time measurements. & and G, are in 1/calibers-and.

v is in radians/caliber. v may be conterted to gun twist 1: n by the

relation n =.%ﬂ 5

In Table C=5, the aerodynamic data for models possessing mean
sSquarad yaws of over thirty square degrees can be found. Table C-6
gives values of Magnus force coefficients measured from the swerving
motion of those models whose Magnus swerving motion, (R2)F’ is greater

that .02 inches. Since the statistical error of the various ballistic
coefficients was fairly uniform for model types possessing the same spin,
only representative values are given in Table C-7. Finally the turning
ratés of the two epicycle arms are provided by Table C-8.




N Gl e e

In conclusion the numbering system for the models should be
described. This can bhe done by the following table for the five
caliber length models.

Subl to 5-29 o Forward c.m.

5-31 to 5=59 Middle c.m.

5-61 to 5-89 Rear c.m. ,
5-91 to 5-99 Large yaw (;;é730°2)

The numbers for the 7 and 9 caliber lengith are divided in the same
way.
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