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LARGE PLASTIC DEFORMATIONS OF
BEAMS UNDER BLAST TYPE LCADING *

By
P. S. Symends” (Brown Univarsity)

Atstract

Plastic Jeformations of supported beams under dynanic
loading are determined under the assumption of negligible
elastic strains, Particularly simrple sclutions are in
several cases obtained when the load-time curve is of a
class defined in the paper which includes typical blast
pressure curves and rectangvlar pulses as simple examples,

1. Introducticn

This paper treats some fundamental problems of structures
subjected to strong dynamic loadinz, namely those of a simply
supported or tuilt-in uniform team loaded by a uniform pressure
or by a concentrated central force which is a specified function
cf time, The motion of an elastic beam under such conditions
can be found without difficulty by standard beam vibration theory.
However, if the load reaches high enough magnitudes to stress
the beam beyond its elastic limit, a complete analysis becomes
very much more difficult even when the post-elastic behavior is
assumec to be of the simplest "ideally-plastic" type. In the
present paper relatively simple solutions for the plastic deform-
ations are obtained by making the further basic assumption that
elastic defcrmations are negligihle compared to plastic ones,

and retaining the assumption of ideally plastic behavior,

* The results presented in this paper were obtained in the coursc
of research sponsorsd by the Office of Naval Research under
Contract N7onr-25801 with Brown University.

# Assoclate Professor of Engineering,
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This type of analysis jis expected to be valid for ductile
metals when the plastic deformaticns are wumuch larger than the
elastic cues, The beam is assimed to obey a "rigid-ideally-
rlastic type of moment-curvature relation according to which
no deformation occurs if *the bending moment is less in magnitude
than the 1imit moment M_, corresponding to full plasticity over
the cross-section; but while the noment has the value # M, in-
definitely large charges of curvature can cccur at constant
mement, This corresvonds teo formation of a "plastic hinge" where
discontinuities in siope angle can occur. ThLe concept of plastic
Finge action has been applied in various proviems of dynamic load-
ing of beams [1-6]*and of impact of beams [ 7,8 . A criterion
was discussed in earlier papers [1,8 ] for the validity of the
results, based on the hypothesis that the plastic-rigid rmethod
is suitable when the total energy absorbed sufficiently exceeds
the maximum elastic strain energy that can be stored in the beam,
Forms of this critericn appropriate in the present problems are
given in this paper.

We discuss the following four problems in this paper (Fig.

1(a)):

(‘nece

!
t=4

3 Sirply supported beam with uniformly distributed

Case II: Built-in beam with unformly distributed locady

Case III: Simply supported beam with concentrated load at
mid-points

Case IV: Buiit-in beam with concentrated load at mid-point.

* Numbers in brackets refer to the Bibliography.
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In all cases the main principles =f the solution are the

came, However, the details differ considerably in different cases,

Thus a numerical integration (either of a seccnd order differ-
ential equation or of a system of first order equations) is
generally required to solve case III, for which the analysis
resembles those given in [2], [8]. However complete solutions
for cases I, II and IV can be written in terms cf simple definite
integrals involving the load-time functioni this is true regard-
less of the maznitude of the load provided the load-time function

P(t) is one such that the total impulse up to any time t is at

=

east as great as the product tP(t) of the instantaneous time

~

oad velues, Thus simple solutions are found for cases I,

4

and

II, IV under the assumption
rt :
J P dt > tP(%t) (1)
0]
The simplest exzamples of iocad functions which satisf; this rela-
tion are those in which P starts at its maximum value at t = O
and then steadily decreases, (Fig, 1), Thus the simple analysis
applies to loading curves which resemble typical blast pressure
waves except that the actual repid rise to a maximvm is assumed
to take place instantaneously. Tor convenience the class of P(t)
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this paper simply as "blast type'" loads,.
Rectangular pulses are included in this category. The
solutions for these involve the simplest arithmetic of all pulse

forms, and are useful because 1t is found empirically that they
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give good estimates (on the high side) of the deformations which
would be produced by a pulse of any shape but with the same naxi-
mum load value and the same total impulse, Comparisons between
results for rectangular, triangular and exponential pulses are
given in the paper to exempiify this,

In all cases several different types of deformation may

ocecur., For example, a simpnly-supported beam with distributed

load might deform «iil & _luctic hinge at the mld-point, the
twe halves rotating as rigid bhare. Thiz is the configuration

in which guasi~static deformation wouid occur with the load at
the statical collpase or "1imit load" magnitude; hence 1t vould
ov ead intensities somevhat above the static
coilarzs vaiue tne deformations would occur in chis configuration,
liowever, other types of configuration may occur in the course of
2 given load pulse. The configuration which 2 team zssumes at a
given Instant depends both on the instantaneous load magnitude
and on the prior loading history,

The first step in attacking a problem is to assume a «c-
formation configuration, Thils involves assuming vosiiion: of

plastic hinges which divide up the benom intc a rumber of segments,

In each segment the bending moment is assumed either to be Z.ss
vhan Mp 1n megiilwude everyuwiiere or to pe equali to My at all
points. In the former casec the sezment moves as a rigid bar,
while in the laiter case the segment is a finite plastic region
in which particles move independently of cne another, since there

are no transverse shear forces, Tor any configuration the dy-

namical eguations can be written for the various segmenits, These
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will involve as unknowns the transverse and angular accelerations
of the segments in which | M| <My and also usually coordinates for
the instantaneous positions or plastic hinges or interfaces
betweeu rigid-bar segments and finite plastic regions, The dis=
placements nust be continuous and this ~an be shown [1] to mean
that transverse velocities also are continuous; transverse ac-
celeraticnes however are generally discontinuous at a moving
plastic hinge or at a meving rigid-plastic interface.

The dynailcal equations together with suitable (explicit
or implicit) statements of continuity of transverse velocities
can be solved for any chosen configzuration, The sclution is
correct if end cnly if the bending moment furnished by the solu-
tion has actually a maximum magnitude less than M, in the in-
terior of every rigid-bar segment, as was assumed, If this is
not the case ancther configuration must be chosen and analyze?d
in a similar manner.

Although a strict check on moment magnitudes cannot be made
until the equations of mction are solved, it is highly desirable
to sketch some representatit moment diagrams for tiie rigid-bar
segments at t! start of the anaiysis of a configuration, The
loading on each of these segments consists in part of known ex-
ternal loads and in vart of Yinearly verying d'Alembert
forces arlsing from the lirear and angular accelerations of the
segment, Hence the shear and bending moment diagrams can be
drawn for various possible conditions and much information con-

cerning tie range of validity of a given configuration can be
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quickly obtained. his will be exemplified in the analyses

which follow,

It is sometimes advantageous to write the equations of

impulse = mumentum and angular impulse = mcment of momentum for
the whole or half beam, comprising several segments. These equa-
ticns involve yelocities rather than accelerations and hence the
continuity conditions can be implicitly expressed in them, In
general the dynamical equations of rigid body motion of individual
segments are also needed, relating instantaneous external forces
and moments on a segment to linear and angular accelerations of
the segment. Either impulse - momentum equations or explicit
velocity continuity equations may be combined with the dynamical
equations of the rigid bar segments (whenever moving plastic
hinges or elastic-rigid interfaces are concerned), Sometimes

the impulse-momentum equations Iurnish directly the complete
solution in very simple form, as in Case IV of this paper.

The solution for Case I is given in sufficient detail to
indicate the analysis which would be required under the most
general ioading conditions and to make clear why the assumption
of blast type loading (as defined abeva) considerably simplifies

the analysis, The treatments of the other three cases are given

- . . - - = s
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high magnitude, to blast type loading.

2, Case I: Simply Supported Beam, Uniform Load.,

Consider a simply supported beam of constant 1imit moment

M, and mass per unit length m which is subjected to a load P(%)



All-99 i, .

uniformly distributed over the beam, On the assumption of
"plastic-rizid" behavisr of the beam no deflection occurs until
ti.e load P reuaches a value large 2nough to bring the maximum
statical moment up to the limit moment magnitude My. Thus no

deflection occurs until (M)

max = PNt = MO. It is convenient

to introduct a dimensionless load parameter p defined by pu= PI/MO.

The critical value M1 above which deflections begin is thus given

by
1

For p sowewhet exceeding %, deformation proceeds with a

= b, (2)

plastic hinge at the mid-point, each half of the beam rotating
as a rigid body. (Fiz, 2(b))., Vriting the angular velocity and
acceleration ol the left-hand half as w , @ (positive clockwise)

the equation oi motion is

3 .
%i; w= %(p - 4), (3)

v
Motion of this type will continue only so long as the maximum
moment in each half is less in magnitude than Mo’ The second

critical load value, above which the configuration of TMig, 2(b)

is incorrect, can be derived best by consideration of the diagrams

for distributed load q, shear V and moment M, defined as in Fig,

N
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of intensity P/24 together with a linearly varying load pro-
portional to the acceleration at each point, as indicated in
Fig. 6(b) for the left-hand half team,

If mfzé < P/22 the diagrams of q, V and M are as indicated

by the full curves in Fig, 6(c) - 6{e), However if mi & >P/24
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the corresponding diagrams are as shown by the dashed curves in
Figs., 6(c) - 5(e)., In this case a violation of the plasticity
condition must occur, The load value Fr1 below which the con-

fizuration of Fig, 2(b) applies is thus found by setting

P oot o=do@u- 3) (1)
..2_'{ ‘EO )4.
and is fourd to be
prp = 124 ()

Fer loads in the range %+ { p £ 12 the firal deforme<'ons
are easily obtained by intesrating Za., (3). The angular velocity

is

s
-Fi—(—-w=i3+-I-3t ()
o
where
rt
I(t) = J pate (7)
0

Deformation continues until the relative angular velocity at the
plastic hinze is reduced to zero, This occcurs at a time tf such

that

1 _ 1 ftr
te =211, 2 8 IO w(t)dt. (8)

The final angle gof cf the middle line of the beam and final cen-

9 A~ ~d Y A S ~ -
x 1 LYl v are

a.L Qe ec £ 1Ven 0y
nd n# 3 I°r 3 .2
@%f—@"%-uk}oldt- Io. (9)

b

For loads such thet p > 12, the plastic hinge spreads so
that there is a central finite plastic zone between two segments

of length E£ which rotate as rigid bars and simultaneously decrease
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in length as the lcad increases, Fig, 2(c¢). The rate of spread~
ing of the plastic zone is just sufficieni to prevent a violation

of the plastic condition, and hence is governed by

q(E) = mEda - gz =0 (10)

where the angular acceleration w is now determined by the equation

of motion of the rotating rizid segment of length £4., This is
3 397 p )2 2
._J. o C3w = .2-;?: -i—"z - MO' (11)

Combining Egqs, (10) znd (11) we obtain

W€ - 12 = 0 (12)
3,
% ——:‘P W = }1.3/2, (13
(0]

The above recsult holds only while the load 1is being steadily
increased from zero, In addition to the requirements of equilib-
rium and of the limit moment condition it is aliso necessary to
satisfy the requirements oi geometrical compatibility; the dis-
placement and velocity must be continuous functions. At a cross-
section where a localized plastic hing exists or where a finite
plastic zone joins a segment accelerating as a rizid body 1t can
be shown [ 1] that the transverse accelerations are generally dis-
continuous, the amount ot the jump being related to the speed of
the moving hinge or interface and the angular velocities, as
follows:

VOS) - y0g) = =% 180g) - 6(x) ] (14)

where x;, 1s the coordinate of the hinge or plastic-rigid inter-

face and X, is the time derivative of Xy, 3 é(x;) - é(x;) is the

‘SM'W#—L‘-(\J‘ g

RE

sy nerny
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difference between argular velocities of segments Jjust to the
left and just to the right, respectively, of the hinge or inter-
facey and &tx;) - &kx;) is the corresponding difference in accel-
eration, The quantities x, y, © are chcsen so that & = Ay /0,

In the present case continuity of velocities at the moving
interface x,, = ¥ is easily shown to be preserved while the load
is steadily increasinz so that the interface moves only in one
direction., In fact, according to the above analysis the dif-
ference in both accelerations and angular velccities across the
interface is zero with £ and " given by Egs. (12) and (13); clear-
1y the jump conditicn (14) is satisfied in these conditions, How=

ches a meximum and decreases, If Egs,

€3

€

]

ever, suppose the load
(12) and (13) are used to compute & and © it will be found that
while the jump in accelerations is zero that in angular velocities
ir. general does not vanish, so that “he jump condition (14) is
violated, In this case Eq. (12) rmust be replaced by the following

inequality: 5
pE =12 <0 (15)

To complete the analysis we must use an alternative equation which

expresses continuity of velocity at the moving plastic-rigid junc-

The most convenient method in this problem seems to be to
combine the velocity continuity condition and the dynamical re-
quirements by writing the equation of moment of momentum of the

O.

half-beam with respect tec an axls at the support point, x

This equation is

I e

R [T S T SR N
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t nd
S %é’dt - M (t -t} =) myx dx (16)
S I Jo

wvhere ty 1s the time corresponding to the load pra which the
deformation begins; for later times the moment at the mid-point
is constaant at MO until the deformaticn ceases, In evaluating
the right-hand side of Eq., (16) we have ¥ = wx for x < Ef, Ience

Eg. (16) can be written

1 md3 o3 X
i ) pdt - (t = tI) = %F; :%— % ﬁig yx dx, (17)
vt o ovrl

-~
~3
s

1l must be evaluated by consid
which at any given time is in the plastic zone. Tnis can be done
since Eqs, (12) and (13) apply while the load is increasing, and
the acceleration of any particle while it is in the plastic zone
is equal to P/(24m). Thus the velocity of each particle in the
region £E4 < x < £ can bve derived and Egqs. (17) and (11) can be
integrated; in general a step-by-step numerical procedure will

be needed.,

It can now be seen that the numerical analysis 1s greatly

simplified if the load-time function is such that the interface

g T . 14 21 A A AV~ A2 A mma e men AV s vrm vimerm m Sy e X F By oy BT aman
pelweell ILgiu alilu piasSuvlilC I'cglilnus aaways mlvgs 4L ClLc S e e

with { > C, Then we can write

" ' P . t P
L <x <2y = i YT SO > dt (13)

We also have t; = O, and find that Eq. (17) reduces to

% 3
1 42 _om2y 1 3 ;
73 S 50 pdt - t = (MO 3 w8 . (19)

e
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After differentiction of I, (19) and combination with Eq. (11)

t
we obtain results (in terms of I(t) = X pdt) as follows:
\

g° = 28 (20)
E

(m%3 2w2 = I3 (21)

N = P

L8+

HHow we imct investigate the conditions of loading such that

]

fied, First we find by differentiating Eq. (20) that
g 12 A 4
= — - )] {2
2¢ ¢ > (1 T (22)
This shows that § > O if the load is of the "blact type'" defined
above by Eq, (1), Combining (22) with (20) we obtain

pg2 - 12 = - QEES.

g

N

N
w
N’

Hence in view of Eq. (22) the necessary inequality (1%) is always
satisfied when the loading is of this general type,

The initial position of the rigid-plastic intcrface can
be obtained from Eq., (20) by examining the 1imit of the quotient
at t = 0, and §(0) = §, 1s found to be given by

(2 1, - 12 -

as would be expected irom ihe discussion leading Lu Lye (12,

4

The formvlas (20) and (21) apply, of course, only while
the plastic rezion exists, i.e., until the time { when § = 1,

where

£ >0, and verify that the plasticity condition (15) remains satis-

AW G s My 9
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The corresponding angular velocity Wy l1s given by

3
m-t 1
: w = = I,
MO s o °S

~
ro
o
Nt

The mid-point displacement bg 2t this instant is readily found

by integrating the Xmown acceleration P/2fm to be

2 t
ﬂﬁa:-l-(sxdt. (27)
MO S ZUO

In the final staze of the motion there is a hinge at the
mid~-point only, as in Fig, 2(b)., The angular velocity of the
half-beam is given by Eq. (19) after setting { =1, i.e. by Eq.
(6) The plastic defermation is completed at the time ts¢ such
that w (tg) = 03 thus

1
£ : If (28)

and we can express the final displacement bf of the mid-point as

t
m _14ys 3
;T_- §f 5 jo I at + n

t -
f - 3 r7¢ _1 2
- S I 4t 32[If 915] (29)

ts

The final shape of the beam is indicated in Figz, 2(3). A
discontinuity in the slope angle appears at the mid-point (and

under rectangular load pulses also at COQJ. The final central

ts to tf.
t =
md3 3 s 30,2 2, . -
ne Cor = 2 jt" I(t)at - 2(t5 - £9). (30)

The final angle © at the support is egual to Qof plus the wvalue

1f
attained in the time interval O to tg, which is readily computed

P

R

O SR [T RO T
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by means of Fg. (21), We have

A
Inl’3 _ 1 ‘ltS

(31)

The change of curvature of an element 2f length dx at any
point in the zone where plastic yielding has talken place occurs
only in the small increment of timre dt during which the interface
between rigid and plastic material 1is traversing it, Fence if
the interface is at 4 at a given instant the permanent curvature

?

acquired by an clement of length dx = £ d4 at this position is

: 148 . db _ gy .
= emm— () e = . ° K32)
= L dg ax g
i% Ry use of Tgs, (20) - (22) we can express the curvature as
~§
= 3 72
mZ 4o . _I° - p(g), (33)
Mg 4§ 12 - pE2

Fere the right-hand side 1s to be regarded as a function of
rather than of time, csince the ¥ - t relation is given implicitly
by Eq. (20). An integration with respect to £ between limits g

and 1 yields the angle difference ©,4 - 8 ., and can be used as

‘

a check, A szecond integration would lead to deflection values

: ~ Fal -

2 - s 2 P
\Re)o Sl nNeET e nf_xlqu'uv,"@‘r‘lr\nu,

i The raeo
in 1€ Iegl )1 per

It should be emphasized that both Bqs, (32) and (33) hold
only under loading conditions such that é > 0, 1If p 1s constant
(non-zero) £ has the constant value £, furnished by Eq. (2#);
and the curvature is infinite, as is usual at a stationary plas-

tic hinge or rigid-plastic interface.

5 Y . e d ) i
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To illustrate typicul results we now give formulas for
deformations for the cese of a rectangular load pulse with ampli-
tude Eo and duration time t. Resuits 1for this and for two oihes
shapes of load curve are shown graphically in Figs, 7-9, where
dimensionless deformations are plotted in a way which makes the
results quite insensitive to the shape of the lcad-time curve,
as discussed later,

For the rectanzular load pulse we have

0t < I(t) = pt (3ka)
t >« I(t) = g = constant, (3b)
o
Hence Fgs. (25) and (28) yield
) PO | 5 = &
_:i tg = i-é- p.o'tg tf = ”L; P'OT- (35)

For low loads (po < 4) no appreciable permanent deformation takes

place., For medium loads (4 < p < 12) we use Eqs. (7) - (9) and

obtain
3 g? 2
mA; _m —
o 6p = - 5. = i% b (B = wyto, (36)

For high lcads (po > 12) we use Egqs. (29) - (33) and find

2 w?

mA” _ b

MOTZ QOf— 2 (373)

In.‘.g G = .}iQ - VLT 2

i = 1f & (“o /3“0 ) (37%)
2

.U.I..‘Pi = LLQ - 7] €

M0£2 ° = 15 (Po 3). (37¢)

The final curvature 1s found by inserting g = 0, I = p T in
o)

Eq. (33), and thus the chance in angle AQ zcross the segment

b

N e e, e o

PTSUN TS VSR PO
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from Eoffto 4 1s given by

23 T30 ig °
’;;-;A@-S 2% qg = 1 - ). (37d)
Yo £, 48 12

This angle change A6 plus the angle of rotation 911 which occurs

at the rigid-nlastic interface during the time T while the locad

is applicd should equal the angle differcnce glf - Gof as given
by Eqs. (37). Teaking Eg = 12/;;o w2 have
/ 2 2
T 2 ¥
/ ) + 3 tat = Ko . %3 p,g/z'tz.
H wg ., 12

This checks with the result obtained by subtractins Egq. (372)

from Eq. (37b).,
A rether curious result 1s that the final angle Gof of the
tangent line at the mid-point is not a continucus function of

the load amplituvde ko @t the value p, = 12, By 3q. (36) we have

3
= ; md. = o
(p,o = 12 - 0): -}L_O_T-Z gOf = 32 x 12 x & 9.

Using Eq. (37a), however, we find

2
= . md3 _12”
(p_ =12+ 0): 5 9o = == = ¢,

hoT

It is readily verified that the angle glf and the central deflec-

tion &, are continuous at By = 12. The explanation for the abrupt

f
decrease in ©_,. at this value liss in the fact taat for any load

Va

such that p_  exrceeds 12, hovever slightly, there 1s a segment of

length 2(1 - Eo)i.at the middle of the heam which remains straight

and undeformed during the time interval O to tg, For;so <12, on

i e L R ] RIS A . TN AY

PRVSESIETT SV, STRTY 3 ISt 1- G
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the other hand, tle angle of the tanzent at the mid-point ine-
creases steadily daring the whole of the time interval O to tf,
The discontinuity affects only a line segment of infinitesimal
length, 2nd the overall deformation is, in fact, a continuous
function or Hoy 28 shown by the smooth rise of Qlf and bf.

The energy absorbed in plastic deformations is of interest,
For medium loads (po < 12) this is the work done by the limit
moment at the central plastic hinge and hence is

2
QM% 3o _ 3ko

ho £12: B = 2Me = 145 (38a)

ofr m3t3y2 T 8

For hich 1o03ds (4 N T2 Y A erryv i3 + mhAAd A+ A1
- Lo, aa - ROwe] \rfo d -/ Sl - aJ Pl ~ oAl v Vi

oM -
ol [

[

in the recgions of continuous plastic deformation from Eoi, to 4 ’
and at the stationary plastic-rigid interfaces at (o&. Thus we

have in this case

= fof "Lg =2'1 .
By = 2M (6., + 80 + 0 ) =210 .
Hence

212
o 2 123 - 20 s - 1T ,372) 42, (300

The work done in plastic deformation Ep accordint to Eqs, (38) is

a cont. mous function of p o1 2% experted.
In Fizs. 7-9 curves are cdrawr. for the central deflection

and the outer angle © for the three

o

6f, the central cnile @ 11

load types indicated in the figures, i.e., r.ctangular, triangular,

and exponential, 1In all cases the dimensionless deflections

~

L)J

md° md> L
5 — e and -——w e are plotted, Here T 1is de-
M2 T thg of’ M TS C1f c o 5 @€
O O ®

fined as the time such that the product of To and the peak load

B e T NE

O e
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po 1s equal to the total impulsc, i.,e., so thas

= o
: BT, = pdt (39)

where p. 1s the peak load value in each case, Thus T, = for

the rectangular pulse of duration v, while for the trianguvlar

pulse of duration T the impulse is %por and To =1+, For an

2
exponential pulse defined by p = poe‘t/T, the total impulse ismu
so that TO is equal to v 4, the time for the load to decrease from
ko to po/e.
The curves for these dimensionless variables plotted as
functions or maximum load are found to lie quite close together,
indicating that the total impulse “oTo and maximum load Fo mainly

2
L

determine the final deformations, the precise shrape of the load-
time relation being relatively unimportant, Thus for a simply
supperted beam one can take the results for the rectangular pulse
form as good estimates of the corresponding results for a force
pulse of arbitrary shape, provided the peak lcad Bo = Pmaxl/MO

1s used in the formulas and T is replaced bv the tine T, such
that u T, is the total impulse S;O pdt. This will furnish an
estimate vhich wiil generally be too high, The comparison of
various force pulses acting on a free-free beam (reference [2])

1ed to the same conclusions as those stated above,

Signicant quantities expressing deformations due to rect-

of loading and support considered in this paper,

angular load pulses are plotted in Figs, 10-13 for the four cases

oy
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Built-in Bean with Uniform Pressure loading

=3

he above analysis

an be extended with only minor modifi=-

O

§§ cations to a bear with both ends fixed under uniformly distributed
™ load, Fig, 3(a)). Deformaticns begin in this case when the end

moments as well as the moment at the mid-point reach the magnitude

] AT A ST R A £

My3 hence the rirst critical load is

1 = 3, (4
By 3 3)

For medium loads plastic hinges are present at both ends and mid-

peint, and the anguler acceleration w of the balf-beam is given by

wnt)) 4 o
e w = gl - 8 (L)
l'io

An argument analosous to that of Section 2 leads to the result

o

that 2 widenin~ of the central lince into a finite plastic zone

O

gy

mist begin when the load reaches the second critical valve u__

where

prp = 2. (45)

Thus the deflections for loads in the runge 8 < u £ 24 can be

2

written as

t
3 Py Prg 5
858 _ ™A _ ;
where
1 1 ity ' ;
tr=glr =3 ﬂ pdt, (47) ;
Q L;O H

The analysis for loads with p > 24 1is based on the fcllowing

momentum and accelecration equations, respcectively
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LT at - ZMO(t - ty) = | myx dx (.8)
UtI e
mg..’j" L S 31‘&2 - (49)
{4‘;" wg” = ” - Do >

The above replece Igs., (16) and (11), respectively. In fBq. (1:8)
t; is the tine at which p reaches the value p; = &, If we apgain
consider "blast type" loading (satisfying Eq. (1)) we arrive

at the followinzy results corresponding to those of Section 2:

n w3 = 3 1 - e (50
e
A T 513
= = T 9 S 0 uo A
.r_n_é. 2 - —-é- [ =4
(MO ) 96t (52)
tg = 35 Ige (53)

In the last phase of the motion, with hinges azain only at mid-

point and ends, we have

5p3
l_r‘i{’.- w= ’3. I - 6t. (5‘4')
: +
o
Thus the defcormation is completed at the time tf where

= 3 [~
The final deformations for loads in the range By 2 24 are given

by the fellowineg formulas:

N

(&)

N

A3 ot
okl =2 )T 1at-3042 -+ (56
MO @i '+ U‘ts 1 S
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mf” o, = L) SIy1/2 w2 56b
e M ou/g o £ av Mo OF en)
2 Tty "t
md 1¢ts _ 3 ¢ °f 3¢t2 _1 ;2
DX b, =2 " Tat+2'  Tat--2(15-21I9) (56c)
s f 2, L ot 6t f 9 s
m3 do _ _T_EE__§ . (564)
M, df 2% = pg

0
For this case the erergy absorbed in plastic deformation
Ep is glven by

E_ = U4M e (57)

Deformations and Ep for rectangular force pulses are plctted in

Figs, 10-12 in non-dimensional form,

4, Case IIT: Zimply-Supported Deam with Concentrated Load

In tris and the followinz section we outiine the solutions
for "he nlastic deformations of a simply supported beam and of a
fixed-ended beam, respectively, loaded by a concentrated force P
at the mid-point, These analyses turn out to be surprisingly
different from each other, as well as from that found appropriate
for cases T and IT.

For the simply supported beam (Fig. 4(a)) the deformation

S oo N s ces men o M e W0 A -
1 00 NATTe 1 eT 1= FaAas M Toar

‘. corr B Ay
L 4 v
- &

e ] s 4w -
e 1LIiS wierl reyv oritical

[

B Ry ~
nes uvne 1

{

value py, vhere
i
— = p. =2 (58)
M 1
©
For p not too greatly exceeding 2 deformation proceeds as in
Fig. 4(b) with a plastic hinge at the mid-point, This configura-

tion must be replaced by thut of Fig. W4(c) when p exceeds the
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second critical value Br1 where

B1T = 18. (59)

This second critical value is found by setting the minimum moment

in the half-beam ecual to -Mjy and solving the resulting cubic

equation in p. For loads with p > 13 plastic hinges cccur at
cross-sections &4 from the mid-pocint and the motion of these hinges
must be investigated, With still larger loads in certain cirecum-
stances the configuration of Fig, 4(ec) must be replaced %y another
in which the laterel hinges are spread into finite plastic regions,
nowever it can ne choun that with the tlast type of loading de-
fined by Eq. 1 this type of deformation does not occur,

Loads in the medium range 2 < p < 10 produce an anzular

velocity w of thie left half-beam (Fig., (b)) ziven by
pdt - 3(t - tI) (60)

where ty is the time vhen the central hin-se appears, correspond-
ing to pI. Thus for loads of arbitrary pulse form with maximum

between 2 and 18 the final deformations are

')\ n 2 Loy ] IA’ t ial -~ ~
e _mloy 32y f Nar _ 3¢r 4 32 .
= Ogp W, b T2 i I (that - S(te-ty) (61)
where ”
Ty(8) = j bt (62a)
tr
and

-1
te = 5 Ip (62b)
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governed by

s s Rz

E4 and (1- E)4,respectiv

a% the hinze section,

The defermations cauced by higher loads (p

the dynamic

23

> 18) are
2l equations of the two segments of length
ely, together with the nvntinuity condition

The angular accelerations wg,, “1’ obey

the following equations:

PR

The general equation

2
f

hinge in this case yi

The angular velociti
in the left half beam
tution of the formula

tc the

following equc
r
-5

load is a recctangulnr

fied during the pulse

i m s »<,:_;‘,.'.“3;T B~ i o

This equation can

M_ Wo (‘ 53 (63a)
L. 3 (63b)
Mg L (1-£)3 )

(1%) for the discontinuities at 2 mecving

elds the equation

12 Q _ m3
Boogr —ds = ry, - w)E (64
> 2 \dl=g )<= = oo}

es w, and w are defined as pogsitive clockwise

., Differentiation of Eq, (64) and substi=
s for the angular accelcratlions w,, wy, leads

tion for the hinge coordinate [

-,

3L + 2pé + LJ_',} =0 (€5)

Pl
Capr) Caees 2t

bte integrated in analytic form if the
pulse. Then Egs. (64) and (65) are satis-

duration time T with § = constant = Eo

3 where
Po 22 3 __o (66a)
6 82 (1-f)°

For time t > T with p

[ ]
= u = 0 Eq. (65) reduces to

i sl A B 4
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e 1 ).}, ~ E

{,[-'—‘ = maa = s =0
(1-92 g2 (1X)3
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The solutiocir of this equetion can be found by standard methods,

A first intezrction yields the result

1/3

s e it b b AR Wi S1i 8 {4 4

idr - (2-£)(2-38)
where C 1s a constant, Intezratine again we obtain
" 1/3
2 9 .9 _1or | G=(2=38)
(t=7)C =[~ & T i+ . AN Y2 tan ——ég— (68)
2 2n

: 2 n n )
1 \n“{.) *‘/3 C:(2-3£o)l/3

1/3

where n =475 and I _ is the constant de’ired by Hq. (€%a),
The constont C is to te determined from the following equation:
. 2/3
_ 3(2-3£4)°/
il - (<Y1t -
i Lwg (7)) = wy (1) 8 (1-E,)

o

where wo(r) and wl(T) are the angular velocities at t =7 and
are obtained in an cbvious manner from Eqs., (63), the accelera-
tions being constant for t < 7,

For other thun rectangular {orce pulses Eq. (65) ir not
easily integrable. It is found (as in the similar analysis
described in[ 2]) that a more convenient basis for numerical
integration is afforded by the equction of moment of momentum
of the half-beam with respect to an axis at the support., This

equation herc takes the form

3Yt pdt - 6(t - t;) = miz {w-=-uw )(3£2-E3) + 2w, ] (70)
Uty I" "My UM “1
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where tI 1s the time at which the central hinge first appears,

corresponding to by = 2« Thus tI = C for Tarce pulses of the
vlast loading types we are considering, The step-by-step numeri-
cal solution of Eq. (7C) is carried out in the manner described
in detail in [2], The left-hand side is first evaluated at a |
sequence of times, Then by trial and error the value of f at
each step is found such that when w and w4 are computed by
applying Simpson's rule (or an eguivalent integration formula)
to the accelerations rnished by Fgs., (63), "g. (70) is satis-
fied to the required accuracy,

The circuistances in which a new ceonfizuration apnears
with a finite plastic region in the interior of each half-beam
can be found by studying the bending moment diazram for the inner
segment of lenzth &4, It is necessary that dZM/dx2 > 0 at the
travellingz hinze scetion; otherwise a moment less {algebraically)
than -Mo would occur in the interior of the segment, Fence we
must have p§ - 12 < 0 if the configurstion of Fig., (4c) is to
be valid. An inspection of Eq. (é4) shows that this inequality
is always satisfied for a rectangular load pulse or for a steadilw

[

decreasing load, in which case & >0, w > w .

Curves showing the final deformati;ns (;id-point deflection
bf, central anzle gof and angle Olf at the support) and the plastk
work Ep are shown in 'izs, 10-13 for rectangular force pulses,

- The plasti~ worl: Ep is given by

E. = 21»50[9 t (6,5 - elf)] (71)
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Cage IV: Built-in Beam with Concentrated Load

A beanm with ends initially fixed as in Fig, 5(a) undergoes
no deformation (according to the plastic-rigid hypothesis) under
concentrated central loading if the load is less than Py = Moifh.
Thus the first critical value of the load parameter u = P4/M, 1is

bp = L (72)

When p slightly exceeds 4 the beam deforms as indicated
in Fig. 5(b) with plastic hinges at mid-point and ends, the %two
halves rotating as rigid bodies. This simple configuration must
be replaced by another when the load reaches a sufficiently high
value, The need for a new configuration becomes evident when the
moment diagrams of the left half-beam are sketched, as for Case I,
These show that a violation of the plasticity condition would
first occur near the end support and that the critical load value
is that which corresponész to the vanishing of the reaction force

at the support. The reaction force R in this phase is given by

the formula
RL _
MO-3~E" (73)

and hence %the seccnd critical value 1 has the value

krp = 1< (74)
For loads in the medium range such that 4 < p < 12 the

angular velocity w of the half-beam is given by the formula

3 't
]rr{_r&._(, = % ‘L pat - 6(t - tg) (75)
0 I

and the final deformations may be computed from the general equa-

tions




=

SO A S (SR SN PO .

P

All1-99 -27=

3 t
nd . _md . _3 Y £ 2
T 9 = o= b, = = L,{t)at - 3(t.~-t.) (76)
My f oM, T2 Jep 2 £771
where I,{t) = g‘ pdt, tI 1s the time at which the motion begins,
t

I
and te i1s found by setting t = to, w = 0 in Eq. 7.

When the Joad exceeds a value corresponding to Fr1 = 12
a new configuration of the type shown in Fig, 5{c} apoears, the
half-beam again comprising twc segments with different types cof
motion., The inner segment, of length gl s has moment varying
from -Mo to Mo while the outer segment has the constant
moment -My throughout its length., Hence the inner segment rotates
as a rigid body with angular velocity w, while each particle of
the outer segment moves with constant velocity, since there are no
shear forces or external loads. Thus the outer segment is a
plastic region of finite length,

We now restrict consideration to lcads of blast type as
defined by Fe, 1. Assuming that the initial load wvalue is such
that p > 12, the configuration immediately becomes that sketched
in ¥ig, 5(c). The dependence of § on time can easily be found
by writing the equations of linear and angular momentum for the
half-beam. These involve as unknown quantities only the angular
velocity wof the inner segment and &, which increases from its
initial value determined by the initial load to unity; as long as
a particle is in a perfectly plastic segment it remains at rest
since it had no initial velocity and no forces act on it. The
equations of llnear impulse-momentum and angular impulse - moment
of momentum (with respect to the support point) take the following

forms, respectively:




Al1-99 -28-

* pdt = &ﬁuge (77}
lc Yo
't 3
£ 2,
& 3 pdt - 12t = Iy, £°(3-9) (78)
Jo o

But these may 2t once be combined so as to eliminate « , yielding
the following simple formula for [ :
2 p
g = 225 {(79)

Tt
where I = SO pét. The irnitial value B of £ is thus given by

. 2L ¢
Co = i (80)

where Fo is the initial value of the load, 7The angular velocity
is obtained ty putting the above expression for § in Ec. (77); we

have o
mi’ 13
T o= T (81)

The formulas (77) - (81) hold until the time t = t, when { becomes

unity; from Eq. (79) tg is given by

IS
t, = = (82)

The slope angle 945 at the mid-point acquired in this time inter-

-

val can thu b

= ~ . -
s i L

& Ccoin ormm

dt (83)

The central deflection &  at the instant t = ts may be

determined from

t
m _IOSI
L s T lo T O ()

G g

LT RO 4 TR (TR . YR

|
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The subsequent moiion |t > ts) takecs place according to

the configuration of Fig, 5(b) with angular veloclty given by

Eq. (78) after setting £ = 1 (or from Er. (75) with tI = 0), as
follows:
K 3
s o= 2 T(t = A+
Mo w = 3 (t) (8%)

the deformation is completed when w= 0 at a tine t = te such

that

L (86)
f L
Hence we can compute the final angles Qof at the mid-point and

Olf at the support and the final central displacement 5f from

the followlng fermulas, when Ho > 12

3 1 Sts 13 3 ("t 2 .2
m- g =i -—-dt+-—\ I at - 3(tS = t2) (&73)
M, oL Thdg ¢ 2 ) tg £ s

3 t s
-ﬁ—&- O1p = 3('\ f1at -3¢ . ¢9) (87b)
o 2 Jts f s

2 tg 2 t "
nt? =_1_§ 2,30t 2.2 ]
Mo bf 1o & e at + 5 . I 4t 3\~.f ts) (C7e)

Here t_ and ty are furnished by fEgs, (82) and (£6), respectively,
Curves showinz the final deformations and the plastic work as
funetions of By are presented in Tigs, 10-13 for rectangular pulses.
These can be used to estimate results for other pulse shapes by
substituting T, for + , T, being defined by Zc. 39, The plastic
work Ep is here given hy

E, = 2MOOO

p (88)

f
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6. Discussion of Results

Newmark [ 9] amcag others has developed the appronach
in which a structure is replaced by a model consisting of a
number of discrete masses and springs. The simplest such model
is the single mass~-spriig system ol Fig. 1%(a). It is clearly
impnrtant to know whether or not this simple model can give
reasonable apcroximations to the derformations obtained from the
complete analyses of beam problems such as those presented in
this paper.

Considering only large plastic deformations, the spring

e

is assumed to have the "rigid-nlastic® 1 ad-dellectinn curve of
Fig, 14(b). The displaceitert of the mass cansed by a given
dynamic 1lonad can then readily bhe worked out in terms of the yield
force of the spring. The various quajtities pertaining to the
maodel are related to those o7 the prototype hecan problea, the
proper relationships being obtained easily by equating kinetic
energies and works done by the respective force systems.

To obtain the correspondence one must assume 2 definite
deflection curve for the beam; Tor large plastic deformations
one would assume deflections tn nccur with a central plastic

B g T s Tnen ovidoal tRhagr when the madel ojanti+ice are
L 1 5 wnern evident vndt wnen tne model guantivtles arce

b/

rerlaced in the proper mannzr by the beam quantities, the results
A

will be corraect for the given bram problem when the beam actually

deforms in tho configuration assumeds The model analysis gives

incorrceect results when this configuration dif’ers frowm the actual
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one. Considering, for example, the problerm of the simply=-support.
2d beam under uniform pressure, the errors in soiving this prob-
lem by means of a one-dimensional model are precisely those of
computing deformations from Egs, (36) for all Koy instead of

from Tgs. (37) in the range By > 12, The error in the mid-peint
deflection 55 is not large, beinz less than 10 percent for ug
less than 50, Ilowever, the central angle Gof predicted by the
one-dimensional model 1s roughlyv doutrle the value determined by
the correct rigid-plactic analysis. This angle would appear to
be ilmportant as a measure of the likelihood of rupture, but in-
formation ‘rom experirents is nseded to c¢larify this point.

It should be noted that an analysis based on a singi> “inge
configuration does not necessarily give an over-estimate of anyr
deformation, In cases III and IV of this paper the single hinge
analysis leads to values of central angle and deflection which =re
too low, These serve as counter examples against the general
applicability of an assertion made in [ W ] to the effect that a
plastic rigid analysis based on a single hinge model always
yields an upper bound for the associated deformations,

The validity of the present results, as far as the neglect
of elastic deformations is concerned, depends on how much the work
done in plastic deformaticn exceeds the maximum possible wholly
elastic strain energy that can te stored in the beam, This
criterion can be put in the form

3 F
md - o, o &
—2? Ep .L\rl:o)> Ve —Tz

O
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where T is the {undamental period of vibration of the elastic
beam, The function of Uy on the left-hand side of the in-
equality 1s the dimensionless "plastic werk" plotted in Fig.
13, the curves of which can bte used according to the above in=-
equality to estimate the probable range of B, OT cf © required
in order for the present results to hold, For non-rectangular
force rulses the equivalent time To (defined by Eq. 38) should

replace T, Xven when the above criterion is satisfied, the

rigid-plastic analysis will not give the time history of the

jon

not affzct the usefulne
hAh— Al e v v vidio [ —_————

metion correctly, but this shcul u

-an

the predictions of final deformations. A brief discussicn of

some other sources of error is ziven in [81].
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