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ABSTRACT

A convergent series represcntation for the internal partition
function of polyelectronic atoms is obtained by assuming & covolume
equation of state for the gas as= previously applied by Fermi and Urey
to the hydrogen atom. ) |

The present investigation is liinited to those cases wherein
only extranuclear electronic excitation occurs. The contribution of
these clectronic states to the thermodynamic functions is obtained
from an acceptable approximation to the sum of the convergent sex -«
fies for the partition function.

It is shown that at relatively low temperatures {3000°K), the
customary method of evaluating the internal partition function (based
on the assumption of an ideal gas) agrees to within a few percent with
the results obtained from the covolume treatment. However, at high-
er temperatures the increase in size of the excited atoms, along with
the appearance of charged particles produced by ionization, render
the ideal gas treatment inadequate. Sincez the interaction potentials
of charged particles are not known in general, an approximate pro-
cedure, which neglects these interactions, ie suggested for analyzing
a system wherein ions and free electrons constitute a arnall fraction
of the total population. This procedure should be useful for treating

gaseous mixtures to temperatures of about 10, 000°K.
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I. INTRODUCTION AND SUMMARY

If the temperature of an atomic gas is sufficiently high to pro-
duce appreciable equilibrium concentrations of atoms in excited energy
states, then an accurate calculation of the thermodynamic functions of
the system, including contributions from these higher energy states,
becomes diificult becaune of the apparent divergence of the partition
function. Practical examples of high temperature systems of this type
are encountered in researches on stellar atmospheres and in shock
waves. This problem is also of inféi'eat in connection with the appli-
cation of ’llirgﬁh:?sff?{mapc_g propella.pts and ngcile_a.r energy sources to
jet propulsion devices. |

It has been known for some time that the internal partition
functions oi ideal monatomic gases diverge if all of the possible energy
states arc included. The terms of the infinite series which define the
partition function consist of the product of the statistical weight and of
an exponential factor involving the negative of the excitation energy of
each quantum state divided by kT. This exponential factor for the
higher states approaches a finite limit, whereas the statistical ‘weight
increases indefinitely. Thus although the firast few terms of the par-
tition function may appear to be converging, the higher terms gradually
increase and become arbitrarily large. The series therefore diverges.
However, it is known that at relatively low temperatures, the first few
terms of this series yield a good approximation to the internal parti-
tion function.

The principal resuits obtained in the present analysis are:

(a) a convergent representation is obtained for the partition function

of polyelectronic atoms; (b) relations for the thermodynamic functions




- -
of un-ionized gases at very high temperatures are derived from this
expression; and (c) the limit of validity of the customary procedure
is determined by comparing results for the thermodynamic functions
based on that methed with the results obtained from the convergent
series. The convergent series representation of the internal parti-
tion funciion for all atoms is obtained by selecting a covolume equa-
tion of state for the gaseous mixture. This procedure was used prev-
iously by Fermi“) and Urey‘z) in their investigations on the hydrogen
atom. Computations based on the present method show that the co-
volume correction is the major deviation from ideal gas behavior
for gascous mixtures at relatively low temperatures (3000°K) at mod-
erate and at elevated pressures. However, it is found that this cor-
rection is small, and that the convergent solution to the partitici.
function yields results which agree to within & icw percent with: ihe
results obtained for an ideal gas. Thus it would appear that the cus-
tomary procedure for computing internal partition functions at low
temperatures is entirely adequate for engineering calculations. At
higher temperatures ions and free electrons appear in appreciable
concentrations, and proper account must be taken of the increase in
the number of particles although the interaction of charged particles
in the mixture can be neglected in first approximation®*. By applying
the present method, one can determine the relative importance of the
covolume and fonization corrections. Sample calculatiohs for hydro-
gen, lithium and nitrogen show that at temperatures abcve about
7000°K ionization can rot be naglected even at pressures as high as
20 atmos.

* This effect may be accounted for by uasing, for examnple, the Debye-
Huckel theory as applied by Willlamson in the case of hydrogen.
Cf. Astrophysical J. 103 135 {1940).
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The procedure developed for the calculation of thermodynamic
functions of neutral atoms remains valid, in principle, even under
conditions in which appreciable ionization occurs. However, before
applications can be made to real systems, it will be necessary to in-
vestigate in some detail (a) small perturbations of the calculations
for neutral atoms and (b) interaction terms corresponding to binary
collisions between neutral atoms and charged particles. Bu;. these
calculations are extremely Micult to carry out, because the intei-
action potentials of charged particles are generally not known.

It is expected that thesc interaction terms will yleld small
corrections on the thermodynamic functions of systems wherein ion-
ization is of the order of 10 percent (temperatures at about 10, 000°K).
Consequently, a first approximation to these functions may be obtained
by treating the system with the methods of classical solution thermo-
dynamics and neglecting the interaction between the neutral atoms
and the charged particles. The present method may be utilized to
compute the thermodynamic functions of the neutral atoms,and the
contributions of the ions and free clectrons may be calculated by us«
ing, for example, the Debye-Hiickel theory.

The problem of evaluating partition functions may be attacked
by using either the methods of statistical rmechanics or the methods of
thermodynamics. The former approach was applied by R. H. Fowler( 3
and by Planck# to the investigation of stellar atmospheres. The latter
approach was applied by Ferml(” and by Urey( 2). The uivantage. of
the statistical methods can bo utilized only if a realistic description

of the interaction potentials for atoms in their ground states and in

LAl X X R ¥ X ¥ X J

*Cs. Reference 3, p. 353.
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excited 2lectronic states can be given. Lince these interaction poten-
tials are gemerally not cxown, the statistical ruethods offer no ohvious
advantages over the gizapler ther.odynaniic methods, which involve
the i:mnplicit assuimnptions that tle atorns are rigid elastic spheres in-
teracting according to a squarc-well potential profile.

The preseat study utiiizes the methods of statistical ther:no-
dynarnica for the évalua.tion of internal partition functions {or atomnic
gases distributed at equilibrium in the accessible electronic energy
states. It is aseumned that the presence of atoms in excited e¢nergy
states leads to non-ideal gas behavior only insofar as a covclume cor-
rection is required to the equation of state. As is to be exﬁected from
the use of a covolurne correction, the necessary weighting function to
provide convergence of the seriea defining the internal partition func-
tion is dependent upon the effective atomic volumes of the excitad
electronic states. This conclusion was also stated by Urey and by
Fermi. It is shown in the present studies that the exact expression
for the weighting function can be obtained along with the solution for

he total partition function. The reduction of the present solution to
the classical value of the partition function for an ideal gas is readily
demonstrated.

Assuming the validity of a covolume equation of atate, it is
clear that the calculation of the thermodynamic properties of gas-
eous systems depends upon the svaluaticon of the weighting function.

It is found that the welghting function is determined by the solution
of three simultancous transcendental equations wherein the unknowns
are dependent upon the quantum energy levels and upon the thermo-

dynamic parameters of state, viz., the pressure and temperature.
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A golution to the set of cimrultaness equations is obtained Ly intro-
Incin~ a cloied form cxpression for the internal partition function.

The denendence of the ~weighting function on the atosnic vol-
urree has bDeen indicated. Two methods for cstiinating these voluines
arc investigated, The first, an approximate technique, is the method
oi screening constantc(ft:‘fe? second uses empirical wave functions ob~
tained by the method of !«Iartree(b) from known energy levels. The
latter, although more reliable, is extremely laborious. It is shown
by mcans of actual calculations on the potassium atom:, that the
scrcening constant trcatment ylelds atomic volumes which are in
good agreement with thcse aobtained by the Hartree method, especially
for the higher ciergy states. “or these states, the effective core
charge reduces to one so that an atom acquires essentially a2 hydrogen=-
like structure. It is belicved that the application of the scrcening con-
stont method to the locwer energy states, and thc use of the hydrogen-
like approximation for the higher states, provides a useful technique
for evaluating atomic volumes,

Application of the proposed method to the determination of the

thermodynamic functions of pure atomic gases at high temperature is

SIS ————— e

illustrated by sample calculatione on the un-ionized liihium atorrn.

The calculations have been performed for pressures from ! atm. to
I\O\O_atm. » and for temperatures between 5000°K and 20, _O_O(}?Z{. The
results obtained for 100 atr. pressurc are compared with the classical
soiution, and it is found that in the temperature range wherein ioniza-
tion 18 sinall the ideal gas results differ by a few percent from the re-

sults based on a covolume equation of state,
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. THEAMODYNAMIC DERIVATICN O A GENERAL
. EXPRESSION FOR THE PARTITION FUNCTION

A. Covolume Equation of State

At high temperatures appreciable numbers of atoms will
occupy higher energy states for which =ffective atomic volumes
axe n. longer negligibly amail; hence, the need for a covolume
correction to the equation of state. It is apparent that the atomic
volumes increase with increasing energy levels. Thus, the avail-
able free space in the gas is decreased thereby increasing the
probability for collision. Several investigators have examined
the p-oblem of collisions between rigid elastic spheres, and it is
agreed that on the basis of such a model, the covolume correction
b is proportional to the lverige effective volume b of a binary
collision (the gas densities of interest here are too low to yield
appreciable probabilities for collisions involving more than two
atoms). First order calculations for the proportionality factor
indicate -g— to be the correct va.lue“) . In this case N is the total

numbeyr of atoms prasent in the mixture of total volume \V, pres-

sure P and temperature T. The corresponding equation of state is
P(V=b) = P(v-Np ) = NkT 1

Following Fermi(u and Urey(z’ we consider a system which
coneists of only one chemical component and regard the various ex-
cited electronic states of the atcin as separate species. The re-
sulting system is composed, therefor=, of a mixture of gases of the
same atomic weight. Of the N atoms present in this mixture, N

L
will occupy the internal energy state ;. Evidently



YN, =N (2)

v

The average effective collision velume b may be evalusated
in terms of the individual atomic volumes. Consider therefore the

collision of an aiom of species 1 with one of species j. If we denote

by 5] and r} the radii of these atoms, ther the effective collision

radius ¢, for rigid elastic spheres is
G. =1 +r
lJ l'C‘J L‘ b'? bﬁ\
= (.=— 3 . 2
(a7 (5 + 87

where bi' bJ = volume of atom of type | .J' . The effective collision

4
oA = (BN

An average effective collision volume bm for the system rmay be dee

volume b, is equal to that of a sphere of radius (] J . Thus

iined by
— (total number of collisions)x(corresponding collision volume)
b= ), g
= y Z (total number of coliisions)
T

The total number of collisions between atoms of types { and } is given
by the number of combinations of Ni, and Né things taken two at a time

such that one of each is present in every eset. Thus the total number

of collisions is

jjr%N}
a4 .
and 4 3
b=



. -

. 2
But from Equation (2)’ZNL=N ; therefore, Z N'le=N and
L lj

_ 14 Rk B)3
i.} '
lence the covolume correction b in terms of the atomic volume is
b= Y NN (b4 b )2 W
=0 N i (o7 +57) ¢
L

This result was indicated by Fermi.u) but without proof.

The generalized 'expreuion for the covelume correction b
oased on a two-body collision mechanism {8 reexamined in Sec. VI C in
greater detail. A second relation, more sguitable for equation of

etate calculations, is readily ohtained from this form.

B. The Total Partition Function

It is the purpose of the present section to derive an expres-
sion for the total partition function of a gaseous system of chemi-
cally identical atoms occupying various electronic energy states
by using the methcds of classical solution thermodynamics (8,9)

(cf. Appendix A). Statistical relations will be used only to assist

in identifying and simplifying the results. The final expression for
the partition function of imperfect gases is shown to be of familiar
form, differing from the classical solutions only through an addi-
tional factor which represents a covolume correction. Furthermore,.
this correction factor is, {n zeroth approximation; iientical with

the result of Fermi, and is also of the same form as the correction
factor obtained by Urey for a mixture of hydrogen atoms obeying the

covolume equation of state.
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An expression for the total partition function can be derived
from the definition of the chemical potential. Let us consider the
chemical potential 4 for an atom of species { in a gaseous mix-
ture composed of aioms which aze in different energy levels. Then

(Cf. Appendix A),
Hi= M+ kT fn %‘ - (A-3)

wheze /J: is the chemical potential of i in the purc stats, k, rep-

resents the Boltzmann constant and %L is evidently the molz frace-
tionof | . If hz and A,°lv' denote thie enthalpy and entropy per atom of
pure component . at P and T in a volume Vf occupied by N, atoms,

then we may write

-]

M= h{-T&, (5)

3

Note that the superscript o denotes a pure component.

The total energy per atom &z may be separated, in good ap-
proximation, into translational and internal components. Thus

O .
& = S kT + wy (6)
The enthalpy for Ni, atoms of species | in the pure state at pressure
P, temperature T, and volume Vf is
HL= E.: + P\/.'_o
Hence, the enﬂmlpy per atom is

o
) HL
L

h=o=€ + B (7)

N
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where the total internal energy E is
o 1 o
= DLE{ = DINE; (A-21)
i L y
and the total volume is given by

= Z Vo (4-17)
L

Substitution of Iquations (2). (4) and (A-17) into (1) yields

Z{PV - é_f:l A_; j(bi(g+ bf)3_- NLKT} =

L }
Thisc equation rmust hold for a system contzining any arbitrary nu: -

ber of atome. The only physically acceptable solution is

N,

—

PV°_ P 3 53 | 5
v *z’r\:%:NJ(bl +b43) + kT (3)

It is evident {romn Zquation (4) that

Zb+b)-—§% (9)
4

If “quationg {3} and {(9) are used in Laquation (7 along with Iquation
{4), then

ho— 2 . db
hL—ZkT + Wy + PBNL

ilence, frorm Nguation {Z),

-.":57" db _ T4°
Mi kT + wr +PaNl T4,

und frowm Jiquation (A -3)

WS MWy Pd g
N T KT T ITON " ke

At equilibriam /.1 =u. = constant. Therefore, golving for N; and

sumrain over all states, -ve obtain
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o v p ab
=5 KT A -W AT -13 5.
TN, = N = (Ne 2>e)‘/ Te e W/ oI ol
L \ —
L L
If we define the total partition function Q in the usual way, (i0,11)
then
_s &/ W4T - B
— 2 i ¢ L P
Q=|(Ne ) Z et e 111
L
where the weighting function e 't has becn introduced, and
P23 -
= OB 12
0, 5N, (12)
Tor ideal ceses QL is evidently equal to zero. Since the factor g—%
L

increases rapidly with increasing enzrgy levei, e—gl will causec a
rapid decrease of the numnerical valucs of the terms of the sunma-
tion as w; is increased.

The entropy per atom AZ may be separai:d, in good approxi-

mation, into a translationa: and an internal component. Thus

Q ° o
4 = (4. 4, (13}
L (All)trans + < ‘)Lnt !
The translational! component (4," )t ie independent of the internal
*‘trans

3 - - ; : 12
energy states wj. It is given by the Sackur-Tetrode relatxon.( 2)
Zor an imperfect 3as, the appropriate expression for the translc-

tional entropy per atom ic

-

s .
4) =4 =kh t@”mu) e (v-b) | (14)

t trans trans N 2

Nl

>
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sil=
where m is the mass per particle and h represents Planck's con;-
stant. The contribution to A; from the internal energy states (4! ),mt
may be evaluated by means of the following argument: It is known
from statistical mechanics that (¢ ). , may be defined by the rela-

tion *

i

(&)

Uint

k tnwr (15)

where W denotes the number of quanturn states available to the sys-
tem. In the case of a system consisting of the pure component i
which has available to it only one quantum state w.L » W is evidently

the statistical weight Q. (degeneracy) of that quantum statc; hence,
Ji 4

@) =khg (16)
int L

and it follows from iIquations (13) to (1¢) that

o . 3 s '
Nh*
Substitution of Equation (17) into IEquation (11) yields
B § Y —_ W/k_T - e
Q= CamkT)2(V-b) Y'g & ¢ L (15)
h3 ;8‘

where the factor before the summation sign evidently represents the
translational partition function for 2 gas obeying the covolume equa-
tion of statc. One can readily identify the complete expression {i3)
-with the familiar approximation

Q - Qlir-ans‘ Qint (19)

% Cf. Ref. 10, p. 92.



-12-

where
3
Q{rar,s = (ZJka-Th)sz (V— b) (20)
and
- /KT - Qi

G = D
i L

The cunression for the internal partition function Qin{ ig of the usual
form except for the factor e_gi waich appears as a direct consequence
of the covolume ccrrection introduced into the eguation of state. It is
oi interest to note that as b%%J >0, Zquation (21) reduces to the total

partition function of a perfect gas:

_ @amkT)IV ¥ g & /KT
Q = ( ﬂ"‘:g) Zl:gie

It is well iknown that this expression diverges if enough terms
are considered in the summation. The customary practice has been
to compute Q_w{ by using only the first few terms 95 this relation and
to assumne that the higher energy states make negligible contributions.
At low temnperatures this procedure yields acceptable results. For
theee cases the comparison of results obtained from such an
approximation with the correct values obtained from IIquation (21)
shows agreement to within one percent. 1t is of interest to note that
for temperatures in the order of 5000°K, the firet term alone from
either of thec above expressions for Qint yields results which are
accurate to within a few percent.

The functionai form of the covol uine correction given in Equation
(12) is identical with the relation obtained previously by Formi“) as
the result of a less complete analysis than has been given here. 1t is

evident frorn Iguation (20) that a covolume correction occurs
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also in the expression for the translational partition function. Ilow-
ever, this ter:m: is of no consequence as regards the calculation of
internal partition functions. Zquation (21) will be referred to here-
after ac Fermi's equation for the internal partition {unction of a gas
mixture obeying the covolume equation of state or, more briefly,

as I"ermi's equation. It will serve as the basic relation for the dz-
termination of thermodynamic functions of atomic gases at elevated

temperaturcs.
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Ol. QUANTUM STATES ¥FOR POLYELECTRONIC ATOMS

A. Excitzd Electronic Statcs

The inter: al partition function as given by the Fermi Equation
is defined as a infinite series which extends over all internal states
i, beginning with the ground state { = 1. ach of these states i de-
notes a distinct quantum state of the atom. In the present analysis
we shall confine our attention to a consideration of the states of the
extra-nuciear eiectrons, and shall neglect the quintum states of the
nucleus. The rotational and vibrati onal excitation energies of the

nucleus, even for the heaviest elements, (13)

are known to be at least
of the order of 104 e.v. Thesc energies are several orders of mag-
nitude larger than the highest degree of extranuclear excitation which
can be expected at the temperatures of interest. At most wc shall be
concerned with the {i rst few ioni zation stages of thec atom. Conseguent-
ly, the index { is used to represent the excited electronic states of
the atom and, in fact, may be replaced by an appropriate set of quan-
tum numbers. Thus

t=1(nL,S)
where n is the principal quantum number, L. the quantum number
measuring the total angular momentum vector for the aioni, and S,
the spin quantum number for the atom.

The excitation energies w, are given in the usual way, viz.,

W =W -W,
Here WL denotes the term valne for state | and Wi refers to the

ground state. These data are readily available from spectroscopic

measurcements (e.g, Landolt - Bornstein ''Tabelisn'}., An accurate
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calculation of Qint requirec & complete compilation of thees~ term
values. Although there exist infinitely many term values, the usual
practice in tabulating these data is to list the -ralues WL up to perhaps
N = 10. For temperatures below 3006°K, it has been customary to
compute Qint by utilizing only the first few terms in quation {21).

At higher temperatures. it is neceasary to take more ter:mns.

B. Hydrogen-Like Approximation for Higher Electronic States

it has been noted that the higher electronic term values may not
have been determined experimentally; nevertheless, it is wossible to
predict these term values by assuining a hydrogen-like atcmic
configuration. This approxirmation can be justified on the basis of
simple physical arguments. As the excited electron cccupies higher
energy states, the net effect of the core structure (the nucleue and
remaining electrons) on this electron is much like the eifect of the
hydrogen nucleus on its clectron. The inner electrons shield the excited
electron from the full strength of the nuclear field. In fact, as the atom
approaches the ionized atate, the effecti ve core charge approaches i,
and the structure becomes hydrogen-like. In practice this limiting
condition is assumed tc exist much earlier. Corsgeguently, one can
estimate approximately the remaining term values by using the well-
knovm Bohr hydrogen model.

It appears appropriate, therefore, to separate the intcornal
partition iunction into two parts. The first part, a finite sum, acc§unt3
for the contribution of the known, spectroscozically determined, term
values. Zor low temperatures this part makes the major contribution
to Qint . The remaeaining portion of the internal partition function is
determined by a hydrogen-like approximation, aad is represented by

au infinite series; thus
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Q = e—Wl/k,T{% g.eWL/k’T _gi . {1’1 a’eW-L/k,T—GL} (22)
ot sz l i={}\—»:1 l

The separation is made at some value of 1=A such that Wi. is de=-
pendent, in first approximation, oniy on the principal quantum num-
ber n, that isto say.it is assumed that for given n, the term values
differ by negligible amountsa for the allowed values of L and S .
This assumption is well substantiated by the spectroscopic data. An
inspection of these data shows that for a particular atom, there

exists gome value of n=a , bzyond which the L and S variations in

the term values may be neglected. It follows therefore that for {)A
W, ~ W,
In accordance with the hydrogzen-like approximation, the index { will

be replaced by the pair n and {, the principal and azimuthal quantum

numbers respectively. Thus

i=>1i(n,t)

The infinite series in Equation (22) may now be written as

i E Snt ewnt/k:r—enl = Z %nl (23)
n=a {=o n,l

The summation over | is replaced by the double sum over n and { .
Although the description of the eneryy states by the quanium numbers
{n,l)is a customary one, the above formulation is primarily a fce-
malism. Note that for gziven n, the summation over the allowed values

of { 18 required first; the sumrnation over n is carried out last.
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This procedare has ne particular shysical sipgnificancs and ha: Teen

i
Fs

adouvted only because it iz convanient. he correct order of the

absolute magnitudes of the energy states is tnown to be *
14,24,2p,34,3p,44,3d,4p,54.4d,5p, 4f,04 ...

The procedure indicated in Zqguation (23) may be used, becaucse

the serics is absolutely convergent.

Ii the hydrogen-like approximation is appiied to the calculation
of e“ and 9{!‘ , then one can readily compute appropriate
expressions for each. The statictical weight gtn for a hydrogen-like
configuration is given by the product of the statistical weight of the
core and the weighis for the single excited electron. If we denote
the core degeneracy by 9C , and notz that the degeneracy of a single
electron for all values of { for given n is z({2{ + 1), then we find

that the statistical weight for a given state “5 is
n

g =29 (2£+ 1) {24)
in ¢
The term values Wln for a hydregen-like configuration are given by

w ~ R

n
n

C
5 {25)

whezre Ro ic the Rydoery constant {13.53 c.v.}, and (¢ is the

velocity of light. The substitution of Zquations (24) and {25) into the

cories (23) yields

o /n? n- _O
Zcb —2q) e ¢ (2t+)e
n in e

(o]
—d

* Cf, rzuling, L., "The Hature of the Chermical Dond!, Cornell
Univer "ty Presa, Ithaca, 2nd Ldition 1949,
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The state paravaeter ol is eqgual to Rohcl/kT-

The internal partition function nay be given row in teoraes of
n and {:
‘A 00 2 -l
_w kT X/n Z '_9 i i
Q =e / CL t2q /.e (el+e " (z06)
tnt =1 Ui < n=a {=o0
where

W, /kT-8.
- L L
Cbl N S'Le (27)

C. lonization and Multiple Mxcitation of Polyclectronic Atoins

The present study is limited to a consideration of gaseou:
syesteins at temperatures and pressures for which the chemnical specics

present will occupy, in appreciable nurnbers, only the electronic states

of the neutral atom. A systern of this kind is encountered in several
engineering problems whick are of current interest, viz., high-per-
fornance rocket devices and very strong shock waves. Impsriant esx-
ceptions occur in problerns of stellar atmiospheres wliere exteusive
ionization is present. In the outer regions of the stars (chromosphere)
the pressures are of the order of 10-(' atmosgpheres, and under these
conditions the constituent eleinents of the atmosphere (e¢. g. Ca, ba,

Sr, Si, He....) appear in the first and higher stagees of ionization. .u.l-
though the present analysis is derived for systems which contain oniy
neutiral particles, it is cvident that similar treatments can be developed
for inixtures of atoms, ions and free clectrons. lwwever, the results

which we obtain are useful for the description o1 the un-ionized atoins

e

even in mixtures which contain charged particics. If the ions and elec-

trons constitute a small fraction of the tctal population, then one can
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obtain an approximate trcatraent by neglecting their interaction
with the neutral atomas.

The applicability of tlic pregent :ncthod to a specific problem
depends on the degree of fonization which occurs in the systew:, and
the proposed procedure is valid as long as the number of fonized
atoms represent only a few percent of the total population. The dc-
gree of ionization for a particular component in a mixture is indc-
pendent of the other clements present. Thua we ray confine our

attention to a single reaction, which may be represented by the equa-

tion
.’.
X=X + € (28)

X 1is the chermnical symbol of the neutral element and € represents
he clectron freced in the ionization procease. It was pointed out b
cahatld) oo : . )
Saha that this reaction could be treated vy standard theminsdy -
namic methods; therefore, thc concept of an equilibrium constant
is applicable. l.ect

N,=N- N, AN =1
(22)

Ny =N n=N+N,
where AN denotes the net increasce in the number of particles prodiced
<y lonization as shovm by Uquation (28), and 1] the total numher of
particles present at equilibritim. N represents the initial munber
of atome of X, N, the number of neutral atoms at equilibrium, N

Gy v} P R S <
the number of lonlzed ~toms, and N, the number of electrons. The



-20-

couilibrinin constants are relatzd by

and K = N‘Ne//Ng . ilvidently

_ PN
K™ RN

If +:2 denote X, = N. /N, then
} 1/

N = (_.KP_/p_f N, = 1—X

: (30)
{+x,/P
Therefore, the degree of ionization is
.Yl
N 4 (31)
N, 1-X

The cquilibriurr constant Kp is obtained readily from tho

iarriliar evpression

Kp=P e"P{‘ %T[Z:Abkrék —goi F;,' ]

which corresponds to the reaction

-~

and o . .
L] c g
YbF - ) aF =AF"=AH-TAS
k' B, 4 A
k ; d
(<]
The quantity FA_ denotes the Gibbs free enersy of the pure coraponent
A, at T and P, and is related to the free eneruy F; of A,' in the mix-
t <

ture by an expression analogous to (" -3). Note that this forimulation

differs from the customary one in that the stamaard propevties are those




wd Y=

of the pure component A" at T and P rather than the propertics of
A'} in the rnixturc measurcd at standard te:operature and pressurc.
If onec expands the zxpression for AF°, noting that the individual
atoms have both translational and electronic degrees of freedors,

(15)

then one obtains the well-known 3aha equation:

3
K’P;: & ((glntgi aﬁr:zekT e kT e" VVx/kT (32)
int /o

Ilere me denotes the inass of the electron, Wl is the ionization po-

tential for reaction (26), and (Qinl)j is the internal partition function
for the } -fold ionized atom. The substitution or this cxpression for
K-P into i_quations (3U) and (31) yiclds tae ratio & . Uasdld® has
No

constructed a noinograrm, which simplifies numerical con.putations
appreciably.

hen collecting the spectroscopic data for the evaluation of
the finite sum in Equation (2&), it is immportant iv note that the tabu-
lated data will necessarily include only ovserved transitions. In the
case of an equilibrium process (which is of interest in the present
analysis) all energy states arc available to the systemn. Accordingly,
one 1nust calculate term values which are not chserved spectroscop-
ically. #urthermmore, multiple excitations (tae siinultaneous excita-
tion of two or more electrons) may occur. [ n accurate computation
wuat, of courss, rnake allowance {or all of these possibilitics. al-
though tue available stares can be predicted on the vasis of the poassible

Ié
lec ie confismrations By wall=iaas o A10)
clectronic conilgurations oy well-wxnowa procedurces, il¢ corres-




ponding term valuss arc semewhat more difficuit to specify. The

(17}

method of isoelectronic sequences may be useful in this connec-
tion. The term values of unobserved statecs for a given atorn: :aay
bc predicted by examining the corresponding statee of other atorns
which have the saine elcctronic configuration. Because of simnilar
electroxic configurations, the same states are assumed to be ac-
cessible to each aton. The only difference between these various
atoms will be the magnitudes of the transition energies (term values)
because of the different nuclear charges. In the present analysis it
was found convenicnt to plot the transition energies of the state in
question as a function »f the effective atornic number Ze" . Illus-~

5 : . : - . 2 2 2, 2
trative piots for the nitrogen I confizuration, states S£(14,24 Py 3d)

2 4 :
. | 2 5= - .

and D(id,QA 2'p ), are presented in Yicure 1. ividently one or two
points arc adeguate for estaklishing 2z given curve. Thic rcoult is
produced by the fact that the transition encroy is proportional to the

squarc of the effcctive ficld streagth.
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IV, CALCULATION OF THERMODYNAMIC FUNCTIONS

A. Evaluation of Weighting Function

The derivation of the weighting function presented in Section

Il showed the dependence of e b on the derivative %ﬁ . The defin-
L

ition of this derivative as given by Equation (9) may be simplified by
introducing the Boltzmann relation, |

-w}/kT—Gj +6,
N = Nig; & (33)
9,

In addition let ue assume that the atomic volumes b; are given by

4

the following relation ( ¥,, a, and 1{1 are defined in V A}):

by = (@ﬁ) 1)3 (34)

.

The justification for this assumpticn will be presented later. The
substitution of relations (33) and (34) into (9) yields

5oy W /AT & 3 Wi /kT-6;
2b _ (4a., T¥:\N: e E W+ i i
? ( 5 /2gN 42134(]}1 v)e

Ng
But it is known from statistical mechanicas® thai the internal parti-

tion function may be defined as

| = 9N -
Q=% =

and from the Fermi ejuation
W AT 2 Wi /kT—8: ~W, /KT
o I/K ZS;Q J/k 1:—% ‘/ N\ )

7

i ;‘:11

C“i,nt = )
=

X L X KU X X N X}

* Cf. Ref, 12, p. 116,




The equation for g_g ~ may be written
L

b=, .3 W/ k-8
_ppby_ ° 2t g a 36
61‘_".5(3N) — $36)

2.9

=t

where the state parameter 0 is defined by

p= ()

Equation (36) may be expanded

9= Peei { 1)-13 +3 Zl}‘ Z 9, Z%Hi }

J" «, / j"‘ —‘2
L ;%1 .;%,‘ ;ﬂi

3
3Z 3D Vg, 2
_ 344 §= i L = i % (38)
,E%: 20 =4
Thus
v) 2
Q‘L.= /Se 1(1/: -h“‘}L i 51/!-‘ + T) (39)
And note that

9
6, = pe i(‘/13+/“‘/12+ oY + T) (40)



e25=
As a convenience in terminology we shall referto p, § and T as
the first, second and third '"'moments' respectively of the internal
partition function.
The internal partition functiou given by the Fermi equation
may be written in terms of the rmoments u, ) and T .

L'nt

6, s
_wi/uzs WAT-pe’ () + p*+ 8 + ) (41)
=i d

Or, in the notation of Tquation (26).

—W kT 0 ot —/Se 2% i S+ T
Q = % Z t2g, e Z(?.M) - )}
int J"i {=o

It is czsumed here that v, is a function only of n, and it will be shown
later that in fact w)nxn?' in the range wherein the hydragen-like approxi«
mation is valid. The moments u , S and T are independent of {. Thus

the above expression reduces to

\
o frf—Be (b +un® +6n%+ T
QUi AT Z%J * e, Z Bt ) (42)
n=a
n-1
where the well-known relation Z(Zf+i)= N has been applied.
=0

The unknowns U, § and T defined by Equations (38) deter-
mine the weighting function e_ei by means of relation (39). This equa-
tion exhibits the direct dependence of Qj on the atomic volume b;

d
through the term /3994-\?3 {Cf. Equation (34)). This term is
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easentially the solution obtained by both Fermi and Urey in their
investigations. It is important to note that ail four terms in 93' must
be included in the evaluation of the weighting functi>n In fact, for
thyae turms Ch which make the largest contribution to Q,,; . the
etfect of each >f the factors involving the three miments are equally
important and of the same srder of magnitude as the atomic volume term,
/;38 B, 1)‘-3 . For the larger values >f /3 ({ T<3000°K,P>1atm. ),
the ma or contribution to the internal partition function is from the
lower energy states, as is well known The relatively emall magnitude
of e~93 cauces the rapid convergence of the series (Cf. Equation (22} )
so that the i _her energy states make in ail negligibly smalil contri-
butions to Qint . The function 9, »ehaves essentially like 15 » and
its value for the lower energy states is small relative to W}' ,/.kT
(Cf Equation (39) ). BEecause of this fact its exact value is inconse-
quential, and the inclusion of only the volume term (Seelv;yields a
suitable order of magnitude estimate. Thue the approximation suggested
by Urey of using only this term in 9’ serves to demonstrate the
convergence of the partition function, and is not meant to yield an
accurate computation of the function. For the larger values of 5 good
estimates of , can be obtained readily from the first few terms of
the infinite series This is not the case for smaller values of /3

{ T large, P small). Here the major contribution to Qinlstema from

the higher energy states whercin O, is of the order of the energy

I
term wj-/k_T . An accurate estimate of 6’. is therefore required, and
one cannot omit the terms involving the moments u , § and 7T

Obviously the Urey approximation is no longer valid, and a .nore exact

solution must be sought.
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It is evident from Tquations (38) that the evaluation of the
weighting function requires the solution of three simultaneous
transcendental equations for the quantities i, 5 and T. It is noted
that each of these relations involves the factor /SeQ’ through the

= 0
terms % . Y we definc this factor pﬁ/’b‘e ! then

E(v + Y 4 8+ T)

/3,__

But /5(1/1 +1/1/u AR ’t) &1 ; therefore,

B 3
=AU S 4 )
When /5< 10°6 the T term in the bracket above is predominant, and

the entire factor is well approximated by T . Thus

- BT (43)

At lower temperatures { 5 10°%), the terms /m}f and $V| may be O(T)
so that they can no longer be neglected; however, in these caaes the
entirz bracketed term is 3o small that it may be entirely neglected
as compared to 1| . Thus the expression {43) is applicable to the
larger values of ﬁ> as well as to the relatively small values for which
it was specifically derived,

The substitution of the approximation {43) into Equations (40)
and (27) ylelds

W, /KT ~ —_érc( VREIRED
~ge N T
cij o 30
It is convenient to introduce a guantity c& such that
-W, /KT
Q. = C%e (44)

tnt
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Then
S & WA = Lo (it 53 4.7) )
Obviously
0 {1-BT)2
;,VJCM— \" % )5'?
(-] 2 _ a
;"; %= ‘<i—/g5) 3—;} (46)
)3 { =BT ¥
;_%qj_ ( £ )9 33
so that
- _3(l-80 2
4 Ay
b = “Q.(ngt_)a%—ﬁ (47)
= 1 /1-87\d%

It {8 morec convenient to define

¢(/J,5,'Z) =qpM+t %(1—(8’?:)3_25 = O
X dT) = qd + %(hpﬂ%ﬁ =0 (48)
= qp- (1=B8TYdq -
Yipd7) = QT <‘—§‘)é;§55 ©
A practical method for solving these simultaneous equations for the

unknowns }J . & and T consists of a simple iteraticn procedure based

on initial estimates for these quantities. If these values are denoted

by Mo » 60 and T, , then the functions (P . x and 2/: may be expanded
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in 2 Taylor series about the point ( P,,,é.,, 'Z:'o) . Thus, for example

¢(,“35,75) = Cb(ﬁo,éo,':o) + (Q%

0) p+(32) a5+ (92)at +... t49)

> oTs,

with similar expressions for the other two functions. If only the
linear terms are retained, then the three zxpansions reduce to three
linecar simuitaneous equations in the deviations Au , Ab and AT,
The application of these first order corrections to the initial esti-
mates M, , 50 and T, yield a second, more accurate solution. The
process can be' repeated until the cdesired degree of accuracy 18 ob-

tained.

B. Internal Partition Function

Evidently a closed form expression for (1 would be useful
for the purpose of solving Equations (47). Such an expression for Cl
may be obtaﬁed by deriving a suzitable approximation for the function
Cbn , where
] o Jré - T%(n"-{—;mﬁénﬁ )
Ctn = 28(!’1 e
according to the notation of Equation (42). Clearly, this function
represents the individual terms of Qin . for the higher energy states.
If one plots the contributions to Q‘mt from each value of n (i.e.
the terms %n ) as a function of n , the area under the function will
represent (Q . . It should be noted that the lower terms in the finite
sum of Equation (42) must be collected for given n . Now it can be
shown that for relatively large values of the state parameter ﬂ) ’

the function %n has the form indicated by Diagram A, whereas for

e 4
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relatively srrall values of G, %n behaves essentially as shown in

Diagram B.

Diagram A Diogr‘om B

(p large) (p small)

n=-0*

T

The step-like nature of %n for small n represents the terms of the
finite sum in Equation (42). The evaluation of the partition functicn
for the cases represented by Diagram A is a relatively mincer prob-
lem. Indeed, it is of the type which one encounters at the lower
temperatures. F'or these casee the {irst few terms Cll ’ Clz § mwsw %r
yield a sufficiently accurate estimate of Qint » and one can neglect
the corrections due to the moments Mo d , and T, For the more
highly excited systems, however, the influence of 1, d and T on
Qint is appreciable; consequently, these terme must be included.
The partition function th is proportional to q (Cf. Equation
(44) ); therefore, it is of interest to consider the evaluation of the
infinite seriea (45). The Euler-Maclaurin formula(ls) may tie ape
plied for this purpose. I (45) is written in the form of Equation (42),
and the infinite series in the expression approximated vy the first two

terms cf the formula, then

o }i—" .+\/°°(n)dn | g
C& J=1%J < q) + ‘ZL&W) (50)
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The function %(n) is

, /- pneapntiant i)

qn = 2gn’e =2gn°h(n) (1)

The problem is to evaluate the integral of Equation (50). Unfortunately

the integral of Ob(n) even in its present form is an unusually complicated

function and is not amenable to any elementary methods of analysis.

Numerical calculations indicate, however, that the function h(n) de-

fined by Equation (51) may be approximated in the neighborhood of some

value n=a, by a linear function (Cf. Figure 2). Therefore, we expand
h(n) in a Taylor series about the point n=a, and take the first two

terms.

h(y)= h(c) + h(g) (y-0,) + - {52)
where

, ~/ 6 4 2.
c.,/o:—p(o* + M9, + 40, + )
h(@,)= e

hia)= - 2|5 +B(3a+ 2pa] + 5a,)|h(ay
x

if these expressions are substituted into the above mentioned integral,

then

0o a,
B/%(y)dgc: ch%/yé’[h(a*H h’(o*)(g-a*)]da

The upper limit co has been replaced by Q. which denotes the zero
of the approximation (52). The integral is terminated at Q_, in order

to aveid the ncgative values predicted by the approximation.
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= (53)
@)

The substitution of this relation into the integral ylelds

/o'o, it Af .
a/‘1‘3”5* 8:‘\:'«1 3[-(8) }* [1-(& 1;

This expression can be simplified by a suitable choice of d, which
denotes some convenient point in the range of h(S) wherein the approx-
imation (52) is valid. In this region the function 93 » which may be
represented by ﬁn“’ s 18 of order one. Thue we are interested in
values of n= O(ﬁ-‘l') . Let us select, therefore, the following value
for a, : s

(13 ) e (54)

This assumption will be applied to ali calculations so long as /6 is
sufficiently small ¢c yield values of G*>O . If the value computed
from Equation {54) is less than O, then the value g will be assumed
instead.

The particular merit of assumption (54) lies with the fact
that for cmau A, the function c%(n) behaves as indicated in Diagram
B, and ( 13/8) : is a good approximation to the maximum point of this
function. If Equation {54} ylelds a value for d,>a , then Cl* is in-
deed a maximum point of the functica cl(n) » and it follows by differ.

entiation of Equation (51) that

h@) = - $*h(a,)

The substitution of this relation into Equation (53) yields



Q

I
njw

Q

/Wdﬂ = cohie)
a

where

€= €(0,0,) = g &7 {4 % =3[~ (&) ]}

The internal partition function may be approximated by means

of the above relations. Thus

A
W, /kT Z

%: an{e 1/‘(' = j%‘ * %(%(d)-‘-éotah(a*) (55)
4:—

The second and third terms represent the infinite series as previously
indicated.

Figure 3 exhibits the accuracy with which the function ct(n) can
be approximated for both small and large values of fS according to
the relations developed above, For small /5 » the approximation pro-
vides an adequate match to the true function in the neighborhood of the
maximum contribution of %(n) to Q Fgar larger /6 , the comparison
ie not as geed. In fact, because of the seleciion of J, according to
Equatioa (54) and the assumption of zero slope for %(n) at a, , the ap-
proximate function has neither the correct slope or curvature. This
problem was investigated in more detail in order to obtain a better
match. An improvernent upon the above mentioned method waas at-
tempted by inserting the correct value of the slope for Ci(n) at N=0,

and by considering various cther positions for d, . In none of the
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cases investigated, however, did the corrected relations yield as
good an eatimate of the integral (Cf{. Equation (50)), as the pro-
posed approximations. It appears that this methcd is the best if
only the linear term is ¢to he retained in the expansion of h(y). The
accuracy can be improved however if the curvature term is included.
For the present analysis the two term expansion will be sufficiently
accurate.

The actual function %(n) ie compared graphically in Figure
3 with the approximate expression involving the two-term expansion
of h(n) as indicated in Equation (52}). The actual sum is also com-
pared with the two-term Euler-Maclaurin expansion, and for both
values of temperature, the agreement was found to be good. Come
puiations indicate that for T=5000 the error in Q,mt is leas than
{ percenf. vhereas for T=20000 ; the error is less than O percen{:

The approximation to ct given by Equation {55) may be ap-
plied to the solution of the simultaneous Equations (47). The cor-

responding relations are

1!

%h +93(0) + €a}hio )}
{ 34 qm)+60}1 }
H + g q(a)Jr ¢a, h(a }

where the notation

A.
- Z 9 e

(56)
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has been introduced. The solution of Equations (56) by the suggested
iteration procedure is straightforward but lengthy. For this reason
the derivatives indicated in Equation (49) have been computed and
summarized in Appendix C.

It is a relatively minor proviem, however, to investigate the
solution of .these equations for the extreme vaiues of temperature.
At very large temperatures the major contribution to the internal
partition {unction is from the higher energy states. Therefore, the
Gth(d.) term in Equation (55) is predominang, and a good approxi-
mation to c% is,

fim q= €th(d*)

T—>00
Therefore, by neglecting the first two terms in each of the Equations
(56). we obtain immediately the following asymptotic values for the

three moments:

= 3d §=3a” r=qa; (58)

We are concerned here with the case for /5+O » Thus the functicn
C%(n) is of the type indicated in Diagram B, and Q, represents in
fact the maximum point of the function. It is possible to derive the
appropriate value of Q, irom the asymptotic expressions developed
above. The condition of zero slope for %(n) at n=qQ, , along with

the values given in Equations {58), yield the following equation in Q, :
8 6 2
1330, —xpBa, - a, +o =0 (59)

For the cases in question a representative set of the relative magni-

tudes involved are oc,o*=()(10) and ﬂoO(iO'G). Therefore, one can



3
obtain an approximate solution to Ecuation {(£9) by neglecting the
c:f and ¢ terms,. The corresponding solution is the relation
previously assumed for O, 2and prescnted as Equation (54).

The investigation of the solutions for the simultaneous Equsa-
tions (47) in the limit for very low temperatures also yields a set
of simple expressions for the moments. For this case the major
contribution to Q.Ln . 18 from the first term (ground state). There-

fore, if we neglect all others, then

9= G

Cbm—"vi % q(z)__ 1/12(:11 %(3)_> 1)13(11

If these expressions are substituted into Equations (47), one ob-

tains readily the low temperature sclutions for the three moments.
2 3
M= 3V 6= 3v T=1 (60)

These two sets oi solutions, Equations (58) and (60) can be
used effectively as the initial estimates ;J, , §, and T, which are
required in the iteration procedure outlined above. Figure 4 gives
the exact solution to the simultaneous Equations (56) as a function
of temperature for a given pressure. It is interesting to compare
these sclutions with the high temperature approximations (broken
line curves) which have also been included and to note the asymp-

totic behavior of the two sets of curves.



-3

V. ATOMIC VOLUMES

A. Hydrogen-like Model

In the present section we examine a methcd for computing the
atomic volumes t} which determine the weighting function according
tc Cquation (12). For the purpose of computing thermodynamic func-
tions, it will be desirable to sacrifice accuracy for the sake of sim-
plicity and to consider approximate methods. In order to obtain
some information regarding probable errors incurred by the approxi-
mnations, the familiar inethod of screcaing constantsm' 3) was applied
as the approxirnate technique, and the results in a few particular cases
cormmpared with more accurate solutions obtained by the Hartree meth-
od. (&) The present discussion is confined to a review of the approxi-
mate method.

The application of the method of screening constants to the
calculation of atomic voiumes consists of treating a given atom as
an hydrogen-like atomic structure. This approximation would ap-
pear to be reasonable, especially for the higher electronic states,
on the basis of the argument already given in Section III B. For the
lower energy states, the shielding effect of the outer electrons is
not as effective; hence, it is neceasary to apply corrections in the
computation of the effective core charge by means of emplirical
rulee. Slater suggests a set of rulea(4) based on data obtained from
ions, x-ray energy levels, etc. The total shielding effect of the
outer electrone on the field of the nucleus is determined by com-

puting the contributions ot each electron by means of the rules.
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The method is “eadily applied to volume calculaticas, and is therc-
fore especially suited to the present problem:.
Tt was prcviously noted that the terra values for the hydrogen

atom can be approximated by the Bohz medel,

5
C
W, Z R,h (25)
n?.
where Z , (the atomic number) is of course one. If the many-electron
atom is treated as an hydrogen-like structure, it is necessary to in-

troduce an effective atomic number Zp“ which is defined

Z,,=(Z-3) (61)

vshere S 1is the screening constant computed by the method indicated
above. The analogous energy relation (in Rydberg units) tc expres-

sion (25) is, therefore

2
W, _¢ _(Z-3), (62)
n! 2
R.hc 2

It is assumed that this rclation will be valid for any azbitrary atom.
Note that spectroscopic data ylelds £ , which, along with the com-
puted values of S, define n_ .

The calculation of atomic volumes is made on the basis of
an assumed spherically symmetric configuration. Thus the determi-
nation of the average value of the atomic radius cubed (73) is re-

quired. This quantity ma~ be computed readily from the relation
oo 31 27

r =/y/’2%*r32}r2dr*sml9d0dip

¢ 0 o
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where r, U and (¢ denote the polar coordinates, and ?.I is the
wave function of the system in question.
In the case of the hydrogen atom it is knewn that the wave

function is given by (29)

Y =4 (nig) = RN S, (%,4) (63)

S, (V,¢9) 1a a normallized surface harmonic of order |m| and
degree L , and R (F) iz defined as
1

3
= f[fe Fo
G \na, 2n[(n+£)!] L °

28+

L., () is the associated Laguerre polynomial of degrec ({-n)
and order 2L +1, and r‘t=22r/n g, with G, = radius of the first

Bohr orbit. It follows, therefore, that

3 0 —n stel a4l 2
r n \’(n-1-¢)! 1
(-CI—Z (72.)2n[(n+£)!]3 S rL Ln+l (r]-) er 164}

TlLe integral may be readily evaluated to yleld {Cf. Appendix D)

4 S s
[oronal]’y; _(oebrzt) _—
t=o[(4-t)t 1] (n-2-1-t)!

It should be noted that this surn terminates at t=n-{-{ if n-£<5

If the summation is expanded out and the resuiting expression substi-

o

tuted into Equation {64), then

(P 0% 4y L( 4 16(n-1-1)
(o )Ln-fé<7_)( 7)ol ”1 Tt

+ 36(n-1-1)(r-1-2) + 16(n~L-1)--(n-£-3) (n—l—i)~~-(n-l-4)}

(n+4+4)n+L+ 3) (h+4)-- (n+242) * (n+44)-~ (44 +1)
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which may be reduced to

n\ni

(5)= (= {3(%)4 N R AN ) } (65)

Or, if the quantity in the bracketis is denoted by Yln o then

—2-)371 (66)

n

85
[
B

An analcogous relation may bs assumed for the mzny-clectron atom

by replacing the (nZ/Z,) factor by Equation {62),

(3\2 (\Z—Sfyb =y, (67)

The spherical volume bi corresponding to this value of (PB)L is

b.L=<4J; as )YL‘}': (68)

where the more general notation { for the quantum energy state has
been introduced. It is evident from Equation (26) that in computing
the internal partition function, it ie necessary to gsum the product of
the degeneracy and the weighting function Szne— g‘" over the allowed
values of { . The computation {# complicated by the presence of the
function in , which is defined by Equation {66). Figure 5 gives
some indication of the nature of this function. Note that 1<), nﬁ %5

and also that
Yor 8(35+’n§)
=142 4443
Voo = 143+ gt
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A general approximation can be obtained from Equetion (65} for small

i/n .
Y %5[1 - %(%)2]

In spite of these simplifications the summation over | proved to be
a formidable problem and no simple solution was found. In view of
this fact, it seemed advisable to simplify the entire problem by as-
sizning to ¥, some aveiagc value ¥, . Equation (34) is the core

respondin; simplification of the general exprcssion (68).

The selection of )’o for a given system car be accomplished
by an iteration process. Starting with an initial cstimate, one can
compute g by first sclving for the moments U , d and T'. An
average value of X&n can then be defined for each valueof n . If
the cemputed average compares favorably with the assumed value
in the region of n wherein c})(n) makees the largest contribution to
Ob » then the initial estimate was »r. adequate one. If not, then the
process can be repeated. A suitable average th for given N can ‘

be defined as

X/.6 4.2 2¢ 4 ~l h 4.2 2 L
BP0 E) ek Byt sl
e = [_2 2(t+i,e
n 1=0
wvhere
B=f
A

la>d
A qaaimnle ernmaitatian R« 2 2 < !A’B s s wssad = 8 . e .o
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thic function as the asswincd valuz is varied from Y. = 2to Y= 2.6.
The influence oi ¥, on q is also a relatively small effect. Sample
calculations indicate that fos f = 0(10"7)i a 25%0 increase in ¥,

causes about a 5%/0 decrecase in CL §

B. Calculation of Atomic Volumes

/.tomic volumes for any quantur: cnergy state L may be com=
puted for a spherical miodel {based on the assumption of a hydrogen-
like structure) by using Equation (67). The quantity ¥ is computec
from the known spectroscopic duta of the atom (assumed hydrogen-
like for the higher states), and the screening constant S, by the
riethod previously mentioned. It is of interest to determtn; the value

of 'v'.L——- -%n for the higher cnerygy states according to the hydrogen-

2

like approximations. In these cases, (2-S)—>1{ and Sy i from

Equation (62). It is evident from Equation (67) that

1}' :‘\/ =n2
n n

b, b{n = (Mragw

n6
3 /7 4n

{69)
The calculation of these volumes may also be carried cut by
applying the more accurate method of [lartiree, usually referred to
as the rnethod of self-consistent fields. The procecdure is essentially
a numerical one and relics primarily on the representation of a com-
nlex atomic structure by the superposition of singie-ciectron wave
functions. A numerical representation of the wave function for the
entire system is obtained by trial and error esiimaies on these

single-electron functions. The applicability of the method to the
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present problem was investigated by ..ctually carrying out volume
computaticns :—)3 for the potassiurn atom. ‘Ihe semi-empiricai
wave functions for this atorn were supplied by D. S. Viiiars of the
U. S. Naval Ordnance Test Station, Inyckern. Thene data were
tabulated for the radial wave function |?n( r) as a function of the rad-
ial distance from the center of the nucleus. The function F?n(r) is

d- lined
an(r‘) =r Rl.n(r‘)

in accordance with the expression for ZI/ given by Equation (63).
The function (_F)3 was readily obtained by the evaluation of the fol-
lowing integral (Cf .. previous definition of r3 ) using numerical meth-
ods of integration:
o
= /ot (r)rdr
J Ln
o

Sample computations of (7)3 for various energy states are presented
in Table I and compared with the results obtained by the method of

screening constants. The correiation 1s well within the limits of ac-

ceptable engineering accuracy.
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Vi, THERMODYNAMIC FUNCTIONS

A. Fundamental Relations

The following well-known relations* define the contribution
to the thermodynamic functions by the internal energy states. In

the present case Qmt is due to electronic excitation.

EF? ~-1nQ E_H_ ‘1 (ﬂ%} (70)
where F is the Gibiis free energy

F=H-TS (71)
The heat capacity C is

- R (R
K tni

Ln{

The evaluation of these functions requires explicit relations for Q.
L
and its first two temperature derivatives. These derivatives may be

computed in general form directly from the Fermi Equation.

B. Thermodynamic Functicns

Good approxirnations for the thermodynamic functions can be
obtained by using Equation (55) for Q.m " and performing the necze=
sary differentiations directly on this expression. In cairying out
this scheme, it is conveniznt to separate Qint into two parts cor-

responding to the notation of Equation (26). Thus define

* Cf. Reference 10, p. 442
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(C)) &}
=Q +Q

where according to Equation (55)

Q«» et /KT

l

/1

Q' © LAY - W /KT 3, W /T

+ €g, hig,)e

I
£
o)
,(
»

1l

N -

052

a

(D

Che first derivative of Q.mt with respect to T is

TR

(o) (1) w
wt=ToR 4 T2Q 4, T2Q
=T oyttt

where

{73)

A
© —W/KT w
Tg—? j;(ﬁt + /n‘)h +,u<5 +5% +2’c% ]}
a‘? Q A@)
%9 Q, A

\ — Wa (@®+ pa* + 5a°+ )
AG) = [:r + /3 I H - —
(- )
w = W,— Reh¢
1 32

The second derivative of Q;,, is

-.‘N
1%
. N::O

. 2 2 (@ Q )
"S55 nt _—.—.:T%%Qz %Qo +T2UQ

(74)
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where
jQw —-V’/l/l"T( ﬁ: i N2 ? ® (2 o) y (o_,]
i RN e VR SR

2 @ ) o @ (3) 2, @
Tl g e )g teiusig - Enrrs)g”

+ 287 %(0* 7200@] (t 2/3%)_ Z(ﬂ)(fﬁ“’ 1,’.?+ 31/14 T) %f

19, - @ |A@)- 2w 2 iy 50t
e @, ]A@) 4 u__%z(ay.;aquéoth)j

o

T2IQy — o A(Ot) ‘?K?* —(1-é'r) (a +MA, +3a +T)}

-

The substitution of these derivatives into the expressions

for the thermodynamic functions, Equations (70) to (72), is a straight-

forward procedure.

C. Equation of State

An aquation of state for a gaseous system of neutral ator‘nB
with excited clectronic states can be d=rived in terms of the results
which have already been obtained in the previous sections. In par-
ticular, it can be shown that the covolume correction b given in
Zguation (1) and defined in Equation (4) may be cxpressed as a func-
tion: of the mornents of the internal partition function (Cf. ilquations
(38)) and the statc pararneter

|

Consider, therefore, the generz! relation {4). This expres-

sion may be eimplified considerably by introducing the relations



-lT =
(27), (33) to (35) and (44). Thus

o — 3
le - c%z Z F(Vl+1)l)%‘ql

% ] it =1
where
b = ZJTGoyo
s 3 (75)

Qbviously
b . 1 - .3
BN g fz‘ﬂi{% LRl T}
And so
b -
bN — 2(v+ ) = (76)

The corresponding equation of state is readily obtained by
substituting this reiation into Equation (1}, which, in standard form
is

If the definition of 3 is applied along with Equaticn (76}, the above

equation reduces to

PY it 2p(r+ é
2% i eplre
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It is of interest to exarnine the behavior of this function in
the limit for large temperature. According to the analysis of Part IV
B above, the high temperature iimits tc the three moments are
given by Equations (58). These results, along with the approxima-
tion (54), yield

o ()11 &

Scme sample computations of the ''compressibility factor' given in
{78) are presented in Figures 7, 8 and 9.

The equation of state (78) may be corrected to account for
the presence of ions in the gas mixture which appear as products of
the reaction (28). In making the actual calculation, it will be more
convenient to use a slightly different definition than indicated in Zqua-

tion (77). Consider therefore the expression

NnkT nkT (80)

where TL denotes the total number of particles at equilibrium accord-

ing to the definition of f’art III-C. The substitution of Equatiors (29)
into (30) yields

NKT (1+;) n&T
which is, in the notation of quation (738)

PV _ eu . i x
m_[ue/s(ﬁn%o)](ud,) (s1)

Note that the limit of the ionization factor for large T is 2.
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I’. Discussion

The present analysis has achieved three objectives. First,
a convergent series expression for the internal partition function of
un-ionized atoms has been derived. Second, this result provides a
methed for computing the electronic contributicn to the thermodynamic
functions. And finally, the range of applicability of both thé customary
method and of the covolume treatment has been determined. The re-
sults of the analysis show decisively that although the covolume cor-
rections are the major deviations from ideal gas behavior at the lower
temperatures, these effects may be neglected in making engineering
calculations. Furthermore it is found that at the higher temperatures,
when these deviations become gignificant, it i3 necessary to include
also the effects cf ionization. Indeed, actual computations performed
for lithium and nitrogen (Cf. Figures 7, 8 and 9) indicate that the
‘non-ideal behavior of the gas at the higher temperatures is due large-
ly to this effect, and that the covolume correction to the equation of
state due to the expandiag volumes of the excited atoms is in com-
parison a smaller deviation. Therefore, if these results are at all
representative of the general behavior of all atoms, then it is appar-
ent that a realistic derivation of the thermodynamic functions of gases
at high temperatures must necessarily take into account the presence
of ions and free electrons in the mixture.

The extension of the present treatment to include the effect
of ions and free ele:trons in the mixture is a formidable problem.
The most serious complication which arisesg in this calculation is the
specification of the interaction between the various typea of particles.

Although the method of excluded volumes has been'applied to approx *
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imate the interaction of neutral atoms in excited electronic staies,
the application cf this method is not generally recommended for sys-
tems which contain charged particles. An henest calculation of the
thermodynamic functions of a mi xture of atoms, ions and electrons
must be based on a more realistic description of the interaction po-
tentials; but, these potentials are generally not known.

When ionization is of the order of 10 percent (at temperatures
oi about 10, OOOOK) charged particles will be involved in relatively few
- encounters, and it is expected that the interaction terms corresponding
to binary collisions between charged particles and neutral atoms will
yield small corrections on the thermodynamic functions. It is suggested
thercfore that as a first approximation these interaction effects may be
neglected entirsly, and that the mixture may be treated by the familiar
methods of classica! soluti on thermodynamics, In these calculstions
one may compute separsteiy the contributions to the thermodynamic
functions of the atoms, and of the icns and free electrons and then apply
the necessary mixing terms to determine the properties of the complete
system. The charged particles in the mixture may be treated by the
Debye-Huckel theory‘zo) and the methods oxitlined in the present study
are directly applicable to the neutral atoms. These approximations are
admittedly crude, but an attempt to _achieve greater accuracy would
require much more realistic descriptions of the interactions for the
various atomic particles.

The relations derived in the present analysis have been applied

to the computation of the thermodynamic functions of lithium I
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for varicus temperatures and pressure. in particualar, the contri-
butions from the electronic states to the internal energy, the entropy
and the heat capacity have been plotted as funciions of temperature
in Figures 10 to 12. It should be noted that these functions represent
the contributions of only the neutral atoms. Brokeneline curves
have been drawn for the higher temperature range of the functions
because of the uncertainty in the method of computing atomic vol-
umes for the more highly excited atoms. These volumes are rela-
tively small for the lower energy states, and large errors can be
tolerated in the calculation. But, the influence of the atomic vcl-
umes (i.c. interactions) on the thermodynamic functions become
more pronounced :at the higher temperatures: thus, more realistic
interaction potentials should be introduced for atoms in the highly

excited clectronic states.
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TABLE I. ATOMIC VCLUME CALCULATIONS

FOR POTASSIUM 1.

State hon D 3
Z-3S B’ Qn) . rEn
emission £ tn a. (Slater's .
in ¢ °
electron method) {Hartree)
3d 541 2.33 1260 1027
54 516 4. 50 2320 2366
5d ii,750 3.81 42,400 40,826
74 12, 50¢C 4,44 55,400 55,900
114 479,000 4. 37 2,090,000 2,062,665
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APPENDIX A

Classical Solution Thermodynamics
1. The Chemical Potential
For real gases, the fugacity Fi. of component { is proportional
to the activity A{ .
ﬂ = cunst. Ai_ (A=1)
The activity A{ , however, is related to the chemical poteatial M by
A= e Mi/kT

If we substitmte Equation (A-2) in (A-1) and solve for M{ » we obtain

(A-2)

Pi= kan(

const

Let the properties of this component in the pure state ( )’ be used as

a reicrence, then

P kT In( 1)

and it follows that

Fi= i+ KT b(f/R)

But the mole fraction N; /N is given by

N — fi
N ﬂ
hsnce:
=54 KT Adn N (A-3)

2. The Entropy

The differential equation defining Gibb's free energy F is

dF =—5dT +VdP + 5" yidN; (A-4)
C
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but
F= D HiNi (A-5)

so that

If we equate this expression to (A-4), we obtain the Gibbs-Duhem

relation
_ 5dT 1 VdP - ?N{dm = O - (As6)
For a constant pressure process dP=0 and
SAT + Z.L:Nidf’t" O (A<7)

The entropy inay also be defined by Euler's reiation for extensive

properties
S
S = N (31
ZL‘I ‘(9 {)PTNj (A-8)
If Equation {A-3) is substituted in (A7)
N N
ZNH Nl T )’i}“‘o
; J
ut Ny is arbitrary, therefore
/YR aS
o t - ____)

We can obtain the temperature derivative of j; from Equation (A-3)
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U [2u) Ni .
G), = §F) ++b% (A-10)

But for a pure component Equation (A-7) ylelds

0

--),

ZIO)
W

P

TS
P
d
e
e
-

And from (A-9), using (A-10) and {A-11)

(ao ) = Si_ Lkt N Nt
INj/pry, NL

[
the substitution of this expression in Equation (A~8) gives

S = Z(SE— kN,;Lna'Q (A-12)

3. The Volurme

For a constant temperature procese, the Gibbs<Duheéin rela-

tion (A-6) yields

A

V=) N 5 (A-13)
2 N
i T
The Euler relation for the volume is

SN A

V= L NGN

(A-14)

PTH,

For a pure component, Equation (A-13) reduces to
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Vi ()  (aa1s
Ny \3%” )
By using the pressure derivative of M from Equation (A-3) we obtain

(%n_:pi)T__: (%{)Tz %L (A-16)

&

where Equation {A-15) has been introduced. The substitution of this

expressicn into Equation (A-13) yields

V=)V (A-17)
L
and
@z) -V
INJor . Ni (A-18)

|

4. The Internal Energy

The Gibbe fres snergy £ may aleo be defined by
F=H-TS = E+PV~-TS (A-19)

If we introduce Equation {A-5) into this expression and solve for E ,

the interna! snergy.

~-Ts-PV + ), N; (A-20)
{

The application of the reiations {A-12) and (A-18) ylelds

— [ 1
E= )T {T<SE ~ leN; lfl:%i) - PV; t M MJ
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The expression for /J.i from (A-3) may now be introduced

E=). {TS{— PV”+ Nw{’}

L

where the quantity in the bracket is evidently the internal energy of

the pure component E: » hence

- Z E; (A-21) *
L



APPENDIX B

1. The Associated LLaguerre Polynomial
k k
L’n = g)_(k“‘n(){) (B-1)

where

- 3
» xpl =XZ 1 Ln(X) D2
coerl 2l = Lo (32
If Equation (B-2) is differentiated Kk -times
kS oz
-1 ox F—~XZ [ Z ]= A\ (iB~3
PRl ] = 2 =5 (8-3)
Define
— W—X_,ki-p-i k k ...
In)m = e X Ln(x) Lm\")ux (304)

B s
where: k n,n,m are integers

Multiply Equation {B-3} by asother Laguerre function evaluated at Z2=2,

XZ2 ]
I“ZZ'!

A_M k k -kl
EiZe L X L\x) = (Z,Z5) |(1-Z.)1-Z,) - Xz,
A p=k ApE g (2. %2) [( X2 exp[ i~z

kt+p-1

Multiply each side by ¢ )( and integrate

oo

k K-l f k+p-i
2_‘ A(“ IA/“ 2‘42'2) [([—i,)(l*?.z)] (//" CXPEX"’{% - zszX

A p=k

G
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For 20 , this expression readily reduces to

V‘\ Z?Zz/u[ :(z.zz)k[(l~~z.)(1—f~z)] (k+p—1)'. (B-5)
M/ul AH (j—Z,Zg)k”’ :

The denominator of Equation (B-5) may be expanded in a Taylor series
about the point z,z,=©

(‘1—2,2,)4(— Z (k+P+“1) (Z Zz} {B-6)
A=o0 \rvrp 1) Al

The term [(I“Z.)(I‘Zz)] P~ may also be expanded; thus the expansion
of each factor about the point Z=o0 ylelds |

: (P-DIEZ)E S (p-D))(-2,)F (B-7
L( )= Z)] 2;0 Al (p-1-4)] Z:-’O ti(p-1-t)! )

The substitution of Equations (B-6, 7) into Equation {B-5) gives -

>0 M o L At 4+, t4y 2
1 Z.}'Z’z i ) 3 1)z, W& )(p+;!_;}§£(p-1)!} {B-8}
a A1 ..l CAM T L AR =
/‘I ! ) ’ ] - A V7 J I
A Hm=k r At=0 Va=k a1t (p-1-8)i(p-i-t)i (/- k)|

where V= Lk+2

An expression for the function [, = is chtained by setting
M= A=m and equating the coefficients of the like powers of (2,Z,)
from the two sides of the abuve eqrdon. If it is noted that only like
values of 4 and t yield terms in (z Z,z)m, then Equation (B-8) re-

ducen to



S ) e, 5y M2 7 (prv )
S M T T |
m=k dt=0 J=k [1(p-t-1)i]" (v-l)

)1/

- i -0 (p+v-) { (5.,

e o
S mar o LT
(2‘22)1/"0'1 u (ZIZZ)'L/-?Z + (‘:‘Zz) +p-i -]S,
[-2n® (a2l [t )

Note that the summation over ¢t terminates when t=p—1 . By equating

the coefficients of (Z,Z,) and using 151+ Y=m,

= [ml(p-1)1]? Z (ptm-1-)l (B-3)
D=0 [PI(p-1-0)I1]*(m-k-¥)|

The function 1, . for various values of ;; can be obtained readily.

p=i 101
-10
Im m = <m!)3 ‘ !
' (m-k)!
p=2
1
iy / L—l \®Lh;

o [(1- v)lm] (rn~7)_k)| Lo~ k)g
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p=3
é
- )
Im,m‘—— (mszl)z s (m-1V+2)1 )
Vmo [@-D)NVI]E(m-v-k)! (2-12)
= (m!):’ 6mz_ 6mi( kz G6m_3lk 12
0=5

4
L = (1412 )" (m-V+4)!

, (B-13)
v=o [(4-m1vi]? (m~v-k)|

In the present analysis it will be of interest to define

m

k

w L/
AR A

li

1]

2(+i
where n and ! are the principal and azimuthal quantum numbers re-

spectively. Equation (B-13) yields

4
Lptnet ™ [(-'!H)Mi]z Z (n+{-V+4)l (B-14)
P=o [(4-v)wi]* (n-L--1))
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APPENDIX C

The przsent section summarizes the important relations re-
quired for the solution of the eimuitaneous equations {48} using the
approximations (49). The derivatives of q computed from the rela-
tioa {55) are

;)- - [‘b + 290 + e h@y)

99— — —_%t{ct“ +9°q@ + e h(o,)}

7.7, , e
a‘,& \1_/a't>{ O (a)+€o h(c*)}

The corresponding derivatives of ¢ , ¥ and ?r/, are

a¢—3+%1 {p" et i )

T%I { cb“* a %(a)(aaz/t«)+ec h(@)(3a}- 4

2%“0 A N L S L S ]
+ %@%ﬂ)(sa‘ﬂ,{-éaih(a*)ﬁf (36¢ ~4) JL

= 297947+ £590945) + salhie (G4-5)}

g_)é(/ =9t —%% {3%@)_ 51(0 + %ZQ@)(5504~§) + €45 hig) (3¢ -5)}

2 ?J . . .)
5%“: (ICATF | [3[97+ 23743V +54)] -3 [4HHAG A7 59)]

+ sb@_)é-@ (a*-5)+ éqfh(q,)E(Q,,)@Qpé)}
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3= £, {47 74" §506%0) + eqfnaaE-T)]
S {%“" 7+ 4010 ) +ofhaale )
g_%____ % + [ ®, é[%«) + /1%‘5’ + 3%@)] ,L,r%m +p %B)-i- /“%(z) N 53“) )]

+1qQEQIEST) + €7 hQEGEE-T) }

where the function £(@) ie defined by
Fa=1+8 (a"-;-/uo“+302)

In carrying out the actual computations for the three moments
by means of the above relations and Equations (48) and (45), a slight
simplification can be accomplished by ncglecting thc weighting func-
tion in the lower encrgy states. This is to say, one can assuine an
approximation for the sums Cb“) (Cf. Equaticn (57)) which is inde-
pendent of F . Thus

wh L 7— 6; A W /i
k(d) %\-11).1 . j&': A.q‘ %/kl j ~ ~)——1_’J:¢ . $/KT
0 =1 ¥ F <i 7:15 <
l ¢

This approxiration is especiaily good for the lower iemnperaiuie sys-
tems ( ﬁ) 10'6). However, it is also applicable to the smaller values
of /S . It is applicable in the first case because the entire weighting
function 22 1l . Although this is not the tase for ﬁ < 10'6. it may
gtill be vacd becausc the contribution to C% of the terins j=] to A is
not the major contribution. As previcusly discussed, the largest con-

tribution stems fron ihc higlher energy states. Thus, relatively large

errors can be tolerated inr thae first A terms of %
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