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Abstract

The position of a point on a surface, as determined by
measurement, 1is subject to errors of observation. The direction
and distance of the measured point from the true point depends
not only on the errors of the measured coordinates but also on
the properties of the twc families of lines of which the
measured ccordinates are the independent parameters. FPractical
~enaiderations generally preclude the use of measured coordinates
for which the error of position depends only on the errors of
observation, or for which the effect of the coordinate system

is easily understood.

When the distribution functions of the errors &re known,
1t 18 possible to construct around any point representing the
true point on the surface a closed curve along which the
probability of occurrence of a corresponding measured point is
uniform, and inside which there 18 a specified probability
that a measured point willl fall. Accordingly, the same
closed curve may beé 4arawn around a measured point to
represent the size and shape of the smallest region inside

which, with the specified probability, the (unknown) true
point will lie.

Detalls are worked out for two kinds of error functions --

the normal law, and errors of limited size. Por the Tformer,



the paper shows how to calculate, for each position of a
measured point on the surface, the boundary inside which there
is a speciflied provability that the true point will lle. In
the latter case, equations are gilven which define the smallest

region inside which the true polnt will certainly be found.

While the analysis has been restricted to the plane,
the ideas are applicable to other surfaces and to three

dimensions.



Intr-<uaction

“ne coordinate system employed to find the poslition of
a pclint by physical measurement 1s usually determined by necessity,
convenlence, or accuracy in making the measurement. The choice
must orten be mathematically inconvenient. In two dimensions
each neasured cocrdinate is a parameter of one of twe familiesn
of lceci. A palr of coordinates determine a particular locus

from cach of the two different ffamilies; and these two curves

intersect to determine a point.

Congider the two coordilnzte curves which pass through the
actual pnint and ancother pair of curves .uhose parameters are
erroi.:ous measured coordinatea. These four curves form what
may be called a curvilinear parallelogram, with the point at
onc vertex and the erroneous polnt at the opprosite vertex.

The distance between these two polnts denends on the sides of
the izrallelogram and the angles 2t its vertices. These
elemnents in turr depend on the size and relative signs of the
errovs, the nature c¢f the coeordinate system, and the values of
the coordinates at the point. The rel=atlons between an error
of pusiftion and the errors of obgservatlon from wnich it arises
are wuch more complicated In general than they are in the
cartislan 3ystem or even 1n orthogennl curvilinear systems.
Since it 1s often impossible to avold using complicated
cooriinate systems, it 18 necessary o understand these mattere

if o7 > 15 Lo mwaxke a cholce of moazuring tools and thelr
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locations which will 3atisfy the requirements.

Probability conslderations

Let U and V be the curvilinear coordinates of a point
in the X,Y plane; and let U + v, V + v be erroneous measured
values of the same palr of coordinates. Assume that U and V
have the same physical dimengions. Let their errors, u and v,
be of normal distribution snd of kncwn precisicn., The
probability that an error in U lics between u and u + du while
the corresponding error in V lies betueen v andéd v 4+ dv is

then the function -
Vi T
Wiy A

/7
e
A = (1)

vhere the k'g are experimentally dctermined medull of
precision. The set of all points jor which thils probabillity
1s uniform are subject to the condition

2 2 4L‘-__

e R v = . -
The parameter, h, nay be deturmined by substitution in (2)
of any particular palr of values of u and v. The corresponding
value of the probability, (1), is

R
4§él e Ludv

————
—t

/¢ (3)
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and this value is uniform over the band betviean the two

ellipses whose parameters are h and h + dh. J3ince the area of

_JE R

— N
= I

O 4

the ellipse, {2), is

the area of the reglon betveen the ellipses is

T _ AL
A= 'ﬁ‘&

Changing the element of area in (3) from dudv to dh, we find

the probzbility of a point being inside any particular elllipse

is

—ﬁ_,- £ 1.

fD ,// e Jd1 = /- e

{u)
If k¥ = k?, the eliipses, (2), become circlen

T2 'z.._,{,’
te4Um =L - ‘72""-) (5)
for which _ﬁ§n?'
P:’ l'—e

-~
O~
-t

Imagline that we have made a very large number, N, of
pairs of measurements ‘U 4+ u , V + v) of the coordinates (U,V)
of a single point. Suppose all these measured points to be
plotted in the U,V plane and als=o in the X,Y plane. In terms
of the N plotted pointi in the U,V plane, the above equations

have the rellowing interpretation. 'The density of pointe per
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unit area 1is

NEL SR AL

7C

Over the narrow band included between two ellipses of the

family,

fl—‘-— l‘.’tz-"g__ﬂ D
o +R U =T

whose parameters are h and h + dh, the density of points is
uniform and the number of points included in the band is
Ne'hdh. Suppose we d.vide the space avound {U,V) into a number

VIR [y Limen B om e - »ame 42 4 -
tical vands by constructing sever

of such adjacent elilip

concentric ellipses of the family (2). The probability that a
single measured point will fall outside one of these ellipses is

a simple function of the parameter h, as we have seen in (4).

The picture drawn here in the U,V plane 1is exactly the same as

we should have in the X,Y plane, had we been measuring X and Y
directly instead of Jndirectly through U and V which are functions
of X and Y. The question of practical interest i1s: what does
this plot in the U,V plane look like when 1t is mapped into the
X,Y plane? Under any point transformation X = X(U,V}, Y = Y(U,V)
we should expect the ellipses {or clrcles, when k = k') to map
into some kind of closed curves wlth the lmages of the same

points as before lying between them. In other words, zafter

the mapping, tne probability of a single measured point falling
outslde a given cloged curve in the X,Y planc 12 the gam

that of its falling outside the image oif This ecurve
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plane. It will be sBhown thst, subject

t

¢ very mild
restrictions, small ellipses {or circles) in one plane always
map into ellipses in the other plane. Tne slzZe, orlentation,
and eccentricity of the mapped ellipse generally vary from
point to point in the plane. We now proceed to examine the

nature of these transformations.

Equationa for the mapping of small reglions

Let the measured coordinates (U,V) be related to the

cartesian (X,Y) through

A ./\1 \/\
U=uI[X,Y) V= VIXY) (7)
or the inverse
\_’\/'/, a N (A oG \
X=X{L,WV) Y=Yy (lu, V) 853

in which the functions are all supposed tc be real. Either (7;
or {8) provide all necessary Information fcir mapping one plane
into the other; hut since we are interested only in mapping
separate small regions we may take advantage of the fact that
the transformation for small regions is generally linear. 1In
place of (7) or (8j, which may be of any form, we may zubstitute
linear ¢transformations, the elemente of whose matrices are the
partial derivativesof (7) or (8) evaluated at soume fixed polnt

in the small region being mapped.

If X 2nd Y may be expanded 1n Taylor series in tre

vicinity of 2 point (Joyo), we have



* %X _oax YL
o X BX .1 ’_%,5._ LLL+Z (el 4”"\"\’/1 +
X:;J(L—f— S—\-;;'U ’f"'z((\\uz. 2u ¢
- - ?~\‘/ Dy.Y "‘L v e
;;-'tu _,..a_.):u‘.;.__!. é_l Ltz'-,t-_z é_-,_'._zuf‘-}— 5——\7——_‘_1/ +-
J= 350 E | au™ AUV

in which x = X - Xo' y =Y - Yo’ ue=y- Uo' v =V - V0 are
finite increments which we may identify with the errors under

discussion. In {9), the partial derivatives are to Le

evaluated at (UO,VO). With proper restrictiona asg to

continulty ard slze of the region we may therefore employ the

- _;-’-?S— (v -é?—(—-v"
> U oV
/,_é_l’_Lk%\C\YLr’
= 3 2V
]
and U 1 9=y,
“«=3ix "7 Y
~ \/ 37
Sy STl g 4=
v = A5 Y
in wnich tue coefflclants %%5— , ete, are constants.

In order to shorten the notation and emphasfize the linear

character of the approximations, we re-write {iC) and (11} as

I

X = e e 4 &_, U
7/ /2

- 7 J
7T = & .tk 1
i 73 o - aZZ.

(10)

(11)

S



and

Lo = A X Gy Lo

{15)
T = &, K &, f

in which all the a%j are real.

While we may use these approxlimationsg i'reely, lLecausc
they are generally accurate, it 1is true that one could
encounter circumstances 1n which the parameter h is sc large
and the successive partlal derivatives of such values at
particular points of the field that (12) and (13) would be
inaccurate. However, the main purrort of what we have to say
about the probabilities associated with the images in the X,Y
plane of’' the ellipses (2) in the U,V planes 1s unaffected by

whether we can employ (12) and (13) or muct use (7) znd (&).

The important fact 1z that, given any probabllilty
functions, we can calculate the contours of constant probha-.
bility in the U,V planc and then draw the corresponding contours
of the game probabllities in the X,Y plane. For monotonic
decreaging probabllity functions, the latier show the elizc
and shape of the smallest reglong inside which there is a
specified probabllity that a2 measured point will ocecur. it
1s evident that thils can alwaya be done, regardiess of the

chape of the monotonic error functions, cor what special
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devices are employed to effect the transformation. Thus the
basic ldeas of this discusslon are independent ol any
particuisr assumptions such as (1) or the use of linear

trensformations.

Elements of the ellipses in the X,Y plane

The ellipse {(2), in the U,V plane, beccmes in the X,¥Y

plane
/ [23%.% '-1'2.)__/ (2%, 2 ~ ?-) 2. /fz, a f_f’z_ a )xu
/._-.,_-—,&ccatfv/-z‘ Ra +R Q)X +2(RE0%,tK & Top )7
‘ (15)
2 2 T S X
+(£ a—'.,‘,“f"'ﬁ- a’g;)f{ —'{
- -
The discriminant of the guadratic ferm on the rizht 1s
z,% 1 Ay Y \
Dz-4£%"2 <0 A‘:‘-/a" e [\
2s % 7 (16)
which shows that an el ipse transforms into zn ellipse.
Obvicusly this 1s true regardless of the direction of
transformation.
Let us write (15) in the more compact form
/ //_‘ 2. 7 / e
Z(c_‘xqb.ffkj;—f'ﬂz‘):/ N (15!

— . S, & ¢ ——— .

# Note that E, F, and G as here deflined are not identical with the
fzmiliar E, F and G of differential geometry except when
kK = k' =1,
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and refer it to new coordinates x',vy! so that it takes the

form

l'/x

7% (= A*) / (17)

This we can do by means of a rotation about the poirnt X_.Y

X = k’Ca—aS‘—j/QLL;(JS‘
Y= XS yvfcoy S (18)
such that
ﬁ‘; 27_9': ______...-2} 5 / 9] '.// 24%‘ ,:/ 7o ) !
Pl G E L S {19)
As E and G are positive, we find in the relations
- 2T
C&C(‘&: é——i MZ‘L"- s
3 R + &

Y
C¢<m9*:={ R+ (£-5))7% . «9‘:.{ & F(&- 7)3
2R 2 &, , (20)

lLobone

=+ 4/(5-—&} L PFET = ok ffrrs)foe D

= L) LR

that the upper sign is to be taken when F > 0 arnd the lower

8ign when F & 0. The numbers a and b in (17} are found to

be given by
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7 __ _____/'_3,________ . Z 2 2 ;

—

IR 2 =T A E+GFR (21)
where the choice ¢f slgns depends on the sign of F in the

same way as before.

We note that

implies that
E=G ; PFP=20
These are the conditions for the ellipse to be a circle. The

eccentricity of the ellipuse 1is

» \ Yo

’i - v,
2 = (22)
S=(Fegrk

If the conditions

5#5;5/_—_—.0
are cgatisifed the locus 1s an ellipse whose axes are parallel

to the axes of X and Y and whose eccentricity is

/’ £ Ve ( & ’/'&.
c=l~z), (e<2) ; e=l-F) €>¥

The majJor and rninor semi-axes in the general case are

Ah /2 ﬂ_;f:ﬁél_m-\ e
(E’Z?—-Je, ) Geet (g & B £l ) (23)

and vhen F = 0, they are

/ f;\%'/&uoc__ (ﬁ«)’/b (£ > %)
? Z



i 5.

aor
'/7_ \

‘_,{’ 5
[ ) e (A '
(7 a,wc.(:?/) X (¢ <« %)

The chilef resulte of this sectlon are the expressions
for major and minor semi-axes, (23), and the direction cf the
Xt axis, (20). The rule of signs implies that when
P > 0 the maJor axis lies in the second quadrant, and Qhen

F <« © it is in the first gquadrant.

Bounded errors

Instead of following the normal dictribution, it may be
found that errors of avsolute valuwe greatzr than a certain
small number dc not occur. FPFor 2xample, & set of measurements
of an angle by an observer using a certain sextant may show
that the chance of an error greater than two mirvoetes l1s
negligible. If this i1s true, we may employ as the cmallest
contour of unit probability in the U,V plane the rectangle
formed by %the four lines

L{_,:::u,o (L:-"‘LC'Q

= Vo =~ Yo (24)
which nmaps into the oblique parallelcgram bounded by the iLines

o

L(.,za-,/k"‘a‘/zj ) \
) 7

— D
| (= ehts, B = e (25)
#:Qz/XJ‘QZ?-T )



The 2nordirates {(x,y) of the iour vertices of the

parallelogram, referred to (XO,YO) as origin, are given by

the inveree transformation, (12),
x:.a,”/u., +a,,;v’ )
g uvafr § 2

and the squares of the semi-diagonals are given by the two

-

(L=t vaes) (a0

values agsumned by

- 2 / I3 / VA 2
S 2. : 23 2. 2.
. (e 2 (anera,al) w pfal ral
x.._‘_jz.: (a'“ La,, ) te + A (% z 21 ‘.2.) U .;.(a.ll—f-c?,&_ }’U’
.x.
Dy
o P B el B e
= £ w FLS v+ L /wlm,v- LY = V5 > 0 |
) ]
and. LU U UL DS
Wlth proper attentlion to sign, the angles at the vertices
of the parallelogram are given by
-
L = C»d —7':_,_" --:-’—
’V é:/\é{'
and the aides are KL vE’ and -v‘%;@f’ ;
The slopes of the dlagonalz are glven oy
/ !
. _ g{} Qg U+ Q,, U3
K Ju=te, X'-Jq;.__“g = IS {283

1= U, = -Up 4 Lcc = ‘5-/2 Lro

#  In this case E?', F1, and ¢! are ldentical w
coei'ficients of the flrsi Tuntapentai.au:zdr
differential geometry, dS? = d¥é + d¥© = 3°
Gidve.

tii the
tic form of
Us 4 2prvaudy 4+

0 ks



and / /
g] J Aoy g~ Gqa VG
K=,

— ——
-—

—

X y=-We @ ,tco—- @

vz -U, T =Vg

The major dlagonal i1s that for whlch the product of u, and

o has the same sign as F'. Along the locus of F! = 0 the

parallelograme become rectangles.

If uy, = Vg the lengths squared of the semi-dlagonals

become

gt /Z':J:Z:z o

Pl <

and their slopes are

/ / / r
Q.:, -/—Qz.& g 4:'2./ — azz..
7/ /7 P ’ V4

@, + G, Q’u - %

The assumption of aquare form for the contour P = 1, in the
U,V plane is not lnconsistent withta,;{vb because we may
take the silde of the sguare equal to the longer side of the
rectangle. All the points then lie 1lnside the square. The

nly loss ig that the aguare 18 not the smallest contour for

which P = 1,

Graphical representation of the information

The a=zsumption of bounded errors, while crude, may
sometimes he nez2r enough to the truth, W¥When it can be used
together with the condltion u, = v, we may describe thie

manner in whielr the transformation zropagates errors by the



normalized majcr zemi-diagonal
[
P /
x4y Ye. 7 1/:? 4_,7/\,2"

which is the quotient of the longer diagonal of the
parallelogram divided by the side of the gquare. If the

contours of the surface

FlX,Y)=s/elzF7| +57
are projected on the X,Y plane they may be regarded as loci
of pecints for which the circle circumsceribed around the
paralleiogram is of conctant dlameter. In other words they
are loci of constant maximum possibie error. The dis-

advantage of this simple representation 1s that a portion of

the information has been thrown away. We have discarded the

" AR
Al Wilic

information about the two direction

v

e 0 P
AV u = ov

o o
the largest measured errors may yleld thelr largest and smalies?’

4]

>

iy

displacements in the X,Y plane.

A more complete way of presenting the facts would be to
plct st intervals along each cont%ur of the normalized major
semli-~-diagonai, /{ ,-f- \.251",’ +-F '/\) /2: a vector showing the
direction and magnitude of the normalized minor seml-~dizgonal

and a vector showing the directlon of the m: jor semi-diagonal.

In the case of the normal law of errors the elements of
the ellipses for, 8ay F = pl, can be reprezented by plotting
small L shaped pairs of vectors indicating by their length

and directions the major and minor axes cof the ellipzey as



they vary over the X,Y plane.

Messured coordinates not of the same physzslcal dimenslons

Sc far in the discussion we have suppos2Eé that U and V
are of the same kind. If they are not of the same kind agq,
for example, inr ordinary nolar coordinates, there are no
difficulties in avplying the theory for anormal error
distributions. However, since the moduii of precision are
then of different dimensions, it 1s fTutile tc discuss a

et

particular case in which k = kt,

In the case of bounded errors the preceding treatment
i3 8till valid, the only restriction belng that to compare

the magnitudes of U, and v0 is wlthout meaning.

Examgle

For the sake of brevity we 1illustrate the theorv witno
an example of such simpllcity that all the conclucinsng ure
self-evident. Consider the case of ordinary polar coordinates.
Having no further need toc represent the differential of arn
errorr, and noui wishling to use unfamiliar symbels fer the
polar coordinates, we write the transformation as
1

—

/1,=r(;:%¥jfz)

w =Yy

A= (e ——
P4
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and the relatinnzs betwecen the cirrors, vuritten as 4ifforent als

b

as
Lz = ceaQcAx i il € - Ao
pzys o S
£ = ___::f%uﬁx.+-C¢J_,, 4j'
53 Je
The equation of a normal probabllity contour s
3 r
LA ?.. _l”, -A_‘o\.z—-
"EL.: 7’2 An 4 KR &
- 7’
NP - . /(!_..fi
= (# a5 + AL ) ATy 7 f e 255K ot JdEcg
R ’
¢ & \ 2o
(Bl B+ L contis) Ly
R
Hence
2. (Z
B 2. A 2 A
E+&= €45 . po AT T
2 s o S

The semi-axes of the ellipse are therefore
AJ;i ,n,d ﬁ:_
1. 2 O

Note that the former is independent of position; and the

latter is proportional to r and independent of SO,

The oricntatlon of the 2lliipse in the X,y plane ie given »
g vy

. P LT
1;— ,.Lu(zbq"o b — = ) e
ZL“M 2¢: — — ( 2= 7 = lang -5~
i - 7 e —
f—é’ 1\41,?..'{';?‘ )(mﬁvq,é‘_é-;_a.{lf‘g)

In othexr words, cne cr the other of the axes of the ellince

is alwaya parallel to the radius The ellipses becone circles



Zor any polnt on the circle

 ( 2.

¢

Examining the sign of F, we find ihat inside thilt circle ¥

-

is negative in the first and third quadrants and positiv: in
the second and fourth. OQutside the clicle, F i1s positive in
the first and third, and negative in the gecond and fourth

guadrants.

We conclude that the length of the seml-axisc which ir

in the radial directlion 1is uniform and equal to ﬂiﬂ,,/Qg

Fvd 4
he other senmi-axis ls egual to }2,4)79 //4i .

When r = k?'/k the ellizcesz zre circler.

Ve aext replace the normal law of errcors uwlth &ho
assumption of bouvnded errors and calcvlatz the lengthu <0 ihe
dlagonals of the parallelograms in the X,Y plane and theis

AT

inclinations. Tre lenzths of the senl-axss are given vy
g

-

2 1
& \ . . I
As™ Ax®s A5 = (/ Cog 88 R o ieeS ol D) F (LD Cr rness Dt

. .
_ & z =
o 4‘_/5 —4—)1 69»790
Since there i3 no term in drat, thoe garallciograns ar:

everyuiere rcctangles. The s.opes of trnelr dlagenals o:2

Pre oo Lo P D dm ) Cara > A

e et .

T b . ‘o) Ol
Comz B &, T2 n, gl S L 1
/ - 3
S o { o e B et 15
I Gt lﬂ./_ ek g | e &
) 3 s ',)
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Thess results, in such an extremely simple example,

are obvious.

Forseak d_Fo-dAern

Donald PFoster
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