A‘-
B

QTA e 0Py

t

PLANE STRAIN IN LAMINATED ORTHOTROFIC BTRUCTURES

By

C, B, 8mith 2nd R G, Blake

@ffiee of Eaval Researsh ecntirset na. NOMNR-674(CO)

Under the direetion ef C* B« 3amith

Departnent of Hsthezaties
Univeraity of Fiorids
Gainesville, Florida.

~5§7Zﬁﬂ'



FLANE STRAIM [N LAMINATED OPTHOTROPIC STRUCTURES.Y
' By €. B. 8mith and R. G. Blake.2

i

d. Intradyetien. It is well known in the theory of
pilane straln in orthotropic nm.ors.alc3 that if ¥ -atu_fial
the equation

AN 1Y) + 2w A RMRERR) sadMeyt =0

where .d, B, ¥, and ¥V dspend upen the eiantio constantn of
the material, then t.he otresses &re given by

iz = D282, Ty, = 3206 x?, z - a?vaxay (2)

The solution must also satiefy ths boundary conditions
at the surface. These Wwill be 6slled the surfaae houndary
m;_m. Fer laminated materizl 1t is algo required thas
thi.noml snd shesr stresses, and ths displacsaents, be edn-
tizupus 8t cvery pulnt on the aurfaces separating the layers.
These will be salled jnternal !E‘!E!ﬂ. siregs eonditisns snd
;gtéma; boundery displacemant conditions reapeouvely.» ‘

The strain somponente are defined by

0yy = 2U/2x, oyy = dv/ay, Oy = i(au/:a‘y + ov/u). (3

where u angd v are the displacements in the x gnd y QAlrectiang
mc‘pecuvsly.

Using By for the ¥oung's modull, i3 for the fsisson’s
ratios, and £ g for the modull of rigidity, Hro#es law cen
s written



xx xx Jy
Sy T t“fx’ (&)

whore ‘
4= (1~ g 0,)/E
P = (Txy * Tuxcuy)/By = (Tgz + ’!:"i&iﬁi i
| Y = (1 - “yuouy)/Ey |
V= 1/2p,. {5)

Soldving.{4) for 'fxx' 1‘". and 1’“ givea

Tex = “Opz * Fogy
Tyy = Foxg * "oyy
Tay 2 2/.*’0:’ (6)
whare
Az af(ar . A2)
$= ior -p%)

s Fiay a'ﬁz‘, (7;

Lat -vga's;vioez}; 2pd K = (ve.,e}/ieﬁé. when eguztion (1)

cean s ¥ritten

Z'.’!b?./'?}z:‘s * Qh:f,.a“?/bx%qa) + BB/ = 0 (8)

This equatien 1s satisfied oy

P = Ri¥. (%) + Pulzy,)) (9)



where
2y T X * 1511 =z ¢+ i[K+ (K2 - 1)§]§w
32 = X ¢ i.s?’ = R * 1[!( - (/,(2 - 1)%]*.77 "\10)

=1lth
5y, = /=) 8[k o (k2 L ER
gy = (ardlx - (x® - 1), (21)

If wo let R; denste ihs resl part sf 623'1/’6313,‘ end & the
isaginary part, we have

Tyy = 71 7 %2
an#
°xx = - “1Ky - €pRo
')" = Slﬂl * Szﬁz
- 2 g-.‘ - 3’482 .
where €y =0by + A ana Si =867 + V. (14)

0
1
o
®

S‘Eei + Sl - 278';: zabl Q/}Ei s ¥ - 252y
=d a? - 2{;{1;,,3)85 + V=0,

we have Sy = S§(21/~ €4). : (18)



end alao
£365 = /o (16)
§5 + 8% =20v - s)A. (17)

In this paper #8 consider rectangles consistiing of thres
layers cemented together. The two suter layers, or faces, are
similar end of thickneas (b-®). The thiekness of the inner
layer, or core, is 2¢c. The width of each layer is 2a. The
pianes of separation of the layers are at y = r c. Slnce‘tho
problem 1is sne of plane strain, the length 3f{ the body in the
z direction is cinsidered to De infinite., We put b=ne and a<we,.

The internal boundary stress conditi-zns are thset and

b

g&g'be sontlnuous at y = # ¢. The lnternal boundary 619;1 S8-
ment conditions &rs thal u and v be continuous &t y = * o,

In part 2 we see that these internal boundary conditio-ne
sliminate many solutione of ejusii-n (B).

In part 3 we give a method of oblaining approximsie
solutions which satiefy curface bLoundary e-snditisns on the
strasges, 2r surfacs boundsary gaééiti:ns in shizh any dis-
pizcemsnta =hich il clvan arve 2p&cifisd o be sers. This
mathod 13 based on iha c:nosot 28 funcition spess

In part 4 tns 2ausiisa of a1nztiaily is repladsd by

Piniie sguations is wive 5 meihad of ovtsinizz uoofosinate

—amgE e

solutione which gatlsly surfcce boundary csnditianis on the

BsLregsea.
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For an exaaple we take the materiel to be spruce with the
longitudinal axla 1n the direciion of the x-axls in the middle
iayer and the transverse axis in the dirsstion of the x-sxia in
the outer lsyers, the radlel axies belng in the direetisn of the
y-azis in both layers. We take the constante sf the matsrial

to be aa f2llswa:

& = 1.95°20° 1b/1a° Eg = 0.228°10° 1v/1n°  %; = 0.0691-10° 1n/ia? :
/Jng 0.1041205 11/102 Arr = 2,0720:108 15/102 A = 9.0045.16 107182
T, . = 0,450 Tap = 9.559 T = 0.0194

Ty = 0.0300 Ypr = 0.301 T = 0.539 (28}
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the values given in {18) we

0.807°10-% 1n%/1b
0.314°20"9 152/
6.48.10-% 1n2/10p

4.81-10°% 1n%/1p

0.868

7.22:10°0 a2/

0.696°12-6 1n%/11

11.8:10-% 1n2/10

6.72+10°% 1n%/1b

galsulate:

]

]

1

il

14.%:10°% 1n%/10
4.48-10°% 1n2/1%
7.669:106 1n2/11

108.7°10°% 1n%/10

212:10°% 1n%/11

%.01:10°% in%/10

72.8:10-% in/1p

7.8%°10-6 1n2/10b
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2. Eyxaet Pnlynomial Solutiona. Lst
- n+2
Fy = ago(rn * 1Hpley
= n+2

Then, indicating the layer by means of a secHnd aubaoript, with
1 far the 2ors and 2 for the faceg, the inteimal ooundary

streans conditione ¢&n be written
s@a-k : 2 ' &

I (-1)¥P(mepe2) (kepr1) (“EF)eP(811PPg.p 1 * $21Pgep 1
p @ven

- 8:0"Pgun 0 = 620, p,2) = 0 i2)

sa-k -, K+ 2

BEl(-l)bp *l!’p*2)£k+p¢l)( xp)cp(Sllp lig+p,1 + 621p*lﬂg+p,1
p odd :
- ‘12p*IPt+p,2 - 5229*1Q=+p.2) =0 (3)

<f=& i1-_12 ) BTD :
-1 I F (e p2) (1) ([P eP61,Puy L 1+ 60 PNeup 1
p‘:l o) 5
o odd
- 812"y, 2 - SNy 27 = 0 (%)

R

e

=k . ) :
p=0 (-1)¥P(epe2) (kepr) (PIoP(811 P Mo 1+ 621P Mg,
P s¥sni
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T™e internal boundary diepissement eonditions san bs written

e k*p+l
sﬁo (1) (ke po2) (LTI 0P(6)3Peq 1 Prp ) » 521P€21800p 2
P evan VA

52" ¢ 12Pkep,2 = 9227£20Q44p,2) = O (6)

K+ p l
3;2;0 (-1)#P(vpea) ( F10P(811PS Pryp,1 ¢ 821 PS2u8kep,1
p even

-4
L4

~ 510"510Ppap 2 - 82275208kep, 2} = O {

<

N p_i p *1 *}
;:51‘ 1)82-F(pe2)oP(5,, P 2ey 2, 1+ 5P en00,
p odd

< prlg _
- 512P e, o - BT lep R, p) = 0 {8)
Ak i+
p§1(~1)§p”§(K*P*2)( . 1)° (59,7 €11Meep,1 * S21PE01Mkep
b add
- ByoPeqolig.p 2 - 620P€00Ng.p 2) = O (9)
sk " K+
pg_z -1 R (epe2) (R eP0611P8 M0, 1 ¢ 6217521k, 1
p oé

- 832P5328gep 2 - 820PSooNyep 2) = O (20)

ip b P P 4
T LR (pe2)oP(6y, Py My g v 8y Peaylip g - 81a7syMg o
s
In squations (2)-{7) ihe range of k 1e given by 0 < £ < ®m,

in eguation {(9) it is given by -1 < & < m-1, and in equation

(10) by 1 < E < mvi.




Equations (1) - (11) have ne non-trivial solutions form > 2,

For m = 2, we gat

Pyy=Qug=Mys = Npg=0, fori =1, 2; J=1, 2. z
2 2 -,
2oy = 552‘ - 5%2 ra <21 - Bz| Ro2 X
b1 - 811 I S21 -72] A ’

o1 T - c2 -2 ) ‘ »:'_'».:
531 ~ 811 {4 $11 - va2| A 3
) @ € - AT & -
£ S22 - " A [=51 S12 -7
Son € - & Sgg £g2 - £lg $
Moy = - 522 522 g& Bpa, Ny =37 ¢ c.. N22» Maa = - 522“'52
11 21 © F11 21 T21 - 11 12
,‘02_,.,?:2_.2,&2_‘22892522‘%._3:& _'ﬁdzz;ﬁa,é_
612 O 12 Y - “2 o, /22
522 €22 ~ €312

Noy = Em f2y - €13 (No2 + ¥1Ma2)

o (Nns ¢+ K )
Moy %l“’"l €y - € 02 222

11
where
Ky = 2.2( L e ﬁ. L. €12-€3) 2R 20p-Fa-3€ | =;a-=;; ﬂ"’ﬁ“ ’,
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€22-432
Moo ~ 1285, ““"‘1"“-"223’2

|

o =2 2242 re Ba-Al Qg2
(=2 2282 N €11A21 S92 | ., 5 €22-€
xx2 x 22 o
2 A £11"1e) A&
B 2-€12 1 21 S92
- 2 - e A A C H
yyi yy e !{:1 52; f},_,
L. €p2-€2 BtHy- B Ay-2v/p
Txyl 22 TV, ( dq o
227512 p81-2¥) Bor¥o-3i
T = 4¢2§ === - =
xy2 22 - Xy Az
For the givsn numerisal «xample:
- 2 2 = 2
IO:\. - = 1'18N02 - 1208 Nag. K:‘Ol = 5.59“02 + 22,48 322
_ NAm2 -
Nyy = 5.59MN5,, Hoo = - 0.0505N,p
TXIl = 1.2%02 - 1890!%22xy, “}"xxg = 0.612(%0? o 66.8&'22xy
T.'y'&l = ‘ryye = 3..954102
931 i 2 2 — AT
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3. Function Space approximation. 3ince 82 few polynomials

give exact solutliong, we must have reecourses (o5 apprixlmatlsn,
OCrnie method of obtsining approximete eolutiosns is8 by use of

»
function space.“ A4 vector, P, in the functisn space is the

ordered set of atress functions, (1;1, Tyy' T;’}. The scalar
product 2f two> veoctors 1is glven Dy
;o?‘ - .( ] < .r 1 1 -~ ')d
27 = JleyyTxx eyyTyy * ‘°xy7%y v
= Jloyy'Tex ¥ Ogy'Tyy * 20y Txy)av (1)

the 1ntegratisn belng 2vaer the volume 5f the body.

The stress state of un exact solutisn is called a natural

»
state and 12 dsnoted by 2.

If the brundary e2nditisns are cinditions on the atresses,
o2 1f such displacoments as are specirisd ars zero, the problem
is said to be sne with stress boundary conditisons. In this casse
we hseve also the f-llsowing noilation:
?», the completely anssccloted state, satiaikes ine equaiions
of equilibrium, the surface bsundary csnditions sn the

giresacs, and the 1nterasl beundary esiress cinditiona.
Z .
&F

p £71,..08), tha homdgenesus associated states, satiafy

o~

the equationg > ejuillbrium, ths iantsrnal bsundzry stress

eanditions, and have zers stresses at points 2n the bsuandary

where the stresses ares apecified.
Yp‘s the srthinsrmel No2BOSANSIUE &5

by srihsosraaiizeing tha get »f

zeinted gtates, are sbtained
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56" (a=1,...,n), the complementcr, statce, satisfy the
equatlsn o5f compatibility, the interncl tHundery dle-
plecement esnditions, &nd glve zer> dies.lecementes at
p3ints on the baundery where zcoro displaeceanents cre
speciried.

?q", the »rtns2arrmal eraplementary states, G:e 2btaine” by

>
arthonarmallizing tue set >r Jq”.

e homygeneous assaclatec stores £Hrm & linesr maniir»nid m
called the himygenedrus sscoaclited menifsld. If eny homagencHus

aggdclcated menlinld te acdded to the completely assnclated rtate,

the result 18 a champletely ascocicted stute. The subapace »f
completely sasoclated states, NH, is ¢ulled the comeletely
assdcleted subspree. The complemens8eary states form & lineer
manifr1d, Ti, calle? the corapleanentary menifrld. M# and N are
mutuslly »rthe: inal. wvery sphare which has 2r Lte diaaeter

>
a line j2ining & pnint »0 VB t5 & £olnt > N passcs thpouwgh 3.

>
¥y in the ooaaitisn 1 5 will be

~ 4 A Y . 4 -
JLVLOUBLY, Uil unc

[0

rtet it
4 wesasea

-

lecast L1f we plck & print »1 M+ and »f 11 such thet the dlstence

batween them 18 & aminitum. These :2oints cie plven by

7 * = ’,‘n % ?“.’ N
> "o t. .-) H\) "
Vo' = 8 GeTaT (2

The maximum passible erryr ©ill ve leest 1If we chodse

.noozersxiaetion Thr 3, the center af the spliere, gFiven by

~

|l‘ (3




by

LAa a completely associated atatz we can iaKke

Be = (Tyge, Tyy*s Txy®) = (3%Fn/2y2, 3%pe/2x®, - Pre/oz2y) (4

where

Fo = R(F #*(z)) + Fo*(z,)}

a
o0
o
e 3

n+2
Fl’ = nzo(Pn' * lln’)zl

lez z

s ) .,7!:14‘2

R

the Pp*, Q,*, Mp*, and N,* satlsfylng the equaltions (2-2) te (2-38).

Similarly for our first complomentdry §idded we can take
> 'w WA
31" = (flxx"p f]yy" » Tlxy”) = (aaFl"/ayzi 32?1"Al2. - aaplﬂ/ax;:)

where Fy" is defined in & manner analsgoud tpiF# dxeept thal
equations (2-6) to (2-11) must be satislfied.
Then

> = > > > e
S»

vl" w (San'xl")ll." = ( }51"/3 ""’c‘g; / {62

&
Using equatisne (1¢ié) ing (1-13) we obtaim

’N ’ ] 1
%81 = JIs3€ x5R] » 6TRIRS + $3< RIR; + 5%‘95535 + S)RIRy

s L]
v SR Ry v S RGR] v SoKOR; ¢ 2v(§3338) + 6158110

. 55,584 » 83zl Jav )
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Ueing (1-1%), (1-17), and (1-7), eguation (7) esn he written

&, & " 2 " " Y o 4
8%-37 = [2/[s5(rIR +31]) + 6 5(RBRAv3332) + (Fey) (RiKp+R3RY)
"

v 518, (37E5+E0%, ) Jav (8)

In a simllar manner we sptain

= 1 »5D 2 r_\ P 3
a#.3% = 2[5 (8%1]") + 52(R3%+13%) 2(5*;,%;?{‘1'35 v 2818627 713]av (9)
and 4
oy ‘ "y " [ t g
8,57 = J2v[2(K;2+2]?) + 53(R32r£02) + 2(@ LOKR, ¢ 2»1 oEEylev  (10)
>, >y >
If we tace é(vo + vl) 88 2ur approximetisn for S, the
B, PN 20 @
maximum error 1ia gss 3" (s’-sl)e/sl-slli.

" Carrying out the integratisn 2ver the rectangle deseribed

on page 4, we get

I (-1)1¥P*#de(x, 4;p,q)nk"t
=0 L= p=Q _9=Q

| M

= >M 2
g%:37 = Bwec

i * W !
{24 BP1%6xsp, 1% vq, 1" Tkep, 1T eq, 1) * 581 (HEep, 1Hirq,1

- " . ol NP e . o & ~ 1 \
Ugep,1Yteg, 17 T 111230 0gep 1Req, 17t +q, 1%+p, 1/

R @ " & "
1'"“].(p’cl)”'ﬁz*:,‘,1Ut+q,1’ut,+q,:l.'rmp.l)]

+ " & hod
M yb(np*q+l‘1)[si2q(ak+p 2Gt+q,2*Tt*p,2Tt*q,2)
+ % " » " % fn
v SR (HR,p Hieg,2*Uip, 2Uteq,2) * [3(P.)(0L,p oHiyq, 2
[i]

0!; '3, oGeap, 2) v Ax(p, a)(Tp,p Qut,q Z*Ut+q 2T‘,p 2)]} (11)

¥2 have used IEO tiO to indlseate that 1n the summatien Kk and ¢

are to have ths =ame parity, that ls, thesy ere L3th t2 be >d44 sr

toth even, 8imilarly for p and q. The nther new symbols used

nave the following aseaninge:

4t




( FL(p,q) =50,5
For p and q odd ( 1 filgl_l
( Ag(p,a) = SETR300 (8 /xy + 1/ 0)
P o NN e (p'lCQ“l
[t =$ 3 (5/0( + 1/ A )
For p and q even 10T 11 & 4"
( Ay(p,q) = 80,88,

o(x,t;p,q) = 9(p,q;x,t) = O(t,K;q9,p) = 8(q,p;t,kK)

= (k+rp+2)(teqr2)8TRTL trqrl (“V) ("l)
gErt ¢l $rq+1

Gyy = clpyy Hyy = el T3y = SpgetMyy  Uyy = Spyely

"

with the appropriate superacript, ® or . In sdditisn, P* and Q%
are to satisfy equatisne (2-2) and (2-3), M™ ana K* equations
{2-4) and {2-5), P" snd Q" sguations (2-6) ts (2-8), and M" and N"
equations (2-9) t5 (2-11). The expressiosns for S“ B“ and Si g;
ean be sbtained from that sf S“'Sl by repiacing " by * and * by "
respeciively.

W

Any set of E,* gueh tus 1'.,,!’ = 32?{/&3« r,,,' = 22!' ‘.o*’a::2
and 1’ y 2 - 52 P '/Sady =iwvel @i 20 the baundary end such

that 7o.,' 8n3 They 816 ¢ inurue at y = + © will;eerve to

PY§ pxy
determine the Sp . Such 8 get l# given by
Fp' = (2% - a®)2(y2 -Dfa%eotx,0) 14y

wnere'fp(x.}f is emitinuste and Réd esntiriusig Jerivatives in
the closed regi»n scecupied by the body.

>
L set of G,

" e&n be ¢onstructed from cny s8t 2f displace-

ment.s which tage Hn zdro values &t points of the Laundery whers
the diasplecements are specified t7 bLe zers, and which are con-

tinuous.



5 W .
It 18 not necessary that the F* used t> detarmine

>
completely asesciated state, S*, satisfy the equatinon
hkny F* guch that Ty,* = sz*/aya, Tyy* = ézFﬁ/axz, and

Txy* = - 32F~A3x3y satiefy the surface brundary condit

such that T;y* and 7;&* are contlnuous a4t y = + ¢ oan ltbe used

D obtain an appriyximate solution.

ha an exsmple, eonslider the rectangle deseribed on page 4

subject to tne following boundary caxnditione:

1. At y = b, fyyzox, Txy = 0; at y = -b, Ty =Tzy = 0.
II. 4%t 2 = ta: (8) ij Txydy = tx&, (b) ij'T;xdy

(@) j?b‘f%xydy = O.

Conditione I are setisfied by taking m = % and putting:

kg

- ® — - - - #® * TR
U3o = Hxp = G2p = Hpp = Gyp = Byp = Tap = Upp = Tgp =
Hio = -(&/4 + G3p), T3 = U = &/80n°(5%, - 5%5),

- p - - H® = ¥ g
G5y = H§y = 03y =8 = 6f; =H]; = 15 = V) = T =

18

the S
(1-8).
i>n8 and ‘§

= 0,

U82 = 0.

Uiz = &/Bn - Tig

351 =z 0.

B3 = -(&/k + 683y), T8 = -U%; = x/887(55; - 53,

Conditions [I are catisefied by

" 2, D 2
\ e = =3 /8 f = S ava )
at, Goy = K021/ S\Hhy1y -o 21)

I

2 .02 &
s T Edgn/ M2y -0

()
O
n

:

R
BAIT on % B A
s T

‘e

U]y = &/8n - T).
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e 2 2 5 2
1(512 + 822)(21 - 1) k522
¢ = =3 - - /(532 - 535)
A 40n“(n” - 1) 8n 16(n - 1)
k(52 3 * H 3 %8 ] e
™ = : s 5 = “""/(511 -551)
1 40n3 8n 16
We chyoses & first a>mrlsmantary mtate which satisfies the
surface boundary stress eo>nditisns I. This gives: |
Ggz = R8> = 6By = Rp = Glo = Hip = Ty = UBy = T82 = Udp = O,
Gfp = HJp = -k/8, Ty = -Udy = k/Bon (8§, - 683), Ulp = &/8n - T,
From equations (2-6) to (2-11) we get:
Cxy) = Hyy = 63y = 83y = Gy = HY; = T3; =03 = Ty = U =0,
oy - & e " G - e Saoley
8 Spplepy * S5) - (3 *+ 300,
. Sgl(e; * o) - (S35 ¢ Ta0)y,y
oL= -3 ~
8 5110633 » S0 - (351 * S21)6y,
Tgl = -Ugl = m2/80a1n3(£ §1 - 5%1)
ot o 3 /_;_22 - }355, ﬁod - Opr - §2,o\
u §11 - §21 \\ 81‘17’1 2&&5 /
; ~ 7V - d - 5a
gll - g?l ¥ 357’1 2‘!” 1
i (M [€2a0813-33))-5ni€ 3= €y ) Jo2pley 19 Sy d g )

“ail

T?;‘g =
: alg“%'ﬂs 5

, 808015 )l -5y )08 95

8nl‘1

anf

S 4621511))

e

NopA
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a = [a5(204-8))-2)(294-5) 1y, 8 = Ba(y+A)) -0 (Phe) IR,
r= B34 W -8) -0T8(Vp-8 ) MPan - [BpYq-oy 7]/ 20
S13 = P26 =Sy, P = Ay /Xy v LN,

Substituting these results in equation (1i) glves:

2 2 .
= Y {551351381*‘5%1“51351*ﬁ(031**51*551081)*3 [(531+%°) 1711

+(63,+w? U104 1A (Tnunmnw )j~a{§(s;l-w*)(r;1-r§1
+18, 7710 +3(53-% ") (U108 #0805 1)+ (A F1-") -50 (P -581)]
‘“1"11*@1“1’* (163, -w*1-542( Py -881) J011 105, +8; 7))
+20{ {( '%/I) 56 *wé)vw259 (521;-2)33'1'!51*[\“/7)(521"' )
55155 e ﬂug}."h*{(‘i/v3(511321&*7 ) +3m (511521*"7“1)
w2 (pyon®) (63108310 1013,05) 003, 5+ Yfin-1) [53.08005
*83 002" Fal 8552 H02802) 103 0~ 1) 85+ (n-1)w2Y01,1],

» [(27-1)8 35 +(n-1)w2Jug,0] o+ [(n7-1) e (-1 w2 ] ’;2”:2*";2’{2)}
-2{5 1 n5-1)8?2-( n-1)w]( 112782 * T8 T12) +3 (( n5-1)832-(n-1)"‘]
(0520400300 2) + {3 [(n5-1) £o83,-(n-1)w ] -sw®(n2-1) (P p=83,))
(1720527 032115) + 3 [(27-1) £p885- (n-1)w*]-5w2(0”-1) (P2-832))
(1350157081520} +20{{(5/7) {(n7-1)655+(n-1)53+w? [(n5.1)5%;,
+(0”-1) 8% w21} 13,785+ ((5/7) [ n7_:.)522+zn-1)-6]w? [(n5-1)53,
+(n2-1)85,w 21U 0300 {(5/7) [(n7-1)82,83, A+ (n-1)05]

#3w° [(n>-1) 852850+ (n”-1) Poa?T-w2 [(n5-1)pp+ (n>-1)w2 5 T, +82,))

(T3aUsp*U3aT52 )}}

W
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Slmilar results ean be obtained (rom this equation by substituting

* for "

, or by substituting " for =,
For epruece with ply of eaual thicgness (n=3), ths sonstants
on page 5 glve:

)

<)

1 xx2/® = (2.26 - 0.0433w 3(y/v) - 3.64(y7/17) + 0.750(x%y/D7)

Tex1/® = (0.295 - 1.13w2) (y/b) - 4,43(y%/b3) + 0.750(x2y/v3)

¢

Tyxo/E = 3.64 - 10.2(y/b) - 3.64(35/83) + 0

)
1

S0{x2y/b>)

°

Txx1”

i
i

= 108 - 683(y/b;, - 125(y3/v3) + 21.2(2%/t3)

"
Tyy2/® = Tyg1 /8 = Tyep/8 = -0.5C0 - 0.750({y/b) + 0.250(y3/b3)

,_:\

g

[
™~
[
{

= 2,10 - 17.1(3/b) + 7.05(y>3/v3)

f;yg/t = T§31/K = 7iy2/t = 0.7%0(x/b) - o.7qo(xy%/b3)

Tyy1/E = 17.1(x/b) - 21.2(xy%/b3) : )
- ?'gn -
ay.5 = (-0.835 » 3.3722 - 0.00166w%)/(3070 + 7.19w2 + 0.00a99%%)
1 .

-
{

t

In partieular, for w=30 we get:

]

Tex2/E = 0.406 - 19.0(3/b) - 2.22(3%/b3) + 45.8(x%/a2) (3/b)
Txi/E = 12,1 - 582(y/b) - 16.1(3/b%) + 274(x%/a2)(y/b)

Tyya/© = =0.301 - 0.469(y/b) + 0.155(y3/p3)
Tyy1/® = -0.0153 - 2.18(y/b) + 0.912(y3/1p3)

b

Txy?/E = 4.59(x/a) - 4.95(x/al(y2/b?)

Txy1/k = 22.8(x/8) - 27.4(x/8)(y%/p?),

I
{
-

T —_ P——
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4. spproximetion by use 9f finitse equatiosns. Another

method of appraoximaiion is to replace the dilflerentisl eguation N

by a8 set »f finite equatisne. To do this we first approximste
F(x,y) by 8 p2lynsmial which takea nn the values Fij = F(xl.yi)
at the points (“1'353 &8 shown in (1) below. This can be done

by use of Legranze’'s forumula 3f interpalatisn.

“0;R
Foia Fo,1 P11
Fz2,0 ¥.1,0  |%0,0 1,0 Fa,0 (1)
: y
Fai-1 Fo,-1 F1=2
‘ Fg -2

The stresces are thjen sbtainkd from (1-2) snd from them
the stralns are osbtalned by Hm§te'$ law {1-4). Thece are

substltuted in the cozpatlpilipy eduation

azexx/'ay2 & azey,/axz 2= 2(§?axy/33ay). (2)




3 SO N B PO IO IR 0 T 3

This glves

(-144Q 5 » 960_; + 9000y + 960; - 144a; - 1800ap + 8047,

+ W32V ) v A3234)FG o v (3604 - ST6Y, - 192V ) - 1924)F 5 o

v (1043 , - 320u, - 4803, + Oy + R6ay + 384g . - 3845, - 3204

- 192%)F 3 * (9608, - ST6vy - 192¥ ) - 1923)F, o+ (86, . - b
* 64ty - 4809, - BZuay + 104o, + 3844, v 3349, - 1924 #: |
- 3209 )Fg | + (-38hag + 1602y + 96%{)F_; ) + (-384a,

* 160v , + 96v,)F) | ¢'(-38%ac * 965 1 * 1604)F) 1 + (-3B4g,

* 96¥ y + 1604 F ) | + (=608 + 144y - 243/, - 2434)F 5
» . »
+ (-35a_2 r l?én‘1 + 3000 - 16a, - llaa)FO P (-60Ab + 144y6

- 24 ) - 28¥))F, o+ (-1l 5 - 16a; * 309 * 176, - 3505)Fy o = O.

where % indicates the value of A for y --if y fslls on the
beundery of w5 rsgirns the average of the values »f o in tha
two regione--and similarly for #,, v}, &nd b&. For a particular
can ssnvenienilly ve represented by
a dlsgrem sldéilar to> (1) but with the creifficlents »f Fi,J written
in place »f Fl,J'
We crlculaic the value of F and its first derivatives at

the boundery by integrating the values »f the stresses given

on the btrundary. The regisn 1s divided int> squares of length
d4 Ly the lines x=x, and y=yy- The intersecti~sns > these

lines &re celled nodes. Nodes falling »n the bsundary, and,

in cases where tue lines intersect the boundery in psintg sther

than nsdes, thec nades Junt insids the brundary, are called
R J




boundary nsdes. The nodes adjacent to the bsundary no&es snd é
exterior to the boundary &sre cellied adjacent nodes. The values

»f F at adjeacent noa>des and 2t boundary nodes which do aot fall

exactly on the brundary are apypraximated from tbe values »f F

and ite flrat and eecond derlvatlves at the brundary., Nodes

interior ¢» the boundary whlch are nst boundsry risdes are

called lnteri»sr nydes. An equation can then te os2btsined for

each interisr node by consideriug it ae the piint (O, 0) in
equatizn (3). Thus the differentisl equatisn has been replacsd

by the set »f finite equatinnse

£l - .
1§;aljg(x1'53) = 0. (4)

The solutiosn of these equatisng can be appriximataed by
the 82-called relegstion method.6 Let F® be the estimated
valus of F at each node (taging F® = F for = boundary nsde

or an adlacent node), Substituting these sstimated for F in

the left side of (4) gives
Kl o -
15 8437 (x4,53) = R (3)

I1f KEL = £or all & end 1, then 72

il

F ond the estimated

golutisn 1g the correct e2lutinn. &L this is nast the case,

iet
Fllagy)) = Fo(xgy,) < R'n/aﬁ. s (6) K
The Ki'th etuation then LecHomes ¥
Klrw - K}. -. = -é-l wi i Z‘-' “1
a 3 F X, y,) * Léx“iqu("l’yj) = RES L R0 R =;n"‘“. (7)
JA1 :
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The rest of the equatlons which invslve F(xy,yy) become

abiF (xg,yy) * .§Ka{339(31:33) = B . aﬁik"l/aﬁi. (8)
341

Thus by shanging the estimsted value of F(xg,yp) from Fo(x,,¥;)
to F'(x.,y,), the " pesidual’, BB, has Leen reduced td e
Starting with the largest I|R!, each 18 relaxed in this

panner until the error 1s negligible. The resulting ¢'se

gl.. the appraximate sa2lutisn,

rrm—
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strip »f plywohnd", Prysies 7, 32-41 {1929).

4 %. Prager and J. L. 3yuage, "hpproxizaetion in elastielty
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