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INTRODUCTION

Thie study deals with possible innrovements effected
in solutions to »hysicel vroblems by chanzes in the coordinate
system of the problen. Ib particuler, perturbetion solutions
to the problems are investigated with a view to improving tae
uaual solution by allowing a perturbation of the independent
veriables s8 vell ss8 of the devendent variables. The technique
has proved useful for wave propagation problems 2f a hyperbolic
nature dsscribed in Chapter 2, but has been less successful
for the elliptic problem of the flow past a thin airfoil dis-
cusged in Chaoter 3.

The idea of perturbing the independent varisble of
a problem was used some time ago by Polncaré in findingz the
limit cycle of a nonlinear oscillator (Zdl, and more recently
(1949} M. J. Lighthill considered the method at some length
in a most interesting paper (;2). Lighth41lY considers vari-
ous types of ordinary differentlial equations whose usual per-
turbation solutions are unsatisfactory, and also in this psper
he deals briefly with nonlinear partlal differentiel equations.
In a later paper (11) he applies the technigue of coordinatse
perturbation to correcting the usual solution to the problem
of incompressible flow past a thin airfoll. In the usual
solution which is based on the small slepe of the alrfoil
profile a eatisfactory answer 18 not obtailned nesr the lead-
ing edge of & blunt nosed airfoil, but Lighthlill found that

a small constant shift of the coordinate system corrected the



first ordex solutien, making 1t valid uniformly, and he
implied that successive correotlons could be made in the
coordinates as the higher order perturbaticn solutions
were found.

This problem was the initial impetus of our in-
vestigation, and ii{ wae planned to atudy the problem at
greater length and in particular with reference to the case
of compressible flow. However, as the study progreassed 1t
became clear that the perturbation serlies developed for the
independent variables were not satisfactory. Actually the
successive perturbation functions in these series, in order
to correct the increaging order of singularities in the
velocity functions near the leading edge, have to carry the
singularities themselves; anc in the singular region each
term 5 the perturbation series becomes cf the same instead
of decreasing order. The results and the faillure of the
series near the leading edge are discussed in more detail
in Chapter 3.

Nevertheless the hope remalned that at least some
gort of one-staze correction could be fourd for the case of
compressible flow past s thin airfoll, since the small con-
stant coordinate shift does effectively correct the incsom-
nreasible case., Several lines of inveetigation were attenpted
and verious typee of coordinate correction were considered,
but unfortunately none c¢f them proved successful. For examvle
a conatent coordinate shift 18 no longer correct since it dses

not satiafy the mor:2 complicated equations for the compressaible




case, Then as far as other tyves of functione are concerned
cne lmportant sspect arising from the invesiigation shouzld be
remarcked. Upen attempting series expansions based on a ver-

turbation varameter, € , in the form
x = x9@n+ exP ) + 2321 4 ... (1.1)

where X and Y are new coordinates, it was fcocund that Ffunctlons
of the tyre, x(i), appearing in (1.1) ocould not be obtained,

but rether that due both to boundary conditiones and to changes
of order in the derivatives of the perturbation functions that

the functions were of the form

= (x,1,8 (1.2)
In other worde the functions, x(l), 4dtd not fAt the usual type
of perturbation solution (1.1).

Actually such functions might be acceptable in a new

frame of perturbation solutions of the type
x = xx,y,0+exPx,r,0) + 2P x 04 ... (1.3

where the £ necsssary 3¢ fulfill Lhe reguirements of the
prcblem is allowed to appear in the perturbation functions.
Thie line of investigatiocn has not been nursued, but might
lead to new methods of problem solution and is perhavs worthy
of some etudy.

Next, since it had not teen possible to find real
golution improvement for the elliptic case, the investigation

turned to problems of a hyperbolic character. In particular
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the nonlinear hyperbolic partial Aifferential equations govern-
ing wave propagation dependent on one space variable snd one
time varlable were considered. Problens of this sort for the
cases of spherical and oylindrical waves have been diecussed
by Whitham (?3], (24}, in papers where a correction in cne

set of characteristiocs 1s advocated. That is in lieu of

using the usual functicns of a linesrized characteristic vari-
eble in the form

r(x - oot) 5 o, = speed of sound at (1.5)

infinity *
where the characteristics sre strailght and parallel in the (x,t)-
plane, Whitham suggests a correction in the form of s new
variable, z, which 18 to be constant slcong the true character-
1eticse of the problem now to be solved by functions of the
type £{z). He has obtsined interesting resulte from this ap-
proach, but a drawback of the method is its fallure to deal
with both sets of characteristics at the same iime.

The question arose ag to whether it might not be pos-
slble tc devise a methed correcting the solution alorng both
characterietic directions, and thus sllow for waves dropagating
in either direction. It seemed natural to conesider solutions
exnanded in terms of charecteristic varisbles both Tor the
dependent and indepsndent variasbles. slnce in %this way both
tte physical cguantities end the correct charscteristic curves
micht be found in the physical (x,t)-plene by a mepping from
the characteristic plane. Attentlion was restricted mainly to

the case of plane wave propagation where the equations ere
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simpler than for higher dimensionel cares, and a solution was
attempted in terms of charccteristic variebles &« and e for
velocity, u, and spesad of sound, c¢, and for the criginslly
independent space and time variasbles x and t. For a per-
turbation parameter, g , the soluticns were szcumed in tre
form

u = u(o)(u,g)+-£,u(lj(u,g)-k 82u(2)(u.§) s 7Y

c = 0(0)(u,§§+'€,c(1)(«,p)-f &20(2)(«,9) + ...

(1.5)
x = x\9) (o, )+ 8x(1)(°%,p) + &27.(2) CHY P P
t = 600+ et M, p) + €26 (a0 + ...

Such a tyrs of solution proved to bec mest satisfactory.
In the case of a plane wave the series for u and c terminate,
and a general expression can be found for the nth perturbation
function in the serles for x and for t. Furthermore, and of
some importance, one finds that the convergence of these latter
two serles can be demonstrated for sufflciently small initial
dieturbances so that the correctness of the soclution is assured.
More precisely, the convergence 1s dependent on the size of the
initial disturbance u' and o' to the base quantities u, and o
only to the extent of requiring that

i <FFr %i-<-§-§.% (1.6)
where ¥ 18 the adlabatic exponent so that for example if
Y = 1.k

u' <0.833 , c'<0.166 5

c
-

|

e/




In terms of density, f » this becomes

g—' < 1.161

which 18 of the order of the requirement on veloclty dis-
burbance. 1In other words the series 1s a convergent cne even
for an initlal density ratlo a8 high as 2.16,

The convergence of the series in the ordinary regions
of the flow is useful, but the outastanding fact is thet conver-
gence persists into the region where the mapping from the charac-
teristic plane onto the physical plane becomes multiple-valued
and where s shock would develop. In such a region the charac-
terietics in the pnysical plane form an envelope, and one can
show from the solutions (l.5) that the envelope develops for t
of the arder of 1/¢ . Then by digressing to state that the

usual tyve of perturbation solution takes the form (see Chapter 2)

a = 2%, 004 e (x,t)+ €262 (x,0) + €3¢ £z, 00+ ...

or (1.7)
u = %x,t)+ 5[r(1)(x,t)+ ete(?) (x, ) + e)2e3)(x,8)+ ]

the great improvement introduced by solution (1.5) becomes olsar,
Ecuation (1.5) converges in a perturbation sense cf decreasing
order of terme even as t becomes O(1/ € ), but the terms in {1.7)
become all of the same order for this size t and no longer repre=-
gens & satisfactory perturbation sclution. The solution (1.7)
f21le in the eame vey a8 that for the elliptiz case did, but

(1.5) rsmasne eatisfactory.
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In extending (1.5) intc the region where the solution
becomes multiple-valued, a shock wave is introduced to allow a
Jump in the phyasical quantities. Its location can be satis-
factorlly demonstrated, and cne can show that the shock epeed
is the cversge of the slopes of the characteriatics on elther
slde. The distance, x, which the solution may be continued
beyond the point of shock development devends on the degree
of accuracy desired. It i1s shown that an error of the order
of &x3/2 is introduced into the soluticn at a distance x along
the shock.

The theor) developed in Chapter 2 1eé 1llustrated
there by a particuler example of an initial value problem in-
volving & periocdic distribution of density in a fluld initially
at rest. The soluticn To the problem is found both for the
usual typve of perturbation theory and for the improved tyre,
and the advantages of the second type are demonstrated.

One wculd hope that the same advantages arising from
coordinate perturbaticn in the plane wave cese would carry over
to the higher dimensional cases of cylindrical and spherical
flow, Of course one can carry out the same steps of the process,
but for these cases where the equations are more compliocated the
serlea for u and ¢ no longer terminate, and as yet no oconvergenca
proof for the serles has been obteined. There 1s thus no guarantee
of the solutions, but as is after all usually the case with per-
turbation solutions cne can assume valldity for ®"small enough®

epsilon. It seems appropriate to extend the coordinate per-




turbation techniques to these problems, Justifying the procedire
by the improvement the technique brought tc the plane wave
case, and hoping that in time a convergence proof will be
develcoped outlining the regione of validity of a solution.

In summary then coordinate perturbation is a very
useful techniaue for improving the perturbation solutions te
yroblems of a hyperbollic nature., The charactieristic variables
are the "natural® variables of the problem and it now seems
clear that all the quantities of a prcblem including the physi-
cal coordinates should be expanded in terms of the character-
istic varlablies 1f the best type of perturbation scheme is to
be used. For the elliptic case on the other hand no set of
natuiral varlables 1g avallable. Problem sclution in terms of
the imaginary characteristics 1s of no sdvantage, and so when
a. solution becomes unsaticfsctory and singuilarities arice
one'g only recourse is to modiry their effect in some way. 1In
the cese of the airfoil the singularity could be partislly
hidden inside the prefile but its presence was still Telt in
the regicn of the leading edge end the singular behavior of
the solution in the reglon persisted.

It 1s concluded thaet coordinate perturtation as dle-
cussed in this thesis does not yet offer a real improvement to
€¢lliptic nroblems, but rsther finds great usefulness in 1its
epolication to hyperbolic probleme where the technique allovs
the solution to held even somewhat after the development of a

srock.



TEE EYPERBOLIC CASE

A. Plane Vave Propagation

Intrcduction:

The sclution to the vroblem of one-dimensional
isentropic vave vropagation may alvways be given in the form
of an integral involving the Riemann function and the initial
conditions and boundary conditions of the problem [}6], [1).
However, except in certain specisl cases, such a rerresenta-
tion of the solution is not very troctabls, and some other
form would be more useful.

One of the alternative forms of solution often 2p-
propriate, and in fact one of the favorite appioaches of applied
mathematiclans, is that of a perturbation solution where the
problem iz linearized by expanding the solution in terms of
a emall perameter of the problem. The resultant solution 1s
eatisfactory as long as the series behaves properly, but there
may be regions where the solution fails. In particular, as
will be shown later, for the problem of plane wave ripagation
the eseries will diverge in reglons vhere a shock starts to form
and in these regions the serles solution is no lenger satisfectory.

In the atterpt to overcome such drawbacks of the ver-
turbotion type of solution, and in line with the genercl alus
of this investigation, a solution to the plane wave problem
has been found in terme of a perturbation not only of the

dependent quantities, velocity and density, but also of the

space and time variables, x and t. The new independent variables
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used are the characteristic parameters, and the four perturba-
tion serles for x, t, velocity, and density are expanded in
terme of functloere of the charscteristics. The solution seems
most promising in that the convergence of the series can be
proved for an appropriateiy chosen perturbation parameter, and
also in the fact that the region of shock development can be
studled. That 18, even though the mapping of the characteristic
plane onto the physical plane becomee multiple-~velued indicating
the appearance of a shock, the solution series doea not break
downr, and may be used to describe the ohenomenon even somewhat
after the formetion of a weak shoock.

In the first section of this pert the four perturbation
series are found for the initial value problem with general
initial conditlons, end a procof of ithe convergence of the series
is given. An example of a simple physicel problem is then given
to i1llustrete such asnects 38 the inadecuacies of the usual type
of perturbation solution and the improvement effected by the im-
proved perturbation sclution. A further simplification of the
exarple problem ie then made so that the solution may be found
easlly from the Riemann function, expanded in terms of the small
perturbation parameter, ¢ , and conmpared with the perturbation
sclution. The solutions are found to agree and in fact the order
cf & required to ailow the expansion of this letter solution is
that expected from the general ti.ecry.

The egeconl eection is concerned witlh the Ancidence or
a shock wave, The geometry of the mapolng of the charactericstic

vlane onto the physical plane is diescussed, and the ability of
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the sclution to neretrate eligntly into the region where the
mapping starts to "fold over® is demonstirated., In the dis-
cussion entropy changes are neglected so *hat accuracy only
through gecond cir‘der in shock etrength 1s maintalned. The
same physical example used eHove 18 deacrldved near the regions
of shock develeopment.

Section 1i: Perturbation solution and proof of convergence.

When the equatione governing the vropagation of e
vlane wave are cast into the form of differentlal equations
elong the cheracterietic directions of the problem, they

becone, for the case of a polytropic gas,

u Cx
Xy = (u+0)tu '?'{'B,—-I_ a G
(2.1)
V& o1 § .i__ 0
IQ = (u - O,VP 2 - 5_1 =

vhere ¥ 48 the adiabatic exponent, o and e » the character~
jatic varleblec, and u and o the locel velocity and speed cf
sound respsactively [4).

Since a perturbation form of the solution to the
initisl value problem 18 to be obtalned, the initial conditions
must be given as disturbances superimpcsed on some prior uniform
stete. The choice of values to be assigned to « and @ on the
initial line is governed oanly by the requirement that a correct
parametric (for example single-valued) representation of the
4nitial state 18 achleved since the eguations (2.1) are homo-
geneous in & oOr e For simplicity the initial 1line t = O,

in the characteristic plane will be chosen a8 X = o« = g .



Then for a perturbation parameter £, and initial perturbations

cog(x) and cof(x) to ¢ and u, the initial conditione beccms

rXaeiae
t =0

on d-g < ¢

U = icof(“) = £Oof(§):

(2.2)

0o{l +egla)) = ¢, (1 + 58(@))

where the unperturbed gas was assumed at rest with uniform
density.

A solution to equations {2.1) under the conditions
of (2.2) is to be attempted in the form of the perturbation

serles,

X = x(0)+ sx(l) («,8) + ezx(Z)(a,e)—L

t = (004 Et(l)(d.p) + £24(2) («,8)4+ ...

) (2.3)
u w U(O)-{- 5‘1(1)(""@) + E‘U(Z)(“,P)+ e

¢ = ol 4 ac(l)(«.g) +.£?c(2)(d,@){- cee

This form of solution will linearize the problem and give sets
of equations from which the higher order perturbation functions
may be successively determined.

The terme free from £ 4in ths equations and initial

conditions yield the iritial apr»roximaticn
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For the functions u and c, the boundary condltions
together with the two eouations of (2,1) homojgeneous in u and

¢, show that in (2.3) one will obtain

e

B _ o ana o¥) 0 forx >1, {(z.5)
whereas for u(l) and c(l) one finds
(1) (1)
L g = r(8)
2 ¥ -1 \
\ (2.6a)
) L1 o
= T = ~B\¥
2 -1

where the initial conditilons reguire

r(@) = ¢ (ﬁﬂ +Ei§l)

2 ¥-1

-8(x)

°\ 2 Y-1

From these expressions end from equations (2.1l), any

\
perturbation function x(k’ or t(k) is found fronm,
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®) y L ’ 2"
X - -{-[(u"\-é“) AO( - %J‘( . (t\__ Cm)____ G@
Je @
o (u-*)
® = w, O) 'Bt \ " m q 5
b= -1 f{ &) o doc -R——’J o )——~ e - (2.7)
(4

In equations (2.7) using equations (2.6) the integrands

contain,
‘1) (1)
B ¥ e _ Ar(p) - Bela)
200
(2.8)
(1) (1)
u e = Br(p) - As(x)
2¢
o
. .
where A:g+l, B:"}"‘U'
hco hco

Now since the functions x(k} and t(k) are analogous, only the

tunctions t'¥) will be treated, and 1t will be shown that these
functions may be expressed in a certain general form, Then from
thie expression. the convergence of the perturbation series for

t may be proved.

The form assumed by the functions will be show: to be,

na) < Q™ e a‘ ' ‘
t™=) Ry .w%e)s’(«)[r‘(sz)s'”(@é& (2.5)

Avprpry = o

where




g(n*1) ::P = (ml))"g = conetants sucli that:
(nﬁ\\ l' - (1) )., (h) ).)’( i
R f': = R Q*t (BC— A> T R Q»“"{ Y;L—.A\I_*-
(n);(’).,\.$ + %L_\_ (m 14_1»‘ r (2.10)
B;Zo ! e g gyo Bﬁé—’%ﬂ R g bfo .
S’O-_- kronecker delta

(all inaices in (2.10) non-negative)

Proof of the validity of (2.9) is carried out by
matrematical induction from equations {(2.7) and (2.8).
At the firet ctage for A-i-lu +€+y =
evidently (2.9) holds since
e T2

From (2.9):

oy "4, f tx ]
md\&*} ) = ZRL & P(@) [(s _7 )rﬁ(r)s (ia)dt.a + S‘(«)\- a(x\J
i/

jb Ko?ﬁ"n
(2.12)

(c.,t(“’ - Z R ,, fS‘(al) [Pr""(?) ’9;% ¢4 (r) 5"(r‘),l M- r"&‘a) s'( e)

?0K0P4$‘|\ P

so tha® eaquation (2.7) for £{0+ L)y asomee
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Foor . |
+ |7 ol Arsi: 2 i dp = AsgarThsle)-
A‘m"*t‘h !
C

- Bpr “)355‘"5“4’! +Br(é,s"(e)-}dg (2.12)

[
Then use is made of the formula,

) 25" (1) dy hg=s‘@, \l(,*sr)a,* | Hsidp 2.2
d | % 4
and equetion (2,12) mey be intesrated usinge {Z.13) tc give
ol
« .
Gk " oy -
C.L ) - P\‘K'(s) !g’%‘— )Jr'sé‘u %& Skdiy - Ar(@)s%(dyfis dfﬂ
3,';7;.,5,.\ f Jj B
+A"(F) Srt R Ur B Ss’ rldr -Ar((a\) S'sw '“f]*l*
¢ ¢ ¢ 4d
) Wit a0y [ mni
+L * ()i’_ﬁ g rl,lr P*'J 5dr—-.A5&)v(@3rer+‘
SV SO TN oy
4 Ase) | e TE 4 gl e T S H - Ase) | (P
firtpeafrryeraf o)

{n, 1_1!.)
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This expression is of the form (2.9) end uvon
proper treatment of indices yleids the recurrence formula,
(2.10). From (2.10) of course one finds that the rule for
symmetry in the indices (by pailrs -(A,f) and (r.y)) holds
at the (n+1)§§ steve Af 1t holds at the nth,

The ne<t step in the investifation 4is the proof of

the convergence of the serles for t,

t 2 t4 e g24020 L (2.15)
(k)

from the expression (2.2) for the functions t .
I% will be shown that if the ZTunctions r and & are
bounded for the entire range of their argument by, say, a

constant; M,

\:1 <M
(2.16)
lalé; M,
(which means of course from (2.6b) that the original per-
turbation functions f and g mus*t be bounded), then the fol-
lowing geometric sceries may be shown to dominate (2.15),
Hot-g) z [ANRINCTVC RS ' (2.17)
J=0
This series converges if g€ 4is chosen such that
£ L — , (2.18)
LM

For proof, the terms in the series for cot are

evaluated from (2.9):
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* 40 (ne) 2, APy AL
\c-,t(“ ) en }__ ‘Z R ‘P; ME™F () l

aor (w-nﬂ

or (2.19)

‘C‘.{\m\\enﬂ ] < ‘V‘ n+l (d"P) Z \ R‘““’ ‘»)’ i

AQ"HP«tB- n+\

The problem then resolves itself into estimating

> R

R*r*f*v (2.20)
The estimatior 18 mrde by surning the recurrence
formula (2.10) in terms of ebsolute values. Furthermore of
course only three of the four incices R. Mo r » Y are
independent so one may set '
A= nHl-p-pov. (2.21)

Finally, to make use of the delta functions, the sum is broken

up into the form
n+l n+l-m n+l m n+l-m

§_ 7 Z F }—— ;-. (2.22)
m=0

ny =N Ilno m=" y-D ,\,! =0

where f =m-y,
which revresents correctly the requirement

fd*'e + )y < n¥l, where n¢ arrangement 1is




reveated.®

Ther. from (2.10)

-m

mn ‘M?. N4 om Mm' ‘n:" . o ;\]
Zz AlIES ZZ!R o (grars_ A )—{- "“”“*r(ge-p;i/f—
X

e = = ™Y,y o L = meva, o, XY mey g\
ol neiem ! (N} S (m \
+ Y/PY IB“"" P\“""”‘-Pﬂl_‘,_" < BL R~ p ! ]
S AN B AR LA R T gon (]
2 }"O Vo |$ /
\ §=o ]
(2.23)

In this expression, from (2.8)

Y+ 1
A=
l&cc

Bau_
lbco

so that for ¥ 21, A B and

¢
* To prove that o+l N4 - (") nay
>R e
™m0 Bhm po € ¥

does inalude every type of R, it euffices to skow that & varticular
R(nﬂ‘)i } (1,),k,8 = definite valuea such that 1+ +k + X2 = n+4l)
can appear in one and only one way. In other words
m can only equal k
LI * £ = y<m as required,
and " . . J = /‘gm-l-m as required.
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Then, by replaolng'-—l—— by 1 in (2.23), and by showing

qa+t+1l
that in each of the form sums, expressiona of the tyre,

:E: ' {n) 2

6.-&)‘ an

hold,

(the proof in each cese 18 the eame as that at the bottom of

page 19), one achieves an evaluetion of (2.20)

X*»«(¢y=nw
!

(2.25)

)-;:! ’ 3 ' ('\) )

; F \ i P

e:vi S 4_/\2 |P\
Aﬁr*f’*\’"ﬂ

\
So that 12 T™ 1g an upper bound at the n'? stage,

LR)) avy) (n) \""‘ e el )
‘Z(R‘ “»r' T L ART ™ e (AR5

)n}ubno-rm
Finally then, from {2.19),

\cot‘“*l) eP* ) < gM o - g asa) ™ 12 (2. 26)

so that (2.17) does represent a dominant series for {(2.15),
requiring & restriction of € of the form (2.18) for con-
vergence, and the vrcof is completed.

I)llustrative exarple

The points discussed so far in this sectlon will be
1llustrated with reference to a particular simple examnle where
the function f(x) of equation (2.2) 1s taken to be zero, and
th

()

function g{x) to be cosx.

0
Thue at ¢t = O (2.27)
G co(1+- £ cosx)

=
"

5 -

T v

-—

——

B —— s
:

I e @~




R

w Py -

-

The general behavior of an initiel periodic dis-
turbance of this rort such as, for example, the development
or' the hicher order hermonicse and later the tendency of ehocks
to evpear is of course of some intereat in itself.

l. Usual perturbation sclution

In the introduction it was mentioned that the usuel
tyve of perturvaiicn solution in which only the dependent
quantities u and ¢ are expressed as perturbation series often
is unsatisfactory. The particular way in which the solution
is inadecuate for thlis example problem will be demonstrated
below,

The ecuations for plane wave propagation referred

%o x and t as independent variables are

¥ -1 cu_ = O

> x

¥- 1
2

°t + ucx +
(2.28)

ccx-+ (ut-+ uux) = O.
In the usual perturbation scheme a solution to (2.28)
subject to the initial conditiona of (2.27) is attempted in

the form

Ol t) +eolPix,t) + 22 (5,8) + ...

(2.29)
u = u(o)(x,t)* £u(1)(x,t)+ Ezu(z)(x.t) + LI

After the detalls have been worked out, the resulting

perturbation functions become

(0)
(o) (2.30)



22,

o(l) = ;°— [oos(x -!r-cot) + coe(x - cot)]
(1)

u - 3—2% [mooa(x + cot) + ocos{x = cot)}

o(2) . 2%: [oanx - cos2c,t +1 - %cosz(x + oot)%cosz(x-oot)]-}-
M i-slnz(x +0,t) - sin2(x - cot)]
u'?) _ 7, lN' [cosz(x + o %) - coe2(x - cot‘)]
- ‘g}fT t [einz(x + o,t) + sin2(x - cotil
2
c
where M = - —= ¥+_1 )
iy
c 2
o ¥ -
N= - = ey
531

= 8.10083(1{ +cot) -+ azcosB(x - cot) + aacoa(x + cot)-i-

ab’ooa(x - cot) + aScos(Bx + cot) +

aécos(jx -c t) + a7cos(x + 3c°t) + ascos(x - 3c t)+
+t[b11n3(x + cot) + bzsinB(x - cot) + bBSin(x + cﬁt)+
bu_ain(x - cct) + b5ein(3x + cct) + bésin(Bx - co‘c)+
b7ein(x + cot) o+ besin(x - 3c°t)}+
4 tz[clcosB(x + cot) + czcosj(x - cot) + 33608(x + cot)+

c;ucoe(x - cot) + c5cos(3x + cot) + c6cos(3x - cot)-}-

c7cos(x 4 3001‘:) + ceeln(x - 30012)] ’
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where a,, bi’ c, are constants determinable from the ecuations
and initial conditions, and where the functlon u(B) hes the
game form with different constants.
c(u) has terms of the form:
constant, cos2x, coslx, cos(2x + 2cot), coe(2x + hcot),
cos(bx + 2c°t), cos{lx + bcot), cosbcot, cos2o_t,

+t times sines of the same arguments,

+t2 (] " [ n [] "

+t3 " " s L] " "

The inadeauacy of such a solutlion appeare es t becomes
leri-e, when the dominant terms in (2.29) become for exarvle

ez o+ &[c(l) +en( )+ B0 + L | (2.31)

For t = 0(%) geries (2.31) no longer converges in the vertur-
batlon sense, and in this sense the solution falls since every
term in the bracketed expression becomes 0(l). The critical
tact 18 that exactly this order of t holds at the region of
shock development (see for example page 37) and thus the usual
perturbation solution cannot hold into the region of shock
development.

2. Perturbation soluticn in characteristic coordinates

If the same vroblem (initisl conditions (2.27)) 1is
solved by the method described earlier in thies section, the

perturbation functions are found as,
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u(o) =0
0(0) - °8
(1) )
u = (cosp - cosw)
@ S ¢ (2.32)
c =35 (cosp +cos o)
u(.}) =0 . N
1.
o3 _ o} or ¢
(1) (1)
Thus u + o = 20 _(A cosg - ¥ cosw) ¥+1
(o] = 9 I = E-‘rm

where
' -
u(l) - 0(1) = 2c°('§ cos § - A cosx) B - 55!-15

are to be used in finding
X = x(o)+ ex(l‘)+ ezx(2)+ cee

, (2.33)
t = t(O+ geVy g2l
from the equations
o = (u + ¢) ty
witht:Oonx:axP.
Xg = (u - ¢) te
The r=sultant solutions &are
£(0) _ d;é (2.34)
(0) -8
°ot = 2

<1 . :2'& (cosg - cos«)A
cot(l) = —‘1%2'—9- (-cosp - cosa)A -+ (sino - sing )B

:((2) = 2-%--2— (cos2a - cané )(;*'%)*'

352(2000xs1ng + 2c08psina - sin2 g -sin2e)
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<2
d- _ =
cot(?') = —-—9-2 (cos2e +coe2@ )(%— = %) + —91-2-&-(008 occosg@ ) 2K 4
._._E"‘; ('[\'24- 2§2 - AB) + terne not multiplied by (o -g).

The form assumed by successive terms is apparent.
In particilar only the firat power of («x-@) appears, and

Z-B 15 the tnitlal espproximation to t. It thus seems pos-

2B )

2
Ll

[41]

le to continue the solution beyoné the point where t becomes

®]
M=

{Z). That this 1s indead possible is shown in sectlon 2 where

o

the detalls of the process are ex»lcred,

At this point it is of some interest to remark that
since (2.32) ané (2.34) constitute a correct solution to thz
problem, they must 2gree with the usuil perturbation solution
of (2,30) and also vith the solution actieved using Riemana's
fanction in ali cases where the latter two sclutions arec ob-
talnable and valid.

For the case of the usual perturbation svlution the
agreement may be demonsirated simply by introducing the coor-
dinate perturbations of (2,.33) and (2.34) into the solnticy
(2.38) and showing that this causes the higher order perturbsa-
tions (J > 1) in u and o to beccme zero in agreement with (2.32).

/ ~
This has been checked for the casee of u(Z) ang. c“).
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For the cese where the solution is given in terms

of Riemann's function, the solution may be shown to be

(c.f. section 82 of [4)) ?(QM
B, 8) = S0 EL), m(p)) = —2%(% ax,
where

c(A) T c (1+ gg(A)),

and where the point {r = 4\(9)\18
8 = §(x)

M

f

R

mini _P_-‘F;q\.(ﬂ

§=¢k)

the voint, P, Ain the (¥,3)-olane sf

the figure corresponding to the voint («,8) in the (o/,@)-plane.

The functione T and & on the curve r' are

~y co
r (#) = ;y + eriA)

~ co
g () '6—_1-4' gs(x),

"

g0 that © and § represen: the result of restoring the terman of

order one to the verturbation functions, r and s, of equations

(2.5b).

In tke expression for t(«,g) the function Y(A) 1ie

Riemann's function. and for thic >roblem

o\ W2
(2

r +8

where F 1s the hynserg:anretric function and where

e K"‘
I 5+
(3+7)(e+m)

F(l‘ 2 s 2 nl’ %)
v v

.

Se)
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Now 1f, at this stage, the problem 1s further eimplified

]

by ascuming that 5?:1 s an integer, the hypergeometric function,
F, beccmes a finite serles. For example bty choosing x = 1.4,
E%:zbecomee eaqual to 2, and fgives
F=1-6z+6z°.
Then ueing this F in the expression for t(«,B) and
expanding the result in powers of £ such that
o

c t = cot(o)+ Ecot(l)+ e,

one obtains

cot(o) = 32:2—

- 2

cot(l) = —3/2(0(—‘5)(005‘-’ -+ QOSP) 4+ (sinof~ Bin@)

in egreement with the previous solution of (2.34) since for
§=14

- §+1
AzgooIy = 3/2
B = E%g%%y': 1.

Actually, so far as the detalls are concerned, the

expansion 1n powers of § a8 a perturbation ececries which arises

out of terms of the sort

t——————— .

S+ () -‘5_9-"- + efr@+ s(a\)

18 valid only so long es

letre) + ate| € 2em < =2,

where M 18 an upper bound on the functions, r and s,
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For A =%—l (see (2.8)) this mezns
o
£ ——.
hP.AM

Comparison of this inequality with the criterion

of (2.18)

1
€< wzm
shows thet (2.18) does give a safe bound on £ , since for ¥>1

F? >:L.
¥hat this requirement on € really means 1in terms of
the allowed initisl depesrture of ¢ from uniformity may be
found by solving equations (2.6b) to find

og‘(x) L- (r(x) + s(x)}

or
eoolel ¢ d-ver It . dhe, .

Thue the initisl perturbstion ratio for §§ = 1.4 may be

Ec | g
=l -t

or, in terms of the disturbance, Q', to the density 60:

'
< 1.15;
(¢]

as may be found from the relation

(].+-S§): CL+-§§)E%%f .
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Additionsal Examnle

A8 further evidence of the advanteges accruing
to the method of coordinate perturbation, another example
will be considered.

The nroblem concerns a piston moving back and fortl
periocdically in a semi-infinite cylinder. The velocity of the
piston 1s given as u, = gelinwt,

Now if the usuel type of perturvation solution for
u and ¢ ie obtained through the first order perturbations,
and 1f the flux of meoes past any glven section 1s integrated
over an integral number of periods of the motion,

T
mass flux = .J. eudt, (2.35)
0

it will be found that there 1s a net mass flux outwarde! Ob-
viously this is 1n error, since there cannot be a continuous
floew of matter away from the piston.

Actually, for one period. the mass flux average 1s:

2
= av, density
av. Qu = %:E%b ’ whera f% (2.36)
o Cb = av. speed of sound,

T™at is, the quantity i8 of second order, and when the second
order corrections to u and c(e) have been obtained and included.
the mase flux reduces correctly tc zero. However, this addi-
Tional computation requirsl mekee the task cornsiderably more
arduous. Alsc often in practice firet order quantities are

used to estimete say energy flux and so on (c.f. a recent
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dlecuesion and justification of this practice by A. Bchock [17]),
and in this problem of the piston the energy flux cannot be com-
puted correctly fromiirsi order quantities; second order quan-
titles are required to make the energy flux correctily baleuce
ths work done at the piston.

However, if the problem 1s described in terms of its
cherccteristic veriables, and if the variables x and t are also
consldered in perturbation form by the methods of this investi-
gation, first order guantities will yleld correct results for
toth mase snd energy flux,

Briefly the results of the calculations are as fol-
lows,

Case 1) 0dinary perturbation solutio:n

A solution of the form
u = u<0)(x,t) <+ e,u(l)(x,t) + E.u(z)(x,t) 4+ e
c = c(o)(x.t) + ﬁc(l)(x.t) i eo(Z)(x,t) + eee

1s sought for equations (2.28) under the boundary conditions
that the velocity of the fluld at the piston be u = £sinwt,
and that the solution contaln only outward travelling waves.
The solution 1is:
2(0)

(0)
c

o

0

u(l) sinw(t - ga)
0

1) B=l e - X
2 c

o
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(2) _ _ 1 =y _1 Xy rlw X
cou ol + cosw(t - °o) - zcos2uw(t - co) e coxsinzw(t "ol

o

coc(2) = (%]-:)[coeo.(t - Ex%-) - %canu(t - -05;) +b-};l ‘—&::sinzdt - E‘%)\
For the mess flux, from (2.35)

T
avernge mass flux = ,-‘i.'feud‘c = ,}‘L‘ (e(o)-{— 69(1))(u(°)+ gu(l))dt =
0

2
2 4 eo,
where = (-cg-)ﬁ-I . 2e W
o o .
If second order te¢rms are included:
% j (f(o) 5 (2))(11( )-i-eu( )-+- €. u(Z))dt = 0 4+ order 53.

0
For the flux at energy,

(m = eu = mass flux

e = internel energy =
given < 02 Ip

th =

the flux of energy 1is

R |
Cyl‘ = x—_l-(% (for the polytropic cese)

pressure

m(%\xz + e) 4+ up = m(.’?,“ + z—I e +§) = '“(zu + 3-1*’ ’ (2.38)

\
The work done by tre plston is the prcduct pu at the plston.
Then, provided the second order terms in (2.37) are

included, one may prove that

& &239-} (2.39)

[average energy flux at any point = average work done by pnlston =
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Case 11) Coordinate perturbation solution

A solution of the form (2.3) 1e sought for equations

{2.1) nnder the conditions,

on the piston defined a8 T = « = B

£ _ o w0 L ag a9 o
D 21 - cosat) £ 20, k>0 WP . %(t}l = sinwt
X% .0, x>1 u® 20, k>1
(2.40)
at the surve EL: 0 which is the characteristic forming
the boundary between the disturbed
and undisturbed reglons,
(K)o g(®) LS I
c(o) = ¢, o(k) =0, ¥ >0, (2.41)
The solution 1s
u(0) < O , c(0) = o,
u(l) = sinwg , c(l) =L£—l- sinwg
ul® .o ., ¢ Lo, k>
=0 _ -:2—°-(o( -@) (2.42)

cot(o) - zg(ou- @)

. 1
x(l) = &]-'3 + !%l[( o~ @)slnw?- Cu]: coswu+“—:-% = costi
- 4
cot(lz - %1’[-(0( -8 )sinwp - é‘; coswe + i-cosw@]

The second order perturbstions are not required.
{Incidentally a prool uf the convergence of the pertur-

bation series for this case hes heen worked out, but will not
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be xiven since the detells follow closely those of the proof
for the inlitial value problem. Fcr this boundary problem,
given e case where the perturbation to the piston motion 1is

bounded by a constant M, the reaquirement on & 1e found t2 be

L | ,
£< m—.f—:—i).) (2.43)

For caee 11) the integrations for mase and enercy
£lux mast be carried out alonz the curve in the(y-g)-plane which
correctly represents a constant x location. When this 1s done,
only the first order solutions of (2.22) need be used to predict
zero mess Tlux end correct energy balance. A very definite
eaving in effort 1is effected, since the complexity of the combdu-

tetion greatly increcses at th2 higher order perturbations.

Section 2: Shock development

In the solution to a problem of one-dinmensional wave
propagation a compression wavé may appear which, steepening as
it travels, forms ultimately a shock front. For the case where
the snock develops 1n a simple wave region, Friedrichs has shown
[6] that the solution may be continued with second order accuracy
as a simple wave solution through the shock, so long as the srock
18 weak, since the neglected chanze in entropy is of third order
in the shock strength.

We wish to show that o similar aporecach may be used

when a ghock forms in a reglon which 1s not a simple wave region,
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but which needs both sets of charasteristic variables for ite
description. In this section the type of perturbation sclution
in terms of characteristics founc in the previcus section will
be studied from the voini of view of its abllity to describe the
flow at the reglon of shock develonment and even somewhat beyond.
In general the development of a shock in a flow
described by characteristic variables is characterized by the
fact that the mapving from the characteristic plane to the
physical plane ceases to be single valued; the image of the
characteristic plane folds over to form a three-sheeted surface

in the (x,t)-plane. At the edges of the fold the Jacobian,
J - xqte - x!tq (zoul‘)

is equal to zero, and within the region the velocity and density
at any point (x,t) are triple-valued. This paradox 1s resolved
by the iatroduction of a shock, since the jump in the vslues of
velocity or density between the outermost sheets is condoned if
a shock wave intervenes.

General descripticns ¢f the geometry of the situation
are to be found in Crages [5], Stocker and Meyer [19], and
Meyer [15]. The second problem of introducin:z a shock front in the
correct way to restore the right solution has been studied usually
for specific cases. As noted above, Friedricis [4] has considered
the simrle weve case. Stocker [18] considered a partizular
situation involving a ges of adiabatic exponent, 5/3. Whitham

[zj], (24] nas studied the development of shocks in the spherical
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and axi-symmetricel caseges by urdng csordinate perturbations of
the type considered in this paper. Fowever, he conelders the
nonlinear deviatlione of only one set of charccteristics, and
does not conelder the other set, and thus really deals with
the ”pace anc..ogue of a simple wave.

If, on the other hand, tke cdevlatlon of both sets of
characterlistics from stralght lines is consider=3, as %s done
in section 1, conslderatly more (renerel types of protlens slould
be solvet .e. In the following the series in terms of charac-
teristic variables which were worked out for the case of a plane
wave in section 1 egre shcwr. %o converge even in the reglon where
the mapoinyg becomes multiple-valued. Then, Just as for the case
of simple waves, the series may be used to extend the sgoluftion
beyond the point of ghock wave incidence with an error denending
only on neglect of entropy.

Development of the envelope 0f characteristics

In order tec locate the region where the multiple-
covering sets in, the Jacobilan (2.44) 18 coneidered. Further-
more only the cases where the shock develops initially from one
set of characteristic variables is treated. By thia is meant
8imnly that the second set of cherocteristics, which is treeted
in the fully nonlinear fashion, does not form an envelope at
exactly the same time as does the first set. Specifically it 1is
assumed that the multiple-valuedness cccurs along the -charac-
teristics whose images in the (x,t)-plane form an envelope de-

fined by
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2‘?&3)‘ =0 (2.45)

Then from equatione (2.1), for (u - ¢c) £ O,

2e{«,8)
28 =

(@]

(2.46)

and the Jacoblan
J = Xalg = Xgty = O, (2.47)
so that the mevping of the (u,é)cplane into the (x,t)-plane is
no longer one-to-one.
Then, given a perturbation solution of the typre

(1)

A 0) {
c.tv = cot( +-£cot + gzoot‘Z)ﬁ- ae v

o

(2.46) becomes (0) ) . (2)
(0 ) (1 et
‘bc t hc v dcot + 620 Ad + e 0 o 0
28 2 °e

{2.48)
(2.48) can hold only when the fTactor,

3(c°t(2))
1 L °
of order E so that the second term of the series can balance

, of €& Dbecomes

the first. To see what this means in terms of the varlables
o and é , consider the verturbation functions given by the

general form (2.9). For the first terms one finds:

r

o
o N W ¥ i
ot = 5E + gi_(o/—@)P\ o (r(@ns&x)) +R.LG (ihs(i))d& *‘Ez<5@:‘;;’>""

]

where from (2.16) the functions r snd s are bourded by M.

Then

o - geg—

- . P Sy -

r -

PSS

)
e

b oon e

S

B T )

-
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t r W, ar(p) W o7 :
33296_ = -L+e !‘—P\ Ve ((d_p);—P?- - (r(@) +s(u\)> - R oto&r(@ +s(p))J'1'

+e" (at most O((“-Q)SM\)) (2.19)
.%L(.t)l £ S
where \"*}-‘ =
1255(E)| £ 5
l oM ‘—— is required. (2.50)

So if the initilal functions have derivatives satisfy-

ing (2.50) for the entire range of thelr arguments, one can have

'acot
20 = O only for

(- )= 0(2), (2.51)

and a snhock could be expected for large < and/or @ correspond-
ing to large t. The crucial fact involved here is that the
perturbation serics converges heyond this point. If the power

of hx-@) appeering in the higher order terms of the perturbation
series had increaseed, the convergence c¢f the serlies under condi-
tion {2.51) would fail, but under a situation of properly bounded
1nltial funstione, ecuction (2,18) s*ows that only the first

power of (of - 3) enters for any perturbation function and the
convergence persists,

Geometrv of the srock development region

The correct lntroduction of a shock into the region
of multiple-valued solutions requires some exvloration of the
geometry of the mapoving of the (a,p)-plane into the (x,t)-plane

in the region. In particular the earliest point in x and t at
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which the envelope appears 1s of interest. Such an extremun

for x 18 given by

ax = 3R + 3Xd8 < o, (2.52)

or along the envelope defined by (2.45)

-d—.'\-:_:u—xd—&_o. (2.53)

Since from the assumption that a shock does not form in the

other direction,

= £ 0, (2. 54)

the extremum is glver by
ge( -
ag = 0. (2.563

Finally, since from the equations (2.1} for (u - ¢c) £ O

=0 T/

the extremum for both x and ¢ is given by (2.56).

ulld
p|ct

=0’

dld
i

For simplicity, the varlables ¢f the problem are now
shifted to make the extremum of the envelore occcur at x = t = O
in the (x,t)-nlane and at « = B = 0 in the (o,8)-plane. An
expansion of the functiones x, t, u, ¢ in terms of o and @ near

this extremum is then made in the form

2 2 2 2 3 3
X = XoX F I HPIXp X + Xgpp F TP FXp) XP + Xgp6F + Xpg E+...

ct
n

u = &(u00+u10°< +u01F+...)
¢ =c + E(chy + ¢ +c A+ ) (2.57)
= % 00 10K T C01P T e




2
where X, etc., are constants, and where the fact X %g- = 0

¢

near the extremum, o« =@ =0 has teen used.
Alco 1t may be shown that at the extremum,
Xpe = tgp = 0 (2.58)
g0 that the envelone 18 cusped..
The proof of (2.58) followe from (2.56) which s-ows
thaot the image of the envelope in the (a’,@)-nlane has en ex-
pension of the form

o = k@z +0( 63) + ..., k = constant (2.59)
Then from (2.57)

2

or along {2.59)

xg = X kp° + 2x5,8 + 2x, kg + 3x0392 +0(g?) . (2.60)

If (2.60) 1s to represent xp correctly for small finite distances
in Q along the locus, Xg = 0, then the enefficient of P must
vanieh,

Xg2 = 0, (2.61)
and the terms in @2, QB stec. must balance, e.g.

X1k = =3%54. (2.62)
Relations of the type (2.62) are demonstrated in a later

example where the series (2.57) are given explicitly, (pageig).
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From (2.61) and similar consideretions for t, the
equation (2.58) is proved and the envelope is cusped. The

series (2.57) become

. 2 2 2 3 >

ct
"

2, . xa2

or reference in the discussion sketiches of the
mapping near the cusp are shown in Fig. 1. In 1A 1s shown
the image of the envelope, (2.59), in the (9,¢)~plane. 1B
shows the envelope in the (x,t)-plene and includes sketches
of the trirle fold. 1C arnd 1D plot x(@) and t(@) for con-
stant & . and show the increase in the area of the folded

region as O incrensee from i1ts value at the cuso.

Location of the shock wave

The triple mapoving leads one to examine the nos-
s1bl1lity of 4introducing o shock front which will allow the
Jumps in velocity end dencsity between the outer shects of

the fold snd which will allow therefore a continuation of

the sclution through “he shock. Tnese remarks aprly of course
only to regions of weak shock since the entropy change through
the shock, which we are tecitly neglecting, affects quantities

of the third crder in the shock strength.
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The shock is to be located (see Fig. 1A and B) in
the (x,t)-plene on the upper sheet {region (1)) just to the
left of branch m, corresponding to a location on the lower
sheet {region (0)) Jjust to the right of branch n. Thus in
the (a,B)-plane the image of the shock falls outside the

region (2) and behaves near the origin like

o = k_§2+ ..., Where X > k of equation (2.59).(2.63}

Then for a point (x,t) on the shock on the upper sheet, there
must correspond the same point (x,t) on the lower sheet, and
the Jumps on velocity and density between the two sheets must
obey the shock transition equations (Rankine-Hugoniot condi-
tione (4]).

Tc this end lst the shock be represented parsmetrically
by a parameter ¢, representing distance along the shock such
that, in wview of {2.%9)

of = c2<r2+- c3cr3+
on the upper sheet, and (2.64a)

i

- 2 3
=47 *d e vageT kL

2 2
d eza- +e3°' + LI

on the lower sheet, (2.64b)

2
® f1¢'+f2r“-+f3r3+"'
where Cps dl’ .o+ &re constants,

In order that points (x,t) on the outer sheets may

correspond for a given O, equations {2.57') show



'TlO( 020'/‘+' c3o'“.) + xll(czdld')) + x05d3¢3+ 0(0'4)

%1, (8,1%) + x0530° +0(a™)

from the o-zterms,

or,

02 = ezn (2-65)
The shock transition ecuations are conservation
of mass,
Vi =u -U (2. 46a)
e.v,. = vV, = m, - 2.66a
\0 o Ql 1 U = shock velocity
conservation of momentum:
2 2
Ro¥o T Po = P11 + p, (2.66b)
congervation of energy,
\ % Y1 PL
> +e°—\——-—=7+el+—— (2.66c)
Fo f1
Increase of entropy
msoé mS, ;i S = entropy. (2.664)

In the solution being consiaered entropy change i1s tc be neg-

lected wvhich means that the last equation above i1s irrelevant,

and also that the energy equation {2.66c) reduces to Bernoullits

law and is already satisfied by a soiution of the original

eauations { 855,[4]).

To satlisfy the other equations use 1is

nade of equations (2.57'), (2.66), and the further expansion



= Pot €Poot (o™ ““6’01?+(’02(32+ ced)  (2.67)
and (2.66a) 1s evaluated on the upper and lewver sheets along
the shock.
Taking the shock velocity as
U vl ep(® | (2.68)

and substituting for the quantities in (2.65a) evaluated on
the two sheets of (2.64, a, b) gives as the ccnditions ob-

2

tained by setting the coefficlents of ¢ and % equal to zero

respectively,

o
(ay - ) (-0 + (o + €00 %01 + & Poro0) = ©
(2.69,a,b)

(1) 4 (32 _ 2 - 2
-(a) - fERU T T lay - 1) [(8(’0*5 (oc) Vo2 + €7 (o101

(0 02] _ o

In these expressions, the relation dl = fl is not
allowed, sirce in equations (2,6L, a, Db) @ must have differ-
ent signs on the two outer sheete of the shock (see Fig. 14).

Thus one obtains from (2.69a)

+ £Fo0

(0) (o)
U ] ( L3
Ugp t Gox Ty

or since,
Po +€Lo0 ¥-1 (®at E%00) :
Ay =

0l A Co1

U(o) = ¢+ Elcggt uyg) - (2.71)

e -
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Then one may show from (2.69b) that

(1) {2.72)

is a satisfactory solution since to this order the recuired

relation on the shock,

dx/ds _ is satisfled. (2.73)
dt/ds
The equations for the shock become
d = 02 c-z + o0 o )
on the upper sheet
Q p dl q +o L)
(2.74a,D)

of = 026"'2"’ co e
on the lowver sheet,
e: -dlr +' .0
Furthermore thne speed of the shock, that is its
slope in the (x,t)-plane is the average of the slopes of the
@ -characieristics forming the two branches of the envelovpe.
Thie 48 shown ty using squaticns (2.1) and (2.57') tc obtein

X ;

Tt

)F:constant
(uygtoqgde+(ug,+0,,0@ 2+ ... ] : (2.75)

Thus for equal distances inp(+@ and - § ) along

the two branches of the envelove,




r

-’2{(%‘;F + (%%)__i} = !iltzos + za[(ugo-r o00) T
(F-F)(ugy +0p) + o(pz)]
= 89+ El(ugy + 249) = U. (2.76)

The momentum equation (2.66b) holde through order
20‘2 as one may show most easily by using the equivalent

relation
» \
pl - po _ ‘(pl? Po.‘

e ——Et e e mm————" . <o———

P1 - Co 1+ fo
andi exprescsing p ané e on the two sides of the shock in
terms of an (o (o), @(6)) expansion.

It 18 found then that if the shock wave 1is properly
imposed on the region of trinle mapping, the shock transition
ecuations (2,66) may be used to account for the jumps in the
physical quantities. The esuations hold through order EJrz
where E9¢ 18 being used as a messure of shock strength since

for example from ecuation (2.67)

¢= Po+elfoct Corf ™Rt -
which along the shock becomes
€= Qo+ ‘-[(’oo + (301 (tdq0) + 0(0-2)]
that z jump in density 1s of the order of a jump in EC.
As Tar as the error due to neglect of entropy change
18 concerned, one would ecstimate i1t as the cube of tThe shock

strength, or (66')3, but actually the error involved is larger



elnce the shocl transition equetions 2re saticsfied only

2 end involve an error of order &0'3.

through order ¢ o
To find the sctual error incurred by pushing the sslution
a distance x beyond the point of shock formntion, cquations
(2.57') and {2.7%4%a,b) are used to show that since

X~ g2 Va2
a7 error of order 50'3 corresronds to an

3/2

error ~ £x (2.77)
in traveling a distance x along the shock.

Illuetrative exemple

The example used in the first sectior iu r2examined
here from the standpoint of shock development. The neriodic
iritial 3ietribution of the vrcblem shows that not one, but an
infinite set of shocks will develop in a repeating pattern
from the infinite initial set of compression waves. Further-
more envelopes will occur for both the « -~ and @ -sete of
characteristics and a sketch of the pattern of envelopes is
giver on page 5i. However, since this study dces not purvort
te study interactions, s single developing shock wave will be
isolated and used to 1llustrate the points made earlier in
this section.

Fror equatione (2.34), the envelope, %g'z 0, 1is
found to be

A+B

- cos« ¥ 5 cos ER

=Pz —F—+ ¢ + snlx
gAsing sin® e

+0o(e?) (2.78)
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where

Rl - (ZK'HJrB)coeeoosd - BEslnd&sinQ - (% + s)coazol-f-

- 2
(- é - %‘zg)caagé 4..(14-5)4--‘-%23} eln@(l-f cerfi).

If the problem is made more definite by choosing
¥=1.4
A= 3/2
Ba=l
€= 31

then the envelope becomes

200 + cos™ + £/3c0s8 + eﬁl

34 +0(e? (2.79)
3s8in sin@ 8inf

=gt

where

16
Rl = ?coepcoed - 381n0181n§ - cos2a& - l&coszp+2+ Telnp(l&-cosZ@).

The cusns of the envelope are located at g”—e- O and choosing the
t

the branch which has a cusp near g = T/2, the cusvp is at

dc - 6902

§C- = 1. 58

Xc- 3“.9

cotca 33.3

Tren if the probiem is shifted to put the cusn ay
the origin in both the («,)- znd (x,t)-planes, the following
expsnsione of the type (2.59) and (2.57') apply.

The equation of the envelope in the (@,8)-vlane near

the cusp hes the expanelon,



o= 2L.9(B)% ... . (2.£0)
Tre guantities x, cot, u, and ¢ near the cusv exhibit the

followlng behavior.

x o +.5l« - .0080@+.088°+ ...
c .t o~ +.520+ ,008%F- 08B+ ...

o r (2.81)

6—'— m['-‘-.ooe -e + 50 -¢.---/e +o 99d + o o0 ‘I
o]

c e[ 2 2 1

That 1s, the expreesions (2.81) éo sssume the form predicted in
(2.57'), and in fact relations of the type (2.62) are verified
since in
xllk = -3x03
The values are

k

21.9

x03 = +.08

and the ecuality holds teo within the accuracy of the calcula-
tion.

The error involved in this »articular problem may
be estimated agein from the falliure of the shock transition
equations to hold through order £6‘3. From the first of
equations (2.81)

xx= 162 +0(g”) = 1602 +o(a?)

3/2 :
so that  eo° = €& - & /%, (2.82)



and the solution may be continued for a distance x along the
shock with an error gilven by (2,82),

As gtated previously, the actuasl flow pattern in
tho (x,t)-plane 18 a cocnfiguration of intersecting compression
and expansion waves, 80 that depending on the time of shock
development the compression wave traveling to the right and
steepening has encountered a certaln number of leftward-
traveling compression and rarefaction waves. From the fact
that a sheck developes at & time, &, of order % one sees
that the vatterns of interaction vary with £, and that in
fact for certain evsilons the shocke traveling in different
directions would tend to form at the same time, that is, the

enveloves,

1 + coed+%§coap+ ERl

20 ¢ wpr +0(e?  (2.83)
¢ ¢Keing sing sinp
A+R
coap+ S fcosy .
%‘f? =0 : @zt L S— A + CRZ+0( £%) (2.82)

¢ Asing sine! sin«

where Rlﬁu,e) - 32(9'“)
would eacl have a cusp at the same values of & and 8 . In
Fig., 2 on pace 51 are srown sketches of the pattern in the
{x,t)-plane and of the effect of & on the pattern of inter-
actlon. Tke initiel distribution of ¢ 1s superimposed on

the dlagrams. For the problem discussed tov

w

with £ - 1/100,

the shock development is delayed so lonz that msay interactions
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have occurred; for 5'\»%% on the other hand only one interaction

has occurred, and for some £ > 1/6 the pattern of Fig. 2c ooccurs.
This last estimate cannot be made with assurance from the
equations, since the £ 1is larger than that allowed on page 28
from convergence considerations, but ocbviously there will be

a first € to give such a region, and there will also be a

sct of increasing £ 's involving such regione. The behavior

of the soluticn in these neighborhoods has not been explored

in detall and might prove of considerable interest.

B. Cylindrical and Spherical Wave Proparation

Irntroduction

The success with which the coordinate-perturbation
type of solution wae able to describe the region of shock forma-
tion for the case of the plane wave, leads one to hope that
this type of solution might be cxtended to describe shock
reglons for the svherical end sxi-symm:trical cases, However,
in the »lanc wave case the right to csrry thc sclution un to .
end through the ehock devended on a definite proof of the con-
vergence of the series, and unfortunately such a convergeince
proof has not yet been found for the higher dimensiocn ceses.
Thus the »ight to extend the solution for these cases nust
be held in aberance.
Nevertheless i1t seems probeble if net yet Jlustified
that the extension can be made, and in fact G. B. Whitham (23] ,{24)
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by allowing e verturbation to the direction of one eet of
cher=2cteristics kna had considerahle success in studying the
regions of shocks,

fome aspects of the matter wlll be considered here.
In section 1 the general form assumed by the equeticns for the
sequence of perturbition functions will be given together with
a hrief dlscussion of the typre of convergence conlectured for
the series solutions,

Section 2 compares the results of gection 1 with

)
L=-3-

those found by Whitham in
Section 1: Perturbation solutions
In terms of characteristic variables ¢ and @ , the

ions describing gpherical or cylirdricel wave motion be-

o
?
i
)
+
£
ot
]
.
[ b |
=
2
+
|
ot
8
-+
o
)
'
)

(2.85)

Xa

A Y

(u - o)t 53 [ ug - dn=Blue o

where n i1s the number of dimensions involved, and where x and t
are the space and time coordinates respectively, and u and c
the velocity and speed of sound.

For simplicity the initial conditions will be given
for a gas initially at rest, zndas before the initisl line
will be defined by setting poth &« and @ equal %o X.

Then cn «=g , X = =@

t =
(2.86)

O O R

c = Oo + CE(I)(x).
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If a perturbation solution 1s sought in the form

% a ( x+ Ex(1)+ 25 (2)*,._3

, (2.87)
u = ul@ 4 gatDa 202

e = o4 eclD g (220

from (2.85) and (2.86) the terms free from € are found to be

X(o) = 1;"2'

o

(o =
0ot ) = 1:2!‘-

(2.88)
u(o) = 0
(0)
(] = 00.
Using (2.88) the cquations for the first order per-
turbaticn functions u(l) «nd c(l)become
1) |, (n-1). (1)] (1)
2 { « 1 «+8 C e =0
" ) (2.89)
n- 1 ol _
[ T [ - o =0
or, ellninating c(l),
L, GnB@ ] |
@ + = — - — = 0. (2.90)
te («+p)

At tris stage, both to expedite the calculations, and
to obtain a solution in a Torm comparable with Whithamis work
on spherical blest, the rroblem vill te specielizeld to the
gpherlcsl case,

n=3.




Then (2.90) becomes

r e
(1) . {Ysx =+ Up

(1)
u“? 2u

T (+g) 2

wvhich may be shown to have the solution

(1) _ dﬁ(:) = gﬂmdj’ - 2fee) + gle)]

= o+ @ - 0**?757 !

=0 (2.91)

u

vhere £ and g are arbitrerr functions deterrined from the
initial conditions. Finally using the initial czonditlons

and the equestions, a comnlete 3et of solutions for the first

orfael Ocrbux‘oablons 18,
(1) _ 2 Tar( _ar(@)l_ _ 2 - t(m]
S me[ aw T ap | wap? lrte0 - «tp)
(2.92)
(1) gt-lg ar(f) , ari)
° = d+p[d§ _E& ]

*{i(.%) - 48 %i?@)az(_s - J;S‘j}nZd%
t"n = L-{f%‘;_‘){.@;_;@ +2.,(a+§‘;§%ﬁ‘ %?1 ][ e W)“?‘)Jﬂ'
\ 051%)4_ i(:) 'Lu!} g d—-u-)nl« k
where 95—%—’- .-1'3{1- 3(1) (y), so that the equation tor c(l') _—

However, at the next step, when the higher order

perturbation functions, u(Z) etc., are to be found, the tern
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{n-1)ucta in (2.85) introduces ron-homcgeneous terms into
thie equatiocns and mekes ths zolutions of the equstion much
more difficult to obtain. It is exaotly this difficulty in
finding the expressions for the solutions which has deterred
the proof of the convergence of the perturbation serles.

At any rate the form of the equations for the higher
order perturbations can be given for a general nth order per-
turbation. In view of the fact that
S PPRC Y RNC (N 2)

I
= ( 1l - "T‘Y —(-—)- cww <3
x ( x \ \x(o)// - N
; Lx(m))r(xu) "o x (=) ;
- ‘é})r‘l" "‘ o 0o
mpesdie o+ W=
}:'- '8 2, >uJ
M*l# O R ]
and with x' ‘L_E the general equations (2.85) become,

n) g} -1) ; (P) ('5'1) ( ) times
o+
a

veg+r+) = n

¥-1 |..(n) 2 ()]
L2 ol v Zgat? oo

»,4,r,§j < n

(n))l‘(t(’)“ (x (‘!)‘)_
L (—._E)P”*“*t 9
2

—
(n 2 (m} (v _  2{f-1) (p) (a) . {r) ¢t;
L._[? +‘“Pu } cq =+ 50T 2_1: t,‘ tirmes
p+a+r+j =2 n
p,q,r,J <n

\ Lx(m) y Lx('g))x " .j;h))c
L (e )ww--*: ’
\ "~

(2.9%)
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x&n) - cotén) i [u(") + 0(3)] t:n"’)
J=1

(M) 4 . o 2 3 [ (3] 4l

xV + Cole T — [y -c ‘e .

Now even thoush a proof of the cornvergence of the
perturbation series has not been found, it seems wortnwhile to
discuss the region where a shock might be expected to develown,
ané to attemnt an estimate of the size of the terms in the
perturbation series in such a vicinity. To this end, as in
the piane wave c:ss8e, 1t will be rsesumed that only one set of
cheracterlistics folds into a triple man ing at one time. The
region will be considered asymptotically in terms of only one
characteristic variable.

First of all Af the perturbation, §'1', to the
quantity, ¢, 1s to vanish initlally for large distances, (2.93)
showe Thet asymptotically

ML ~~s constent.

(2.95)
ay

Then from the edquation for x(l) in (2.92), under the assumption

>«
(3 z (2.96)
one finds x(l) ~ in@ s cc'c(l)rv ﬂnP P

Considering therefore the asymptotic form for the expression

x = x4 ex(V4., ~ 0(p) + ole ap)+ ..., (2.57)
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We note that for the deviation from the linear case to be
great enocugh to allow the characteristics to cross, the

second term must be of ordser 1, or

bl

c Ql—..—l_ {
C \}ne) \2098)

(c.f. a similar conclusion by Whitham, §4[23]). The question
then arises as to the order of the higher perturbation terms
in this vicinlity; that 1s, does the series converge in such

a region? In anewer only the unproved conjecture can be

hers that asyumpiotically

=M cot(n) r (__E_?né )n-l

‘ n“'l (2099)
u(“)’\’ c(“) ~ (-—"—Eﬁ) , n>1,
e
The heuristic argument leading to the relations (2.99) is
oased on a consideration of the non-hcmogeneous terms in (2.94),
For example the equation for the second orcder perturbation has

terms of the forn,

(2) - L (1), (1)
uP & IR (“*P)Zx u +

e e 0oy

and if asymptotically

x(l)A’In@
1
u(l)"\/ 5 ]
then asymptotically u;?“)v\.— A %'B-: ,

and then from this without beilng able to justify the step, we
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ggsume

Relyine on the conjectured relctione (2.99), the

. (2.100)

perturbatlon series would heve the asymptotic orders,

2
x ~ 0(p) + O(efnp) + 0(e? 2%9-) + 0(53-21@—%) +oeee, (2.101)
or in the vicinity ﬁngﬂfé, indicative of posrible shock devel-
opment,
X~ O(p) + 0(1) + 0(5) ~ o(H) + ..., {2.102)
e 32

giving a series still ccrnvergent in a perturbation sense,

The work done by ¥hitham containz nerturbation sseries
whose behavior et large distances eggrees with that found in this
section, snd is discuseed in the following section.

Section 2: Comparison with Whitham's work

Whitham, in hie perer on "The Propagation cf
Sphericasl Blasat," [23], makes the point that in s strictly
linearized wave propnagation preblem the cheracteristics are
streight and parallel, and hence cannot cress ae they would
in actuality 8o near reglons of shock development. To correct
the situation he proposes thzt the solutions for velocity and
density be considered as functions not of the linesrized
charscteristic, cot - x, but of a true characteristic wvari-
able, z, where z i1s determined to be truly constant sliong =
characteristic. The linear characteristic 1ls tc bLe cor-

rected by the expansion,
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6,t = x - zlogx - h(z) - (ml(z)logx + mz(z)):uc"1 e ST

equation (9), i23}, and this expansiocn together with exvan-

sions of the tyve,

velocity, u = --:,cr(z)mf1 +c, [(bl(z)logx +-b2(z))x°2-+

(cl(z)logx +-02(x))x'3 + ...},

are tc be uged to rfind the solution of the problem,

In other words, a perturbation to the direction of
cnly one st of chrracteriestics 18 used and it is assumcd
that there is no silgnificant nonlincarity in the other set
Such an epvoroach differe of course from that we have used
earlier in this rewort where perturbation series were con-
sidered for both veriables x and t in terms of hoth sets of
charecteristics. In our csee a correction 1e automeatically
effected for both characteristic directions, but for the spherical
case the orcblem tends to become mcre complex than for the vlane
wave propagation,

The solutions which Whitham finds using the expansicus

above are

u = ) %[—'—Kz‘fogx - 8, Qogrs 1) = Kfﬁh’(ﬂ)JC - By-S Kk 2-K, i\*"' ’
c(‘unh'm\ (12) (23]

L7
(£ K2+ BYloge + 2 +li98, + K[ CRiEME 8,
X

cer

ct= ¥~ 2fogx ~ hz) -

gjuation (15} (73]

. ——

c vy ey

s
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where Bl and Bz are arbitrary constants, k = i%i’ kl = k2 - %k,
k2 = £~+ gk, and vhere the function h(x) i1s determined from
initial conditilons.

On the other band, the solutions for these functions
which we find using our kind of perturbation annronch are
equations of the type (2.92), which, before enforcing initiel
conditions, become

u(1) - Q%é;l.+ Q%ﬁfl o pAf(e) + ()]

= o+ @ (°‘+P)2

(2.103)

(1) _ cot(l) :qﬁgg Q%%Sl log(a+p) + ZZI%IEY [8(9)+ 2=1 '(d)] -

X

X
1+¥ by ap , ~
-LW-L J,e)_;zux
o (y+p)

where fi(e) 1s a function to be determined from the conditions

) (2.104)

<P

{
l\

of the oroblen.
Now in order to be able to conpare Whitham'is resulte

with ours, several clarifications must be mande. Primorily o?f
couree since his resvite are based on ouigoling waves, our
result must be simpiified to contain functions of the charac-
teristic @ only. Further since we have results only through
the first order, the comparison can be made only at this level.
The equaticns to be compared bvecome
[ _dg(p)

dé - 2 -’ 2)
d+e (“09)2

-
§+ £ Li%l" %&,})— log(arp) + %4—3’1(@,}] + 0(5_2)

{2.106)

(2.105)

X = cot
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Whitham dAoes not expressly state that his solution
is a perturbaticn one, but the fact that he considers a devia-
tion of the characteristics from those given by the linear
solution implies & perturbation technique. Thus from his
ecuation (13), the quantity z which is constant along a character-
1stic also must act as a small order perturbation quantity
(see also the discussion in section 4 of his paper) and so we

expand z in a perturbation series

4

—~
Y
L]
Q

~)

-~

1 A
2= ezMimys 2202000 L

Trom the same sort of ccnsideretions his terms of order ore
in both (cot - x) and u are set eoucl to zero. (Restriction
of the problem to one of zero initial velocity does not alter
the comperison.) From the terms of order one in his equations
then g

B,logx + §(¥+5)B; + kj ¢nt(£)a% + B, = O

¢ (2.108)

z
By ( l
B,logx - = - k}o Yh'(§)ag - B, = 0,

go that Bl = 0 and B2 must be such that
k[ $ni(g)ag = B+ ed Mk @) 4+ ... (2.109)
0

In fact it 1s true that Bl becomee zero in the nroblems
Viithem considers and that (2.109) or an analogue thereof

appears in his section 3 in the form
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k f'm(;)dt: }:'rl’f h. (z) h(z)
Jv“ Lz -, lz “" Z Z

B, = -1/2kb?

Using equations (2.107), (2.109), end alsc the

expanslions
x = 8 ¢ ex{Px,0) + o(e?)

h(z) = B(O)(QH 63(1)(%)+ 23 (pY + ... (2.110)

in his equastions (12) and (13), gives:

‘- okz(l) ’*°‘Q(1)(?) 31I 2
I. ,(-q»e (a45)2 d+p J c v

Ll ¥
1S
L]

[
[}
(o
.

U =

b= R e H (O S H - {E=°"’<e>+=‘=°‘”(t'>*"'] By

Ty Tofi] 7 oo

(2.112)

Then upon comparing these results with ours, it is
found that (2.111) agrees with (2.105) and (2.112) agrees with
(2.103) provided

HO(Z) = e
1) (p) = %,(p) + Log 2
2059(1)(9) = g(g) (2.113)

1 ¥+1 az(e) .
2! )(9):1,%:5&%

This 18 a consistent set of relations since by differentiat-
ing (2.109) one finds
t dJ“l)
kzh (z) = E—a-z-"- eeny (2.114)
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and then using {(2.110) and {2.113)

adll)  ag(d) 4, gl 4
dg Y ¥ Ii = 4z h'(z)

80 that
P 4 5 . - ¥+l A P a '
kzh+ = k&2 ( = -
zh+(z) = k 8)h (2) ke[rez _Eé%l} h'(z) 2%.; -ﬁﬂ r'(z)
and

x,,(l)ge! (1) 'Y2) '5532 ag(p)
& u-g az = Ehl(Z) '—Td‘gd - egc;z ‘i P = Eﬁ: de h'(Z)v

and (2.11%) holds under the conditions of (2.113).

Thus the first order solutions are in agreen»a1t,
end .al%bourzh we 4o not have higher order solutions avall:sble
for conmrarison, 4t 1s vossible to show that Whithem's eavetvions
asymptetically take on the form (2.101) estimated in section 1,

Asymptotically his equatione (12) and (13) hecome

u~ 20(3) + 2 o(——E-)+...
cot - x~ 20(log x) + 2 0(—-5-—) + eee

in good agreement with our estimates

u ~eo< 1)y + ¢ o(—%&, +

x ~ o(g) + £0{logp ) + e?-o(ﬁéi?—) ool

Evidently a good deal of work remains to be done in the anrli-
cation of coordinate perturbation to spherical (and cylinériceal)

vave propagation problems., Not only would genersl convergence
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proofs be desirable for a process involving both zets of
cheracteristics, but even an investigation of the form

of the next nrder perturbetion sclutions would be usefl,
Partizuler rootlems cc2lé te studiedl witl special reference
to those involvine the develormernt of ghcck weves so thet
the perturbation solution could be compered with the solu-
tion obtained by other meane (e.g., namericesl) both in the

ordin-ry regions of the flov- and 1a the neightcrhoold of

the shock.
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THE ELIIPTIC CASE

Introduction

The zvpnlicebility of th:e coordinate perturbation
tyoe of solution %o problems of an ellirtic nature has been
studied by investigating the problem of the flow pest a thin
airfoil. In the usual thin ailrfoill theory the solution ob-
teined tends to breeX cown near the leading edge of the air-
foil end 30 in perticular one would wish to correct the solu-
tion in this neighborhood. Lighthill considered the problem
for the incompressible case [11] end found that the first
oréer sclution could be rendered uniformly valid by imparting
a constant shift{ to the coordinate system. Furthermore he
implied that for the higher order solutions any terndency for
singularities to aris2 could be suppressed by finding suit-
atle higher order perturbation functions for the coordinate
syatem,

In thie chapter, however, 1t is ehown that the par-
turbation rurnctions required to rencer the solution valid at
egch stage have increasing orders of eingularity near the lsad-
ing edge of the airfcll so that they do not represent a satie-
factory coordinate trencformetion. Thue although s one-stacge
correciion does effect an improvement in Lhe uniiorm validity
of the velocity filelds for the incomoressible case, the general
apniicabl1lity of trhe method 2t the next stages cannot be af-

firmed.
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As far ae the compreseible cese 18 concerned, even
thie one-ctage correction proves unsatisfactory, snd g0 in
general 1% dces not seem »Hossible at this point t5 recommend
the method of ccerdinste perturbation as a manecea for prob-
lems of an 2llintic character,

Secticn 1: Inccompr3ssibe case: Difficulties with Livhthill's
solution.

In the following it will ve shown that if a coor-

dinate perturbation of the trvme

x=X+exPxv+ 2N N4 ...
- (3.1)

1s to be used to correct the perturbation solution to the
preblem of incompressible flow past a body whose leading

edge at x = O behaves 1like

r =£xs (302)
Then the process will be unsuccessful for 3 <« 1. It will
hapnen that nsar x a 0 the perturbaticn functions, x(l), hsve

the behavior:

x¢ 2}~ x28-1 (3) .,

< (B) , (he=3 L (5) o (1)

X ’ X ~ X ] X ) eto.

(3.3)

g0 Shat all the functiones will be positive powers of x as

[

x — 0, only feor

Mo 82,9;-]-'- or s 2 1.

n-+>co0
Lighthill [11] took the cese s = 1/2 so that his x'2) 1g =
constant, but his higher order perturbation functions bascome

singular and the process breaks down.
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In a general appllicatiocn of a cocrdinate transformation
of the type (3.1). the perturbation functiors for the y-coordinate
would have to be restored, and the differential equatione and

(1) (1)

boundary conditions on both sete of functione x and y
determined. In this particular problem it may be shown that
the equations can be satisfied by setting the pailr x(i) and
y(l) to be harmonic conjugate functions, but that 1t is also
possible tc set y = Y as Lighthi’ll does, provided that higher
order perturbations in the velocltlies (potential) are retained.
The matter of greater interest 1a the boundary condition, and
in fact Lighthill determines the function x(z) solely on this
basis.

In his equation (28), [11] he sets u(x,y)— u(X,y)

and v(x,y) — v(X,y), where u and v are the velocity components

in the x and y directions respectively, and then takes

Pr(x + £2x{2)) on the alrfoil defined

by v = eF(x+ e2x{2)),

whare for simplicity we heve taken the camber egual to zero,
and have further neglected the function x(l) agreeing with
Ligtthnill that 1t is not necessary. The point of the step 1is
to imorove tre usual perturbation solution (u{x,y), vix,v)).
which 1s not valid uniformly, by expressing the solution in
ternme of new coordinates in an X-y plene and then by deter-
mining the approvriate coordinate transformation tetween this

plane and the physical plane which will send the approximate
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solution into a uniformly valid cne. Nov in wview cf this
marping idea ii ceems gimpler to express the problem in Terms
of a siream function singe in the firet place the image solu-
tion in the (x,¥)-plane can be clearly visualized, and secondly,
enly one dependent perturbation sclution ie reculredi. Uslng
tion it is poseinle no aunlicato The stenc

and motivation of Lizhthill?s pep2r and to show how difficul-
ties occur at the next order perturbation which he did not

consider,

For the stream function,“l, where u ='V&, T = -Y‘x,

the boundary conditions become

=1

= =V - 3 - gF'{x) on i:&' - gF(x)
Yy

o

Ih

x<e
(»=0) = leeding edge
(x=2) = trailing edge
or Yix,y} a constant = O. (3.5

The analogue of Lighthill's egu=ztion (28) is then

W(X,y) = constant = 0 on ¥ = £F(x) = EF(X*EZ::(Z)-# S
(3.5)
Now for
¥=3 +¢ Y‘l)(x.y)-* ez‘l’(ﬂ(x.y)-k
and for
X,0 2 2211
v (x,9 = v (x,0 + y%%—m( Y Y;—‘-’;l‘%—) % 222
¥ ¥ smsll,

and for

v - eFrX + e 4 .. 2 er0+ 2P+ ...,

one finde, ae he did, a set of boundary equetiona of the
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following types, derived from setting the coefficlents of
powers of & equal to zero,

Boundary conditions

Terms order € \V(l)(x,o) = =F(X) 0£X<£¢
1l
Terms order & 2 \"(2)()(,0) = -F(x)%——)»l
X,0
! (3.6)

2 252w (1
Terms order 23 "{’(3)(}(,0) = -F\l%%-—)- - x(z)pl - %.l:o%.(é_)_

(3) (1
Terms order Eu’ Y“’)(x,o) = -F\l%{yi- - x(3)pn - x(Z)F..%}'___)__

y

P N RER 1)
-2 2y2 31 '6:73

In these equations the arbitrary functions, 3(2) x(j)

? ]

etc. are to be chosen to suppress increasing orders of singu-

£ a
lority (near x = O) aprearing in the successive '\}"‘) 's. It ie
necegsary to estimate the order of the terms involved and we

do this for a general case

F(X) = x¥(F, + F

From the terms of order
V() (2,0) = -F(X) 2 -X3(Fy + FyX +...),
so that the comdleted comvlex pectential function,

1) = ) 4y YD),

(1)
which 18 to be used for finding 3%—— in this neighborhccd

behees like o
G\‘L) - _1F028+ oo e 3 z = x+ 1y.
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Tnen from

ag{)  2wiD) Syl Y
az - >y +1 2% =-1F08‘:. T ...
2wil}
one firds —;;'}-—- 1s reguler in the neighkborhoci (as y—= O,

X—0). Similerly

a2l 2will  324(1)

dzz = " ~+ 1—;2— = —1?05(8-1} Ze~2 + 0(38-1)
¥
o (1) (1)
2y (1 ~ 2.2 {2
lim [ : 7 = = d}‘;z — FOB(S-].)XE-Z-{- - E
y—=>o0 *
and in turn
fam ‘bﬂil_). - 0(13‘2} .
y—=>=0 ‘9,3 = )

Using these evaluations in eguationes (3.6} shows
that whereas "P(Z) is finite sa well as.“lf(l) or. the boundary
(both ~ X®), an increase in order of singulsrity eppeasrs in

the £3 ecusticn due to the term:

p2 2%(1) ¥, Cxt® F.Js(s-1)x°5"2
S B o o - rsleux®i = 2
2 112 o 2 *
x(’Z) 18 Tc be chosen Uc cancel out This higher order singularity,
or
(2, _ 72 2 2w (1) 0
2 2.2 =



Then from the terms of the £ equation (3.8),
since — 42 not more singular than ——--2-—~ ——

? ey ey“
the most singular terme involve

) N rz*ozi(z
’
srvine 3) _ 0?5}y,

x
singular than x(z).

which is not more

However, the equation of terms cf order ¢ 5 w111

contain a term

B by (1)
%3 Y’ - 0(158‘1})
. ‘eyﬁ

to be balanced by a term, -x(!})l?' so that
(%) 0{1“3-3).

b+ -

In summary then for

x= X+ azx(z) (X,¥y) + E.Bx(j) (X,y)+ ...

as y=0
ot for & - 1/2
2) _ -59—-2—8-—3-)‘;2“'14- (2 2o
3 o o(x2e-1 =3 L st
=M - otx**3 9 -ody G
be-3
J[(5) = o(x ) x(5) - O(b




,JThus Tighthill's determination that for e = 1/2 |
&~

F
2) C 5
( = 7" 1s vulte correct and the correction serves to

»

"t

‘educe tre error in velociiy ot the leadinz edge trom O(1)

to O( £ .* However unfortunately the ususl perturbation scheme
i1s such that each hipgher order per*urbation runction,'ﬂl(i),
introduces a higher order singularity in this region (c.f.
equaticnc {3.6)), and the coordirate p2rturbation functicns,
x‘l', cannot suppress the sinsularity without carryinz it
themeelves. The result 1s th:t near the lecading ecge the

perturbation series,
x = X+ sz(Z)(X,O)4- gjx(B)(X,O; + ete(M) 4 ¢ 54 (5) &6 (6)

evaluated gay for X = 0(5,2), (which holds at the 2rage in

the (X,y)-plane o the lzading edge), becomes (for s = 1/2),
~ 2 ”
x=0(ef)+o(ed)+o(ed+o(eX)+o(e)+ (e + ...

ar.l the merturbatier i1g no lonwex velid,

Alsn for s & 1/2 from (3.7), the perturbation func-
tione will be vositive powers of X only for & > 1, that is
for profiles with a finite (or zero) slope at the origin,

and so a convergent scheme can be evolved only for speclal

73.

simple cases where the leading edge 1s not blunt. Thus at this

stage of the investigatlon no way seems avellable for extend-

ing the method to a ;zenerally usefuvl schene.

* The improvement in the solution Ifor veloclity is demon-
strated in the suvplement to this sectlon.
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A few further points involved in the failure of the
method are discussed in the next section with particular refer-

ence to the problem of the incompressibie flow past an elliptic

cylinder.

Suv-lement to section 1: improvement of the solution due
%0 coordinats shift

In the following is shown the improvement in the
solution for the velocity near the leading edge (at x = O)
effected hy a constant shift in the coordinate system. The

airfcll 18 sz2sumed to have the profile
y = EF(x) =£[Fovx +F113/2+ ...]; 0%« x<%ec. (3.8)

If a usual verturbation solution is found for the
problem and 1s expressed in terms of new varisbles X and Y,

the streamline W = O becomes,

c
*P=x+1§dhn Ewidw _ o, (3.9)

F(w)dw

(X-w)“+ Y

or, for the profile itself
J (3.10)

0]
5]
3
[}
3

m that

Now since the profile given by {3.10) differe

CQ

ven
by (3.8), an error in velocity will appear eo that at corree-

ponding voints, z, on the actual vrofile (3,8) and z, on the

A
solution (3.10) there will be velocity discrepency of slze

L.
(z) = 2Z,) (velocity) (3.11)

8’92 -

In (3.11) so long es the rate of change of veloclty
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i1s of order one, a difference in vroflles of order 62 will
introduce a veloclty error of order F_ only. However near
the lesdlns edge as was shown eariler in the section,

2

o(giz-(vel city)) = 0'———“’) = O( £

~—-———ﬁ = 0] £ — ),
z Z

80 that for a bocundary difference of crder 52 {with 8 = 1/2),

O(%(veloclty)) = O(E ——2%7—) = Of 82) "

)

and from (3.11) the boundaries must agree through order ¢ &
to give accuracy even up to order £ in veloclty.

Thus it 1e to be shown that a coordinate correction
of the type,

2.(2) 2Fo

x=X+ &£7x % PRI X+E_T+“'

(3.12)
y=Y =Y

vwill bring the actual profile and the solution profile into
agreement at least thirough order E in the neilghboerhood of
the leading edge. Away from this region, since the velocity
derivative becomes of order one, & constant shift of order 8,2
will give only an £ 2-order error in velocity.

Near the leading edge on the actual airfoll let
there be a parameter k such that

=X = k2 £2

and then Y = E.Fo' £2F ok- (3.13)
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2

Then the seme coordinates are to hold through order £° for

corresponding points on the streamline of (3,10). In the

integral of this equation, letting Y =y = Fokfz end w = tz,
one finds
Yo e INE
t%at . t2at ( Bdt_ .| _pas (3.18)
t -2t 2x+x2+For e 2 % b2 o2 )BT 1242
0 0 0 o
where

N

b+ Vb2 - lic)?
b = -2X B = —2odb o)
(b+V b -be)® - Le

c=X2'+° Fozkzez D

=ke
(b +\'b2-l+c) 2 _ he

2 _ b+ Vpoie
1~ 2
2 b -V b2t
t - -J_. r vV -
2 - é
Then since &
DAL . = 2 dan - r_g_ ,
t2+t2 Ty X
i

and since t,, t2 are order QX which 1s order 422 in the

reglon unier consideration,

[ BE————
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and thus
C
2¢F [ 2 [
0 t-dt B D \
= EFA |[+¥—+ — + 0(1)} . (3.15)
L R Gl% = T
0

From {2.12), in the region defined by (>.13)
£%r2 2.2 ¥4
X=x-—p== E°(k° - ), (3.16)

and this value for X together with y a2 ¥ = azFOk must yleld
e point on the streamline (5.10) at least through order €& 2
accurscy. From (3.15) since %, ty, = oY x , an error of

E,z in (3.16) would cause an error of order one in (3.10),
and so 1t need only be shown that (3.16) 28 given allows (3.10)
to hold through order one. By stralght substitution one obtaine

r h ]

B , D 1 Fo Fo | 81k
eFO'q’*'"t—z""" .oo] :m‘lu(?+ik) -1-0(2 -1k)J —4 1k:1
as readuired.

In other words near the leading edge the boundariles
differ by Of 83) only; away from tris region this discrensncy
%)

?

is at most O( g and the velceity error has been smoothed

to be at most O(€ ) in the entire vicinity.

Section 2: Incomprescsible flow vast an elliptic cylinder

In the previous sectlon we saw that each new ver-
turbation function \P(l), introduced an incresse in order
of singulerity near the leacing edge. One is 1led to inagulire

then i1f it would not be possible to use only the terms
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and tn throw the scluticn zorrection entirely into a perturba-
tion in both x and y coordinates. In fact it may be shown
that the perturbation functions y(i)(x,Y) always avppear in
the equations associated with the respective \V(l) functlions,
8o that elther set of functione mey be used alone. Unfortunately
this reciorocity also implies thaet the process will fall in
these new terms, as indeed 1%t does, but some facts of interest
arise from the investigation,

The elliptic cylincer has been studied in order that
intermediate apnroximate golutions could be compered with

the exect solution. For the elliose,

F=1‘_’£[z-e‘{z2-1+ez], (3.18)

)
o3
(]
H
@
3}

Al

x4+ iy
n‘p, potential function

|
i

@+ 1y

\yg stream function

U = uniform flow at infinity.

Then, attempting a perturbation solution,
FaF % e ¥V,
an eporoximate solution msy be found for the complex potential

~ ]
F = AU[Z + £(z - \z=2 . 1)_[ (2.19)
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where A 18 ¢ conetant dzpendins on any ccele ckenres enter-
inz, end where Z has been uced in the sense tiL..t the capital
Jetter coordinates were used in section 1,

The streamline arising from (2.19) as representing

the airfoil 1is

Thus when ths (x,y)-plane and the (X,Y)-plane are
superimposed, a discrepancy shows up between the airfoil
streamline in the twe planes.

The question to be investigated is whether a coor-

dinate perturbation of the forn
2= 2+ ez (2)+ €202 (7)., (3.21)

cen be used to resolve ths difference between the two stream-
iines and thus make (2.19) a solution of the problem. For

the ellipses of (3.17) and (3.20) the mapping is given by

1 3 ?_—" 2 ”~ ~
2 =z —===== | Z2(l+ e -€")+ g°¥2° -1}, (3.22)
\Jl+2e

and since this can be expressed in the form of equation {3.21)
222+ 2(- % +\(2% - 1))- eIV22 -1+ e*@z+ Y22 - D+...

(3.23)
one is led to hope that the perturbation idea will werk for

the problem.



In crder to find the solution (3.23) in the general

case one would tske the perturbations,

x=x+exPx,m + 22 (x,0) + ...

(3.24)
y=I+ Ey(l)(x.x) + ezy(Z)(x,y) + eee

(1) and y(i) are harmonic

and firnd from the equationz thet x
conjugate functions whose boundary conditions are to be set
by a perturbation mapping of (3.17) intc (3.2C). As far as
the first order perturbation functions, x(l) and y(l), are
concerned, 1t may eaelly be shown correct to take

Ly M=o,

The ecuation for the agreement of boundaries then recomes,

3
L [ezy(2)2+2£3y(2)y(3)+ J [(1-x2) - 2 £(1-X%)+

e2(L+2(1-¥)) + ... ] =

2
2 £(1-¥2) - g2 [1+3(1-x2+ 2xx(2)+y‘2)2] + ... } ,  (3.25)

and of course another condition must b2 epeclfied to determine

{2) "G x(z).

both y an For/ggge (1-x2) £ 0( £2) one obtaine

\ !__——-

2
but for the case (1-X°) = O{ £2) by expanding both x(Z) ana
y(Z) &8 vower eeries around an extirerum of the sirerinline

ellipse (3.20) one obteins, in terms of the local variables
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L
2

M

the eeries for harmenic conjugate functlions in the form

™

x(2} =

B+ By b+ 8, 8 - a Zra,.8° 4
* S 10 20 20 ™M 30 T oo

(3.27)
(2) 2 3
Yy - alo"'\"' za‘?‘osq\‘ + 8-203~\ g - ‘*30"'\ + e .
Then by imposinz regularity on x(z) and y(z) at
infinity (in the g% scale) one finds of course thet only a
constant fulfille the requlrements, 80 that exactly as in
gection 1, the required coordinate chance 1ls
X(z) B = %
(3.28)
y(2) - 0.

However, the disagreement of this locnl condltion
(3.28) with the condition (3.26) chows that a general boundary
conditicn has not been found, andl of course the functiones x(z)
ancé y(z) are not determined until their vaslues alon> the entire
boundary are given. That suck e general boundary condition
cennot e fcund by the perturbation method we ars using 1s
unfortunstely true c& can be shown in the following way.

The correct perturbation function of second order

17 given by the known solution of (3.23) as

SO P T L AN Nz -1 (3.29)
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When this is evaluated on the boundary given by (3.20) one
finds for example

/ / \
2 [1+ &\2 2
(y(z) - {\ 1+€2> kl -2+ 1505/" (3.30)

and co it 1is shown that the unique correct function y(Z)
which 18 specified uniguely by the boundary ccndition (3.30)
must have that boundary condiiion a function of £ . Any per-
turbation method which requires the ccnditions to be free
from £ cannot give : correct result.

In summary, then, the attempt to icprove an approxizzte
solution neer the leading edge of the airfoll falle beyond the
first step since the becundary conditions on the perturbetion
functions must involve § which contradicts the perturbaticn
method itself. Although it is true that the one-step cor-
rection invoiving a constant shift can reduce the large errocr
in the velocity at the leading edge, no clear cut method for
extending the vrocess seems to present itself,

Ore further attempt at coordinate pexrturbation
wes attemoted end will be described briefly. It eseemed
voseible that the difficulty with the boundary conditions
near the leading edge was due to the "sharpness% or rapid
change of slope in this region, and could be avoided by mapping
the streemline of the aporoximate golution *nto a more nearly
circular form. The process was carried out, but proved un-

successful from the perturbation point of view,
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The steps followed were first the determinaticn

D

of the wapving of the approximete streamline (3.20) into

circle in the w vlane. In this step the mapplng
= 5w + 2) (3.31)
takes {3.20) into & ¢ircle
lwl = Y2+ 2¢=14+¢- f‘;+

Then the image of the actual airfoil (3.17) under thic maoping

(3.31) was Tound. For w = ee fj "7) besomes
2 Ve2e oins + £ gino 03,52
PEEN '
NE“+ 85in“0 - € 81in6

The queetion then is ralsed as to whether e may be

expressed as a perturbation series
e- e 9)+ e o0 (3‘33)
where g(©) and its derivatives are of order one near the region

in question (8 ~~ 0).

However

geeg - 2 coso

.
‘{ez-%- 81n%0 ( 2+ s1n%0 - esi'xe)

(3.34)
and near @ 2 O, (’a 0(1) =ac
2P = o(2)
(’o = 0(1),
and
a 14 1 1
a8 =fxs (P- 1 =0 =063, (3.35)
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Thus the derivatives of g change order and an expansion of
the type (3.323) 1s not possible even in these terme. Actually

Z 18 & function of & 1in this region, and in fact 1f one sets

sin @
€ = 0 (3-36)
then {3.32) may be expressed as
i 2 i_- 1+o
(3.37)
where the function —2% remaine O(E ) for the full rang:c
lve

5
0 £¢ £,
AR
It seems clecr that the method of coordinate per-~
turbation es 1t has been used in this study 18 not smatisfactory
as 1t stande for ilmproving sclutions to elliptiec probiems.

Clezrly Af one takes a coordilnate perturbation of the fTorn

2 =2+ eeM(z)+ %3 () + ... {3.38)

under the requirements that
(1) %% = 1 or constant ag Z—* o
{
(11) g‘l)(z) be rezular outside the body

(111) g(1>(z) be of order 1 in some small rezion

(say of order 52) near the body (Z = O 52)),

then
2 L
(1) ¢ . S2 hf L%t o
g 7°(Z) = Z(epg+—=+ =5+ ...)—> Z(c,y+ + e g
o 2 o} 2
Z z Z Z
(1) (4) g
or = function of Ez which contradicts an expansion
Z

of the perturbation type (32..8).

o v @e e g v
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Unfortunately the study of the incompressible cace,
which was undertaken in the hope that some method of sclution
improvement mipht be founrnd which could carry over to the
comr-segsible cage, hag not ylelded any such method. The in-
conpressible case retains its former status as a stralght
mapying problem, and it will be found that even the censtant
ceordinate shift wkich acrved as a one-stage veloclity correction

in this work cannot e gpplied satisfactorily to the com-

3
]

reasible case.

s

Section 3¢ The sompressible cese

In the hope of finding at least a one-stage correction
to the velocity glven by the usuzl perturbstion solution %o
the compressible flow past a thin alrfoil, the problem was
investigsted agaln for the case of an elliptlc cylinder.
For compressible flow however the eauatiocns for the differ-
ent order coordinate perturbation functions are no longer
simrle Laplace equetions, but involve nonhomogeneous terme
vased on lower order functlons. Further, these terms con-
tribute incressing orders of singularity near the leading edge
of the airfeill., Thus where An the incomnressible case The
coordinate perturbation functions wvere chosen to suppress
sinzularities arising from the boundary conditions, in the
compressible cese the choice is governed by suppression of

singularities in the equations. In this cese it will be

‘found just as before that the increase in order of singularity
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of the perturbation functicns themselves prevents the psr-

turbation series from converging near the leading edge, but

even worse 1n thias case not even a first stage constent shift

is permiseibls siliuce 1t does not satisfy the equations involved.
That thie 18 8o may be scén by a study of the equations

of the problem. The equation for the streamfunction, ‘/. for

cenpressiblie flow i3

v [22 2\ 2 ¥ ie 2.2
YI“:!\? = Mz’d / - ZM‘uVny +-\ryy\—3’ - M%v ) =0, (3.39)

where Qu a V

- ev

M = Mach number

u
€

o = speed of sound gt infinity

R

The problem studied here has been simplified to the extent

i

density.

of using the special case
2 2
c
pressure, P = o - e—éo—— . cl,% = eongtanty, (3.40)

N

so thet (3.39) becomes
2
2 2 M 2
M 2 . 2MTVY QJ 1l - = = 0,
‘/xx(l-——-" +—5Yxiy‘¥n+ yy( QZ\YX)
\ / (3.41)

Then solvine the problem on the ellipse (3.17)

u
+
)
’_I

g2 ~
by the usual verturbetion method, and then exvressing the solu-

ticn in terms of new variebles, X and Y, exactly as was done

for the incompressible cese, one finds that a solution



Y=Y +eVV(xy (3.42)

gives the following streamline as an approximation to the

ellipse,

¥+ (14 en? o1+ £E (3.43)
& 1+ 2¢ek
2
where kz -1 - fg—é— .

To correct the solution a coordinate perturbation of the type

X=X+ £x(1)+ sz(2)+

w
N
5

yIY * Ezy(2)+ 2900

is attempted. (Only one of the functions, ‘{J(i) er y(l) need
be ueed because they are redundsnt. We have taken ‘V(i) = 0,
1>1,)

Substitution of (3.44) into (3.41) yislds a set of
equations based on equating to zero the coefficients of each
power of € . The equations are

Terms of order &

2
(1- MT)Y)(&)*'\P](&): O which is satisfied by the (3.45)
e ususal first order pertur-
bation function

Terms of order e?

2 ; 2
Me, _{2) + (2) ‘,;(1) l M (1) (1)
(1" ezly X y b o4 - - X (1- 'P'z)x m"'x ﬂ} -

M2\ (L)1) 4 (LAD) ] o
2 [(1“35)1(x Yxx'*'x Y)Y(}.‘%j +

[\i"}’ P -w‘%’w‘}r_,’g] : (3.16)

s

vo'§
NN
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:I‘__g_rms of oraer €3

My (3) 4 (3) (1) M2\ { (2) (2)
(1_9)3' Y.)xg-\\’ [(1 Q)x;b’('#x:{i]-ZxYY\

[—3(1 )x(l) ez\{»(l) ‘i"”}-& y(2) {'51(36)'*(:1:%‘*
2
RNVED {zym_ ”(1 - ﬁ)ix‘;’>2+<31’)2 ) 6%%‘?‘%’::‘}(@

2
+é—‘2- E(l- gz-)( Yinz . ‘{’(.1.);2]}

1)
xy ¥

\{,(1)+ 2x(l)\

I 2
| - 2y<z)+2: Y \y(lu%ﬂm A(D_ gD, (1)]
FEY DR TG U RVC YRR Y E NI SO (z)]
N TR RTY TITY BRI ety
'i'x’vY -L}xx\f‘x"’yi +xi!l-2—§(\x)+2xy\l’x’j.
YY \

(3.47)
Equations (2.45), (3.46), and (3.47) sre to bc used
to inveetigate the voesibles imnrovement in the colution by a
conetant shift in the cocrdinate sysiem; that 1is x(?‘) = constant,
In these equations the order of the derivatives of \V(l) —

the leading edge 1s fcund from the exovression

\ym - XY - ——- - XP+xPy® v 1+ \{1 2(X2-Y2k2) + (x%x%7%)?
{3.48)
which 18 the scluticn to (3.45).



~
‘0
.

Near Y—0 one finds:

YV oy
X
\Y(l) 5
(X~ 1):D
(1)
Y 7o i

Yo o 1
XX (x2- 1)3f2

Yy K2
&t (x%-1)72

Now since the correction x(2) = constent 1s under
consideration, and since x(l), the correction of order ¢ ,

is to be zero on the boundary, then as before we teke x(1)== 0

(2)

eand (3.46) becomes &n equation for y

2
(2) (2) _ M©
(1- e9)y x)\r+yYY_ 2?2|. x { n'—
This i1s the usuel eountion obteined in the oriinary
perturbation method for the second order correction., Near the

leading edge egzuetions (3.49) ehow that the nonhomogencus term

has the behavior

(LWY(L) 1 2_u sagl

‘\VX ‘P x = (Xz-l) 5 or, for X"=1 &7,
o~ f? . (3.51)
Neglecting the solution for y(z’ for the moment, the subatitution
1(2) = constant (3.52)

into equation (3.47) gives



90.

Y (m (3) (2), MEAL), . (2),. M2 (1
(L‘é) +7 Y-yxx( 2"?'2\{Ax)*yxx(}é‘£-l)\yy)”

(2) (1)
vy Vy t

2 |

+ w(% {_‘y(ﬁ)*ngz ‘.'(])\‘r'(-'-)] (3.53)

In this =20uation the term (\V(;))z\*(i; near the leading edge
1 1

has the behavior s

(x2-1% T &

of eaqual importance with equation (3.45) in this region eince

3
£ times order —lr = & times order —!;-. order
£ 53

and thus equation (3.47) becomes

1

g2’
(3.54)

In other words the possibllity of setting x(2) equal to a

constant has been denied since it leads to requiring a solution

of eauation (3.53), and 1t is not possible to effect a simple

correction in the compressible cese. "

# In this connection we mention that althougzh the second order
corrections to the velocities in the usual perturbastion solu-
tions are no more singule> near the leadinz edze then the
first order terms for the case of inhonornse*)le flov (c.t,
». 201 (11]), for tkre coprroessikle coce o incrense Lin
sinsularity does occur at the second corder level (p. 325 [8l).
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