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The electromagnetic form of Pabinet's princifle for a plane screen
differs from the corresponding principle in optics. It was first observed
by Booker2 and has been proved by Booker, Copson3 and Meixner.4 The
proof given here makes use of vector field representations due to Levinc
and Schwinger5 and has the advantage of compactness and simplicity.c

The Vector Field Representations

A well-known theorem states that electromagaetic fields which satisfy
Maxwell's equations throughout a region are uniquely determined by the values
of the tangential components of the electric or magnetic veciors on the bounding
surface of the region. Representations of the interinr fields in terms of these
boundary values have been derived by Levine and Schwinger5 using dyadfc
Green's functions which are defined as follows

(a) The electric field dyadic Green's function T"(l)(l', T') satisfies the

inhomogenecus vector Wave eguaiion
vx vx s ey C 17 vy = s (E-) (1)
and the Loundary condition '
axr e ) =0 Fons. (2)

Here ¢ represents the unit dyadic, fi the outward normal at the surface
S, and §(F-7') is the delta-function defined by

/dv&(‘f-?’) =1 Pinv
v

(3)
/dvé(_-i") =0 P aotinv
v



TM3 -

(b) The magnetic field dyadic Green's functionl‘(z)(‘i‘,‘f') satisfies

the inhomogeneous vector wave equation

vxvx M AE D) - KN ) = € 8(F-T) (4)

and the boundary condition

nx vxrd?e, ) = 0 % on S. (5)

These dyads, T‘“) . l‘(z). may be in.tt”rpreted as operators which transform
a unit electric or magnetic current vector ?E’ 3M at r' in a region bounded at S
by perfectly conducting walis into an electric or magnetic field at T* in the same
region. That is '

E(7) = =5 W, ). 3

and
u(®) =2 e, ) 5,

(c) The free-space dyadic Green's function I“o)('ii" ) aatilfieﬁ a vector
wave equation like (1) and the radiation condition at infinity. It may be inter-~
preted as the operator in an infinite region which transforms unit currents inioc
fields. Thus, in an unbounded regiop,

E(f) :';@c.—k—. p(o)(?’ ;!l) . ;E
and

4wik _ (0}, o, %
c r (r.r')-;ﬁ.

H(T) =
The free-space dyadic Green's function has the closed form

(ik |IT - 'l
% |T -

T‘(Q)('f"fl) = (e ‘ki?VV')e ) =T‘(°,(?l’-ﬂ. (6)

In a bounded region, r(l)(?, ') and r Z-’(?, T') will depend upon the
geometric shape of the bounding surface S. However, all dyadic Green's

‘ functions have the symmetry properties:
r ) = nEalt
vxrdiz, #) = [v' xr @, 9] 7T )
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where ].,‘1‘ denotes the transposed dyadic of I".

The desired representations of the fields in a region in terms of the
boundary values on its surface can now be found by raking use of Green's
second vector identity.

dei- [B x(vxA) - Ax(vx B)]
S

= fglv[A-vx(va)-B-vx(va)] (8)
\'4

If the vector wave equations satisfied by the electromagnetic fields
and the dyadic Green's functions are invoked, the appropriate choice of A
and B leads to the following pairs of integral formulas: >

E(?) = - Jf dSHA' x E(®)) - (v xrDm, 1y
s ’ (9)
H(#) =ik [as'@' x E(®) - D@, 9
S J
E(7) =-ik f as'(ar x HiF)) - r e g
- r
H{(T) =~ A/‘dS'(ﬁ' x H(®')) - «' x!‘(l)(‘r".?) ‘ (10)
s 4
E(F) =- ik fds'(ﬁ' xH@E) - rOe . 9
s |
(11)
HiR) =~ [as'@ xHE) - o' xr O,
$

where 1’ is the outward normal frcm S. It should be noted that in (11) one part
of S is the surface of an infinitely large sphere.
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2. Integral Equation for the Aperiure Field and

Screen Current for a Perforated FPlane Conducting Screen

The integral formulag found in the prcvious section can be applied
to the diffraction of electromagnetic waves by a perforated plane conducting
screen. For convenience the screen is oriented in the plane z=93, and the
half-spaces ¢ > 0 and z < 0 are considered. separately. The surfaces of
integration include the perfectly conducting screen Ss on which 2x E =2 H = c,
the aperture Sa. and the surface of a large hemisphere centered on the aperture.
If the dyadic Green's function for each half-space, z § 0, is denoted by T‘;\, then
(9) can be reduced to X

B9 = [ £ xEG - ot xn, e, Biast

sa

220  (12)

H(7) = -ik fds'(i- x B3 r, P, 5
;
a

E(f) = E+ g7 f 2.xE(F") v'xr ‘DG as
5

a
¢ z€0

. e mn -
H(F) =H Y "1™ ¢ ik [ as'ExEBGNT 3.3
J .
S

a (13)

Here use hae been made of the boundary cordition on the screen and of
the radiation condition at infinity. The dyadic Green's functions involved in

(12) and (13) are related to the free-spacedyadic Green's function as follows >

r W, =rOz ) r O 22383, (-288), 52020

(2) (14)

r+ (355 =r0z 3 o r @ 3 222 ). (c -282), 2,230

and
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A

rET) =T, (T-2(2- T)z, 7' -2(2- ) 2) =z,2'C0 (15)
When (14) is post-multiplied scalariy by a vector 2 x ¢(¥'), it can be
seen that for 2' = 0

re e txeEn = 2@ - txmEn L16)

With the identity (16) and the symmetry properties it is now possible
to rewrite (12) and (13) in the form ’

E( = vxﬁ(‘"ﬁ.i') (2% x E(7")dS ]
S, |
f 220 (17)

H(F) = - ik fr“’.'(?.i")- (22 x E(3") a5’ J
S

2
)

E® = B+ 2™ ox )[;‘ W50 - 22 xeE)as

S
* (260 _(18)

HE) = H°% 57 4 ix ﬁ““’(?, Y - (22 x E(p"))dS |
Sa
These formulas require knowledge of the taagential electric field in the

aperture, which is not available in general. It 1s possibie, however, to formu-
late the integral equations for this furction by evaluating (17) in the aperture

- PR PR | 17 0 >
and uging thc boundary conditicns *

z x H(g) = QxHiniﬁ)

. $in 3, (13)
z-E® =% E"p
Then .
5-ET(p)= 2 ox ﬁ("’('ﬁ-.ﬁ*') - (22 x E(§'))dS’ (20)
% P in §
a

*These boundary conditions are proved in T. R. 163.
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2xHRG = - xix O, 50 - (28 x BaS
S
a

which are the desired integral equations.

An analugous procedure will yield a pair of integral equations for the
current on the screen. In this case the perforated plane conducting screen
is considered to be an ebstacle embedded in free space, and formula (11) is
used to describe the fields. Witk the radiation condition, the symmetry property
(7), and the notation

K($) = 2x (H_(§) - H(#) #in S (21)

(the subscripts + and -~ here denote the limiting values of H as z—>0 from the
positive and negative side of the screen respectively), it is found that

&) = 20 - i [rl¥z, 50 . k@nast

K |
s (22)

HE) = B0 - ox %50 - kiinas
S
8

On the screen, 2 x ﬁ(i) =z. ﬁ('p‘) = 0, so that

px EPG) - 1k x frO%, 30 - xpes

5% L B in S,

(23)
2. H2F) = 2. vx [r O3 - k(pnas

sB

These are the rcquired integral equations for K.

3. Babhinet's Principle

With the integral equations found above it is possible to give a compact
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proof of Babinet's principle as formulated for diffraction of electromagnetic
waves by a perforated piane conducting screen. This principle may be stat=d

as follows:

Let an infinitely extended plane be divided int. two regions Sl and SZ'

Let E1 and H1 be the diffracted fielas produced when ar electromagnetic wave
=
ertures and SZ of perfect conductors. Let EZ and HZ be the diffracted fields

produced when the complementary electromagnetic wave !‘Jznc ==V, H;n €-u
is incident upon the coimmplementary plane for which Sz consists of apertures and

ne- vy, H;nc = V is incident upcn-such a plane for which S1 consists of ap-

S, of perfect conductors. Then Babinet's principle “states that on the shadow
“side of the plane

El(?) + Hz(-i) = U(7)

(24)
H (T) - E(7) = V(7) ,
and on the illuminated side of.the plane
(8) - B(7) = UTNe) , N
B -H, 1251

H,(?) + E,(7) = V'*(7),

where Uref and vref are the specularly reflected waves that arise from
Exlnc' Hlmc’ when the entire plane is perfectly conducting.

_ The proof of the principle proceeds directly from the integral equations.
. _ _ 5 inc _ inc _
With S1 = Sa, S2 = Ss’ and the incident wave % u, Hl V (20) becomes

2-u@ =2 vx [ri%G, 5 - (22x B #)S
% > P in §
2 x V(p) =-ik 2 x ﬁ w’(ﬁ:?') - {2z x El('p")dS' | (26)
5
For the complementary plane SZ = Sa’ Sl = Ss. and the cozﬁplementary

inzident field is E‘z"c =-V, H;_“

= U. Eguation (23) can be rewritten
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2x V) =-ikix [rOG, 31 . K #0as
%

 Fins  (27)

doum=tvx 3. e
5 |

From equations (26) and (27) it is evident that

2xE(F)=K(3") F'in§ (28)

This relation between the tangential component of the electric field
in the apertures and the surface current on the complementary comductors
makes it possible to write integral formulas for the diffracted fields Bl’ Hl
and EZ’ H‘z‘in terms of KZ alone. Thus when Sl corresponds to the apertures
(17) and (18) give

@ =vx [r Bl . gEnes
8

} z>0 (29)

B =-k [T %5 - ks
g

B® = 6iH + TH - ox [T 50 - xmas

S

[ =¢o (30)

H® = v s VB s [rOle ) - ks

S1

For the complementary problem equation {22) will be used, and

E,(¥) =- V(¥) - ik f rlO, 31 . K, (#1)as
S
1

| (31)

[
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D =0 - ox [+ 05 - xpnes (31)
!

Babinet's principle follows at once from equatiocns (29) (30) and (31).
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