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FOREWORD

It has been fairly well ectablished that accurate and instantaneous
direction finding on multi-path transmissions (such as nermally occur in
the high- frequency band) requires the use of wide-aperture systems; that
1s, systems which are large in wavelengths. Essentially what 1s re-
quired is a sampling of the field at a number of points in an area of
several square wavelengths. This sampling may be done with a wide-
aperture system of which several have been proposed, or alternatively,
Ly a distribution of narrow-aperture systems. The WADONAS (Wide Aper-
ture Distribution of Narrow Aperture Systems) described in Techaical
Report #10 is an example of the latter method. The WADONAS xzkes use
of a superposition of elliptical displays such as are normally obtained
with the matched-channe)l (Watson-Watt) type of radio direction finder.
The superposition of ellipses results in a polygenal figure from which
the directions of arrival of the component waves can be deteimined The
possibility of an actual field trial of such a system is rather remote
owing to the fact that the Vavy does not presently use the elliptical
display, but instead uses the propeller-shaped pattern obtained from a
rotating-goniometer type system. Superposition of these propeller-
shaped patterns yields little useful information. However, because
these latter patterns before rectification contain the same information
availablie from the ellipses, 1t appears that it should be possible to
trarsforic one display into the other. Such a transformation would
provide the possibility of utilizing present group d-f installations te
give a WADONAS type display.

in this report the authors have explored methods of performing this
transformation of displays and have built a "bread-board" mode! of one
particular meithod to verify the correctness of the principle and to
ascertain some of the practical limitations. Although much more devel-
opmental work would be required to produce a practical werking model,
L
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soundness of the idea.

E. C. Jordan



ABSTRACT

It has been shown previously that outputs from a space distribution
of Watsen-Watt, or twin-channel, RDF systems may be combined optically
to produce a display that could be used to give accurate bearings on
signals of short duration. In this report a method is described for
transforming the ABI (Automatic Beering Indicator) displays to a form
suitable for optical superposition.

The signals from the N-S and £-W pairs of antennas are labeled in
quadrature by modulating them with the goniometar rotation rate before
the signals are fed into the ABI receiver. These signals are preserved
at the IF output of the ABI receiver and contain all of the information
of a Watson-Watt system. A bread-board system is described wherein the
labeled signals are separated oy quadrature detection and fed into
separate channels where there 1s a frequency conversion tc twice the
goniometer rate. Band pass amplifiers centered at this low fre
are used 1n combinetion with suitable fiiters for eliminating undesired
components  The outputs from these amplifiers are fed to the oirthogona!
plates of a CRT to obtain the Watson Watt type display Phciographs
showing the transformed results are presented

A discussion cf scme of the praciical limitations is given, as ar

(1

some altcriate methods of accomplishing the same sert of results Tk

"
(¢

quadrature modulation may Le done Ly electronic means =2t either high or
low audio frequencies, provided that the prescribed precautions
taken.

111
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LIST OF SYMOBLS

the angle of arrival of strongest signal component

. the goniometer rotation rate in rps

an integer representing one of the interfering signal components
the tetal number of interfering signal components

the ratic of the ampiitude of the pt'h signal component to the
amplitude of the strongest signal component

the phase angle between the pth signal component and the strongest
signal component,

the angle between the direction of arrival of the pt'h signal

component and the direction of arrival of major component
|

the intermediate frequency of either the ABI or Watson-Watt receiver

an integer representing one of the modulation frequencies
the total number of modulation frequencies

the ratio of the magnitude of the qt'h modulation frequency component

to the magnitude of the carrier, i.e. the modulation index of the
th

q“" component,
the qth modulation frequency in cps

an arbitrary freguency in cps
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1. INTRODUCTION

Technical Report No. 10 on this contrdct2 described a method of
optically superimposing the outputs from several narrow aperture Watson-
Watt, or twin-channel, RDF systems arranged in &n array. The composite
display on a multigun oscilloscope is a polygor having n—pairs of paral-
lel sides, where n represents the number of arriving signal components.
The direction of arrival and relative strength of each of the signal
components may be determined from the display. From the display the
bearing of the strongest signal component or the average indicated
bearing may be determined. Figure 1 shows the type of display that is
obtained from such a superposition.

The display from each Watson-Watt system is either a straight line
or an eilipse. For each system position in the array of systems the
aspect of the elliptical indication is, in general, different from that
at any other position, and, with properly adjusted gains, the composite
of all possible aspects of the elliptical indication gives the polygon
display. With only 1 few systems in the array, say 5 to 7, the envelope
of the polygon may b: determined. Pictures of Watscn-Watt displays for
one and two arriving signal components are shown iu Fig. 2.

The composite display from the system just described may be ob-
tained from Watson-Watt displays because the Watson-Watt displays are
either straight lines or ellipses for signals with all components on the
same frequency. The composite display, referred to in other reports as
the WADONAS display, has a definite advantage in permitting bearing data
on signals of very short duration.

The ABI, or Automatic Bearing Indicator, display is a "propeller-
shaped” display. When there is only one signal present the display is
sharply defined, with a deep null along a line at right angles to the
indicated bearing. When two signal components on one frequency are
present the propeller-shaped pattern becomes blurred. When these com-

______ b
(A =11

varies, and the display becomes a cusped figure which i1s somewhat
difficult to interpret, especially if modulation is present. This
figure represents the envelope for a composite display made up by super-
imposing the displays from a distribution of ABI systems. If more than
two signal components are present the envelope for the composite display

-2
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a. Angle of separation of
components is 30°.
Relative amplitudes of
components is 0.4.

b. Argle of separation is
18°.
Relative amplitude is
0 4.

c¢. Angle of separation is
10°.
Relative amplitude is
L8

FIGURE 1 WADONAS DISPLAYS FOR TWO ARRIVING SIGNAL COMPONENTS
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b. Two signal components at
the same frequency

c. Two signal components at

different _requencies

FIGURE 2 WATSON-WATT DISPLAYS FOR ONE AND TWO ARRIVING SIGNAL COMPONENTS
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is even more complicated and confusing. Pictures of ABI displays for
one and two signal components are shown in Fig. 3. At the output of the
ABI intermediate frequency amplifier, the dispiay wouid give a "figure-
eight" pattern, such as those indicated in Fig. 4. The ABI pattern is
obtained by subtracting the "figure-eight" pattern envelope from acircle.
This "figure-eight" signal, before rectification, contains all of the
information put into the receiver from the antennas except those por-
tions which have been eliminated by the filter action of the tuned
circuits 1n the receiver. ‘lThere is a one-to-one correspondence between
the "blur" of the "figure-eight" pattern of the ABI at IF and the
ellipsing of the Watson-Watt pattern. A development 1llustrating this
correspondence is given in Appendix A. This fact indicates that it
should be possible to operate on the figure-eight pattern at IF in some

manner and obtain the elliptical, or Watson-Watt-type, indication.



2, A single signal component b. Two signal components at the
same fregquency

c. Two signal components at

different frequencies

FIGURE 3 ABI DISPLAYS FOR ONE AND TWO ARRIVING SIGNAL COMPONENTS
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a. A single signal component b. Two signal components at the
same frequency

c. Two signal components at
different frequencies

FIGURE 4 FIGURE-EIGHT PATTERNS OBTAINED BY DISPLAYING THE ABI |F OUTPUT
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2. METHODS OF TRANSFORMING THE ABI INTERMEDIATE-FREQUENCY
OUTPUT TO THE WATSON-WATT-TYPE GF DISPLAY

The intermediate frequency output display of the ABI receiver:

‘0 N 5
E = A cos wt cos {(a — et)eJ " % AZ Hp cos (wt + db) cos (@ + Bp - et)eJGt
p=0

(1)

1s to be transformed in such a manner that a display of the Watson-Watt

type:

. N ) &
Z - B cos wteJa + B Z Hp cos (wt = 9p)eJa BP (2)
p=0

1s obtained.

The ABI receiver may be regarded as a labeling device which labels
the signals from the two antenna pairs and adds them before amplifica-
tion and detection. This process corresponds to a synchronous modula-
tion process in which the two signals are modulated with quadrature
components of anoth r signal, i1n this case the goniometer rotation rate,
which is 6/2n revolutions per second.

A means of separating the two components of the intermediate-
frequency output of the ABI receiver is required, or. in other words, a
means of synchronous detection. It appears that the most straight-
forward means of doing this is to modulate the output with two orthogo-
nal signals at the same frequency as the receiver goniometer rotation
rate. This can be accomplished by applying the intermediate-frequency
output voltage of the ABI receiver to the search coil of a second
goniometer which is mechanically coupled to the original receiver gonio-
meter and which has the same displacement angle (6t). Then the voltage
across the orthogonal stators of the goniometer are the original IF
voltage of the ABI receiver, modulated by E; cos 6t and E; sin 6t
respectivély~

These two voltages contain the required terms along with undesired
terms. Several means of eliminating the undesired terms are possible.

If each of these voltages is applied to separate square-law balanc-
ed modulators, where the frequency of the modulating voltage differs from



the intermediate-frequency of the ABI receiver by any constant phase
angle, y, and all AC terms are eliminated by filters, two DC veliages pro-
portional to sin & and cos @, respectively, would be obtained. Modulat-
ing with a signal of some arbitrary frequency (probably low-audio fre-
quency for simplicity) and applving the two voltages thus obtained to
the two pairs of deflection plates of a cathode-ray oscilloscope results

1n a display which may be represented by:

. N )
A 2ty cos (1 g’ T Bp)] (3)

: P

The develcpment of this expression 1s given in Appendix B. A block
diagram of a system of this type i1s shown in Fig. 5.

This 1s not exactly the same form as the Watson-Watt display
represented by Eq. (2) since no ellipsing would occur for two signal
components of the same frequency. For purposes of optical superposition,
.s 1n the WADABI, straight lines would work, but in order to determine
an envelope, many more straight lines than ellipses would be required.

The display for this system would be as shown in Fig. 6a, where the

position of the straight line may take any position from aod to bog,

depending on the relative phase of the two signal components. If the
signals were not at exactly the same frequency but only slightly
different so that the filters would not separate them all possible
positions of the straight line would give the parallelogram envelope
shown in dotted lines. The optical superposition of displays of this
type would determine the parallelogram envelope 1f enough individual
displays were used The parallelogram envelope 1s shown in Fig. 6b.

For three signal components the straight line would eventually
describe a display such as 1s shown i1in Fig 6c when the components vary
slowly in phase  Similarly for any number of signal components the
envelope will be a polygon having N pairs of parallel sides This
polygon is the same as would be indicated by the Watson-Watt display and
may be interpreted in the same manner. For purposes of optical super-
position, this transformation system is satisfactory., but has the dis-

advantage that many small aperture systems would be required in order

to determine the polygon envelope.

L
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An alternate method of transforming the IF output of the ABI to the
Watson-Watt-type of displey is as follows:
A. modulate the IF output with a second goniometer as above,
B. use some sort of linear multiplier to multiply the voltages
obtained in (A) by E cos (ut + 26t),

C. filter out all terms from (B) which are not of the frequency

26
2n

D. apply the resulting volcages to the orthogonal plates of a
-cathode-ray oscilloscope.
The display for this system may be represented by:

N

Z=M [;os 26teJa + 2 Hp cos (206t — ¢p)ej(a i BP) ], (4)
=0 _

p

which 1s the same as the Watson-Watt display indicated by Eq. (2),

except for a substitution of 26t for wt. The development for this
result 1s given in Appendix C.

The latter is the system that was developed. It is shown by block
diagram in Fig. 7.

-12-
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3. DETAILED DESCRIPTICN OF BEARING TRANSFORMATION SYSTEM

3.1 Goniometer Driver

A suitable method of driving the goniometer was found necessary
because of its extremely low impedance and variability of impedance with
rotation angle.

The low impedance driver needed suggested cathode follower type
amplifiers. The output power needed was relatively large since voltages
on the order of one volt were required. ¥or these reasons and because
of the relative independance of gain of cathode followers with varia-
tions in tube parameters, six type 12AU7 dual-triodes connected in
parallel were used on each side of a push-pull amplifier. In order to
minimize distortion caused by driving the grids of this power amplifier
positive, cathode followers were used to drive the power stages. The

circuit diagram for the goniometer driver is shown in Fig. 8.

3 2 Linear Mixer

The requirement that the output of a mixer br. of the form:
Eout .= CiEq + C2Ep + CsEaEb, (5)

with very low amplitude higher order terms, places a very severe limita-
tion on circuitry and tube types.

After testing all of the available miniature pentagrid converters,
a pair of type 6BA7 tubes were used with the circuit shown in Fig. 9.
While these were the best of all tubes of the miniature type that were
tested, higher order terms were not negligible and the constant C; in
the above equation was very small. Testing the available octal type
tubes resulted in the use of type 6SA7 tubes since, of all tubes tested,

ehs
1 3

o 1
visLd

P the best swited for this purpose.

ypc was

cr

3.3 Amplifier and Low-Pass Filter

Because of the low level of the desired components and fairly high
level of 'ndesired components in the output c¢f the mixers, a low-pass
filter was found necessary to prevent overdriving the succeeding stages
with undesired components. The amplifiers and filters are conventional
circuits and need no further mention. The circuit diagram is given in

Fig. 10.

ym
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3.4 Band-Pass Amplifier

The pand-pass amplifier consists of two stages of feedback ampli-
fiers with twin-T B-net.works.3 The circuit diagram i1s shown in Fig.
11. The componerts selected for the P-neiworks were matched to within
one-percent and were of high quality to insure the stability of these
amplifiers. The constant-current pentcdes insured stable operation
under a wide range cof input impedances of the B-network. Curves of
frequency response are shown in Fig. 13a and b. The time variation in
frequency, gain, and band-width were such that, after the two channels
were once aligned, the circuit operated with no detectable differential
phase shift between the two amplifiers, frequency shift, or gain mismatch
over a period of four months with large changes in ambient temperature

and humidity.

3 5 Band-Block Filter

A study of the expression (C-2a, Appendix C) shows that there are
terms 1n 46t (80 cps) which must be filtered out of the voltages in
order to obtain Equations (C-3a) and (C-3b). A twin-T filter having a
%S , was used for this purpose. The circuit

diagram 1s shown in Fig. 12. Frequency response curves for the two

null at the frequency,

stage band-pass amplifier operated in conjunction with the band-block

filter are shown i1n Fig. 13c.
3.6 Deflection Amplifiers

Commercially available oscilloscopes do not, as a rule, have iden-
tical amplifiers for both horizontal and vertical channels. Since *hese
were required for this system, a pair of matched deflection amplifiers
were designed.

-

The circuit for these deflect.ion nmplifierg congistg r__\f a sp

(34

1
load phase inverter driving two R-C coupled amplifiers in push-pull as

1s shown in Fig. 14.

3.7 Miscellaneous Notes

The mathematical treatment of Appendices B and C requires that both
channels from the goniometer to output of this system be identical, both
in phase and gain. For this reason all components were matched as

closely as possible between channels.

-18-
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Low time constants were used in all coupling networks to insure
minimum phase shift at the low frequency used. The fiequency of opera-
tion of the system is determined by the rotation rate of the goniometer,
which was in this case twelve hundred revolutions per minute, giving
forty cycles per second as the center frequency of the band-pass ampli-
fiers. This frequency could be changed by changing the rotation rate of
the goniometers, or by performing the synchronous moduvlation by elec-
tronic means. '

Most stages used a large amount of cathode degeneration to insure
stable operation.

Each stage was individually decoupled from the B+ line to elimi-

nate any cross-coupling or motor-boating. .

=y

o




&
"

4. EXPERIMENTAL RESULTS

Photegraphs of cathode-ray tube displays using this transformation
system are shown in Figs. 15 and i6 with the modified ABI display, or
"figure-eight" display. The bearing angle is read along the major axis
of the ellipse in the transformed display and through the minimum of the
modified display.

Figure 15 shows the displays for several cases of single frequency
reception. The desired straight lines were obtained for only one re-
ceived signal, and ellipses in the case of two signals of different
bearing.

Since one complete pattern is obtained for each half revolution of
the goniometer, any variation in the cosine coupling law for the gonio-
meter can be seen as multiple traces in the transformed display. This
effect is noticed particularly for the elliptical displays of Fig. 15.
Slight nonlinearities in the multipliers are also noted as distortion of
the elliptical patterns.

Figure 16 shows several displays obtained when two signals are
received at different frequencies. The parallelogram displays contain
all of the information of the Watson-Watt display except that this
display is at a frequency of forty cycles per second and thus a longer
time is required to obtain the complete display than would be required
at the usual receiver IF. The interpretation is the same for both the
Watson-Watt and the transformed display.

Non-linearities in the multipliers are particularly noticeable in
the first picture of Fig. 16. In this case the received signal was
approximately ten times the magnitude that it was in the other pictures
in this figure, and the multiplier tubes were operating out of their
linear range. Again, goniometer irregularities can be noticed as
asymmetries in the displays, and lack of phase match between the two
channels is noticed in the form of ellipsing of the display.

Bearing error, found by using a calibrated goniometer as the signal
source, was less than three degrees if the signal strength was low
enough to keep the multipliers operating in the linear region of their
characteristics. The tubes were matched in the linear range and the
mismatch occurring in the nonlinear range causes bearing error to
increase. The bearing error figures could be improved bty more careful

matching of the two channels throughout the entire system.
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While the extremely narrow pass-band of the amplifiers used elimi-
nates nearly all of the mciulation present on a signal, modulation
frequencies that fall within the pass-band of the system can cause
bearing errors. The last picture in Fig. 16 demonstrates this fact. In
this case one of the received signals was modulated at a sixty cycle per
second rate, with a modulation percentage of twenty. It can be seen
that 1t is difficult to separate the bearings in this case. Modulation

frequencies of over 160 cycles per second have no discernable effect on
the bearing.
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5. LIMITATIONS AND ALTERNATE METHODS OF OPERATION

This transfcrmation system is limited by the non-linearities of the
mixer tubes, the departures from the cosine coupling law in the gonio-
meters, the requirement of matched channels from the ABI receiver to the
output, and the requirement that all modulation of the signal components
be of higher frequency than 160 cps.

The matching of channels 1s not a serious limitation for this fixed
low frequency band, because at low frequencies such channels can be made
rather insensitive to changes in tube constants and changes in tempera-
ture.

The sysicm requires very sharp tuning for the very narrow output
bandwidth of about 20 cps. To overcome this difficulty an automatic
frequency control should be used on the variable tuned local oscillator.
This, in combiration with a crystal-controlled injection oscillator,
would make the tuning much less critical.

Although the system described makes use of goniometers for perform-
ing the quadrature modulation and detection wherein the gonicmeters are
driven by a motor at a rate 8/2n, modulation using electron tubes
could be used just as well, with 6/2n being supplied by an electronic
oscillator. It may be noted in the development in Appendix C that
undesired terms at the frequency 4 6/2n m st be filtered out.

The development in Appendix D illustrates how modulation may intro-
duce error, and how a system may be designed to reduce the error. If

20 < o,;, such that o > 86, the modulation will introduce no error.

/2n is 160 cps by this

ain
For the system described, the value of o_,;,
criterion, but it may be made considerably lower and not introduce
appreciable bearing error.

Appendix D also shows that 26 may be made quite high by making a
proper choice with regard to the highest modulation frequency. The use
of the high frequency is desirabie for ithe case wherein bearings on
flash transmissions are required. The output display is then "written"
several times while the transmission 1s on, while for the low frequency
case the display may be "written" only once or twice.

A word of warning is in order on this point. Because of the quad-

rature modulation at the input, the side bands must be equal in magni-
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tude at the point of quadrature detection with E  cos 6t and E; sin Ot.

This places a limitation on a system in which 26 is greater than o
’

but does not seriously affect the system for which 26 1s less than Ogin,
since in the latter case the side bands are close together, and the
prebability that they are different in magnitude by an appreciable
amount 1s quite low.

It should be pointed out that the method of transforming the IF
output of the ABI to the Watson-Watt display described in Sectior 2
may also be accomplished as follows:

First: perform operation B, i.e., linear modulation of the IF out-
put with E  cos {wt + 26t), and filter out all terms containing wt and
2wt.

Second: quadrature modulate the above output with E  cos 6t and
E, sin Ot.

Third: filter out terms containing 46t and DC terms.

Fourth: supply the resulting volteges to the deflection plates of
the CRT as before.

This procedure gives the same result as is indicated by Eq. (4),
and provides a somewhat simplified system i1n that the modulation by

En cos (wt + 26t) need be done in only one channel. The quadrature

detection was done first in the system described because the goniometers

used were designed to operate at radio frequencies.
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6. CONCLUSIONS

A system has been described which transforms the IF output of the
ABI receiver to @ form which will produce a Watson-Watt type display.
The system may be used in three ways: 1) to change the displav of an
existing ABI direction finder so that it may be used as a Watson-Watt
type radio direction finder; 2) to give a Watson-Watt type display to be
used as an auxiliary device with an ABI system; 3) to change the dis-
plays of each of several ABI systems to the Watson-Watt type, so that
the resulting displays from a space distribution of such systems can be
combined optically to form a composite display that can be readily
interpreted. The third of these is believed to be the most important
because of the potential use 1n obtaining accurate bearings on flash
transmissions.

The goniometer method described here provided an excellent means
for synchronizing the quadrature detection with the quadrature modula-
tion, which 1s a necessity for a reliable system. The quadrature
modulation and detection cculd be done electronically at much higher
frequencies if the precautions outlined are followed.

Although thc experiment was performed by operating on the output
from a 175 kc amplifier, there 1s at present no apparent reason why the
system could not be made to work with a complete ABI system.

The system 1s limited by the matching requirements of two channels,
but this does not appear serious when the techniques for matching fixed
frequency channels are considered. Another limitation appears when the
incoming signal is modulated. By a proper choice of output frequency
the limitations due to modulation may be minimized.

It has been shown that a bread-board model of the system described
does give the predicted results.

It should be pointed out that it might be possible to achieve the
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developmental work would be necessary before a model of a transformation

device is ready for field operation.
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APPENDIX A
EQUALITY OF ELLIPSING IN THE WATSON-WATT AND BLURRING
IN THE MODIFIED ABI

The expression for the Watson-Watt display in Fig. 17 1s given by:

. N .
Zyw = A E:os wte’ 4 2 Hp cos (ut ¢ g " BPZ] (A-1)

P

The ABI "figure-eight" display at intermediate-frequency, hereafter
called the modified ABI display, 1is given by:

b

6 N 50¢]
+ 2 Hp cos (wt + ¢p) cos (a + Bp - Bt)e _J

'ZABI = B [Eos wt cos (o - Ot)ej ;
P

(A-2)

For any particular goniometer displacement angle (6t/2n) in Fig. 17
the magnitude of the radius vector in the modified ABI display 1is given
i - by:

[~ N
BABI = B| cos wt cos (a — Bt) + pfo cos (wt + ¢b) cos (a + Bp - Gti]

(A-3)

' The project of the Watson-Watt display on a line at the angle
o (6t/2n) is given in vector notation by the dot product:

(
Cz = ZW-\; cos 6t + j sin 6t », (A-4)

where 1 and ) are unit vectors.

Then:

g e

ATHA TS 3

N
CZ = A [}os wt cos (a — Ot) + pfo H.p cos (wt + ¢p) cos (a + Bp - e:}}

(A-5)

I N RRRRRIETY evrn
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Comparing Rygy to Cz, it can be seen that:

From this it can be seen that the bearing angle, @, is the same in

both cases, since Cz is maximum when 0t/2n = &, and Rpygy is a minimum

when 6t/2n = a + n/2. Then the angle read at the major axis of the
ellipse on the Watson-Watt display 1s the same angle that is read at the
minimum of the modified ABI display, or the maximum if the scale 1is
shifted as i1n Fig. 17.

The "ellipticity" of the Watson-Watt display in Fig. 17 is defined

as the ratio of the minor to the major axis, or:

- (_gg_) (A-7)
W

The "blurring"” of the ABI display is given by the ratio:

\al - (_g_n) (A-8)
ABI

The minor axis of the ellipse is found by setting (6t) in Eq. (A-4)
equal to (a + n/2). Then:

CDyw - A

W M2

Hp cos (wt + ¢p) sin Bp (A-9)
p=0

Similarly EEABI is found by setting 6t equal to (a + n/2) in Eq.
(A-3).
Then:

N
EEABI = B ?0 Hp cos (wt + ¢p) sin Bp (A-10)
p=

=33
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Similarly, for the major axis of the ellipse, let 9t equal ¢ in

Lq. (A-4). Then:

N
KEWW = A [}os wt + X Hp cos (wt + ¢b) cos P

p=0

(A-11)

The length KE;"I is found by setting 6t equal to a in Eq. (A-3).
\D

Then:

N
KEABI =B [Eos wt + 2 Hp cos (wt + ¢b) cos Bé]

p=0

It can be seen that:

Dy . Dyppy
Xj_3'WW ABABI
and
€ = €
w ABI

<35«
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(A-14)
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APPENDIX B

DEVELOPMENT OF THE DISPLAY EQUATIOMN FOR THE TRANSFORMATION
WETHOD USING SQUARE-LAW BALANCED MODULATORS

If the ABI IF output:

N
E = A cos wt cos (¢ — 6t) + A E Hp cos (wt + ¢p) cos (a + Bp - 6t)

p=0 (B-1)

1s applied to the search coi1l of a second goniometer with the same
rotation rate and displacement angle as the receiver goniometer, the

resulting output voltages are given by:

E, = ? '[Eos (wt) {cos a + cos (a - 26t)}
(B-2a)
Hp cos (wt + ¢p){cos (a + Bp) + cos (a + ﬁp - 26t)}

+

N N 2

p=0

E, = g '[Eos (wt) {sin a — sin (a - 26t)}
(B-2b)

N

+ I H, cos (wt + ¢ ){sin (a + B,) - sin (a + B - 29t{ﬂ

0=0 P P P P _J

This accomplishes the quadrature detection with E  cos 6t and
E, sin 6t components.
Modulating these voltages with E  cos (wt + y) in square-law

balanced modulators gives

E, = C, [}cos (2wt + y) + cos v}{cos a + cos (a — 26t)}
N B-3

+ 2 Hp{cos (20t + y + ¢b) + cos (y - ¢p}{cos (a + Bp) (B-3a)

p=0

+ cos (a + Bp —-26t)£]

-36-
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E.' = G [}cos (2wt + y) + cos y}{sin & — sin (a — 26t)}

N (B-3b)

+ 2 H, {cos (2wt + y + ¢p) + cos (y - d>p)}{sin (a + Bp)
p-0

If y were held constant and all AC terms filtered out, these
voltages would take the forms:

E,". = C, cos Y cos a + C,
P

I %~ 4

; Hp cos (y - ¢p) cos (a + Bp) (B-4a)

E,” = C, cos vy sin a + C,

It =

Hp cos (y - ¢p) sin (a + Bp) (B-4b)
p=0

Applying these voltages to a pair of gating circuits with the

characteristics:

Egue = CoE,Ey’ = CiE, sin pt (B-5)

(o]

where E, i1s one of the DC voltages, E," or E;* and p 1s any convenient

value, then:

N
E.” = Dcos Y cos & sin pt +D 2 Hp cos (y — ¢p) cos (a + Bp) sin pt
p-=0
(B-6a)
N
E,". = Dcos ysinasinpt +D T H cos (y-¢.) sin (2 + B ) sin pt
- P Y P
p O
(B-6b)

The display obtained by applying these voltages to the orthogonal
plates of a CRT may be represented by:

- N ; i
Z - K sin pt [cos YeJ + 2 l'lp cos (y - ¢‘p)eJ(a BPZ] (B-7)

p=0

This is the same as Eq. (3).

- sin (@ + Bp = 29t)z]



APPENDIX C

DEVELOPMENT OF THE DISPLAY EQUATION FOR THE
TRANSFORMATION METHOD USING LINEAR MIXERS

An alternate method of transforming the ABI IF output to the
Watson-Watt display 1s to apply the voltages of Eq. (B-2), Appendix B,

to linear mixers which have the characteristics:

Eout - FEn " GE'b * HEaEb

(C-1)

where E, is E, or E; and E, = E; cos (wt + 26t).

The resulting voltages are given by:

E,' = %? cos wt{cos a + cos (a — 26t)}

N
+ 2 Hp cos (wt + ¢p){cos (a + Bp) + cos (a + Bp - 26t)} |+ GEH cos {wt + 20t)
p=0

4 B qP cos (a){cos (2wt + 26t) + cos 26t} + cos (a — 26t) cos (2wt + 26t)

+ ¥ cos a + % cos (2 — 46t)

+
P

M2

A Hp {}cos (2wt + 26t + ¢p)}{cos (a + ﬁp) + cos (a + Bp - 26t)}

+ cos (20c - ¢p) cos (a + Sp) + % cos (a + Bp = ¢p)

+ % cos (a + By — 46t - ¢p)£}] (C-2a)

The equation for E,’ is similar and will contain terms at the same

frequencies as the equation for E,’.

=38«
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Filtering these two voltages to eliminate DC terms and terms con-
taining wt, 2wt, and 46t gives:

— "‘

N
E,” = K|(cos a cos 20t + ? Hp cos (a + Bp) cos (26t - ¢pij (C-3a)
e P'G
- . -
E,” = K |sin a cos 26t + 2 Hp sin (a + Bp) cos (26t - ¢p) (C-3b)
L p~0 -

The display obtained by applying these voltages to the orthogonal
plates of a (RT may be represented by:

. N j +
Z-M l:cos 20te’” + 3 H, cos (26t - ¢p)e’(°‘ BP’J (C-4)
p~=0

which 1s the same as Eq. (4).
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APPENDIX D
THE EFFECT OF MODULATION ON THE TRANSFORMATION SYSTEM

In the incoming signal is a modulated signal which may be repre-

S
sented by E, cos wt (1 + 2 m,cos oqt), Eq. (B-2a) becomes:

q=1

S
E, - B r;os we(l + 2 m_ cos o t){cos @« + cos (a — 20t)}

N S
+ 2 Hp cos (wt + ¢p)(1 + 2 m, c€os oqt){cos (a + Bp) + cos (a + Bp - 29tiﬂ
p=0 q=1 .

(D-1a)

After quadature modulation with cos 6t and sin BAt, and after modulation
with E, - E_ cos (wt + 26t), by the method shown in Appendix C, and

after filtering out terms containing wt and 2wt, the above equation

becomes:

S
E,* = §=§9 [Eos 20e(l1 + 2 m, cos oqt){cos @ + cos (a + 26t)}
q=1

N
+ 2 I, cos (26t — ¢ _)(1 +
i, :

S
P m, cos oqt){cos (a + Bp)

+ cos (a + Bp - 28t)E]

q=1
)

(D-2a)

which may be written as follows:

E . E‘HB os 26t{cos @ + cos (a - 2et)} + g (26t - @ ){ (o + Be.)
1 4 c [T c o Hp cos p)icos (a p

+ cos (a + Bp - 26t)}
(D-3a)
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S
+ 2 m_ cos o,t cos 26t{cos a + cos (a — 26¢)}

S N
+ q§1 mq €OS Ot pfo Hp cos (26t - ¢p) * {cos (a + sp) + cos (a + ﬂp - 29t)ij

(D-3a cont’d)

This equation may be expanded into:

E,

E,i18
4

cos & - cos 26t + X cos ¢ + % cos (a - 46t)

N
+ 3 {cos (a + B_) cos (26t — ) + % cos (¢ + B - ¢_)
p =0 Hp P P p P

+ % cos (a + Bp + ¢p — 46t)}

+
MW

Mg {cos a [cos (26t + oqt) + cos (26t - oqt)]
2
q=1

+ % cos (cqt + a) +'% cos (a - 48t - oqt)}

+
™M
ta Z

A Mg Hp{cos (a + Bp) [ cos (26t + Ogt - ¢b) + cos (26t - o t — ¢p)]

q=1 p

+ ¥ cos (a + Bp + ot - ¢p) + Y% cos (46t + Ot —dp —a - bp)

+ % cos (a + Bp - 04t - ¢p) + % cos (46t - Oyt -~ ¢p - o = ﬁp;ﬂ

(D-4a) _J

The filters used eliminate 46t and DC terms. It is safe to assume

that all terms containing angular frequencies greater than 46 may also
be filtered out. When this is done Eg. (D-4a) becomes:

sd]=




S AL

N
Ex‘ = Ehﬂ? cos & cos 26t + 2 Hp cos (a + B_.) cos (26t - ¢_)
4 oo P P

S
* J
qz

N |4

{cos a [cos (26t + ogt) + cos (26t - oqt)]
1

+ % cos (Oqt + a) + % cos (Oqt - a) + % cos (46t - Ogt - a)}

5 m_H

<1 p=0 2

+ % cos (a + Bp + 0t —>¢p) + % cos (a + Bp - Oqt - ¢p)

q

+ Y cos (46t —o t -, —a - B );]
q P p B (D-5a)

3 * . g 2
The relation for E, may be developed in a similar manner. It will
contain terms at the same frequencies as those indicated in the expres-

“ t ]
sion for E,; .

The equation (D-5a) contains several undesired terms brcought about
by the modulation. These cerms may be eliminated by a proper choice of
26t with respect to the modulation frequencies oqt/Zn. Ifo,, /2~

represents the lowest probable modulation frequency, and if o , = 86,

all objectionable terms in Eq. (D-5a) will be eliminated if the filters
reject all components above 46t. In the system described in this report
26/2n is 40 cps, so that the lowest modulation component that wil)l not
cause trouble is 160 cps. Actually the bandpass amplifier used has good
rejection at 60 cps, so that modulation components as low as 140 cps
should cause no trouble; and since the effect of such components 1is
diminished by the modulaior constani and by ithe modulation 1ndex,
modulation components even lower than 140 cps would ordinarily not
introduce appreciable error. This will take care of most speech and
code transmissions.

Another possibility that arises is to make 26t above the modulation

band. In this case the (26t t cqt) terms are not to be classified as

N
+ Z 2 A2 {cos (a + Bp) [cos (26t + Oqt = ¢b) + cos (26t - O t — ¢p)]



undesirable since they are the side bands due to modulatiun al %8¢ hiy

a,t. If o-.‘/2n represents the maximum modulation fraqdcac?,'tﬁa

bothersome terms contain o t alone 2nd (46t - oqt). Lt. woulad he reco

essary to choose 28/27 above o__ /2r, and make the Lind pass chszac-

teristic about 28/2n sharp enough to eliminate the undes:ired remms. }f,

ollx -

= 5 kc, 26/2n might be made 10 kc and the tanc pass

for example

amplifiers at the output designed for 80 db rejection at i§ ke The
resulting output would then be such that the modulation wenld cause
no error, provided that the side bands at the angulac freguencies
(w + 8) are equal in magnitude at the point of quadrature Zetrctios with

Em cos Ot and Em sin 6Ot.
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