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PROPAGATION OF SOUND IN A RARIFIED MAXWELLIAN GAS -
By
C, L., Pokeris

I. INTRODUCTION

In this investigetion a study was made of the dispersien and attenu-
&tien of scund in & monostomic gas, when the density of the gas is so lew,
that the mean free path becomes comparable to, and eventually exceeds, the
wavalength of sound, Under these conditions, also, the frequency of sound
{ becomes cempsrable to, and eventuslly exceeds,the mean eollisior. frequency
£, between melocules., In helium at atmpspherie preassure the required
frequency of sound would be greater than 107 eps, Werking with a frequency
of 1 me/sac, &nd Helium &t pressures of 1 mm and less, M, Greeﬁspan(l)
succeeded in measuring the dispersion and attsnuation down to a rarefactien
where the collisien frequency was equal to the freguency of seund (R = 0.2
4n Figurs 1,). The experiments of Greenspen extend beyend the range ef
validity of the Stokes-Navier hydrodynamie equatien ef & viseeus gas, The
latter equations can be relied upcn enly v %2 ¢torms in the first pover in
the parameer (L/j,), wnere ;| denstes the wavslsngik of sound, and [ the
mean free path, Similarly, the Burnott(z) hydrcdynamie equations are ascur-
ate only up to the second power in (L/?D. The interpretation of the new .
dete on the propagation of scund in hellum muat therefore be based on a
solution of the complete equation of trensfer of Boltzmann, Indeed, this

ias the first dnstance where the boltzminn theory osn be teated in a case

which cannot otherwise be treated by hydrodynemic theery.,



I1, THE BOLTZMANN EQUATION OF TRANSFER
Let £(x;¥,%,u,v,¥) dxdydzdudvdw denote the number of molecules in the

element of volume dxdyde which have velocities in the range u and u + du,
vand v + dv, wand w + dv. Boltgmann's equation expreases the rate of
change of f due to collisions belwesn molecules, and to the action of ex-
ternal forces on the molécules. When there are no external fcooss acting,
and for the case of a plans sound wave propagating in the g dir=zailon,
Boltsmenn'!s equation takes the form

Dt/at + wit/os = Jj [ duldvldwlfjl, deainSdd g1z, 8)(£1£1-11,), (1)
Here the unprimed f denotes the distribution function Wefore coilision, and
n dénotes the distribution function after collisionj g denotes the relative
velocl.ty of the colliding moleouless I(g,0), the collision crossection
corresponding to the turning ?f the relative velocity into the solid angle
81nGded€, The temm f'fi gives the rate of increase of { due tc eollisions
in which the veloclty vector of the molecule after collision enters the
element gudvdw, while the rtem tfl represents the rate of decrease of 1 due
to collisions in which the velocity vector »f the molesule is in the element’

Adviw beiore collision. The four veloeity vectors of the two colliding

molscules before and after collislcn arc connected hy the relations expres=~
sing the conservation of energy and momentum in the collision, and the law
of force of interaction between molecules,

Boltemann publisned his equation of transfer in 1878, By 1898 he
despaired of obtaining a general solution, The problem was then taken up
by Chapman and Enakog, and later by Burnett, These authors succeeded in
deriving expressions for the transport coefficisnts under the limiting con-

ditions when (j_/?)<<l. One reason for the complexity of the analysis is
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the non-linear cheracier of ths equetion, This difficulty does not arise
in the case of propagation of a sound wave of infiniteseimal amplitudes,
vhen equation (1) can be linearized, We let

£ «F1+n), . - (2)
where F denotes the Maxwell distrijution funetion

7 = n(i/2nk0) Y2 exp(-ne?/2k1), . (3)
and n_represents the number-density of the moletulesy On neglecting
sowere in h higher than the first, equation (3) takes the fomm

on/at + wan/or = [ff duav dw. {{ des1nQd0gI(e,Q)F;(ht + hi-h-hy} # J(b), (L)

This equavion has recently been studied by Wang Chang and Uhlenbeek(3).
Thelr method is to develup h in tems of the eigenfunctions of the integral
equation

Aghy = 3(hg)e (5)
Adopting a system of spherical coordinates with the polar axis in the
g-direction, they put

h =Xh, (r)Py(cose). (6)
Unfortunately, there are an infinite set of eigenfunctions h‘_l(k)(r) for
each n, so that h has to be expressed in terms of a double infinity of
éigenfunctions. They treat = Maxwellian gas, in which vhe interaction
wetween a pair of molecules is a repulsive force varying as the inverse
fifth powser of the distance between the molecules, They expressed the phase
velocity and attenuation ccefficient as a power serles in the parameter
(L//\) , and have derived the coefficients up tc the fourth power. Since
these coefficlients increase rapidly, the formuliz can D Used only fer
small values of (L/.‘L). Very likely, the radius of ccnvsrgence of the powar
series development is small; so that the methcd is not adequate for the 4:-

terpretation of the new experimesntal yesults, where (L /3) 2.



The method which we have used to determine the propagation constunts
(phase velocity and attenuation coefficient) from the secular determinant,
is to work successively with determinants of order 5, 8, 12, and finally
20, TFor each order of the determinant, the propagation constants were
solved from the polynomial of the same degree representing the determinant,
No expansion of the roots in powers of (L/?) was resorted to, but the roots
were solved for numerically from the polynomial, It was hoped that the
convergence of the results could be Jjudged from the degree of coinciderce
of the roots obtained from the daterminan®s of successive ordexs, The re-

sults are shown in Figures 1 and 2,

III. RESULTS

Assumirg a prepagation factor for h of the form

" exp(L %10, 2= ‘5’) . (7
the secular determinant ylelds values for
9 = (Voo/u) = A-1B, (8)

where V  denotes the phase velocity st sero frequency. The phase velocity
V,and the attenuation ccefficlient a'2 are then obtained from

V/Vy =~ 1/A, )]

0% = B/V,) = (207 )(V/NVg)Be (10)
The results are - hown in Figure l., where

R = V 2Phdp= (2/30(£ /1) (12)

Fdenoting the density, Iqthe coefficient of viscesity, and T, the collision
frequency. R i8 proportional to (A/L), ths ratio of the wavelength of sound
A to the mean free path 1. A is proportiional then to the reciprocal of

the phase velocity, and 3 ie proporticnal to the coeffielent of absorption

per wavelengthe
—_—
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It would appear from Figure 1 that with the determinant or order 20,
the computed values for the propagation constants can be relied upon for
R greater thandout 3, and perhaps even for a somewhat smaller value of R.

The writer expects to solve in the near future the determinant of order 30.

IV, THE SECOND MODE

Figure 2 shows the results obtained from the determinant of order 8.
Here a difficulty was encountered when solving the determinant’due tc the
closeness of the roots of the {irst and second mudes. The integral equation
{4) gives not one prepagation constant, but, very likely, and infinite
nunber. This means that a given source of excitatien placed in the gas
will excite many sound waves, each propagating wiéh a different sound
velocity and with a different coefficient of attenuation. For gero
frequency of sound, the attenuation of the higher modes is so much larger
than that of the firet mode that one does not observe them. Whén, howevep,
the frequency of sound becomes comparatle with the cellision frequency
between molecules, the attenuation in the first mode becomes large, and it
may even increase above the attenuation in the second mode, Under.sueh
conditions, the mode of highest amplitude reaching a ptint distant
several wavsliengths from the source will te the second, and not the first,
Such a situation résults from a solution of the eighth order determinant,
az shown in Figure 2. The attenuation coefficient of the first mode,
shown by the curve marked BI, is less than the attenuation coefficient
of the second mode BII only for RD.5. For Rl.5, the zecond mode is the
less attenuated ons, and an ovserver studying the least attenuated wauve

would be determining BII and 211, rather than B] and AI*
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V. FURTHTR WORK

A. The results presented in this repcrt are of a preliminary nature,

pending a complete check on all the numerical work, to be undertaken shortly.

B. Should the results obtained from the determinant of order 30, ard
from higher orcers, yield = converging theoretlsal solution for the propage-
tion constants which differ substantially from the experimental values
obtained for Helium, it would follow that the approximation of the real
Helium gas by a Maxwellian one is not correets This in turn would imply
that the propagation constants in a gas under conditions of extreme rarefac-
tion offer a new means of determining the law of interaction between
molecules,

C. The propagation constents for the second mode will be solved from
the 20-th and from the 30-th order determinants in order to determine, in
the first instance, whether its attenuation does not become less than that
of the first mode for small vaiues of R.

Ds Should that prove to be the ecase, it will be of interest to
attempt to detect exverimentally the existence of the second moce, as well

to determine
as / its propagation constants. It will also be possible to study theors-
tically the nature of this mode, since, along with the prupagation constants,
one obtains from the secular determinant also the dlstribution function h
in (2), from which ail the dynasical propertiss, such as for instance the
entropy transport, can be determined, We shall not speculate a2t this point
on the posclble connection between the aerond moda of gound waves in an
extremely rarified gas and the "second sound" found in liquid Helium IIX.

E. An attempt will be made to obtain asymptotic sclutions for the
propagation constants fcr small values of H.

F. The anelyasis will be applied io a gas-model consisting of mole-

cules of rigld erhieres,
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