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Atomic  Interaction at Distances Smaller  than  5 * 10""Centimeters 

0. B.  Firsov 

When atoms having a relative velocity much smaller than 10    cm/sec collide, 
the state of the electrons changes adiabatically in such a way that their en- 
ergy depends only on the distance fl and the initial  conditions.   In this case, 
the motion of the atomic nuclei can be described as a motion with the poten- 
tial  energy 

Z,Z, 
U(R) = ^e* + E{R), (1) 

where the  first term o,i the right-hand side  is the Coulomb interaction be- 
tween nuclei having charges Z^e  and Z2e,   and the second term is the total en- 
ergy of the electrons minus their energy when fl - ". 

Despite the relatively small velocity of the nuclei,   the energy of their 
relative motion can be very large in comparison with the energy of the va- 
lence electrons due to the large size of the  reduced mass M^U^/iM^  + M2)-   If 
a considerable scattering of the colliding atoms is  to take place,   they must 
approach until fl is so smaii   (when U(R) becomes of the order of the energy of 
the relative motion of the nuclei) that the electron shells of both atoms  al- 
most entirely overlap. 

According to the Thomas-Fermi statistical model,   the total energy of the 
electrons in an atom is -0.77 me Z     ft.    (the empirical value of the numerical 
coefficient is about 0.6).  Hence,   at  the minimum distance of approach (fl = 0), 
E(R)  is 

E (/?) i^0= - 0,77 2g ([Zt + Z2)'l> - Z\ 2\% (2) 

Hereafter we  shall use the approximate formula 

(z1 + z2)'<- - zr - z\>> s I z,z2 (z, + zt)'\ (3) 

This  formula gives a maximum error of 4 percent  (for Z2 % 1/3 Z±), which is 
smaller than the error in (2)  itself.  Then,   limiting ourselves to the first 
term of the expansion of £(fl)  in powers of fl and substituting in (1), we 
obtain 

U{R) #->o ••%%£•( 1 - 1,8 \ZX + Z^'% R + . ..). (4) 
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Formula (4) can be used, for instance, to determine the minimum distance 

of approach of the colliding atoms when the distances 

R<m^ziF^ :   (5) 

are cf importance. 
Often,  however,   (4) is not sufficient and we must,   even  if only approxir 

mately,  determine A'(ft)  in (1) over the range of ft,  where (/(ft) is of the or- 
der of the energy of the relative motion of the colliding atoms. 

The change in the energy of the electrons E(R),  when  the nuclei with  the 
charges Z\t and Z2e draw away from each other to the distance ft,--may be de- 
termined as  the change in the energy of the electrons of the atom with the 
nuclear charge  ((Zi  + Z2)e),  when a charge +Z2e  is placed at a distance ft 
from its center and a charge  -Z2e is placed in  the center. Then,   in the  first 
approximation of perturbation theory  (if applicable),   the change in the en- 
ergy of the electrons equals the product of  the charge Z2e times the aver- 
age difference of potential produced by the unperturbed electrons between 
the distances  r = ft and r = 0  from the center of the atom,   i.e. , 

U{R) =s -^f- - 1,8 (Z, -r Z2)'
/'Z1Z2^ - Z2 (• (?I (0) - ?1 (/?)).        (6) 

"We know that 11 it criterion of applicability of perturbation theory during 
the scattering of an electron which has the velocity v relative to a Coulomb 
center with charge Z2e is 

#'-<l. (7) 

Ii» this case  it is  important that  the Coulomb field of the charges Z2e 
and  -Z2e at distances  larger than ft decreases more rapidly than ft    .  There- 
fore we shall  use  (7),   substituting as  1/v  the  average value ,of this quan- 
tity at the position of the   >Z2e charge. 

In the statistical model of the atom,   the average value of \/v is 

l^^JUL^, (8) 
v      2h (3«*n)" 

where n,   the average number of electrons per unit volume, is determined 

through the Thomas-Fermi potential <p(ft): 

«P (R) - &±R®*- X ([Z, + Z2]'<' =£ R) _ £ (3«»« {*))'>•; (9) 

is a universal function. (Usually, the function x(,Too—) *
S
 used, i.e., 

/    \        i        I   crn i     ^      ., 144    N 
X (*) =l~i,i>9 x + j A; •'*—...~ -a-. 1 

From (9),   (8),   and (7) we have the inequality 

('/   A. 7 \''' ~ P *& -   (Z' + Z^'U v /'ry    .   y !*/• w?2 n\ , in * 
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Inequality (10), solved with respect to H,   may be approximately expressed 

for existing values of Zx   and Z2 by the formula 

S-10-'CM    f'Y,     3 (Zt + zjl*     A (10a) 

-s 
For Z2  =  1 and Zx  = 63,   the  formula  (10a)  gives R-* 10      cm. 

The potential <Pi (fl) produced by  the electrons  at the distance R from the 
nucleus is the Thomas-Fermi potential  qp(/0 ,• which is  found from (9),  minus 
the Coulomb potential produced by the nucleus,   i.e., 

/n\      K^>i + Z.) e f    (trr        v-i':. ""l2  n\      , 1 ,,,-> ?! (/?) - ^ {* ([A — ^a]     If #) —] j • (ID 

Thus, the expression for the change in the energy of the electrons in (6) 
is, in accordance with (11), 

-Z36(?1(0) -?1 (/?)) = 

-(Zj + Z,)^" (l,8(Z1.f-Zt)''^-+-i —7rA—J j.    (12) 

Hie expression   (12)  is not symmetrical with respect  to Zi  and Z2,   although 
it should be  according to the definition given  above.  The discrepancy  is due 
to the  fact  that we are  limiting ourselves  to  the  first approximation of 
perturbation theory,   which here  is  an expansion of E(R)  in powers of Z2/ 
(Zi   + Z2).   Therefore, the first  approximation  can be used as long as Z2/(ZX  + Z2) 
is small,   tiowever,   within  the  limits of applicability of the  first approxi- 
mation,   it  is always possible  to  add or subtract  a quantity of second order, 
i.e.,   to use ZXZ2 instead of  (Zx   + Z2)Z2  as the   factor in  front of the curly 
bracket  in   (12).  On the other hand,  when Z2/{Zl  + Z2)  approaches unity,   it 
is obvious   that  (12) must go over into  the same expression when Z2  is  re- 
placed by Zx  and vice versa.   In this case,   (Z:   + Z2)Zi  can be again replaced 
by ZXZ2,   this  time  because of the  smallness of Zi/(Zi   + Z2). 

Thus,   replacing the factor  (Zx  + Z2 )Z2 by ZXZ2 in (12)  and substituting 
(12)   into  (6),   we obtain 

f X^ + ^.,5-/?)- (13) 

From what was said above,   (13)   is  valid when Z2  « Z,, + Z2  and when Zo % 
Zt  + Z2,   i. e. ,  Zx  « (Zx + Z2). 

Limiting ourselves to the first two terms of the expansion of (13)  in 
powers of R,   we obtain  (4),   which,   within the  limits of its applicability, 
is valid for any Zx and Z2,   including Zx % Z2.   Moreover,   if,   after taking 
into consideration the second approximation of perturbation theory,   a pre- 
cise  formula could be obtained,   the form of the  term of second order rela- 
tive to Z2/(Zi  + Z2)   (because of the above-mentioned considerations of sym- 
metry) could only be such that in the  formula (12)  the factor  (Zx  + Z2)Z2 

could be  replaced simply by ZXZ2  (since  (12)   > 0 and the correction of the 
second approximation to the energy of the ground state is always negative, 
(12) decreases  in any case).  Tiese considerations enable us to assume that 
(13),  which is obtained after symmetrization of (12) on Zx  and Z2   (the sub- 
stitution of ZXZ2  for (Z%  + Z2)Z2),   gives an approximately correct inter- 
polation also  for  the case Z2 % Z%. 
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It must be  noted that,   at first glance,   in  view of (10),   Eq.   (12) must 

remain  valid in its original   form for sufficiently small R's and for Z2 ^} Zi» 
Here,   however,   according to  (10),  we must have 

R<e- A- .'jL. n **T Z, + Z2 me3 ' 

Out in this  region,   it is  impossible  to use  the statistical model of the atom, 
and consequently the criterion  (10) and Eq.   (1.1) are limited according to the 
applicability of the statistical model by the inequality 

<C#<C Z, + Z, tne- - me* 

The substitution of the exact value of (cpt(0) - cpjCR)) would also obviously 

lead to a formula nonsymmetrical with respect to Zt and Z2, but this only proves 
that the applicability of the first approximation of perturbation theory, for 

Zr, Si Z\ at least, is marginal for any H,  The fact that (12) cannot be Valid lor 

1    M p < I 5_ 
Z, -f Z2 me" 

is of no importance, since in this region the value of (<Pi(0) - (px(R))  itself 
is very small in comparison with the other terms in (6). 

Setting (13) equal to the energy of relative motion of the colliding atoms, 

we obtain the distance R  of the minimum approach of the nuclei. For example, 
for the collision of neon and argon atoms when the energy of the relative mo- 

tion is 5 *10 ev, we obtain, according to (13), R  = 2 x 10  cm. For a pure Cou- 

lomb interaction, we would have obtained R -   5.2*10  cm, and, according to 

(4), R  = 0.8*10"9cm. 
For  the  ionized atoms  in  (13),  we must replace \(x>  by  the corresponding 

function \^(x) of the ionized atom with the nucl*!&r c'»s   *e {Zx  + Z2)e and 
add the constant 

ZXZ2 (Z, + Z2)'
u *f (1,8 - a)- A£„ 

where 

(dy (x)       <*y.i W 

and t£i   is the difference in ionization potentials of the atom having the 
[charge] number {Zx  + Z2) and of the ionized Zx  or Z2 atom. 

If the number of distant electrons z  «{Zx  + Z2), then, within the bound- 

aries of the atom, U^R)  almost coincides with U(R)  for the neutral a tons. 

This is natural, because the processes occurring with the valence electrons 

cannot change the atomic interaction much when the distance between the nu- 

clei is R  •* 10  cm. 
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