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ABSTRACT

The protlem of the far field acoustic wave procduced in
N lossless plane parallel liquid layers by point source
excltation is solved in a form permitting of practical compu-
tation: Formal solutions of essentially the same problem,
but not adaptable to convenient calculation, have been ob-
tained at least as early as 1947 (Reference (b)).

Pekeris has solved this problem in a computable form for
the speclal cases of two and three layers (Reference (a) ),
terming the type of solution cobtained "the normal mode fora".
The solution to be given here for the N layer case is simi-
larly in the normal mode form, reducing to the results obtalned
by Pekeris for the two and three layer cases.

While the present solution 1s a generalization of the
form obtained by Pekerls, the method of derivation is basically
different. 1In particular, a fundamentally different method of
obtaining the mode excitations is employed. Use of this
method not only greatly simplifies finding the Green's function
in the present problem, but it appears capable of facilitating
the solution of various other excitation problems.
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INTRGDUCTION

The problem of the acoustic wave produced in N lossless
plane parallel 1liquid layers by pcini source excitation has
(in essence) been solved tormaily by Lurye in 1947 (reference
(b)). However the first solutions of this problem which were
in a form permitting of practical computation were obtained
by Pekeris in 1948 for the speclal cases of two and three
layers (reference (a)). We will obtain here, by basically
different techniques, a generalization of Pekeris' form of
solution to the N layer case.

Fach of the parallel layers is, in itself, uniform and
characterized by a density'/g and wave veloelty C; . What
will be called the top layer’ is bounded by an acoustic free
surface whlile the bottom layer is a liquid of infinite depth
(forms a half space). We will consider the particular case
where the source is in the top layer, the technique being
essentially the same for the source in any layer. (In fact,
if the solution is known for the source in the top layer, it
can immediately be found for the source in any layer with the
help of a simple reciprocity relation.) The system is shown
in the accompanying figure.
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The sciution will be obtalned as a sum of normal modes.
(By a mode is meant a fundamental solution of the wave equa-
tion which by itself satisfies all boundary conditions except
those defining the source.) The significant fact zbout this
form cf solution is that it lends itself to prectical numeri-
cal computatiorn. In particular, no numerical intaegrations
are involved. The lengthiest part of the computation, that
of finding the phase velocities of the modes {i.e. - finding
the eigeunvalues), while often somewhat laborious, is still
practical. As an examination of the "recurrence method" of
Part I will show, the difficulty of finding the phase veleoci-
ties does not in general increacse very rapidly with the
nunber of layers (a notable exception being the contrast
between the two and three layer cases). Thus a six layer
problem is not "tremendously more difficult" than a three
layer problem.
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After the phase veiccities of the propagating modes
are obtained, a method is used for finding the mode exci-
tations which differs basically from the usual techniques.
This approach greatly simplifies the present problem, and
it 1s expected that it will be useful in many other excita-
tion problems: For example, it should lend itself readily
tc sclving the corresponding N layer problem for the case
of elastic media. It has thus fav been developed only to
solve for the propagating modes (far field case). In
order to demonstrate the method most clearly, it will first

be used to obtain the excitations fOr the simpler case of

a layered rectangular wave guide (Part II), these results

then being extended to point source excitation in rlane
parallel layers by an appropriate image technique (Part III).
(If simplicity of illustration were not an important consi-
deration, the technigue of Part II, which is applied tc 2
rectangular wave gulde, could instead be applied directly

to the parallel layer case, as described in paragraph 9c
of Part II.)

The author wishes to thank Dr. Frannklyn Levin for his

careful reading of the manuscript and for his valuable sugges-
tions.
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Part I The Phase Velocities of the Modes

1. Referring to Fig. I, the velocity potential of a mode (solution

of v“¢¢=é;%%g s where J denotes the layer) has the form

in each layer as shown. It 1s seen, in order to satisfy the
free surface boundary condition, that ¢ can contain no cosine
term.
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Where C equals the phase velocity, which (1ike k) 1s the same in
all layers. This relation is a direct consegquence of the separa-
tion of variables in the wave equation of the particuler layer,
and independent of any boundary conditions. (Thus the same rela-
tion was used for the three laver case, as given in Eqns. (Al41l)
of Reference (a), as for the present n layer case.) If we appl
the two boundary conditions to surface Z m., (lowest surface
we obtains

b Y

-if P A

l.nq.,m.llr__':"‘ 'n 2 L_;'\_. (-'J I'; - ) + = g~ I

Am-,=Am€ } L/;)"‘./M 'fn-:}m-l f;,\‘.l lm-l),n-l = /.\m-'(k)',‘\”l) t\(") ()
B 3 '-P . | = s AN e

o =p el g 2 4 iR s YR T4 AN FuN ()

By, Natl 7 o Paagma T 0 oA AV e | F Pigovin Dy s

el




R e e

———— S P BB, R D -l St

Simm————

e e e I e R o e~ g o

Aj

b ‘_.'7'.0 .n i, Qi ;" v ] ‘p'

3.

=D =

Applying the boundary conditions to any of the other sur-
faces (except the free surface) gives:

- p | o : 0 . .ﬂ"' . O . A R.‘" o aa B
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= By (B A4y Biw) EQN ()

Thus, by applying Eqns. (1) and (2) to the lowest boundary,
and (3) and (4) to successively higher boundaries till Z, ,

we obtain the A's and B's in all layers as functions of

k and Ane. But another requirement that k correspond to a
mode 1s that B,(B,A.)=0 . (S8ince in the top layer ¢£,
contains no cosine term.) The k values for which B,=0 are
in general best found by grapning B, against k (the A

value has no effect upon the roots). (Graphing proves to

be the practical procedure even for the three layer case.)

It is seen that only real values of k which satisfy the condi-
tion correspond to propagating modes. (Note also that /Ba
must be negative and 1maginary to represent a propagating mode.)

Summary of Part I

a) Results Obtained

The k's o1 the propagating modes and the linear rela-
tions between the A's and B's of each mode have been found.
The remaining basic problem (in connection with solving for
the far field) is to find the point source excitations of
these modes. '

b) Essential Principle Emploved

Starting at the lowest surface and applying the
boundary coenditions in turrn to sueccessively higrer sur-
faces. the fundamental solution in each layer is obtained
in terms of the soluticn in the lovest medium (2.e. - in
terms of any k ard 2ny A without any of the other A's
and B's). But the only way the top layer solution can be
thus related to the bottom soluticn and at the same time
satisfy the free surface boundary cciidition is by permitting
only certain discrete k values. (That is the k values
which satisfy all these voundary conditions, and therefore
corrsspond %o modes, are simply the values which satisfy

il e
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5. Additional Comments i
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*he sineis zquation B(F,A.}7C |, While only a single
equatici. n:=:0 be satisfied, and therefore solution by
graphing is generally feasibie, the equation of course
coes hecome more complicated as the number of layers

- A Y
iricreases..

a)

b)

o
N

A r2cessary condition for the existence of propagating
modes s that the wave veloclities C; must not be mona-
tonice L.y increasing with successively higher layers.

{Or e.se there would be no total reflection mechanism

1,2 Keep energy irom escaping through the bottom.)

In general some of the layers may have imaginary /A3l
corresponding to propagating modes (except that [, must !
always be negative and imaginary). The mathematics , i
above 1s formally the same whether or not certain of the 3a

are imaginary (i.e. - in a layer where B is imaginary

the sine and cosine terms become hyperbolic). )

It is interesting to compare the Ay and By coefficients
above with the A, B, C, D quantities in Eqns. (&),
(A9), (A10) of Reference (a). Tnough there is & super-
ficial resemblence, it will be seen that these two sets
of gquantities are basically different.
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Part II Far Field Due to a Point Source in lLayered Rectangular

1.

Guide

It will be useful first to consider the problem of point
source mode excitation in the rectangular wave guide case.
Not only will the result prove convenlient for solving the
corresponding parallel layer problem, but thic simpler case
will also serve to more clearly illustrate a fundamentally
different technique for finding Green's functions.

Consider the uniform rectangular wave guide shown in cross
section in Flig. II: Let the width,

—9
w, of the guide be too small to 7 7 L FRE
permit any propagating modes other FY|—2G

b4
than those which are independent —Onla 2 FIGI

of y to exist (for the fixed fre- S al¥* RS SEChON.
quency @ which we will consider). & &l

Assume further a large number,s, oiCay g"‘_‘,

of point sources z1i at a depth, Pa, Cm b

d, to exist as shown in Fig. III. he = ~AUZ < — 3]

Let all be oscillating at the )
same frequency & , all be of _%
volume displacement §V (source H o a -
strength =8V ), and of the same i, Ca i
spatial phase relationships as_an ; : 3
m'th propagating mode wave travel- i ‘
ing in the +¥ direction. Thus: 2 C o

™ Fig L

SIDE VIEW

[PHASE DIFFERENCE BETWEEN ANY Twe SuRees| — Q.TTr DIFFERENCE IN “THER XL ccoamwra
|| GUDE WAE LENGTH OF mn'th MedE _J

Then for s sufficiently large, we conclude from simple phase
considerations, that the far field radiation produced by
these sources consists of the m'th mode traveling in the +x
direction with all other modes negligibly small in comparison;
the m'th mode wave traveling in the-x direction is also
seen to be negiigibly small.
(Note: (a) Strictly speaking, to ensure that all other
propagating modes be small, we may stipulate that the
sources be spaced uniformly at a distance apart less
than the shortest possible propagating guide wave length
for frequency w .

(b) Actually the derivation to follow could have
been accomplished even if only cne source existed, so that
the other modes would not be negligibly smallj but the
present method is simpler.)

Calling the velocity potential of this radiated m'th mode §x y
we assume in addition that another wave &g . also of the m'th
mode and traveling in the +% direction, has been introduced by
sources at Y=-w. ( P’s will be used for the layered rectangu-
lar wave guide to distinguish from the ¢’ used for the hori-

zontally unbounded parallcl layer case.) Further assume that

-— -— . — - . ——— o — —_—— ___._._.._..._.T
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@1 is a much sitronger signal than $: ; Thus if 2 is
"the‘} part" of the gy solution (that is =
De3) aim(pr-wt+0y ¥, and  Zdp is "the 3 part" of Pr , we
have |2 )»|ps; » Also let the sources producing the @
wave bé constrained to oscillate as previously described;
these oscillations being unaffected by the strong ¢,
signal passing by. (The word "sources" will always refer
to_those producipg the $swave.) Assume finally that the
¢ wave is 180" out of phase with the ¢, wave. Then in
regionc of large +: the field is given by Ul’n-)"!%!)fm(ﬁi‘wt*”-

Therefore since the fleld approachineg the scurce is
given by amplitude %p, and the (far) field traveling away
is given by the slightly smaller amplitude (iyg)-1%)) , it
follows from conservation of energy that the sources are

absorbing power (rather than losing it). Therefore we may
write:

[ﬁﬁf PewiR RECEIVED B 5cu;zc{s] = [?OWER oF %FIELIS:)“[P"WFR 9F (Wxﬂ”’,”xl) F'E@ EN(S)

Where by "% field" is simply meant the " P field"; the
" 2 field" terminology being introduced for conciseness,
since the immediately following steps involve the s

rather than the &’ . We next introduce the evident rela-
tion:

[rowen oF (a-1mdems)] 1 172,@)—1n@)]
[Power ¢F D FELD) - [275(&)] =
Where the values of 7x(3) and »;(3) have, merely for concrete-
ness, been taken at some arbitrary fixed depth ‘}==a,.
Putting this relation into Egqn. (5) gives:
] -y 1
_ Lim@i=Iny] )

[ D (a)] ) 4

[NET PWR RECEIVED BY chacss]:[PwR oF DEF‘ELD:) ( !

Since ) (a)» P, (@) , this may be written:

217 (“)!) EQN (54

[NET PWR RECEINED BY SCURQ_{) = [P\m CF Vg FmD:) < Y (@
e

Now since the self produced pressure at a mathematical point
source is finite and continucus (unlike the particle velocity),
and since [%)>» |h,] , it follows that the pressure produced
at ~ny cf the sources due_to the other sources, or the self
produced pressure, i1s small compared tgQ that of the ¥, field.
Further the 7j; and 7), waves, belng 130~ out of phase, produce
the weakest possible resultant field; so that from Egn.(5)

we conelude that the phasing of Py is such that the sources
are absorbing the maximum povier possibles: Therefore since the
pressure at the sources is essentially thatv of the 2 field,
and this field is phased to do a maximum of work on the
sources (the net local pressure field works against the "pul-
sating volume displaceiment™ of the source), we may write:

&
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[NET Power GiveN To THE s sourees | = (| G (P mwt)(ﬁ §Vaimwt) dt

[ tyaE

Where Pg 1is the maximum magnitude of pressure of the prield
occurring at the sources, and §V is the volume displacement of
each source. Hence Eqn. (fA) may now be written:

T
D @) _ (Pwr Given Sowrces) f(TZ @t & SVanwt)dat g P g\/J Cra'wt dut

- (ot =€
|9y (W] 2(PwR oF I F’“D) :Lf { ‘:/-‘/'f di}dt 2V 4 fpm;d}}
sl o a3+
Uz(“)) swthéV
EQN. (5B)

| D@ u | U . d}}dt

eycs

Where £ and @y are the instantaneous real values of 7 field
pressure and % component of particle velocity at any point.

5., We have © -/n-(})/.um(/él wt T6.) + Therefore since

_-—

=~ and ﬁ~ﬂ _{w (where ﬁ density in J th rectangular
wave gume layer). we have:

=C
Cm‘ } ‘dt O j' | }j‘l

}}- 5 AW 7
= Aw /;’ y [J m‘%x—wtfuo)djh[%’

j fmr,d;}a(t j { ; S Q}w cm(féz-wt*&)X~pniﬁ m(ﬁx—wtf-ég)d%dt

}:’ }3-' } =

Hence

[PWR v U FIELD] = { ’m*,a(} al = Z./’ ’D ci] EQN (¢)
cy LE }:c 4=! }J"

Where 7]:“, equals 2z in the J'th layer;
emphasizing that Vg 1s given by diffe
various layers.
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Also, we havea:

B 2074 | ol Gt = 2ul, 0

- i N

Substituting from this relation and from Eqn. (6) into Eqn.
(5B) gives:

| D, @) _ sfw SV | D, (@)
VOe@) 2R Y”@S}«‘ pn;d}
7

[_"l
b Al 'S
If we chicose w=d, tLhen
V(@ = V) = A, 4im Bid

Where (lgis the coefficient "designating the mode strength®
(in the tor layer) of the ?):wave. It is important to notice
that the setv of /3% (and #’s) which correspond to modes in the
present reciangusar wave gulde case are identical to those
applying in the corresponding parallel layer problem of Part I.
Further a set of coefficients ({,and £, arply in the present

case which nave ecisely the same linear relationshigs as

the corresponding A, an 5 . nig similarity occurs
as a8 result of the fact thit ihe "3 part of the sclution" is

the same {(within a multiplicative éonstant) in both the parallel
layer and rectangular wave guide cases.

For a=d, Eqn. (5C) may therefore be written:

|Gy ] = ZeBSLOEL— g (o)
NI
4=! 37

Since all the sources reinforce for the m*th mode in guestion,
we may conclude from the linear superposition properties of
amplitudes, that the corresponding expression for the (, coeffi-
cient for & single point source is:

P 7 B P1 - RO

% lfR; r‘""{;'- MOVE ™ | gt .,:" . 3 g
-2 rl\‘v!xw“MrltI}Md, y /) (. 77 2 d EQN (5 )
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Where AV is the volume displacement of the source. h.m
represents not the m'th mode produced by the source, but a
"mathematically fictionai® m'th mode of arbitrary strength.
'Dg,.,(d) 1s the corresponding iffictionaI’_‘ﬁ"ag*x?aZLIJ.e at
= d = (depth of source). constitutes & duwam
variable which drops out (eseentfa..gly cancels the »__1) )
¥hen the evaluation of |({,.J1s carried through. Tm

Thus Eqn. (5E) determines the excitation of any propa-
ga..lng mode, after the method of Part I Is used to get the
Pan and the linear relations between the E@aw Tim s
for the case of a point source in the top layer of an n
layer rectangular guide. (Remembering that the /3;m  are

identical with those of the corresponding parallel layer

problem of Part I, and that the set of (;. and Bj, coeffi-
cients have the same linear relations as the A,° and 3.,
of Part .L-} 4

While the linear reiations between the a,,,,and ﬁ.vcoeffb
cients are obtainable by the method of Part I, and the
magnitude of (limls determined by Egn. (5E), the problem of
the relative phasing (temporal) between the different
modes at any value of % has yet to be solved: To do this,
we observe that the fictitious fields, corresponding
to the various propagating modes Of a fixed frequency w .,

11 bear the same_ phase relationship to the source (since
all do maximum work on it)., That is all the 2),, modes
are in phase with each other at the source. Bu "since all
the radiated propagating modes are in opposite phase to
their corresponding fictitious 24, fields, these radiated
modes must also all be in phase aft the source. Therefore
we have for any propagating mode:

& . A o
iJIIM_‘.Fg_R__}_cw;TANT ~~ Aimn( ﬁmx—wt -rvo).

Where &, 1s a constant which describes the phasing of the
source. Thus we may write the solution:

)

A s P /) & VIS . Ml
9 T = ';-b s ) "73@'. ,Mv, \ 74 i b TU‘) = L"I im M\" 1M llr .'LLY:,‘I"""’L £ &
it I7g EQN (7)

..
[SYIT

The phase angle of ¢’ may be completely accounted for by
the sin{A.2-wtT0.) factor, so that the coefficient a#may

e taken as real. And from the relations given in Part I,
(... being real causes all the other Zj.and 8.to be real.

Summary of Part II

hol -~ P A N L j SR | 4 1 S
a) Results obtained: GSolved the far field prohlem for

point source excitation of the n layered rectangular
wave guide shown in Fig. I7. More specifically, we

s e asarn S ol |
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have _obtained the ahm,coefflcient, so that all the CQ}«
and &im may be obtained by the method of Part I. Also, the

relative phasing of the different propagating modes has
been obtained.

Essential Principles Employed in the Analysis: The net
energy radiated or absorbed by a source is seen to be the
work done by or on the source as it "pulsates against the
surrounding pressure field." Now, while the work of the
source against its self-produced pressure fileld cannot be
calculated {(the field produced by the source being pre-
cisely the unknown we wish to find), the work done when

a very strong and known externally introduced signal troduced signal travels
past the source can to good accuracy be calculated: The

unknown self-produced field of the source contributing a
negligible fraction of the work in the latter case. (To
understand this we note that the °°1‘P“p~"‘ﬂ“"°’q Pregsure

at the point source is finite, unlike the partlcle velocity.)
If the pulsating source 1s phased so as to absorb energy from
the oncoming wave then, by conservation of energy, the field
radiated by the source must combine with the externally
produced wave so that the power of the net wave traveling
away is less than that of the original incident signal.

Thus by knowing the work done on the pulsating source by

a suitable strong field passing over it, the field radiated
by the source is determined. A more precise description of
the principles involved v2s given in paragraph 3.

Additional Comments

a)

T
~

c)

While the case treated was for the source in the top layer
of the wave guide, it is seen that the same technique could
be applied for the source in any layer.

It is seen that only the propagating modes are obtained by
the methed P3T Sce That .LS, Only the far field solution
is obtained. No attempt has as yet been made to obtain
either the non-propagating mode excitations or what corres-

pends to the branch line integral appearing in Eqn. (A46)
of reference (a)e.

The technique employed here could have been applied directly
to the parallel layer case by considering the effect of an
externally oroduced cylindrical mode in the form of an
incoming wave as it "collapses oi a source" which is con-
strained to oscillate in a prescribed manner. However,
since clarity of illustration is important, the method

was applied to the considerably simpler rectangular wave
guide case. (For example, the rectangular wave guide casc
was simpler in that it was easier to show that each modz

can be "considered lndependently" from the others.)
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Part III Far Field in n Parallel Liquid

1.

CIIPRY Liny
SOURCE (o7
Lo pu)
ALcNG

MRECTICN,

= 76 =

-

avers Due to Point

Source Excitatlon.

In Part II we found the polnt source excitations of the
propagating modes for the case of layered rectangular
gulde. This result will now be extended to the case of
point source excitation in n parallel liquid layers. To
relate these two cases we first consider the following
image equality:

#—é’———s‘ b § di T{) val I .o H I IMASE 1s NS
! 1' 4 \ P77y 4 | 2 . [0V SURCS
f_a;c LB, Ca___. T ; ('nﬂnwllar
o Cs %-' T b Y Y NFINTE
AN S S T T Tt
: & : i
— - i ] i LIN8 AR N TRRSEL
- ' T > +
Iy Cm bV /R,Cm { }
1 i ;i ;

:
l
{
l

FIGN

This image equality states that the field seen in the
rectangular wave guide due to the line segment source is

identical to the field seen in a parallel layer Tegion
due to an infinite line source, as shcwn.

The fundamental m'th mode solution of the wave equation in
¢ylindrical coordinates may, for the top layer, be ex-
pressed in the real form (which will be somewhat more con-
venient in what follows):

B = Aim Jo Bt (A, 3) oo (Wl €0)

Here A 1s taken as real, the phase angle €a "absorbing
any phase angle that A,.may otherwise have". (Ultimately,
€, will depend upon the phasing of a point source with
respect to the time t.) A conseguence of A, being real

1s that all the Aj.and Bj.. of the mode will be real: That
is, all the @mof the mode are real. The subscript oa Cm
indicates the possibility that €. depends upon the mode.
(But it will turn out to be independent of mode.) It is
seen that the above expression for {§. represents a gtandin
wave. Using the asymptotic form of J.(A) for ~ large, the
corresponding far field solution becomess

B, = A iy | VER ore (RE) |emiut ey

1Ay
NFoo

The outgoing wave part of the far field standing wave iss

Y m
= . Y S N —— "‘- m - e t— a
9'),'{:; LovToong) Aim ooy H‘:ur;e n ) [fr-f)-at-of EQN ()
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It is this outgoing wave part that corresponds to radia-
tion from a point source, the incoming wave part being
discarded (as is usually done with tne "physicalily unrea-
sonable" advanced potential). (Ncte that A,m.and @.. are

the symbols used in the cylindrical coordinate case as
against the corresponding (1,. and §m‘of the rectangular case
of Part II.) Referring now to the equivalent parallel
layer image of Fig. IV, the net field produced (by all the
mocdes) at a large distance b from the line source, and in
the top layer, is:

TromaL veroairy POTENTMQE

dm> pim By ( (AT -t
ALL MoDES 9”’ ;E A ]/,(r -ny

Where(}%é”’is a constant for a given mode and is analagous

to the A.. coefficient of the "¢ylindrical" case. More
precisely the effective Aim coefficient of a short element
67' of the line source ( &y acts essentially like a point
source) would have the value /fﬂﬁpsy, .

\ 2y

From the image equality of Fig. IV the quantity.J of Eqn. ($)
can be seen to represent the total velocity potential inside
of a rectangular wave guide (due to a line segment source):
This physical fact can lead to evaluating the integral in
Eqn. (9). (Further, as is often the case in optics, this
integral has the simplifying property of being evaluable
over a stationary phase region given by |y & 4- . More
precisely, calling the "“contributing range of y“—ghW y WE

have as g.-»e0 that Sem—> oo 3 Dut so that g%,_,o )

However, the integral has essentlally been evaluated by a
relation given on pg. 416 of Watson's "Bessel Functions®,
2nd Edition. The equation is:

g" LiR)e T R-dR _
\:‘ ‘R:—’,lrl -‘]’a' _rﬁ'z
If we put @a=0, the integrand becomes imaginary for R-<1r',

and reul for R> g3 sc that for the a=o case the real part
of this eguation becormes:

g“' LARRIR _ it
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If weput 3 VZ-‘+ * , this becomes:
r"—r m(ﬁ u:‘*'\} )d’,‘." = _Cit_i&'_ ‘

Vit Npy ~

If this last equatlon is expressed in complex form and
multiplied by @ H9¢*+€w | the real part of the resulting

equation is:

\

2 = W 1 = wa(RE-wT-%n)  E@N (i0)
2
= {9 13

Identifying this integral with that appearing in Egqn. (9),
gives ford :

z dA st
of = ' __u,,& (s (B, fr ~wE=-€,)
e d/y)

S'ince;,‘ is also the field seen in the reofargala;. wave guide
(by the image egquality of Fig. IV); and since the summand 1s
of the form [consiant]e m(ﬂ,[,—wt €») » the summand is recognized
as constituting the m’th rectangular wave guide mode. (i.e.,

The gumma

mand is an undamped sinusoidal function of #,.4-, as

is the case [or propagating rectangular wave guide modes.)
Thus we may writes

LREmeum WAVE GUIDE VEioCTy POTENTAL

OF /m’th MoDE AT L=A4 AND W ToP iLAJER

L_.
i

i .dq

Next we otzerve ihat 3; may b= regarded as the rectangular
vave guide m’th mode soiution for a point_ source of a volume
qxsp;a»ement AV equal to that of the segment source of Fig. IV
(cf lengtih w). (The far field equivalence for a rectaigular
wave guide between lhe iine sagment source and a point source
of equal displacement can be uncerstocd from the fact that the
same work is dons on eitiher type source by the "hypothetical
iIym ield" of Part 11, provided cnly that w is small
eniough so that the prepagatin,. + .Je amplitudes are irdependent

T= (L oy o)
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of y. (The vaiue of w_in no way affects the no* valent
parallel layer image. ,\‘ Therefore we have that J, may

PP L A wg

also be expressed by Egn. (7):
(8., Ol o172 (R 3-8 21

Where CL,... is ziven by Eqn. (5E) when 4V in that eguation is
put eqgual to ”(dV) , where (‘%) is the strength per unit

TQnng of the 14nm source?

es and mhore V i some phnse Qngle
indicating the fact that the phasing of the line source has
not been defined. Comparing the coefficients of these last
two expressions for J,, gives:

Aim ( ‘i;'”’ Y Een (W)

Egn. (11) relates the unknown (% of the cylindrical case
to the known (.. of the rectangdlar wave guide case. 1t
lJeads to a connection of the point source mode excitation

in the cylindrical case to the previously determined excita-
tion in the rectangular guide case.

Eqn. (11) may be written:

d Aim = dA”’" -C—{-\( = %M d/-a

d o dV  dy
Where (J—/ is the volume displacement per unit length of the
line source of Fig. IV (as already defined). Dividing

through by (Q(_) glves.

Where &§A,. is the effective A, coefficient (cylindrical
case) due to radiation from the differential line source
element E««, And where 6V is the total volume displacement

of the elément 87. Identifying the differential element
S with an effecmve point scurce, and calling S§AmEAia

(to correspond tc the nomenclature for a point source in

the cylindrical case), the last equation may be written:

/gg‘)— EQN (1A

So—— — e ———
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To obtain lCZMn' ( Q.. is real) we replace 4V by AT%;)

in Egn. (5E):
20 (Y, ) (L
QsﬁmwrlAuw?<t]Ez;f’J?'Z%}N,

Putting this value for }CZ, jinto Eqna (11A) gives:

| Am) =

o (G- 8V
iAW‘ - ‘ m i 0
;L}Mp,md)Z@V 2}_”(1}

# Ji

EQN (11B)

.....

of volume dlsplacement “§V_ and at a depth 3§ in the top
layer in the parallel layer (-ae. - cylindrical) case.

The cther quantities appearing in Eqn. (11B) are identiecal
with those defined in connection with Egqn. (5E).

The temporal phasing of the mocdes due to point source
excitation in the parallel layer case is yet to be deter-
mineds$

Comparing the integrand to the value of the integral in
Egqn. (10), we see that the signal from a line source a
distance b away (corresponds to integral) lags the signal
from a point source the same distance away (corresponds

to the integrand when &=0) by in any given mode.
And by the image equality of Fig. IV the mode phasing from
the infinite line source is the same as for the rectangu-
lar wave guide case. Thus the far field m‘th mode signal
due to a point source in the parallel laver case is of
phase angle I% less than the corresponding (same distance
from similarly phased source) signal in the rectangular
guide case.

Let us assume that the point scurce is phased in time s©
as to have its instantaneous volume displacement varying
as ctet. First we consider the rectangular wave guide
case for this source: Referring to Part II, since the Yy
field does a maximum of work on the source, its rressure
can be seen to lag the instantaneous source displacement
by 90°. Therefore the radiated mode, being out of phase
with the Dggm 1';1d, must have its preszure lesading the
source displacement by 9CY. And since 4=, 08g . 1t
readily follows that the instan‘aneous sonrca displacement

e ———— g =+ A —— T r— e

T
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is in phase with the velocity potential (at the source)
of any of the radiating modes. Hence the temporal phase
of the velocity potential of a mode due to the source may
be expressed at a point (%3%) in the top layer bys
¢ e +052 (R 2-wt) = * et —A0)
The + factor indicates that an additional 180° phase
shift between observer and source must he introduced
when their respective depths are such that AnZ.%7 and
simfB,.d are opposite in sign. (Since the temporal phas-
ing of a given mode alternates with depthn as the sign of
s fBuy o) Further, as is required, the argument of the
cosine "is such that if the observer is at the source
(¥=0,3=d) the expressicn becomes identical to that fer
the pnase of the instantaneous source displacement:

@ (od,t) ~ + ea (-ut) = + er(Fwt),
m

From paragraph 6 it follows we may obtain the correspond-
ing paraliel layer phasing (far field) simply by sub-
tracting J; from the phase of § ( and replacing the %
coordinate by ~ )3
~ T T— ,mi'u"E

m(FeR }’(‘cﬂ.‘.TJ - CN((U 7@ q-)
Thus we know the phase of a far field radiated mode in
the parallel layer case, and from Egqn. (11B) we know the
magnitude of the corresponding Am coefficient. These

results may be expressed more convenlently if we generalize

Eqn. (11B) by defining A,, as a (real) guantity whose sign
depends upon the depth of the source:

Rw (Y, (d) 5V
B = 2 e ) . EQN (11¢)
Laimfiad ) 13 J'? Ay

A

Where this value of A 1s to be inserted into the follow-
ing solution for tihe far field radiated mode in the top

layers

|

N>

The form of this last equation can be seen to follcw
directly from the corresponding expression in paragrarh 2.

Drrmcrner = Aum tin 1 (Jot) 2 R 8 ) EQNED
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In general the solution in any of the layers is given by:

= | _ B
¢JM(OUW\.MQ) gi"‘ (W> o (wt-R %) EQN (13)

Ny w

Where the g,m are defined in Fig. I (in Part I). (The m
subscripts, representing the mode, do not appear in Fig. I.)

Summary of Part III1

a)

t)

Results Obtained: Solved the far field problem for
point source excitation for the case of n parallel

iiquid layers. More spe01£ically, we have ottained
+ho coefficient (defined in Fig. I) for the case

v 7 im “vaT

of a point source; so that all the ,A ™ and B,,w may be
obtained by the method of Part I. Also the pha51ng of
the propagating modes with respect to the phasing of
nne source have been obtained.

Essential Principles Employed: It will be simpler if
we describe a slight variation of the method employed.
{Though the method employed was more convenient for
the actual derivation.) Understanding the variation
wiil basically amount to understanding the original
method,. If in Fige. IV the line source segment in the
rectangular wave guide is replaced by a point source
midviay between the guide walls, then the equivaient
image 1s seen to consist of an infinite "linear string"
of point. sources (uniformly spaced at a distance apart
equal to the width of the rectangular guide). There-
fore we maj connect the "cylindrical solution" (un-
known excitestion) to the rectangular guide soiution
(eX'..athn known from Part II) as follows:

[So.u TION FCY POINT SCUXE IN RECTANGU.AR Gum_e] ’Z( SOLUTION FCR EACH POINT S0URNE iN PARALEL LAYER (;ublE)

A PoilT

S50uRCE IMARES
Sirnse _uhi2 left hand side is known from Part II, 1t
turrs _cul the "eylindrizal mode® excitations, whigh
apr2a: 1n cthe right hand side can te determined.

Tv shuw wne procedure in somewhat more detail, we
write thz last expression for the top layer as foliowss

- A { > =
MY f ey PaTeNTAL OF FACH RECrMNAR CuDE nenc) = ) / A J {f‘ p)"u 2

. €, TY DOTsNTial FACH RECTANZGLNE (4 OF NaoaC - N/ -
P 2N BV ¥
e E 'Y} "
ALL RELTANG AR ALt Feyuvardat VN b RNe J
aDE DTy MoDES (iNDRtmm)  GROER )
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Upon evaluating the inner swamation on the right hand
side it is found that the (remaining) summand may be
equated to the summand on the left hand side, so that
the A, (the "excitations") may e obtained.

10. Additional Comments

a) The same comments appearing in paragraphs Sa ané &b
of Part II apply here.

ST
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RESULTS_AND CCLCLUSIONS

The problem of the acoustic wave produced in N lossless
plane parallel iiquid layers due to point source excitation
has been solved for the far field in a form permitting of
practical computation. The solution 1s expressed as a sum
of normal modes: This constitutes a generalization of the
results of Pekeris who obtained solutions in the normal mode
form for the special cases of two and three layers (Reference

(a) ).

The method employed here for obtaining the mode excita-
tions was basically different from tre usual techniques of
finding Green's functions. This method greatly simplified
the present Droblem, and may similarly be expected to facili-
tatc the procedure in various other excitation problems.
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Appendix A: Computation Procedurs

For practical computing purposes, as well as for the sake of

conciseness, the results will now be summarized in a more
directly applicable form:

l. Statement of Problem

To obtain the far field velocity potential produ:ed
in a system of n parallel dissipationless liquid layers

by a point source of sound oscillating at a frequency ® .

The system is shown in the following dlagram.

PRI (S
d FREE SURFACE
f) C, Q" Yovrer %
F" Ca -'
-K; — 2,;
Pﬁ"l 2 C/’"’v' T %‘z
SEM) ~INFINITE =t
2 £

A necessary condition for the existence of propagating modes

is that the wave velocitles &4 must not be monatonically
increasing with successively ﬁigher layers.

2., Form of the Far Field Solution

/ | Coa ( _ t-—ﬁ h-I
e = g-m W ™ 4
m 2‘; T!P"f&‘.:(;)wmz, 7 ‘:\’ :erﬂm/v

Where the 4 subscript refers to the layer (as used for the
P’ and %’ in the above diagram) and the m subscript to

the mode.

And where

g;f Agm binfomy +B,,, W,%,,j/ FoR 4 =%,3, " m-t.
E,MEA,M nin By

Mo, - 'Mm
VB s T e L e .
;g™ V'c;?' A -5;_;*! FoR 4% m
i [fmi ‘)@ %;-1 (R ;j,‘—'m)
<
P4
\
‘.\\ ('/m‘z' [?I'MSE ngc”y or (mith Nlop?] (C,/MTﬂE SAME i M LAy&RS.)
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Finding thejﬁf s of the Propagating Modes, and the Linear
Relations Between the Fhﬁ and Bym of Any Given Mode.

First obtain the /% as functions of # (eigenvalues
of & unknown as yet) and the Cj using the relations
given in the preceding paragraph for the /[Fzm : Here the
m subscripts are omitted because the [Bj are regarded
temporarily as continuous functions of ﬁ,, rather than
as discrete values corresponding to modes.

Then apply Eqns. (1) and (2) of Part II to the
lowest boundary and Eqns. (3) and (4) to each successive-
ly higher boundary through } - This gives the A; and B
as functions of & and Ame

Next we must f£ind the % values for which B,(%,Ax)=0.
These € values correspond to the propagating modes, and
are de ignated bj a subscript as fm, The corresponding

’ /1 and B; values are thus designated /3 2 ﬂm) .D;m
regpectivelye If three or more layers are involved the

values for which B,=0 are in general best found by
grapning B, against & . (Ths unknown A, value has no
ecfect upon the roots.) Only real values of £ which
satisfy this condition correspond to propagating modec.

Pinding the Coefficient /Mm.; And Consequently Obtaining
All The A%m ancl_jiignEL of The Mode.

The coefficient Ai. is given by Eqn. (11C). The
other‘A,m aiid Bjm of the mode may then be determined b;
virtue &f their relations to A, through Eqns. (1), (2,
(3), (4). (Egns. (1), (2), (3), (4} are such as to Yicah
readily the Aym and Bim in terms of the bottom coeffi-
cient A,. but JTust be essentially "invertad" in order to
give the Ajm and Bim in terms of /*,M instead. This
inversion of the equatlons is a very simple iterative pro-

cess and will not be done here.)

Far Field m'th Mode Soluticn for Outgoing Wave Due to a

Point Source in the Top lLayer.,

Having obtained all the /3w», i and.Bfn correspond-

ing to <each ﬁ we have the solution for the velocity po-
tential of the m'th mode in the jtth layer by substituting
into the expression for given in paragraph 2

m T
above. ! (ﬂ' VOING WAVE,

FAR F1E3D )




PO

T e . TR

- 21 =

Appendix B: Comparison of Two lLayer Case to Results of
a)e.

1. For the two layer case (l.e. - a single layer over a semi-
infinite region) Egans. (1) and (2) of Part I become:

AZALE zﬂ?n[(’ /W"/”}:' i3 m(g},] EQN (1A)

B=0= Azc'%%[%mﬁ},-f ‘.ﬁ_'amﬂ,?ﬂ EQN (@A)
From Eqn. (2A) we have
i “%M{%};

oY

Jam (53, = AL EQN (2B)
K

)
If the {35 in thils last equation are expressed in terms of‘ﬁ,

those values of satisfying the relation correspond to the
propagating modes. If expressed in the appropriate notation
this equation becomes identical with Eqn. (A49) of reference

(a).

2. Eqn. (11C) of Part III becomes for the two layer case (omit-
ting the m suvscripts will not cause confusion):

A0 (A ﬁ";’-‘zg'd)a‘ sV

q ! : 2 —atlg,;
2sinpt- [ @ (azamtyiy dy + 2] 01"
-4 3 {
Where Cl/and Clzare coefficients correspording to a

"mathematically fictional" m’th mode cof arbitrary strength.
That is the @, and (laobey Egns. (1A) and GAJ. %he ex-

pression readily becomes:

) “ N . p —11{’.%
7 ars, N 'ﬂ _T—

T
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Since CLBard J,satisfy Egqns. (1A) and (2A), we may write
Eqn. “.A) as:

w sV amfBd
3~ An B P( )ﬂ
2(3 L/32 PM?}:“—“-mﬁil

Introducing the notation used by Pekeris (Reference (a)),
we have:

Bk g-sﬁr ; %=H

Using Lgn. (2B) above, we get, in this notation:

w SVaunfZd
iy = .
| H = pn 2 X _I'ﬂﬂm(,_ dr 3
ag, B N Lpt L;’:‘,’{

vhicihh reduces to:

@ (Z2)(8V) aim pd

’Xm — L Cot XM ','(’fl,la,n X Mz XM«

— T
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Comparing to the definition of F(lm) given in Eqn. (A73)
of Reference (a), we may write:

A = _w_HEY (i )+ (%)

Therefore the solution as given in paragraph 2 of Appendix
A becomes, for the top layer:

Do o | 5 (A A F@Wﬂm})(m—g oo (wt-H,0-F)

FAR rm.p)

Putting this into complex form, and writing @ = Z= = %"ﬁ ;
this becoms: K

iWt-Er-F)
¢"'“ (wresive wnvr—- ( 5‘/) (%J) ( %)V% © Rzﬁ) M(%)M(Eﬁz)

FAR FIELD )

If the source strength sV is put equal to C%}) this solution
becomes identical with Pekeris' result (Egqn. A71).

The question of whether the present solution is ldenti-
cal with that of Pekeris depends upon whether or not he
chose the source strength as %E', as 1s required by the
above comparisca of results. At first sight the two results
would appear contradictory since 4% does not have the
dimensions of volume appropriate tc a source displacement.
However there 1is actually no disagreement, for it will be
shown that Pekeris nevertheless did in effect (i.e. - im-
plicitly) choose the source strength as 4L : Since there
was no particularly important reason to do so at the time,
he did not attempt to keep his equations dimensionally
consistent; and by introducing the source strength indirectly
through a boundary condition, an implicit consequence was

that the source strength was %g » To show this we proceed
as follows:

We will make use of equations (Al7) and (AlE) of
Reference (a). We notice that each of these is dimension-
ally inconsistent, its right hand side having the dimensions
of length while the ,qft nand side has the dimensions of a
velocity potential %) . The discontinuity in the
particle velocity at the plane % =d (whien is a olane
containing the source) has a vertical component given by

e oY o)
oy T2p/

A S oA I e T S
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Using the values of ¥ and (:given by equations (Al7) and
(A18§ this discontinuity is Ceadily shown to be equal to
2e~" (Trifnpdt o This fis a discontinuous integral,

beine infinite at R=0 and 22rO everywhere else. However,
if this discontinuous integr®! is integrated over the 7=«
plane the result is finite. [f this multiple integration
is carried out (for example With the help of equaticn (6),
pg. 386 of Watson's "Bessel Functions", 2nd Edition) the
value is found to be #mewwt . Xnowlng the Integrated
value of the vertical velocitty discontinulty over the plane
}=d . we can, by simple flcM¥ considerations, show that the
maximim volume displacement ©f the source is given by

S = fi. | However equati®nS (A17) and (Al8) represent
the standing wave solution. If only the outgolng wave
part of the solution is kept 1t can be shown, as may be ex-
pected, that the source stremgth becomes halved: Sv = I
But this 1s the value that w@s required to verify the

equivalence between the preswnt solution and that of Pekeris.

Thus, we may conclude that the present results are in
agreement with those of Pekell'lSe
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