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OUTLINF. OF RESEARCH IN STATISTICS OF LIFE AND FATIGUE TESTING

by
Benjamin Epstein

Denartment of Mathematics
¥Wayne University

I, Introductien

On April 1, 1951, a rssearch project on the statistics of life and
fatigue testing was initiated at Wayne University. The principal objective
of the resc.rch was to develop statistical techniques of estimation and
decision rmaking which make maximm use of the information arising from life
and fatigue “ests. & cheracterisiic featurs of such tests is that inferzotlon
becoumes arailable continuously and faiiures when they do occur are naturally
orderad (e.g., 1n time), In the course of this research we have tried te
develop statisticsl procedures in life testing which are optimwm in that we
get. the most information eut of the data for the least overall cost in time
and nwmber of items destroyud,

The research done under this prejeci spresents substantial progress
i1 a field about which little wes known two or three years ago. On the .
theerstical side fundamental werk has been done in estimation and hypothesis
testing, in stochastic processss, continuous and ordinary sequantial analysis,
non=paresetric theory, and order statistics. The research has stimulated
intereet in life testing and has drawn the attention of other mathematical
stetisticians to some of the iapertant problems in this field., On the
applied side it has been clear from the start that the results wcuid be use-
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ful in fields as diverse gs lifs testing of electron tubes to follow-up
studies on the effectiveness of medical treatment. The potential applications
are very nuxmerous indeed,
In the sequel we shall give the ollowing:
Section II: Persomnel. on the project,
Section III: Reports and papers resulting from the project.
Section IV: Summary of the resuits obtained under the project.
Section Vi Related work by other mathematical statist icims,
Section VI: Some remarks on the applications of this work.
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II, Psrsomnel on the project

Tr: followd ng members of the Wayne University staff have been
commected with the recearch prcject.
Professor Benjamin Epstein, Project Director, April i, 1751-January 31, 195a.
Professor Milton Sobel, April 1, 1951-February 1, 1952,
M¥r, C. H. Rraft, September 15, 1951-June 15, 1952,
Frofessor C, K. Tsao, February 1, 1552-September 1, 1953,

In addition there were
Mrs, Dorothy Wolfe, Graduate Assistant, Septembter 15, 1951-June 1, 1953,
and several student assistar*s who performed calculations, typed reports, did
clerical work, etc,

IIY, Reports and papers rezulting from the project
A. The following reports have been issued:

(1) "Some Tests Based on the First r Ordered Observations Drawn from
an Exponential Distribution”, by B, Fpstein and M, Sobel, Issucd
March 1, 1952, as Viayne University Report No. 1 and Stanford
University Report No.- 8,

(2) "Fotimates of Mean Life Based on the r'th Smallest Value in a
Samuple of Size n uUrawn rrom an Exponentizl Distribution', by
B, Epstein. Issued July 1, 1952, ss Technical Report No, 2,

{3) "Some Two Sample Tests Based on Ordered Observations from the
Exponential Distritution”, by B, Epstein and U, K, Teso., Imsued
December 15, 1952, -u Technical Report No. 3,

(4) "Some Results on Truncated Life Tests in the Exponential Case",

b’ Bo Epmmo I‘s‘”d Febm 15, 1953’ as Technical Repox‘t Nco l&o
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(6)

(7

(8)

B, Papers
(1)

(2)

(3)

(»)

(5)

"Operating Characteristic Curves and Other Features of Truncated
Life Tests with Replacement®, by B. Epstein, Issusd May 15, 1953,
as Teclmical Reposrt No, 5.

"Tables for the Distribution of the Number of Excsedances™, by

B, Epstein, Issued July 15, 1953, as Technical Repori Wo. 6,

"in Extension of Massey'!s Distribution of the Maximum Deviation
Between Two Sample Cumulative Step Functions", by C. K. Tsao.
Issued July 15, 1953, as Technical Revort No. 7.

"Sequential Life Tests in the Exponential Case", by B. Epstein and
M., Sobel. Issued Jamuary 31, 1954, as Technical Report No. 8,

pullished, accepted for publication, or submitted for publication,
E. Epstein, "Statistical Problems in Life Testing", Proceedings of
the Seventh Annual Convention of the American Society for Quality
Control, pp. 385-398, 1953,

B. Epstein and M, Sobel, "Life Testing", Joumrnal of the American
Statistical Association 48, 486~502, 1953,

B, Epstein and C, K, Tsa2, "Some Two Sample Tests Based or Ordered
Observations from an Exponential Distritution", Annals of Mathe-
matical Statistics 24, 458-466, 1953.

B. Epstein and M, Sobel, "Some Thecrems Relevant to Life Testing

| oy

from an Exponentiali Fopulation®, Accepied s skl deatdon 4n the

¢

Annals of Mathematical Statistics,

B. Epstein,‘ "Some Results on Truncated Life Tests in the Exponentirl

Case", Sulmitted for publication in the Ammals of Mathematical

Statistics,
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(6) FE. Epstsin, "Tables for the Distribution of the Number of
Fixrzeedances!. Submitted for publication in the Ainals of Hathe-
maticel Statistics.

{7) C. K. Tsao, "An Extension of Massey's Distribution of the Maximum
Dsviation Between Two Sample <Cumulative Step Functions?,

Subtmitted for publication in the Annals of Msthematical Statistice,

Other papers hased cn this research or its extensions are in various
stages of preparation, Appropriate acknowledgement will be made of support
by the Office of Naval Research.

C. Several papers have been presented either by titie or in person at
scientific meetings, These are:
(1) "Life Testing", by B, Epstein and M, Sobel, Sampling inspection
Conference, Stanford University, August, 1951,

(2) r"Some Tests Based on the First r Ordered Observations Drawn from
an Exponential Distribution”, by B. Epstein and M. Sobel,
Christmas meeting of the Institute of Mathematical Statistics, ‘
Boston, Massachusetts, December, 1951. ‘g

(3) "Some Theorems Relevant to Life Testing", by B. Epstein and
M, Sobel, December, 1951,

{(4) "A Method for Reducing the Time to Complete Certain Fatigue
Experiments®, by L. G. Johnson, December. 1951,

(5) "Efficiency of Estimators of the Mean of an Exponential Distri-
bution Based Oniy on the r'th Smallest Observation in an Ordered
Sampie", by B. Epstein, Summer meeting of the Institute of Mathe-

matical Statistics, East Lansing, Michigan, September, 1952,
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{A) "On Truncated Kules of istion®, by B. “pstein, September, 1952,

(7) "An Fxtension of Massey's Distribution of the Maximum Deviation
Betwean Twe Ssmple Cumulative Step Functions™, by C. K, Tsao,
September, 1952,

(8) "Some Two Samp. Tests on the FExponential Distritution", by
B. Epstein and C. K. Tsao, September, 1952,

(9) "A Non-Parametric Two Sample Life Test", by B, Epstein, Christmas
meeting of the Institute of Mathematical Statistics, Chicago,
Iliinois, Decembar, 1952,

(10) r"Statistical Problszus in Life Testing", by B. Epstein, Invited
address on session dewvoted ioc Life Testing of Electrical and
Electronic Equipment at the Seventh Anmual Convention of the
American Society for Quelity Control, Philsdelphia, Penngylvania,
May, 1953, This talk was also given by invitation at a seminar
on Performance and Reliability of Complex Assemblies held at
Storrs, Comecticut, August 26~28, 1953,

{(11) "Seauentisl Life Tests in the Exponential Case", by B, Epstein
and M. Sobel, Christmes meeting of tnc Institute of Msthematical
Statistics, Washington, D.C,, December, 1953,
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IV, Summery of the resuits obtained under the project.

1. Tests of hyvotheses

As mentioned at the beginning, the principal objective of the
research was to develop statistical techniques of estimation and decision
msking which make maximum use of the information arising from life and fatigue
tests, We first sketch briefly what has been done along the lines of decision
making, Unless octher- specified, we assumes in the sequel that the under—
lying distribution of 1ife is given by the exporential p.d.f,
£(x;0) = & ‘-.x/e’ x>0, 8>0,
Suppose we are interested in the problem of testing the hypothesis Hoz 0= eo
against the alternative le 0= 61 < eo, with prescribed Type I errcr = a
and Type II error = B, We huve given non-sequential, truncated, and
pursly sequenilial test precedures for carrying oul this decision prohlem,
In_ all tests we start at time t = ?'o = 0 with n items drawn at random from
the underlyiig p.d.f, If items which fail on test are not replaced, we
say that we have a non-replacemsnt situation. If items which fail on test
are replaced at once by new items drawn from the same underlyine p.d.f.,
we say that we have a replacement situation. By a non-sequential procedure
we mean one whéere we do not make a decision, except at the very end,
Truncation of a life test may be with respect to the maximum number of
failures allowed to occur before termination of the test, or with respect

= el TR . __ .3 AD ——— e B _ __A& AL _ e

%0 & maximan allowed Lime of experimentalion or Wlhe A8 Lhe nams implles,
sequeniial tests mk\e use of_ ‘aJ.l of the informaticn as it bescomes availatle,
A novel and very interesting feature of sequential life test procedures is
that decisioma can now be made continuously in time. Auwong the explicit
results obtained aie such useful quantities as L(8), the probability cf

accepting © = 6, when 9 is true; Eg(r), the e-mected number of items failed
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in reaching a decision; and Eg(t), the expected waiting time to reach a
decision., These results make it possible to design life test procedures
for testing 30 against 61 with prescribed errors o and 3 at the eax Jlest
overall cost in time and number of items failed.

All of the results cre in A1, A4, A8, Bl, B2, and B5, In
additicn, useful two sampie life test procedures of a non-sequential nature
are given 1. A3, B3. The tests are simple to apply since they can be
reduced tc equivalent F tests in most cases, A sequential two sample
result has alsoc been obtained and the manuscript is being prepared,

2, Estimation procedures

When one turns to estimation. we have obtained results in Al, Bz,
in the case where n items are placed on life test and where the test is con-
tinued until the rith failure occurs. lLet z:l,n be the totud time
(measured from the beginning of the experimsnt) which elapses until the i'th

failure occurs., Then it can be pioved in the non-replacement case that

L . +
(1) 8 20 %n’ " %on (*r) Xpn
r,n -

is a '"best" estimate of © in the sense of being madmm likelihood, minimum

variance, efficient, and sufficient. In the replaccment case the "best”

estimate is
. A o
(2) Br’n a xr’nlr .

A . 2
In either case 2r §, /6 is distributed as X“(2r). From the latter fact
we have a ready means for finding confidence interval estimates for © based

on knowledge of the first r failure times,
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In the previous paragraph the 1ifc test was continued until =
preaesigned number of failures occur. 3uppose experimentation is indtlsted
with n items and truncated at a preassigned time t¥., 1In this case, &, the
number of items which fail in a time interval of length t*, is a random
variable, It we have a replacement procedure, then the life test experiment
beccmee a Poisson process having a failure rate of /\ =« n/6, Known
estimation procedures for the Poisson process can then be applied to find

"best," estimates for A and thus for 6, In the non-replacement case

X +*

2 x ¢ (n-k)t

i=1

(3) /e\. K ' k= o; 1’ 2’ seeyg I

is a maximum likelihood estimate for 8, However it hap no simple distribution.

In the asymptotic sense {i.e., as n and k increase) we can say, mowever,
that (3) is very nearly optimum,

An interesting class of estimation problems arises in the
following w2y, Consider the decision procedures introduced at the beginning,
In the course of reacliing a decision data are collected. How can these dats
best be used to estimate 6?7 This will, of course, be recognized by many
people as a prollem which has aroused considerable interest of late. No very
good answers can be given, except when the number of observations becomes
large. We have found a number of results along these lines, which we think

2 auite 1
are gul R

te nl, or exanple. we have shown how we can make best estimates

vhen information comes from several expsriments, Essential in this
connection is a statistic which we call total life.

It is appropriate to mention certain resuiis which may .
frequently be useful in practice, because of their great simplicity., Notice
first that according t> equation {2}, no information is lost in the estimation
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of the mean “ife O in the replacement case, il one usees xr,n alone,
This is equivalent tc saying that xr,n is sufficient for estimating 5
in the replacement czse., In the non-replacement case xr,n is not
sufficient for estimeting S, iiowcver, it is shown in A2 that very little
information is lost (in the exponential case) if we retain only the value
of xr,n (the time of the r'th failure) and forget about
:'l,n’ "2,n' eees Xy
result makes estimates of mean life and percentile much easier to calculate,

n (the times when the first (r-1) items failed). This
]

It also renders it unnecessary to maintain exact records of the time,

Scue useful asymptotic results have also been obtained. By and
large these show that excellent point and interval estimates of the mean
1ife © can often be made, even if one does not know the exact times to
fsiiure. Thus, for exampie, consider a situation whers 10CC tubes ars sach
subjected to a 500 hour life test, It turns out thzt inewing k, the number
of tubes which fail to survive 500 hours, is atout as good as knowing all k
faillure times, Of course, one of our presuppositions is that the under-
lying p.d.f. is exponential,

3. Some otherresults on expocnential life tests

In B4 we give a number of lemmas and theorems which are of interest
in the general theory. These ygsults furnish a basis for finding '"best"
estimgtes of © from knowledge about the times when the first ry failures
(ry Sms, 4 =1, 2, coe, k) oceur in k different experiments, The under-
lying p.d.f.'s are now gereralized so that they are two-parameter in nature,
i,e., of the form %o'(“*)/e, Af 20,8>0,'1 =1, 2, oo, ke The Ay'r
may be the same or different, known or uninown. © is unknown and common to
all k life distributions. The A4's can be mtorprgtod as minimum life or as
a sensitivity limit (in fatigus tests).
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In C4, the work is extended to the Weibmll distrinmiticon, where the
&.d.f, of life 38 FP(x;8) =1 - 9'°(x/e)b, x>9, 8 >0, The exponential
zase corresponds tc having b = 1. In sowe applicatione {for example, te
ball bearing fatigue failures) b is known fairly well, This makes it
possible to use exponential theory after certain minor modifications are madas.
It was mentioned earlier that an important statistic in the
exponential case is something we call "total life", Briefly, it is defined
as {cllocws. Let life tesi:ing.cme at time t = "o =0 with n, items,
As the 1ife test proceeds, there will be certain times 0 < ¢, < S e S S ooy
when an abrupt change occurs. The t;'s may be random variables or times
fixed in advance. By an abrupt change we mean such occurrences as the

" failure of one of the items under test, the addition of new items to those

a0ill on test, or the removal of items from the test before they fail, If
n, is the number of items tested in the half-open interval [ty ti +1) then

)

the observed total life T(t) in the interval [O,t] is defined as

() () = %?6“ ny(bg,y = ty) + o (t = t).

In (L), k abrupt changes occur in [O,t] . In & menuscript cailed "Remarks
on a Statistic Useful in Life Testing" we find the distribution of the
statistic and some of its properties in speciel cases, This statistic
mekes it possible to 'treat. estimation problems rér replacement, non-replace-
ment, truncated, suspended, and sequential life tests as special cases of a
general theory, It will be seen 1n 8 later section that when people in
inspection campute a life test rating for a sample of tubes, they are in
reality finding the total 1life for a special situation,
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4. Some non-paranetric life tests

In A6 and A7 we give some non-parametric two sample life tests,
Taking advantage of the fact that otsarvalions sceur in crder, the decision
procedure is terminatcd at time ¢ = max{xx.,y‘.)g where r is preassigned and
of course < n, the common sample sigze,

One of the ran-parametric procedurss, A6, makes essential use of
the theory of exceedances, vhile the other procedure A7, is a truncated
maxiwum deviation test of the Kolmogoroff, Smirnov, Massey, Z. W. Birnbaum
type. In the course of this work tables which will be useful not only
in 1life testing but also in flood and drought prcbleme have been wor.sed out.
Fxgeedance tables are given for r = 1(1)n and n = 2(1)20(5)50, Tables of
the distribution of the maximum deviation in truncated c.d.f.'s have teen
workad out for n = 1(1)10(5)40 and r = 1(1) [g] o

Of course, the big question in any non-parametric test is how
good is the power? We have obtained expsrimental O.C. curves for the trun-
cated maximum deviation and exceedance tests for the case where the underiying
P.d.f. '8 are normal with @ = 1, Two hundrad pairs of samples of size 10
each were drawn from Wold's table of normal random deviates. Associating
the letter X with one of the samples in each pait and Y with the other, we
test X against Y, X against Y+ 1, X against Y + 2, ond X ggainst ¥ + 3,
Experimental 0.C. curves were also found for the conventional run, rank sum,
and maximum deviation tests (based on complete sample c.d.f.'s), using the
same set of 200 pairs of samples, All tests were ccntrolled in such a way
that the probapility of rejecting the null hypothesis when true was .05,

We also found experimentally Ey{s), the expected number of observations
required to reach a decision, as a function of d = /"‘Y - /‘x (the distance

separating the means of the ¢xc normal dist:itutions) for the exceedance and
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iruncatad maximum deviation tests, The resulis ndicate that whiie the
exceedance and truncated moximam deviation test~ have better power than the
cun test and werse power than the %Wilcoxon rank test, there is 1 very sub-
gtantial reduction in Ed(s), This is duc 3¢ the fact thet we are talkdng
cdvantage of the time ordered nature of the life vtest data. Another curious
fact seems i be that for the class of altarnatives studied, F(x} vs. F(x+d)

(F normal), a truncated maximm deviation test has virtually as good power

as does the standard maximm deviation test based on complete sample c.d.f.'s,

Of course we are well aware of the fact that any non-parametric
test based only on the initial part of a distributicn can be mede to look
bad againat certain kinds of alternatives, However, there are certainly
many cases in practice where the alternatives are sufficiently well-beha‘ved
or er_xoagh in known a priori to justify giving these procedures serious
consideration, They are very simple to use and require so little

computation,

V. Related wrk by other mathematical statisticians

At the time when this research wa3a begun, the published literature
dealing with the possibility of making use cf order to rsduce the time of
experimentation or the number of observations or both was, as far as we can
ascertain, limited to three papers (1,2,3). A resumé of these papers is
given in B2,

f1) P, H. Jzcobson, "The relative power of three statistics for small sample
Jestructive tests", Journal of the American Statistical Association, 42,

575-58L, 1947.

(2) J. B, Walsh, "Some estimates and testa based on the r ammallest values in
a sample", Armals of Mathematical Statistics, 2, 386-397, 1950.

(3) Max Halperin, "Maximum likelihood estimation in truncated samples”,
Amals of Mathematical Statistics, 2, 26=238, 1952,
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In order to see the relevance of work done by others since the
aprearance of these three papers, we should mention the relationship betwcen
Poisson precesses and sxponential dictributions., It is well imown. for
example, thet the time intervel between successive events in a Poiszon procoss

characterized by the rate of osccurrence )\ s 18 a random variaedbls fon)?ving a
t

»

continuous probability law described by the exponential p.d.f. A :
t >0, It should be noted further that if one has n items on life t{est and
replaces failures as soon as they occur by new items, then we are essentially
dealing with a Poisson process having parameter A = /9, if the underlying
&&&ornkisynnw‘é;vix>0,9>% Thus it is clear that

any iesults obtained on Poisson pmcesées mst be immediately applicable to
exponent izl life test situations with replacement.

A. Birnbaum (4,5,6,7) has discussad this comnection, He has fourn
some sequential and non-sequential test for comparing Poisson populatione
which can be used to give two sample life tests,

Lec Goodman {8) has written an interesting paper on life testing,
He takes up the problem of comparing the longevity of two or more type of

equirment where it is not convenient to identify or keep records or

Fru..

(4) A. Birnbaum, "Sequenticl tests and estimates for comparing Poisson popu-
lations" {Abstract No. 25, Amnals of Mathematical Statistics 23, Dec. 1952).

(5) A. Birnbaum, "Some experimsntal designs for comparative life testing"
(Abstract No, 14, Annals of Mathematical Statistics 24, March, 1953).

{6) A. Dirnbaum, "Statistical methods for Poisson proceases and exporential
populations" (Mimeographed material cistributed at Storrs, Connecticut,
August, 1953).

(7) A. Bimbaum, "Some procedures for :omparing Poisson processes and
populations”, to appear in Blometrika,

(8) Leo Goodman, "Methods of measuring useful lif: under operational
conditicns”, Journal of the American Statistical Association, 48,
503"5309 1953\'1
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individual items, He works under the assumpticn that all iteme are exposed
to a consiant risk, and this is equivalsnt to assuming an exponential p.d.f.
He £inds it convenient to treat the problsm discretely (thus inwolving the
negative binomial) while we have treated life {esting from the continuous
point of view., The introduction in Goodnan's paper summarizes very well
what the paper does., This introduction is now given verbatim,

"A comparison of the loiigevities of t»o or more types of equipment
under operational conditions where it is not convenient to idertify or keep
rscords of individual items can be made by adcpting a certain replacement
policy and observing its effect on the composition of the population, Waen
only two types are beirgz compared, for example, the policy might be that
when an item fails it will be replaced by one of the opposite type. Then
the compusition of the population at any time (that is, the proportions of
the differsnt types among all the items in use) will depend upon the
original composition of the population, the time elapsed, and the longevitiss
of the different typesz. Since the originel compesition and the elapsed time
are known, by determining the new composition of the population we can
obtain information concerning the longevities of the different types of
equipment, " ‘

An interesting and intrinsic feature of sequential life test pro-
cedures is that decisions can be made continuously in time, This raises
scme new and important theorefical questions. de posed the problem as it
arises in 1life testing in Cl, The solution is outlined in Bl and given in
detail in A8. One of the main results is a fundamental identity relating
Eg(t), the expected waiting time to reach a decision and Eg(r), the expected
number of items failed. This tums out to be a consequence of a general

e o e e vmal
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theorea by Doob (9) on continuous peramsier martingales, Our proof in A8
wae cbtained independently of Deob’s work and without using Lie heavy
technical machirery required to handle the general problem treated by Dech.

Recently Dvoretsky, Kiefer, and Welfowitz (10,11) have treated
sequential pr-zedures in stochastic processes with a centinuous time para-
meter; When the stochastic process treated is Polsson, the results <21 be
used in 1ife testing. We might add that a great deal of numerical work
cone here has shcwn that the approximations that we give’' in A8 for Eg(t)
and Ee(r) are good enough for all practical purposes., The exact formulae
(7) require 2 great deal of time and laber.

Material relevant to some of the estimation problems in 1ifa

" testing can be found in work on the Poisson dietribution by a number of

British statisticians (12,13,14,15,16),

(9) J. L. Doob, "Stochasti: processes", John Wiley and Sons, 1953;

(10) A, Dvoretzky, J. Kiefer, and J. Wolfowits, "Sequential decisicn problems
4

f£2r processes with cortinucus time parameter, Testing hHypothezses",
Annals of Mathematical Statistics, 24, 254-264, 1953.

(11) A. Dvoretsky, J. Kiefer, and J, Woifowitg, "Sequential deocision problems
for processes with continuous time parameter., Problems of estimation”,

Amnals of Mathematical Statistics 24, 403-415, 1953.

(12) D. G. Kendall, "Stochastic processes and population growth”, Jourral
of the Royal Statistical Soclety, Ser. B., 11, 230-28k, 1G49.

(13) P, A. P, Moran, "Estimation methods for evolutive procesecs™, Journal
of the Royrnl Statisticsl Society, Ser, B., 13, 111126 1061,

(14) F. J. Anscombe, "Sequential Estimation", Journal of the Royal
Statistical Society, Ser. B., 15, 1-29, 1953.

(15) M. S. Bartlett, "Approximate confidence intervals", Biometrika, L0,
13-19, 1953,

(16) M. S. Bartlett, "On the statistical estimation of mear life time,
Philosophical Magazine 44, 1953.

. ——————— P — e —— —
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Cur work on =xzeedances extends earlier work cof CGumbel and

von Schelling (17) and has relevance to the work of Mosteller and Tukey (18,19)

on slippage.

Our stucies on the pewer of non-parametric iife tests have

connections on the theoretical side with recent work by Lehmann (2C) and on

the empirical side with sampling studles on the comparative power of varicus

' non-parametric tests by Teichroew and Dixon (21,22),

VI, Some remarks on the applications ot_thia work

In Bl we devote some space tc the exponential distribution and its

role in the life testing of electron tubes. For convenience we bring together

several refe snces (23,24,25,26,27,28) deaiing with this question. Referencs

(17)

(8)

(19)

(20)

(21)

(25)

E. J. Gumbel and H, von Schelling, "The distribution of the mumber of
exceedances", Amials of Mathematical Statistics, 21, 2,7-262, 1950,

andoriek Mosteller, "A k-sample slippage test for an extreme population®.
Annals of Mathematical Statistics 19, 58-65, 1948,

F. iosteller and J. W, Tukey, "Significarce levels for a k-sample
slippage test", Annals of Nathematical Statistics, 21, 120-123, 1950.

E. L. Lehmann, "The powar of rank tests”, Annals of Mathematical
Statistics, 24, 23-k2, 1953,

D. Teichroew, "Empirical sampling distributions II", N.B.S. report 1621,
Arril, 1952,

W. J. Dixon and D, Teichroew, ‘Some sampiing results on the power of
non-parametric tests egainst normal alternatives", paper presented at
Institute of Mathematicsl Statistics. December 1953.

D, J. Davie, "An analysis of some failure data", Journal of the American
Statistical Associaticn, 47, 113-150, 1952

C. R. M, Tuttle and A, R. Frank, “Inventory control methods applied te
electronic tubes”, a paper includsd in Logistics Papers, Issue &,
November 16, 151 - February 15, 1552, Aprendix I, Issued by the
George Washington University logistics Project.

E. S. Rich, "Fxperience with receiving type vacuum tubes on the ihiri-
wind Computerr Project”", Report R-194, Project Whirlwind, Servorechanisms
Laboratory, Massachusetts Institute of Technolegy, February, 1951.
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23 is quite general and includes exampies from a varisty of {ielde while the
rest, of the references deal primarily with electron tube life,

Whiie the evidence certained in the papers just clicd strongly
auggeati that the exponential distribution of life is a reaszunable azsumptioen
to make in the case of tube failures, it 1s probably only a first approxi-
metion to reality. For eaxample in reference 28 the exponential p.d.f. of
1life was obtained after eliminating a large number of early failures due to
all kinds of mechanical cefects,shorts, open circuits, etc, The same point
has been emphasized in recent papers by McElwee and others (29,30).

During the past two years the subject ol Life Testing has been a
topic of discussion on three different occasions at national meetings., The
first of these took place in July, 1952, at the Summer Statisiics Conference
sponsored by ilie University of North Carolina and held at Blue Ridge, North
Carolina, Furticipating in the discussicn were J. R. Steen and R, D. Wilde

(26) N. W, Lewis, "™ote on the exponential distribution in statistics",
Post Office Electrical Engineers Jourmnal 41, 10-12, 1948,

(27) D. K, Gannstt. "Determir:zticn of the average life of vacuum tubes",
Bell Telephone Laboratory Record, 375-381, 1940.

(28) J. E. M, Lagasse and W. H, Dean, "Tubes at Work", Electronics, 56-62,
1941,

(29) M, A. Acheson and E. M, McFlwee, "Concerning the reliability of
sleciron tubes", The Sylvania Technolegiat, 4, April, 1951.

(30) A J. Heitner and A. L. Wilson, "Analysis of Kew Gardens premium tube

2P Colesccad e M andwd o DanlSciad = 02_2IN Kase Nawmsdanes Daasl Ko
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Gardens 15, long Island, New York, May, 1951,
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e Srlvania lectric Products, Inc., J. A. Davies of General I =ctric
Company, and J. R. Ransom of DuPont. The presant writer vwas ungble to attend
the conferenice in person, but does have mimeogravhed copies of the papers
pregented by Steen, Wilde, and Davies (31,32,33,34). The follewing rerurks
&re pertinent:

(1) A1l of the speakers stressed the existence of essentially two kinds of
failures, one of which occurs early in 1lifs, the oiher of which is
sasocieted with a gradual and prolonged wear-out process, It was
generally agreed ttat if the first kind of failure rould be eliminated,
then the assumptions of a constant failure rate (i.e., exponential life)
was reasonable,

(2) It would seem that the results obtained under this research contract are
laying the foundations for a rational inspection test procedure, Steen

stated in his talk that to be acceptable a life test procedure must
yielc “he required information abcut the tubes as economically as
poseible, 1,6,, should provide a basis for action which minimizes the
over-all test cost. This means getting the most information in the
shortest possible time and with tne smallest number of failures, This

is precisely the objective of the research project.

(31) J. R. Steen, "Life testing of electronic tubes".
{32) R, D. Wilde, ™ature of rate of failure curves",

(33) R. D. Wiide, "An example of a statistically designed experiment in a
radic tubs manuracturing process",

(34) J. A, Davies, "Life test acceptance sampling methods",

Itema 30, 31, 32, 33 ware all presented at the North Carolina
Conferencs.
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(3) Wilde found the reeulia of Al very useful in estimating tube life.

(4) Davies' concern was with a variety of sampling plans such as the JAR-1A,
JiC-11, ard the szo-called G,E. Plan, One of the essentisl fcatures of
all of these plans is that the cecision to accept or reject a lot is
based on a yuantity known as a life test rating. 7This is widely used in
the elecirical industry and is described in warious places (29,35,36).
Briefly, a 1ifs test rating is computed as follows., Let n tubes be run
for a maximum of T hours, Svuppos2 r tubes fail at times XysXopeeesX,
before T, Then the total observed life is dafined as
U= i x * {(n—r)T, and the life test rating in percent is s
100 U?:l’;“o The rule of action is to accepi a iot if the life t:eat. rating
based un the sample exceeds some value (e.g., 90%). Otherwise the lot
is rejected,

We should like to remark that the quentity U and others like it
arise in a natural way when one deals with an underlying life distribution
which is exponential, As mentioned at the end of secticn IV of this report,
theoretical work on the statistic which we call "total life” is very relevant
here., Both Davies and Steen stress the need for developing analytical
methods for finding the Q.C. curves for procedures such as the G.E. plan, No
such methods exist for the G.E., plan and apparently it has been necessary for

Davies to fall back on empiricai sampling procedures to gain such

procedures (AL, B5) is almost made to order in this connection. The truncated
test procedures, while not identical with the G.E, procedure, do have the same

(35) E. N, FcElwes, "Statistical evaluation of life expectancy of vacuum
tubes designed for long life operation”, Proceedings of the Institute
of Radio Fngineers, February, 195i.

(36) J. M. Juran, "Quality Control Handbook", Chapter 13, McGraw-Hill, 1951.
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cbjective of putting a2 fixed upper limit on the tims of experimentation. In
addition, our truncated tests possess the desirzble {eature that all
pertinent properties including the O.C. curve can be worked out analytically
in any case of practical interest. It should be noted that the sempling
experiments cf Davies were performed under the assumpticns of a constant rate
cf fallure, This means that he is assuming implicitly that the underlying
life distribution is exponential.

At the Seventh Amnual Conventlion of ths Assrican Society for
Quality Control held in Philadelphia in May, 1953, there were twvo seasions
dealing with life testing. One of these was on the tépic "Relmbility of
Electronic Equipment”, Papers were given by Herd (37) and Guild (38).

Herd is in charge of statistical work at Aeronautical Redio, Inc,, vhich

has the responsibility of investigating the reliability of military el:ctronic
equipment under tfield conditions. In this work, Herd has found the results
of our research to be very useful,

The second session at the convention dealing with life testing
was on the topic "Life Testing Eleetrical and Electronic Eguipment", Papers
were given by Epstein (Bl) and by Davies (37). In Bl the research work
done on the statistics of Jife testing under this project was outlined.
Paper 3G is essentially th= same as Paper 34, i.e., is concerned with

2rious sampling plans to judge the acceptability of a lot on the basis of

vhat happens to a sample on life test,

(37) G. R, Herd, "Application of statistical methods in evaluating perfor-
mance of electronic equiment”, Proceedings of the Seventh Annual Con-
vention of the American Society for Quality Control, pp. 309-31i, 1953,

(38) R. D. Guild, "Statistical appraisal of vacuum tube reliability™,
Proceedings of the Seventh Annual Convention of the American Society
for Qiality Control, pp. 225-230, 1953.

(39) v. A. Tavies, "How reliable is your life tesi procedure?" Proceedings
cf the Seventh Annual Convention of the American Society for Quality
Control, pp, 255266, 1953.
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On August 26-28, 1953, there was a seminar on "Puriormance and
feliability of Complex Assemblics™ held at the University of Connecticut,
Storrs, Connecticut, Abcut forty pesple from all parts of the country
attended, Covernment, industry, and universiiies had representatives there,
Much of the discussion ccncerned 4tself with problems of 1ife and fatigus of
components, sub-assemblies, and assemblies, Paper Bl was presented at this
conference,

In . connection with problems of reliability we should like to
menticn an interesting paper by E, W, Pike gnd F, C. Lewis {40) given before
the Institute of FR2dio Engineers in Dayton in May, 1953,

Tt~ research on life testing is giving new statistical tools for
people in the field of or:rations research, This was discussed in a recent
peper by R, 7. Ackoff (41). The following pertinent statswent is taken
from the first page of his paper:

"Many operations research pretlems involve questions concerning the
maintsnance, replacemsiit, or curitical atrengths of ecquipment or of per-
sornel, For example, in the military, how often zhould an aer-plane motor
he "re.placed, or torn down, or rebuilt? How lcang should a pilot or infantry-
man remain in combat? How much pressure can a certain thickmess of armor
plate withstand? In industry and business there are similar questions, How
often should light bulbs, or electronic tubes, or transistors, or tires be
replaced? When should an automobile motor be torn down and rebuilt? How
long should a worker be kept on a repetitive process? Such questions as
these deal with what is called the life-zpan or fatigue point of the items

or persomel involived.”

(40) E. W, Pike end F, C, Lewis, "Testing Components for High=Rslisbildty
Systems", rimeographed 1953,

(41) R. L., Ackoff, "Some new statistical techniques applicable to operations
research", Journzl of the Operaticns Research Society of America 1,
1017, 1952,
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Scme applissticns of this work are being made in areas cther
than electron tubes., For example, Besse Day and her associates at the

U. S. Naval Experiment Station, Annapolis, Md., are interesteld in bsll.

st

bearing 1ife. They are trying out some of the exponential technigues
developed here as suvssquently modifizd by Johnson of General Motocrs in Cf
to apply to the Weibull distribution. This distribution seems to be quite
useful in fitting data arising in a variety of applications (42,43). The
close connection between statistical theories of strength and the theory of
extreme values was developed by the present writer 2 few years ago (&),) and
this cxplains in part why the Weidull distribution plays an important pert

4in applications. A recent paper of Freydenthal and Gumbel (35) is relevant

here. Dr. Day has found the Weibull assumption to be rezsonably satisfactory.
Some interesting work on battery 1life is being done by

Dr. William Buckland who is head of the Statisiical Section in the Research

ad Develomment Section of the London Transpoxt Exscutive, Fe is carrying

out extensive studies on the distribution of 1life of batteries wused in

diesel insee. The life distributions are expected to be Type III or

Weitull ratier than exponential,

(42) W, Weibull, "A statistical theory of strength of materials", Vetenskaps
Akad, Hand, No. 151, 1939, "The phenomenon of rupture in eolids" ivid.,
No. 153, 193%

(43) W. Weibull, "A statistical distribution of wide applicablility",
Journai of vhe Applied Mechanics, 239-297. September, 1951,
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B. Epstein, "Statistical sspects cf {racture problems”, Journal of
Applied Physics, 19, 140-147, 1948.

(4L5) A, M, Freudenthal and E, J. Gumshel, "On the statistical interpretation
of fatigue tests", Proceedings of the Royal Society of London, Series A,
28, 309-332, 1553-
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Jo A. Greenwoed of the U, S. Navy Bureau of Aeronautics has done
stmz interesting work on a semi-empirical procedure for estimating “he mean
1ife of turbine kTlacks, Life in hours seems to be normally Astriksted in
this application.

The last three applications arose from persorial gontacts and corres—
pondencé. It might be mentioned that a steadily increasing amcunit of corres-
pondence indicates that there is considerable interest in the practical
applications of the work. Scores of goverrmental and industiial organizations
have writter to inquire about various aspects of the research. Thers is ro
doubt in my own mind that the work c:.:r%ed out under this project will in
time find its application in many places, including the biological as well as

physical sciences.
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