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PLASTIC DEFORMATIONS OF A FREE RING
UNDER CONCENTRATED DYNAMIC LOADINGL
by
Robert H, Ouens2 and P. S. Symonds3
(Brown University)
Summary

A concentraced time-dependent force acéts

on an unsupported thin ring along a diameter, The
problem considered in thils paper 1s to determine the
deformations of the ring when the force magnitudes
are such that plastic 'strains large compared with
elastic strains occur. By neglecting elastic strains
and assuming ideally plastic behavior, approximatidns
to the final deformations of the ring are obtained.
The analysis 1s developed for force pulses of arbi-
trary shape, but numerical results are obtained énly
in the special case of a rectangular force pulse., A
criterion 1s stated for conditions when thls type of

analysis can be expected to provide satisfactory re-
sults,

1. latroduction

This analysils is an extension to 'n unsupported ring
of ductile material of the methods employed in [1,3,%]%. These
references dealt with large plastic deformations of beams
subjected to dynamic loading, undgr conditions such that elastic
deformations could be disregarded.

The hypothesis that a satisfactory approximation to the
final deformation in the ring subjected to a concentrated;
dynamic load (Fig, 2) can be obtained by ignoring elastie
strains (and hence elgstic vibrations) leads to a "plastic-
rigid" type of theory. Briefly, this theory assumes that the
ring remains rigid until the moment developed in the ringe.

1, The results in this paper vere obtained in the course of
research conducted under Contract N7onr-35810 between the
- Office of Naval Research and Brown University,

2. Researéh Associate in the Graduate Division of Applied Mathe-
- matices, :

3s Associate Professcr of Engineering.

Numbers in square brackets refer to the tibliography at the
end of the paper.
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at some section attalns a value M,, the yield or limit moment,
At this section, unlimited bending may occur while the moment
equals Mb. That is, the tangents on either side of this section
may ultimately make a finite angle with one anothers Such a

material 1s described by Fig. l. As discussed in [1], one way

of computing M, is by the formula

v Zp (1.1)

where Sy is the yleld stress and Zp is the sum of the first
moments of the upper and lower halves of the section area under
consideration about its neutral axiss When a section of the ring

sustains the moment M,, a plastic hinge is said to exist there,

and the unlimited bending that transpires corresponds to free
rotation at the hinge under constant motion.
This theory should yield useful approximations il the

total energy absorbed in plastioc flow greatly exceeds the elastic
energy that can be stored in the ring. A criterion expressing
this state of affairs is developed subsequently.

It 1s assumed that the middle line c¢r the ring has radius
r which 1s large enough to permit the analysis to be carried out
as 1if all the material were concentrated at the middle iine. The

mass per unit length of the middle line will be denoted by m and

the time dependent load by P(t). ‘The confizuration to be studied

appears in Fig. 2 in which small changes in geometry are neglected.

2¢ Motion Immedlately After _Inpact

There 1s uniform translation of the ring immedlately after

the load is applied and this effect persists until the bending
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moment due to inertia forces attairns the value My at certain
sections of the ring,.

Iet it be gszumed that these plastic regions first occur
at ¢ = 0, me By symnetry, the shear force V = 0 at ¢ = %, ana
V =P/2 at ¢ = 0O, The moment M(@)'at any c¢ross-section may now

be obtained as indicated in Fig. 3, Here the acceleration g is
given by

P = 2rrma ' (20 1)
and 9
- Pr | _
M(@) = N r(1 - cos 9) + M, - —sin ¢ + | mar(r sin ? - r sin 6)de
Jo
{ 2 2
2rNy = | mar sin 646 = 2mar”,

i
h
'

Jo

These two equations with (2.1) give the result

= - Ex_ Pe_J . .
M(@) = M [1 S sin ¢ + S % sin o] (2.2)

If additional plastic rezions occur, they will be located

at stationary points of M(¢), Setting dM/d¢ = O gives
sin ¢ = (1t - P)cos @, (2.3

From the equation dgM/dcp2 = Pr/2n [(n - @)sin ¢ + 2 cos ¢] it is
seen that dQM/dcp2 < 0 only for n/2 << ¢ < 1, the corresponding

solution of (2.3) being at ¢ = ®, This solution is alrcady em-

ployeds The solution of interest is

Py lellx 4%  or sin g, = (n - g¢)cos g (2.4)

where d2M/dq? > 0 implying M(¢) has a minimum there. Let the

L
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load P be increaszed until this minimum attains the value -Mb S0

that (2.2) gives the result

271
.Pr = - 3 60 88 (20 5)
Mo~ (m = go)sin g

which is the collapse load parameter for the ring. When Pr/MO
exceeds this value, the ring contains four plastic hinges at

¢ =0y £y My 21 -~ £ and may be treated as a kinematic mechanism
since the segments between hinges are rigid according to the
basic hypothesis. As in [1] it is assumed that § = £(%)3 in

special cases E£(t) may turn out to be constant,

3« Eguations of Motion for the Deforming Ring

Since the polnts £, 2n - { correspond to stationary values
of M(¢), there is no shear at these hinges, Frece body diagrams
of the two segments joined at ¢ = § are given in Figse 4 and 5
along witn the notation to be used in the equations of motion.
The centers of mass and moments of inertia with respect to mass

centers are given by the expressions

\
T, = 2L sin & o= 2T cos &
° g 2 Tom-f 2 3.0
L - 1312 | o(1 - cos £)] L= BE[(n - 8)F - 2(1 + cos £)14
£ =5

-~

mquations expressing rate of change of angular momentum
for each segment may be written with resmect to transverse axes
whose origins are at the centers of mass of the respective seg-
ments. However, the origin for the quantities y,, y, is fixed.
Although the mass of each segment changes because of the motion

of the hinge at ¢ = §, Newton's equitions may be used in the form

i i £ v T
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"summation of forces equals product of mass and acceleration of
center of mass", and "summation of torques about center of mass
equals product »f moment of inertla about center of mass and

angular acceleration", since the rate of transfer of momentum

“from one segment to the other across the hinge due to the chang-

ing mass 1s zero and hence no impulsive forces are applied at
the hinge point,

The analysis is based on the six equations of motion for
the two segments hinged instantaneously at £, together with two
equations which express continulty of velocity at the hinge point
£, It is shown in Anpendix I that continuity of velocity ensures
continuity of displacements the acceleration is discontinuous,

in general, at a moving hinge, Thus, eight equations are avail-

able for the determination of eight unknowns &o, Vs Wos wyy By

Noy Npy Ngs The first four quantities are linear and angular
velocities while the last three are axial forcesy definitions are
given by Figs. 4 and 5.

The equations of motion and continuity ejuations at the
hinge are derived in Arpendix I making use of Figs. 4 and 5, The
six ejuations of motion can be reduced to three by eliminating
No, Nﬂ, N_. These tozether with the two continulty equations

-
form a system of five simultanenus equations of the form

831%0 " P42V T B43T%o * A4 TW ¢ aiS(E’{’ wgy wp) =0 (g‘%s
The five egquaticns (3,1-3.5) are cibtained bv giving 1 in turn the
values 1,2,.3,4%, and 5,

The following nctation wiil be used:

- |
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e ¢ ) = (3.6)
T’T;;‘ Un = b)o = W .
By
'ﬁi = P (30 7)
Then the coefficients aq4 are as follows:
aj; = (1 = cos E)(E - sin &), aj5 = 0y !
ajy = (1 - cos £)2 - 2 sin E(E - sin ), aqn, = 0y i
ajg = 2 sin § - % (1 - cos &), . ayy = 0y
aro = (1 + cos E)(n - § - sin ), a9 = 0, !
as, = (1 + cos 5)2 - 2 sin g(n - £ - sin E), ayg = = 2 sin E,
a3y ~ Ey d3p T W= Ey a33 =1 - cos &,
agy = 1 + cos E, a3g = = %, ayq = 1,
ao = = 1, 2, = sin &, ayy = - sin &,
ayg = = wé chbs g, Ao O, a52 = O,
a53 =1 - cos &, a54 = 1 + cos & a55 = - wé sin k.

In order to express the accelerations ¥, yﬁ, Way YWy
explicitly in terms of E and p let the equations (3.1-5) be con-
sidered as a system of five algebhraic linear equations in the

- ——"

v v S *
four unknowns ygy Y.y Ty TW

_ These algebraic equations will

be compatible and have a solution only if the determinant of the

system vanishes, This condition is

laijl =0 £3.8)

where the elements in the ith row and jth column are given above,

This determinant may be split into three determinants by breaking

up the last columne The result is the equation

e st S . o
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D (E) = & By(8) ~ uwk Dyly) = 0 (3.9)

where Dl’ 51, D2 may be reduced to third order determinants by
Chio's method [2] in which form they were used in the numerical
computationss These results are listed in Appendix IIL.

The quantity p + 2 Dz/ﬁi éw = Dl/ﬁli obtainable from (3.9),
1s plotted agalnst § in Fig. 7.

The vanishinz of (3.9) means that (3.,1-5) has a unique
algebraic sclution in fo, fﬂ, r&o, ri, which may be obtained by
eliminating the é terms from (3.4,5) and using the resulting equa-
tion with (3.1=3). This equation is

singy, - sini'}'r'1t + (1 - cos E)r&b - (1 + cos E)r&h = 0, (3.,10)

Cramer's rule will solve the algebraic system (3.1-3, 10), The

denominator in Cramer's formula 1s

ACE) = !bijl (3,11)

th

where the elements in the ith row and J column are

byjy =agy for 1<3, J< %,

and

by = - by, = sin g, qu =1l=-cosg, by =- (1 + cos ).

Let Ai(p,i) denote the determinant obtained from A(E) by replacing
the ith coiumn of A(E) by the negative of the “constant" terms
of (3.1-3, 10), i.e., the terms not containing the algebraic un-

knowns, Then Cramer'!s rule states that

. A (pyE) L. A (pyk) A, Cyg) 8, (yE)

! s S P SR S =23 .

Yo TTATEY T Y TR T T i T TR T A
(3.12)

= e e 2 7
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In particular

(1 58)

[} *
:r'(m‘K - “b) =

ALI_(p.,E) - A
ACE)

3

and since 4, and A3 differ in only one column, they may be com-
pined, giving

where the elements in the ith row and jth column are

¢y7 = (1 = cos ){(§ - sin &),

1o = (1 = cos £)(§ -~ sin §),

(e]
1

13 (1 - cos €)2 - 2 sin €(§ - sin §),

')
H
=

"

- 2 sin £ + % (1 - cos &),

O,

¢hy = (1 + cos £)(x - £ ~ sin E),

bl

(@]
"

23 (1 + cos §)2 - 2 sin g(n = § -« sin E),

= F =1 = =i .&
©31 TR Cpp T T Gy T8 oy =5

- =0 o = N = .
L1 sin ¥, C5 1 g 2 cags &, C, 0

If the last column of (3.13) is broken up so that two determinants

are formed, equation (3.13) becomes

wb,(8) = D(8) = & By(&) (3.14)

st
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R e et < e e



T A

¥ SRS YR et

o e, e e—— -

e M e

Bll-21 9

where D., 53 may be reduced by Chio's method to third order
determinants and are listed in Appendix II, and D,() can be
shown to be identical with A (%),

The derivation of the equations expressing continuity

across the hinge in Appendix I shows that

(1 - cos Elw, + (1 + cos Elu = Os (3.15)

Consequently, if w is known w, and wyfollow from (3.6) and (34s15).
Then the deformations, as shown in Appendix I may be obtained by
integrating d@,/dt = w,, d6, /dt = w  glving 6,, 6 as defined

in Figs 6. The problem, therefore, is to solve the pair of equa=-

tions (349) and (3.14%),

4 Solution for Rectangular Force Pulss

Numerical results for the special case of a rectangular
force pulse are ohtained,

Let £ = O so that £ = const, It follows from (3.9) that
w/2 = Dl(()/ﬁi(c) = conste which 1s necessarily greater than
3oltlt, since all the equatinns under consideratinn are valid only
when the hinge at ¢ = § 1s present, i.e., when p > 6,88 by (2.5),
The variatinn of § with p may be obtained from Fig. 7 on putting
é = O, Under the impact p > 6.33 the hinge mcves instantaneously
to the corresponding position given by Fige 7 Let P = const,
act for a time T after which P z O, Let{O be the corresponding
hinge position, obiained from Figs 7. Then w = conste which,

from (3.14%) gives

= oD By O LH L0 (%, 1)

e tiin o e, SN

e
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where the constant of integration is zero since w = O for t = O,
Putting T for t gives the final value wﬁ of w under the load P.

wy,  D3&o) - 5 D,&0) (4 2)
T D.( ) . *
2 0

From (3.6) and (3.19)

W

2 mr3 2 mr3

. W, = = e f Woe (4 3)
1~costM T 1+ cos gM, ° '

8l

It can be seen from (4,3) that neglecting wg, ui 1s equivalent
to neglecting wz. Therefore, by (4,2), the restriction that T be
sufficiently small and decrease as P lncreases must be enforced,

: The equations d@,/dt = wy, d6,/dt = w_  comblned with (4. 3)

ﬂ
give
ol 1 £l o
T = =% + cos Eol, (4o l4)
3 e
%%i —?3 = %(l - co5 EQu. (44 5)

Introducing (4.1) into (4.%,5), perforiming the integration, and

replacing t by T gives the final deformations goT’ OnT under thse
load.
36 Wp
mr oT _ 1 o L )
e 1;(1 + cos §) = (44 5a)
o T
(%) w
‘II?TI"" _—2‘1‘ =& (1 - COS Eo) _'I.\-T-. (Lh Sb)
o T
When T < t, P & O and (3.5, 14) reduces to
D, (§) = wED,(E) (14, 6)
iD,(E) = Dy(&) or Dy(E) =3¢ £n (D). (4. 7)
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Dividing (4,7) by (4.6) gives the differential equation
D3(£)

= d ).8
TEKET £, (14, 8)

e 2

which may be integrated, (4,2) serving as the initial condition,

giving

5 D,(§)

w(§y &) = wy exp &y E%TE7 d
%o

(,9)

Then, it follows from (4 6) that
(&

g = Ml -1— oxp(- DJ-(-E')— d{) ()'4'010)
DQ(E) W

Operating with the third order determinants in Appendix
II and expanding each element in power series in n/2 - { it can

be shown that Dl(ﬁ) = - a(ﬂ/2-§) + ece ,D2(E) = b+aoo 3

D3(£) = C + sss 4 Where a, b, c are positive numbers with

0 <c/a <1/2, Consequently, forf{ near n/2, w/T behaves like
(wT/T)(n/2 - E)C/a and tends to zero as § tends to n/2, That is,
the relative rotation of the two ring segments terminates when

£ = n/2 in view of (4.3), Therefore, final deformations Oof?
© ¢ may be obbtained by integrating de,/dt = (dOo/dg)é,

de /dt = (dGn/dg)g up to ¥ = n/2. Using tlese latter relations
with {(4.%, 5) gives the results

/2 %
mr3 0of mr3 goT 1 ’ I
. = =1 == I (1 +cos ) =5 4k (4 11)
o T~ o T ! Tt
< ¢
/2
C) 38 i a
§r3 gf = ﬁr ST + % . (1 - cos ) L at, (4, 12)
o T o T | ¢

23
s are e A e e -

e - —~—d
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where the first tecrms on the right of (4%.11, 12) follow from
(4.2) and (4.5a, 5b)s Since TE behaves like (n/2 - g)1°/3
£ 1s near m/2, TE —-30 as E-—) /24

(n/2 = E)2c/a-l

when
Moreover;q/?/&é behaves like
so that the improper integrals in (%.11, 12)
exist,

Numerical integration must be used on the above formulas.
Since all the integrands have infinite singularities at n/2,
numerical methods will be used up to § = 1.9 from which point the
integrands are approximated to by the terms in thelr power seriles
up to (n/2 - £)s For this reason the formulas (4,11, 12) will be
modified. Put

O(Ey9)

(L + cos &) (44 13)

—3lE ralele
Je

Y(£49) = (1 - cos £) L, (4o 14)

T
From the expansions given above for D

11 Doy D3 it can be shown
that for 1.5 ¢ § <n/2

2¢c/a-1
g9y (1 +2 - E)[“&l—'mj bAvEall 0, L5 g w2
(n/2 = 1.5)° (4 15)
2c/a=1
e v [1- & - o) [—ﬁ-:-im] =05 8 g v
(n/2 - 1.5)%¢/ (4, 16)
Then (4.11, 12) become
mr3 goi’ = mr3 goT -
Mo T2 1?
1 %.b 1D wg],sdgfi a % =0
=3 | MEeaL-54 [ T G P
eiY % 1))

et et o ey,
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.,_é xf = ._2 EEE +
M T2 Mo T2
10 5 2
1 1, a /2 =~ 1
| w033 [ognalfes - 2,
lo (4.18)

which are the expressions for deformations used in the computa-

tionse The resulting deformation parameters are plotted against

p in Fig., 8,

5« Check on Numerical Results

When relative rotation of the two ring segments ceases,

the velocities &0, &n must be equal as shown by (7.12)s Then,

either one may be used to compute momentum of the ring,
tion

The equa=-
Fe

!
[}
!

s

when the deformatinn terminates, leads to the formula

Pdt = 2mrmy, = 2nrm&ﬁ, where t, is the time

mr?

St e M

2
-TQ = 21{ -—-—-ﬁr -TT—t (501)
t
slnce ;‘f
N[¢

concerning D,(§) it follows that

Pdt = PT, From (3.12) and the remark following (3. 1k)

%32_ ;- DO(Ex)az—(g% D (&) .
2. D) =5 D) J
¥ Yn = B50) (5e3)

where Dy, D are derivable from Ay (§,§); Dy, D, from B,(1ky8)

of (3.12)s These determinants, after reduction to 3rd order, are

e o e . il .

s |

e et e e
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listed in Appendix II, Integration is performed while p 1s con-
stant, the results at t = T being

2y, Dol®) - b Do (p)

MO T D2(cp)
2y Dyle) -¥D
ne Vg P - 8 Dl®) (5. 5)
For T < t, p =0 and equations (5.2, 3) become
2 dy D (&)
ME_ =8 =, O 5 - ACE, o) (56)
TMO dE TED_?(E) 8 ’q)
2 dy,  Dp(E)
mr - -

TED,(E)
Approximations for A and B when 1,5 <& L n/2 are obtained in the
same manner as before with Dy = ¢/2 + 2n(n/2 = §) + +.,

D ==c¢/2 + 2n(n/2 = E) + oes o Then

?

2?{(% —qa)c/a}, .5 < g L /2
(5.8)

A(E,‘P) C/a-1+

w(le5,e) {; n
2°2

3(5 -9)
Ta(g-1.5)°/a

(145,9) ! -
B9 S T:CE-;T5)C/3{%(% -9/ 8 and -2 15 <8 < w2
2 (5¢9)

Using these approximations, integration of (5.6, 7) up to § = w/2

gives
L] . ';L‘ 5
meZ Vo r® Yo l w(le S4@)rl . 21 (31
ey e = Ml 2t W - . A (=4
MO T MO T ‘j¢ A(E,(P)d{ T ['é + ;:6(‘5 "lo 5)](/0 10)
ge5

__%=EL_Q+‘B@WME+ML%Q%-%%%-LQM%H)
Jo

e
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Equations (5,10, 11) may be introduced into (5.1) as a check on
the numerical work performeds In particular, the graph of the
right members of (5.,1) versus ¢ should ccincide with Fig. 7 since
this figure is essentially p versus £. The error shown there is
smallest for yp, as oxpected, bacause (5,11) involves addition
only of small numberss The error in &0 is much larger since the
subtraction indicated by (5.10) involves two large number s.

Error in §ﬂ ranges from 9% for large p to practically zero for

small W,

As dilscussed in [1] an analysis of plastic deformations
in which strains of elastic magnitude are neglected can be ex-
pected to give satisfactory results when the energy absorbed in
rlastic deformation greatly exceeds the maximum elastic strain
energy that could be stored in the ring. This furnlshes a means
of estimating the range of validity of this type of analysis. The
maximum elastic straln energy can be estimated as

%¥ M% COSzQ rdo M2

(¢
We = =

€ i 2EL T
v

0]

KO B

The work of plastic deformation is given approximately by

Wp = 2M090f.

Hence the requirement for validity of the assumption that elastic
deformations are negligible is

P

=7 (5.12)

ia

2M.8 5 >>

(9

r

The dimensionless deformation parameter mr390f/MoT2 is a function

i e i et o
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of p, only, as plotted in Tig, 8¢ The inequality criterion can

be rewritten as

.njiig.g.i.: = f(p. ) > Toor v (5. 13)
M, T g T m1p°

The period T of the lowest flexural mode of free vibration of the

T = 2ﬁ~4é5 Vﬁé;g .

Hence the 1nequality above can be expressed as

ring is given by

)
mr-e 2 2

= B0 byt o = 0 I E (5. 14)
-MOT‘?' 0 20m 2 2

This inequality, in conjunction with Fig. 8, provides a
convenient means of estimating the value of the load pgy for a
given period ratio /T, ahbove which the neglect of elastic defor=-
mations in the present analysis can be expected to be Justified,
Conversely, for a given lcad magnitude i, the above inequality
can be used to estimate the upper limit of the ratio /T above
which the present results should be valid.

The present results for a rectangular force pulse can
probably be used to obtain fair estimates of the deformations
which force pulses of quite different shapes will produce. Solu-
tions of other problems [3], [4] have been carried out for a
varlety of force pulse shapes, ee¢gey a half-sine pulse, a trian=-
gular, or an exponential pulse, as well as for a rectangular
pulse, Comparison cf the results of these solutions shows that

tr2 curves of dimensionless deformation (analogous to that plotted

in Fig. 8) for the rectangular pulse of duration Iy and maximum

e

T

h

e e —— = o et =
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dimensionless load Fo gilve reasonably good values of the same
dimensionless parameter for other force pulse shapes, provided
in all cases p, stands for the peak load and T stands for the
time such that W T 1s the total impulse §Z>pdt. Hence the dimene
sionless deformations plotted in Fige 7 can be used tentatively
to estimate the corresponding quantity for force pulses of general
shape, by Interpreting po as the peak (dimensionless) load and
T as the total impulse divided by peak 1lnad,

It should alsc be re-emphasized that the present analysis
assumes that geometry changes can be neglected in the equations
of motion, so that the results cannot be expected to hold when

the distortions are very larges It would be desirable to inves-

tigate these and other neglected effects experimentally as well
as analytically.

T
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Appendix I

6« The equations of motion for the lower segment may be obtained

from Fig. 4. These are

E-mgsing =g, + 7, siny ) (6.1)

i

"

N, = NE cos § - mr{(r - ?0 cos é)éo (6.2)

2M, + No(r - T, cos %) = Ng(e - T, cos %) - P ;9 sin.% = Io&o'
(6.3)

After introducing into (6,1,2,3) the values for Ty, I  from equa-

tions (3.0) it follows from (6.1,2) that

Ny, sin § = g cos & - mrf cos E?o + mr°(l -~ cos § = € sin E)&o

(6 t)
and from (6.1) that

Ng sin § = % - mriy, - mr2(1 - cos E)éo.

[ AN A\
\Ce )
Equation (3.1) results from combining (6.3,4,5),

Similarly the equatisns for the upper segment are obtained
from Fig. 9,

NE sin € = mr(m - E)[}‘f’,t + ?ﬂ sin-ﬁ—émg &n] (6.6)
Ng cos g = Ny = mr(x - E)(r - ;n cos~-’5—%—-s)¢.n1t (6.7)

-2My + N (r - T cos.ﬁ-%—s) + Ng(r =t cos 1L5—§)=Iﬂ&h. (64 8)
Combining (6.6, 7), after introducing ?y, 1., from (3.0) gives

Npsin g = mr(x - E)cosﬁir‘?t + mr2[1 + cosE =(m -~ E)sink 1bﬂ {6.9)

and substituting this equation and (6.6) intn (6.8) gives equation
(3.2)0
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7. The BFuations for displacement, velocity and acceleration at
the moving hinge may be obtained in the following mannere.

Let @ = 9(p,t) denote the small angle through which each
element rd¢ of the ring has rotated, Deformation due to tenslle
stresses will be neglected so that this rotation represents the

deformation of each ring elements It follows from Fig. 9 that

dy
dx

rde sin(@ + 9) ~ re cos @de + r sin ¢de (7.1)

1]

rdg cos(® + @)= r cos ¢dp - r6 sin edgs (7.2)

The existence of the plastlic hinge at ¢ = § implies dif=-
ferent angular velocities for the two ring segments Joined at ths
hinge. 1In general, then, the deformation function ©(p,t) will
be different for the two ring segments, Let 65 = ©(9,t), ¢ < §
and @y = 6(p,t), £ < ¢ S0 that 365/0t = w,(t), 36, /3t = « {t).
Note that ©, and €, may depend on ¢, but w,, w, which describe
the rigid motion of the lower and upper segments respectively of
the ring, must depend on t alone, That these ring segments are
rigld follows from the rigid-plastic hypothesis. For, the moment
M(p) ir the portion of the ring over which the hinge at £ has
passed is less than the limit moment My, The alternative is that
M(9) = My and then V = dM/rd¢ = O But V # O because of the pres-
cnce of dfAlembert forces proporational to the local acceleration.

The deformation (relative rotation of the ring segments)
generated at the moving hinge appears in the form of an increase
in curvature since the hinge remains at no pcint for a finite

times This increase in curvature is given by
a@n 600

) L. S (7+3)

rEdt ri

e e s gty

[

PSS

e . et e S e i e



R PO TR R — s v T ———

Bli-21 21

Moreover, as long as the hinge moves no "kinks" appear so that
Tyt = en(Lty (7.4)
QO(K yt) = 0. (L ,t). 7e

It follows from (7.1) that
§ K
Y=Y, +T | 6, cos gdg + T | sin ¢d9, ¢ < E. (7:9)
Jo yo
Differentiation with respect to time 1s denoted by dotse From
(7.5) P

’ ¢

Yy = Vo + Tw, | cos 9dg, ¢ <§ (7.6)
Jo
?

Yo + I":’o liCOS pdp, ¢ < E. (7.7)
Jo

<
]

Remark: The appreximation made in (7.1, 2) is equivalent to
neglecting wg, a restriction mentioned previously under (4%.3),
for if (7.7) were obtained without making this approximation, an
additional term containing the factor w% would appears

When § < @, it again follows from (7,1) that

: . 9
| :
Yy =y, +T J Oy cos @dg + T | O, cos @dg + T ‘ sin ede, §<@ (7.8)
0 JC |10
:
y = &o + 16 (§7,t)E cos § = ron(€+,t)i cos £ + rw, | cos 9dp
0
¥
+ rw . - cos ¢dg, £ < 9. (7.9)

|
Vg
This last equation simplifies on using (7.4) or, if the hinge

[,
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velocity is zcro, deieting the terms containing t so that
* f
§ = Yo + Tu ; cos ¢dp + rw, | cos pdpy § < @ (710)
£ Jo P JE
v = §° + r&o : cos ¢d9 + r&n cos dp + r cos §(w-w)E, § < 9.
9] JE (7.11)

Now let 9—> £~ in (7.5, 6, 7) and 9 —> E* in (7.8, 10, 11). The
results are that y~ = y*, ¥ = y*, but §* - ¥ = r cos E(uo-quio
That is, vertical components of displecements and velocities are
equal at the hinge, but accelerations are discontinuous, and thay
jump by the amount r cos E(w, = wn)%.

Putting ¢ = , y = y in (7,10, 11) yields

}n = }o + rwy sin § -~ rw  sin § (7+12)
§° - ;n + r&o sin § - r&n sin § - r cos E(w = wo)é = 0 (7413)

A similar analysis applies to the horizontal components,

From (7.2) 9 N2
x=r | cos gdp = T | Oy sin ¢d9, ¢ < & (7. 1)
: i
9 & 9
X=7r rcos pde - T J ®, Sin 9d9 - r ‘\9n sin ¢do, § < 9e (7.15)
Jo 0 g

Differentiating these last two expressions ylelds the results
that horizontal components of displacement and velocity are con=-
tinuous across the hinge but acceleration jumps by the amount

r sin § wg - Q))a

Putting = T, x = xy 5 O into the differentiated forms

-
e e e r————— e e+ o 4
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of (7.1%, 15) gives

(1 = cos E)rwy + (1 + cos Elrw, = O (7.16)

(1 - cos E)réo + (1 + cos E)rén - sin Er(uwy = w)E = 0. (7.17)

Remark:s (i) Equations (7,12, 16) may be obtained by requiring

velocities to be equal at the hinge and (7.13, 17) may then be
obtained by differentiation,

(i1) The quantitles 6,, &, defined by w, = 80,/8t,

Wy = dGn/at are required, These deformations will te obtained

only at ¢ = O, as shown in Fig, 6, Since the hinge at { never

reaches 9 = O, ®, the desired deformation may be calculated from

d0,/dt = wy, 40y /dt = wy because of the rigid property of the
ring in the vicinity of these points.

7

o
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Anpendix II

8s Below are forms of the various determinants as used in the
computations where the elements in the i%h row and jth column are

denoted by aijl

D(§) = 2 sinE(1 + cos §)lay,l (8.1)
where
dy; = = dpy =1, dyp = sin L (l-cos £) = 2(l+cos E)(E-sin )
dyy = (1 - cos £)° = 2 sin E(E - sin E)s
dos = (1 + cos E)(m = § = sin &)
d23 = - ng%gli[z(l-cos £)(n-E-sin £) - sin E(l+cos §)]
d31 = 0, d32 =7 - § + sin §, dyy = 2(1 - cos &)
ﬁo(i) = (1 + cos E)|ei3| (8.2)
where

&y = 1 -cos & e,y =0, ey = 1, ey = dij for j = 2,3,

D (E) = 2(1 + cos E)sin Elfijl (8.3)
where
f11 E - le = 1, f12 = = (1 - cos E)(E ~ sin &), f13 - d13’
fyp = = sin &1 + cos £) + 2(1 - cos E)(n=-§=sin &), £,y = dpq,

= = = [ o = - F)
f31 0, f32 (g + sin &), 33 2(1 = cos &)

Bn(i) = (1 + cos E)igijl (8.4%)

- —
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where
€17 =1 ~-cos &y 85 * O, 831 = 1, 84y = fij for § = 2,3
D (§) = 2(1 + cos E)lhijl (85)
where
hy, = (1 - cos E)(E - sin E), h12 = sin E(1 - cos E)-L4(E-sink )

h13 — h23 = 1, hyy = (1 + cos E)(n =E=s8in )

h,, = 2(1 ~ cos E)(n =E-sin E) - sin &(1 + cos &),
h31 = (1l - cos &), h32 = - 2E(1 - cos &), hyy = 0
D.(§) = sin Elk, | (8.6)
where 1 1 ’
kij = hij for J = 1,2 and kl3 = k33 =1, k23 = 0
Do(E) = sin cliijl (8.7)
where
4(g - sin )
X . =h for j =1,2 and 4, .= = .
13 i3 ’ 137 1 - cos «
423 = (05 133 = £ - sin
D,(E) = 2 sin &|m,. (84 8)
where 3 : I ial
myq = hyqy my, = sin £(1 - cos E) - 2(§ - sin E), myy = - m23=1

myy = hgpy My, = - 114¢08 E[2(1-cos £)(m-E-sin E)-sin&(l+cosk)]

-cos E
m31 = h31’ my, = 2(sin £ + E cos E), myy = 0
Do(8) = (1 - cos &) Iny, | (8.9)
where
ngy =myy for §=1,2 and myy=myy =1, my =0
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