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FRQBABILITI DISTRIBUTIONS RELATED TO RANDOM TRANS FORMATIONS 
OF A FINITE SET 

by 

Ho Rubin and Ro Sitgrwros 

io    Introduction <>    L&t    J    be a set of   n   elements;, and let  J   be the 

set of all trans focraatior» of   X   into   X „    La the definitions 9 the 

notation   T* „ where    T £ J     ^ has Ite usual meaning,, with   k   a positive 

integer or seroo    Par    k « O s   T°JC • x <, 

For a given   xe.X    and    Ts3 9 the set of all elements   yeX   such . 

that 

T4Z - T*V 

for at Issat one pair of numbers    j9 k, is called the structure in   T 

containing   x 9 and is denoted by   S^(x)  0    Trivially9    x £ ST(x)    cine« 

l*x - T"*x   for all   J  0    The number of elements in   ST(x)    SJ? the siae of 

the structure containing    x o 

An element y £ X is called a cyclical element in T if ?*V " y 

for son» n > 0 « A «syelie«! »!«»««•. y belongs to a cycle of length 

k,if 

T^y / y 0 <,} <k 

and 

It follows that «ash eXament 

»-TV 0 *J <k 

is also a cyclical oleiaont. in   T y belonging to the saae cycle as   y , 
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axnee xor any   m 

so that 

tf8* . T^CT'V) / TV • »     for   0 < m < k 

and 

Every structure   S„,(x)   contains a non-empty subset of cyclical 

elements, say   E^Cx)  0    Clear 3y9 the elements of   £-(*)    represent a single 

cycle, since for any cyclical elements    y? zs with   y iLS_(x)    and   s£S_(x} 

there exist numbers    j, ks such that 

An element   y£S_(x)    is said to be a -predecessor of   x   if there 

exists a   k > 0   such that   Ty » x o   An element   y   is said to be a 

successor of   x   if there exists a nuriber   k > 0   such that   T^x » y 0 

The set of all successors of   x   is called the six-length of   x e    It -will 

be noted that   x   is both a successor and a predecessor of itself»    If 

x&IL(x)  j, every element in   Sm(x)   is a predecessor of   x 9 while the 

set   L(x)    is -the six-length of   x o 

Ccnsidsr the 1 olisstLas Äincticas äafined »n   7i* c   -Let 

m « ntariber cf structures in   T 

c - size of the structure containing   x 

s • number of elements in the six-length of   x 

p - maaber of predecessors of   x 0 
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\7e aas an» that elements are aol acted at random from    xx >   9 each mix 

(x9T)    having probability   l/n of being ehoet n.    Sxaet prohabnit? 

distributions are d»rt*ed for the functions re„ ca e^ and pÄ and &£yzro-> 

totio approximations are given fer the attributions of es ss and p as 

n   becomes largeo 

20   Qrqphle representation of the get ^   0   Lst *7*   ba the subset of   J 

consisting of all transfomntiooa of   X   onto   1 , i,eo9 «?*   is the set 

of all permutations of the elements of   X 0    Thens two elements of  J s 

ssy9   T.    and   T.   are said to belong to the same structure class 9 if for 

at least one   7 8 J 

(201) -T4 - 7^  •   T* 

It la clear that the maximum number of elements of 3  which can belong: 

to the same structure class Is n%Q 

A graphical presentation ox xne  various* structure classes when 

n - 5 la given in Figure lo The number of elements of 0   belonging to 

each class is also given,. The classes are grouped according to the value 

ef B, the number of structures in the trans formation, and N^ , the 

total number of cyclical element«© 

3o Auxiliary distributionso Let D ba some subset of X containing d 

element«, and let 3 D be the subset of 6  containing all transformations 

T fcr Trhish D Z2 TD * FSSL* sny pair ^x T^ 1st K   denote the length of 

the cycle in ST(x) s then 

(3,1) pj^xJcX-B,   s-k,    je-JÜSk)jD9   TOD} 

-pIxtfDj    Be j* x   and   Tx£D$    Tu in   or   Txs 
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and   fx/D j ,., j    T*"3* jf x ,   Trf „«, , or   T^x 

and   T^tfD j    and   T*x - T^Vj D\ 

_ a-d   n-d-1        n-d-k+1. 1 
-      r  nr 000 I   » «. 

n        n n a 

(n-d)i 
(n-d-k)i n**«1 

or 

(3.?) PJx^(x),    Ij(x)CI» D-,     JP- 3JD ,    T£JD^ 

i»J*l   (n-o-i:)3 vFx 

for   J « l,4,o«»9 »-a o 

^vaa* any   f £ J   ? JLat   IL    be tho number ol cyclical elements in 

X —. D o   Jter, for any   Tf 7f1   and any   r. £ DÜL(x}, either    S^(x)^S 

or   I^(x)c;X — D o   Hence 

(.3.3) V 5x 4 ^(x)  ,    Kj(x)cJ «~ D ,     D- jjD ,    Tf J„ ,    ^ * q^ 

-P^e^D'JE^CaOjD ,   Kj, - q* 

. ?[KJ(X}CX-. DJxtfDUKyCx) ,    D.,    V'q^ 

•P^«^\x#DUKj(x)  ,    yx)cx-r,    D,    ND-qj 

n-d-o       a      1 
n        cPq   q 

Or 
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for   J » l,2,«,oo8 n-*i o 

Comparing    (3„2)   and   (3J*)    for    i» j   and    i» j*l 9    sic obtain 

-•©&*{%-alp. TE7
D) 

a.   -» i_S -j—,      0 

(n-d-J-l)S nJ * 

It foil«*» tnat 

s *       ! D'       (n-d-l)fi?*1 

for   j - lj2,o*o, n - d 0 
<< . 

It remains to evaluate   ? > 1L. - OJD fi    Tfc3«v    9    For this mcrrose« 
[    Li       , i Dy - 

consider the function   g   of« real variable   t . vher« 

j-0   (n-d-j)& n3 * 

Let 

Than 

Bat 

K«) . f*   fed*» «j. 
j-0   (n-d~j)J nJ * 

g(t) » td*X f»(t) • d td f(t)  o 
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*fc£      /_^i\,    «   |J-I 

j-0   (*4-J)l n3*1      J-0   (n-<i-l-J)l n3*1 

. £*£i f(t) - 2y f (t) • 1 

so thai; 

g(t) - n(td - t") f(t) • \ 

and   g(l) » 1 o    3ut 

and 

8(i). g iaäüiäajj 
j-0   (n-d-;5)2 n«3 A 

1   J        3 ' 3=0    (n-d~j)3 n" x     n 

so that 

(3*7) P^-OJD ,    T£^ -§ 

If   D •» 0   «hare   0   ia the empty set,   d - 0   and  J$ -J   0    For 

any   T £ 3 y   YU la thus the total manber of cyclical elanants in   X w 

Eraa   (3o6)    and (3o7)   HO obtain 

(3.8)        Pfo-jJ   -iÖlU j.V jocoj n 
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h0   Distribution of the mnbor of »tractor—»   Wo oan writ* 

(U«l) ? [v±] - V ? {«HLt H^ - i\ 

-11 p[«*lyjj P£YJ? 

But 

TM a-i 1 JLpj \ - Probo of   i   cycles 

j   elements 

in a permutation of 

- o((ifJ)p say 

TO have 

*<1,1)  - 3. 

<*.(1.2) -? *<2,2) - | 
*• 

4(2,3) « 4 «i(353) • g 

In general 

i(i^) -^^(i,>D *^ oC(jWLf>l) 

for-   i<j,   Clearly   <4±^) »0   for   ±> 3 o    It »111 be noted that 

for each   3 p   ^(1,3) "i   and    °<(j,j) "wo   Also, TO baro 

otfi^) - coeffo of   t1   in   7^7$ 

The distribution of cycle» in permctations of a finite number of elements 

ma alsc boss considered by Gcirbchareff (1;  „•. 

It follows that 

(U.2) P/m-ii   * £    ife^i 3J    c((i,j)      . 
<       y      j-i   (n-j)i nJ 

Values of  o((i,j)    Ar   i£.1 - ls2,0»OÄ25, i < j* are given in *PaWe 10 
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5" Distribution of structure «is«» Let X. be a mh**t of X containing 

j elements« Also, Ist J •'   be the «et of «31 transformations of X, 

Into itself, and for any T€J*^'9   let a^' denote the number of «trot»« 

turns in T o 

For any pair (x,T) selected at random fron X x%> ? the size of the 

structure containing x is the number of elements in 5r (x) 0 Then the 

probability that a picked structure has size j is given by 

(0ol)   I\- c » j j - (Kuober of *ays in «hich X  ear? be chosen)= 

? * X. forms the picked structure I 
J 

yj n U»/ A » '    I      )  ' 

pi  (H .'0 J 
J -tew». 

It tallows that 

6o   Distribution of glx-Xengths«,   Tfe obtain the joint distribution of 

six-length and cycle length directly from   (3ol)    by letting   D - 0 «   Thus 
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(6*1) P is-k,  Ü-J (i<k)\    - 
(n-Jc)Ä n' 

It follow that 

(6,2) M - (n-3ji k 
(n-k)8 nK 

and 

(6«3) F/i *3|   - 
fcl fn-kU nk 

The expscted sl*~length is given by 

(6,k)        E(a) 
k»l (n«k)* n 

2       ? Writing   k" * n   « n(n-»k) = (k*l)(n=k$  * (iHt> s this baseaaoeg 

C^>5) (sr-r._Jö-A)i  
p="l \n°°l) 'A 

^WL (n-k)S a*"*     £ä   (n»kil)S n* 

frUlv< 

k-1    ftüiiTn**1^ 

*k-l   (n»kU n fe«2    fn-feH c*   A 

&L- &&J 2L 
k-1   (n-k)4 n*     k*a (o-kU a; 

- i.« 1 » 
k*l   (n-k) 1 a*; 
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It is of Internet to note that 

(6.7)        E(|) - £   fe&l ,  . i E(e) 
w     k-1 (n-k)4 n*    n 

7o   Distribution of predeecsaorso   Let   x   be a givsn element in   X 9   and 

now let   X. « xÜX. .   nbere   X. .   Is a subset of   X-x   containing (3-1) 

elements©   As be&re, let 7^*"   be the set of all transformations of   X, 

into itself, and let   J ^'   be the subset of    3*1)   consisting of all 

trsnsfanat&ene   T   tor itoieh   Tx * x ©   For any   T£3^' ^   l8t   N^'be 
ML 

the number of cyclical elements in   X.-x, i<*e0i, In   X, .  a    Then the 

probability that   x   has   j   predecessors,, ifcere   x   is counted as a -pre- 

decessor 'of itselffi is given by 

(7ol) P ip • djx^   •   Number of ways in which   X. - can be chosen« 

> v{*£p *«|x, 1£0^\ 

(n-J)l (3-D* n*"1 

It follows that 
i>2 

«"•   an v°-3)i (j-Di nM y 

(n-5)a (>1)* nr .n3T 
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Be   DJfltrHmticg of  m« c. a.   and   p ghga   n * j>«   Tb& ^bability dis- 

tributions of  n9 of a,   and   p   -anon   n * 5   are as folloass 

k via « ki rfc • k? Pi». • kj vj&zMi 

l 

2 

3 

U 

5 

1220 32U 
7S& 

305 U06 
*3W IIE? 

30 
3325 

 l 
3325" 

125 
B2>. 

256 
52? 

200 
52£ 

108 
525 

180 
S55 

72 
*S5 

T35 
6U 
o^£ 

2k 
§5 

These distributions are ahown graphically in Figure 2C 

?o   Aayaptotio expansion of   21   • •> •" **»   o   An asynptotia expansion   ^ ^)i k3 

k 
for tha quantity   21    S^/S •    j^^ appaara in the probability die- 

H OH) a k3 

tribution of structure size as well as the expression for the expected 

3ix-l«ngths can be obtained as follows«   Vfe have 

COJS     ± J**)1, - f*     <*•»' , 

dx 
X« «f-Jta *»,    •» > ft «—"»«» 

k-d 
|   !     8*<1*§)       dx 
K  ^ k 
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Let   x - k(aJ - 1) „   dz - to7 dy «   It follow that 

«je dy 

1 1 
NOT left   y - (Wk)* »   dy - &'(&»)*) a® 

so that OR 

.-=A*> rCO       * 3JV 6k       50is' 
(9*2)       .    j      e dy a    j     ~•=~-*,   e du 

« « J     «a    u 3L*    "'«1 • •. du 
Ä * j-o      k3 

whar»        Ä
0(u) " 3L 

a^u) « u3/? - u2/6 

äJCU) « w6A86 - B*/£U • X3tt*/360 - u3/*) 

•3(u) - u9/65«6lß - u8/2o9l6 • 23u7/9o72ö - 37u6/6eU80 

A   ntJS lex   \.r*f\        _UüM   AM 

a      •      •      e      o      o      » 

b0(u) - 1 

bj(tt) - u3/*7 - u2/6 • tv^lO 

l^(u) - u6/2.UX - u^A62 • uUAO - u3/36 • u2/210 

«       •       •        «        O       V       • 
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Consider tho Integral oo .    . 

{*.«<*•**«- f.     ** * 
-u 

4      (2ku) 

- 125^    »? ^ 1&n 

-p7?-Ä 
XT?   * du 

w*2 % fe "7" du 

du 

Or 

35** *    u  sir*"" 

. 11» #^^, ^ 

Iaty-logt dy • fe 

Or 

- I («A)k   P(k)      a 
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Thm wa öubsln 

3^1   (1*J)I k3 a •*     13S1T     2.8351c3 
•       o       «•       o 

10o   Asymptotic arprocdjMfcicB for the dtotarlbntioo of atruoture aiaa0   We 

hsrw   («£ 5.2) 

cw» *^-www **•==££&. 
The rode of the diatrSJbxttim is at   k • n »   IBe hawe 

(0Do2)       P$c-n}   » E     k&L   • 
c R (twj)l ff5 

An apyrrnrlratton Tor this öx$r«wölt<a is given in the -preceding sectione 

Jlssspt st tbs tailsÄ io5o8 If ööltoör   k   nor   n-k   ia small., tse have 

00.3)    rU.^^^W^^W*—a* 

The aaynptotte density of   x - £   is giita 

P(x) -   ; 1 vSy2 0<x$l     „ 
2<L«)V* 

110   Anftigpfcoiie ajgrodngtagg for tag diatribtrtion of 8i3>>Iangths, «a hava 

(«fo 6o2) 

c '      (n-k)fci 



The aoda of tht distribution is at   k—»«fia 0   hat   k -tf» x «   Than, a« 

n   hacflnaa larga 

jfs - fnxf w~ 2—2 122 £L*  

•~<a -* *> (a -W x)n -1* * * ^£(2W)^2 a«5* * 

(11*2)       ? 

_— x 

u_ _  V/9        _  a - ?a x • 1/2 

s.y<k 

/a 

m x 

The asyapioti« density of   «-   is thus 

(lie3)       ?(x) - x a~^: 
«X-2 

120   Aayaptotlo apEroxJaatloa for the distribution of }_r_*__goasaors0   The 

distribution of the numbar of pradaosssors (cf„ ?02) Is 

v '       (n-k)fc (k-a;j n 

a-k 

This is a D-shaped distribution with an aatlmoda at (3A) n „ The probability 

that p - a is givan by 

. *(p"»j -J-*"° as  n 
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As   II   beeonaa large and   k   renaina snail relativ« to   n»   «• hata, using 

Stirling» approxtratione fbr   (i>-l)S   and   (;v-k)l 

02.2)     Jta    p{    -M  -*££ 

ke   k   increases, but ia atill «mall relative to   r ,   w ha^e 

Values of tha limiting probability that   p > k   harre bean computed 

for sone selected values of   k   and   n a   These -Tallies follow 

r jp> kl 
(in percent 

k 

59oOU 

n ^ CD 

1 63o21 

2 iO«76 U9o63 

3 30„2li U2o21 

20.00 37o33 

5 0 33o82 

n • 09 
—*•>—¥* 

10 2Uo# 

25 25o782 

100 • 

2^0 SoOUl 

1,000 2o>22 

2-#X> i«5&$6 

1D,000 o7979 

25,000 o50b6 
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k n-108 

•2522 

n * Mr 

•2523 

B-IO* 

•2523 

n » CD 

10* •2523 

2oSxV? •15938 .15956 •159578 •25958 
,rt6 30 •07939 .07975 •079786 •07979 

2«5 x ID6 •0U983 •050UO •050U5U •050U6 

ID7 •0239U •02510 •025217 •02523 

• 
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13c Cm at amah jjjMBMt toTlnff O oj k cgadao—arm.    Let *7 be the Mt of 

transform«tions of X late X etssh that each element x«X has either no inmedlate 

predecessors or exactly k li•ditto predecessors, «bar« k la a given number. 

For a given TZZF,  lot A be th« aat of elements «lth no immediate predeeeeaora, 

and A^-X-A the aet «lth k immediate predoaoaaore. Also, lot aQ and a^-n-a 

ba the number of elements in A and A. , reapeotivel/* Sine« TX"A., «a must 

have n- ka,| that la, for the aet «^ to ba non empty, n anat be a multiple of 

k. «ey. rk. end «. -r for all T€ J\ 

The total number of transf creations In J la <D(r,k), say, «hers 

(13.1)   <P(r,k) - (nnnber of »ays In «hloh the aeta A and A. can be 

oho8en)X(nuaber of transforms titai* napping X onto 

A. so that each element of A. has exactly k predecessors) 

r!(r(k-l))!klr 

Clearly, the probability that any pair (x,T) «ill be chosen ia 

«rk"  ' 
(13 2) ?}{gfal???tta 

W-*> (rk}!(rk)!rk 

A procedure similar to that used In the general case ia again useful in 

deriving exact distributions for the funetiona m, o, a, and p. Let D be a 

given subset of X containing d elements, and let «7p be the subset of jT 

containing all transformations T for «hloh V 2>W,   Let 3^    '  be the subset 
if -r(TD) af vlj) for «hich TD is tha apeclfied transformation on D. For any T£<y^ ', 

7TD) let k}       be the subset of D specified by TS) as belonging to A. j i.e., 

TD-AJ"" for all TCJT*"". Suppose that for a given TO, A*-" contains */ 

elements, end suppose «e know D and TO only. Clearly, -y ^ ain(d„r) and 

dfek*», ao that kV~d predecessors for the elements of A5   remain to ba 

chosen from Z-Ü. Moreover, if d ±.r,  any of the (d- *) elements of D-A^ , 
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far which no predecessor is specified by TD, any also be In a- , so that tbare 

are altogether 

(13.3) kV-d» k(d-*>) - (k-l)d 

possible iamediate predceeaaors for elements of D In X-D.    In ease d 7»rf ma 

many aa (r- -*>) of the (d- V) elements of D-ai    ' my also be in II , ao that 

there are altogether 

(13.A) kV-d» k(r-a>) - rk-d 

possible iüussdlate prsddüäsäörä for elements of D in X—D.    In either ease, 

the somber of possible immediate predecessors for elements of D in X-D depends 

only on d, and not on the particular TD selected^. We can write 

(13.5) d-k(r-a)~b     or     kr-d - ka'b 

where b is g5ven by (13.3) if d ^r and by (13.4) if d >r. 

Hoe 

(13.6) p{x€Ao,Kj(x)CM), a - J, £- q, q-s jlD.TE.:?,^ 

- P^x£Aft,x^D;Ti:/x   and   TX/D;TTC/X   or   ftc, and 

T^D^o.jT^/x^o.cOr T*"1*, and T*=1*^Dj 

and T^x - ?J*qxiD.T€. J*D ^ 

- ÜKJtefc .     fa     . kJaaU kii=J22)  . iltll 
ka*b        ka*b-l     ka*b-2 oao ka+b-j*l       ka*b 

„ HfcJJa*b)(k-l)k^"1«!fke»b-l)! 
(ka*bKka*b)!<a-?U)S 

also 

(I3c7)        P^xEA^Kj^CX-D^ - J» ^- q, q <j|D,f C J'gj 

, (k-D^'Sljka^b-Dt 
(ka»b)(ka'b)!(a-j)! 

and 
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(13.8)       P {xCA^Iyfr) CL X-D,e - J, I - JJD.TeJ^ 

•o -that 

(13.9)       P {Kyfe) <= X-D,« - J,  it - q,q^5 }B,T£ JD^ 

\«m   »#/ \«MO • •»/ • \«r— j - A/ • 

and 

(13.10)      P^Kjfc),*^*)^!-!*, £-q|D,T€ JD} 
**1 

=!i  (ka*b)(l»»b)!(«-j*3}i J«<q*l 

la before, for any TE.7D, let 9^ be the nunber of eye Heal eleaents in 

X-D.    Then, we have 

(13.11) P{x^KT(x),XT(x) «-D,  £-q iD^TfeJj,^-j} 

- p{x^DUKT(x)/D,T€.JB..HB-i} 

•PÄ„(x)<=:X-DWDUllp(x),D,Tt^rn^-3lr 
a     A f *              —       «r -     a* «r 

•p{^-j|x^DÜXr(x),ST(x)c:x.D,D,T€JD,ÄD-j} 

ka+b        (k-l)j+b     J     (ka+b)((k-l)j+b)     • 

Or 

(13.12) P{x^ET(x),XT(x)^X-»,i-q|D,T€.JD^ 

Conparing (13.10) and (13.12) for *-q and x-q*l, «e obtain 
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(13.1?)    »£c^fe),ft^CR)c», l-tfoffl?,^ 

-p{* feix),*,<»)<=.*?>, i-q*l|D,T€^| 

• (fcs»fcrj&) nv*^**^} 
(ka+bKka'bJUa-q)! 

Or 

(13.U)      »fc,-,|D,t€jp) * ^teäfeÜT^^ 

forl^q^iu   Sine« 

(13*15) lud 
(ka*b)!(a-q)! 

fcsdli 

bTUi-q-lTl 

-TQ lk«*b)!(«-q)!     Jrj     (ka+b)! (a-q)!      * 

we have 

r«.i6) 

If D" <f>, where ^> la the empty »et, Jm - J, and b-0, a-r.   For any 

Tfc.T, ft* la the total nauber of oyolioal elanenta in X.   Henee 

IU.17; 
A1 *•»        iJ-l*/w-,»M«--i*»'^-- 4a?)l 

rlflf  « J (kr-l)J(r-j)! l^rjärr 

'lb* diatribotlon of tha nuaber of etoueturos Is given by 
r 

(13.1S)     ?{«-i}- ZlF{»-i^-j} 

-Zp^-iiVJy{Vi} 

l^J     (k*-lWr-J)! «U»JJ HS.i£? 
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whirr» o6(l,J) is the probability of 1 öjcles ic a psrmuttttlon of J eleaenta. 

Sine« t<.(l,j)-l/j 

(13.19) K-^-fc1>taBftaiPrWl1 

Far «07 pair (x.T), S_(x) has bean defined aa the structure in ? containing 

x. and c, the enaber of elements in S«(x), as the aise of the structure eontaining 

x* The possible value» of o are k,2k,..t)rk, for suppose Sy(x) contains -& 

elements from A. (l^^^r). Then, sinoe S-(x) is the aet of immediate 

predeoesaora of these *£> elements, o- Vk. 

Let X.v be a subset of X containing jk elements. We have 
i— 

(13.20) P*>o" jk y ••' (number of ways in ehich X.. can be chosen) 

X P-Cx..  forms the picked structure^- 

•p£T(X-XJk) CL X-Xjky p£m« l|n- Jk} 

.—teil—^ . SI . (M)Uk^j(k(r-3))l(it(r;,l)){. 
(kj)!{k(r-j))!     kr     J!(j(k-l))!(r-j)!((r-j)(k=l))! 

. rS(r(k-l}?}    ^^(krl}(,H?|(K1-Vl?! 
vrk/iiirk;:      ^-y       ikj-i/uj-i/: 

Mm ohtain the joist distexhttfelofl of eia*] esgth and cole length directly 

from (13.8) and (13.9) by lotting D"0«   Thus, we obtain 

(13.21) Pfr-j/i-q*«: jjr - l>t^ffllil""1^)l 2£J£rn 

and 

(13.22)      p{s-3>£-jir-^y;^j^r>1?' i*j^r . 
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Froa these v« obtain tha narglnel distributions 

(1323)   ?il»Q\ mtF^rilUiU^h « JZ flrj?ifflrthftM*i)l (13.13)     r^t.   qjr       (te)!(r-qis £*       CkrWr-Ju5l 

r 

• ^1W g; ("l£fc}!lfl 
and 

(13.24) P{a-l^f - £ 

'V   ^ ' (kr)l(r-j*l5. 2~J<&r*l     . 

In determining the distribution of the number of predecessors, «e recall 

that the selected element x is counted as a predecessor of itself.    The possible 

values of p, therefore, are l,k+l,o..»(r-l)(k+l),, if z is not a cyclical element 

in T, and k,2k,...,rk, if x Is cyclical»    It will be noted that if p« 1, the 

selected element x belongs to A , while if p >1. xCk.   in the chosen transfor- 

mation*     EwSS? 

(13.25) P{P*1^ " ?\?€k
0} " *k*     * 

4s before, let I., be a subset of X containing jk elements. Then 

_ r 
Kiär.mi     r«jjp-iic Y - [number of «=ys la which I.,  can ba chos«ü} 

•p{*^l.x£a^(x)ln=Jk} 

- .   pEdi    ...  (kl)iü,i);U(r-l)).ik(r-i))|v 
(lrj)!(k(r-j))J    j!(l(k-l))!(^j)l((r-J)(k-l))! 

' ^rkJuikJ. ^\ i'rk'?\&^m^ 

(J-lWj(k-l))i{r-j).((r-JMk-l))!(rk)! 
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Tc obtain p£p-Jk*l^, •• oonalder the following« Let X* be a Mi of 

Jk+1 eleeenta, «ad It* s^ bo a giron element of X*. Gonelder the ooi of all 

transformations of X*, say £*»  eneb that x» la mapped into Itaolf and is 

addition baa k Immediate js-ddeeeesc?» In X*-x* «bile aaob element In X»-x» baa 

sitter i~ra of k immediate predecessors. The total ntwbar of aoob transformations 

1« 

TJTTuJck-iHTikH 

**** Bx» °* ***• total somber of cyclical alaaanta In X»-x*. Then, in a 

manner similar to that oaed for th« aote D and JD, va find that 

p{V - ,*.«*.} - ((^^WO-rt)» o « , **i 
ao that 

Lot na no» return to the aet» X and Jf, and for any pair (x.T)' let P-(») 

denote the aet of txadeaaasors of x,   Th« 

(13.27)     pfp" Jk*l]f • (noBber of rays In «hieb aeta x, X.k, and ^fy.jUx oaIk 

be oboam)• P{xUXjk-PT(z)}xp(xii selected from X} 

" {3k)l|l(r-3)-l)! y{«C«ua^i)-l> ^(r-D-l) 

•p{t(xUXik)€.J*|x-x»^tUXilc-X»} 

•p{l^-OJ*-i*^UYjk«T».T€^j.JL 

(Jk)s(k(r-j)-l)!   H)l((|.l)HH)l      k«r-J 

<M)!(j(k-i)n)!k^    UMKAM        J 

- .   (»(r-i)?i(3k)jr;(i:(k-i));   
(r-j)!((k-l)(r-j)-l)!i!(j(k-lM)!(rk;!rk 

for j-0,i,,..,r-l. 
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Asymptotlo sppraacisstions for the various distribution« can bo found 

•• folio*«.,   for Placed k, u r becomes largo, a« ha?« 

.ml r-| fc****! 
(13.28)     P-fou-ifr~^    lfte"^F k^  

^      " te-*        r-i*£ 
(kr)      2(r-j) 

ic^i^-Hx-fr»^* 
^ 

• A 

.iifcll   J&r   2r 
kr 

- 3(frll „ 2    kr   J 
kr    e 

w» 1/2 
«f tha asymptotic density of (€*)     H- is 

(13.29) P(x) - xa 2 

Given that N  - J, the conditional distribution of m, the number of 

Btruciures, is asyaptotically normal as j becomes large with 

(13,30) E(a|j)~log i+? + -£$   * 

ehere o* la Euler'e constant and 

fll.TI* 7ar(aU)^iöi i-S*-^ • £ - -1= 6       2j     2J2 

The aarglnal distribution of a la asymptotically normal ?ith axpaotad 

value and variance each approximately equal, to ilog (A)- 

The asyaptotid aiatribniicc of atructurs alas Is given by 
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*<-~J> + l    -*    *~i    -,fk-lk   ..   „ *<«>4 
(13.32) p-r0-3kV^"k<g"3)(fc(r;1)? "—s-rr 2ti(MWi»: 

•-te(kr)       2 •"*(lB'1,(J(k-l)) 2 e -*--1}<r-j) 

2 

.1 
2 

Gi.-Cr-JKW^,^^'* 

"3-t~ 3 jt-i 

"^Wk-W72(r-J)1/2)1/2?1 t (1-1) 
J-t* J 

, /2 a>    IkiU .2 
M++      m     f~> ßükW^Vi^jjJ/ZjV^ J 

the «svTBntotic densitv of x • ~ is 

P(x) ^777? O^x^l      . 
2(l-x)-"i 

rjTV»     VJ-J •*••*•/     »B    VUUI1U.    a«    X"     UWVUBO    UlgV 

i-i. .kr-ri 

*• •* kr • * r-1 • • 

VX-—/ 

kr    • 
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i>oa (13.22), we obtain 

(13.34) Pfa-J.^-A"**-1 B—-ite=12 _ 

.-»'-'•Jte)    * (,-/' * 

Er 

From thr*e, we have 
.lifcli f.,,12 

(13.35) Fi--i}-^^.2   *       J 

f.-l) -f(k-l)t2 

or  the asymptotic density of f V*JL*  Is p(t) - (fc-lHe •    Also 

(13.36) PU-q}-  f JÜgl. 2    te   JdJ 
q 

•»- i \ •» /i i /« 

»here   »a)"J   j£Z • «• 

Til« äsympiotio distribution of predecessors can be lound directly from 

(13.26) and (13.27) with the use of Stirlingr* approximations,    In this 

manner we obtain 

(13.37) Pfp-Jk}^ (K.l)l(lrl)       -M •  —»0     aar->oo 
' jUj(k-l))!k^V/2(r-j)1/2 

and 

(11.38) Pi«- mA IfcDKfrl)30-1**1 
1 JlOde-lM)!^ x 

These results can al«o be obtained in the following manner.    31noe T^Pfp" Jkr 

- probability that an element selected at random la cyclic, and this probabilitv 

approaches zero as r becomes large, it is clear that P|p~ Jk\~-»0 as r—*o>. 

Writing for sisplicity ?{p= jk»l} - %&i* »• *>••• 



(13.39) %m*£ 
«y     ~ i UP* Tk*l    k Ti 

''jk»! " k t£-+   %Jt^l ^r^r**   ***! 

Coneäfi*? tha fänotion y-h(x) - XI a****1 %^V   Äia 

(13.40) y - *(x) = (x(^ • |(h(x))k) - xg(y)    , may. 

It folloae that 

(1343L) f^, - »4lM^.t i*-^ Iglyjr -j     J 

ly-o 
J(k-lM 

!jk*l    TjFüT l   dy   **w"      | 

V 

lUjTk-iFiTT    jjk»! 

the remit obtained la (13.21»).   »an J m large tot itill email relativ« to r. 

«•.hare 

^äir.-1-^M ,'* *(J{Irt)»l),<**l)* 2 ***x 

IM   I IPJ.I K    ' 

U.   Ce— of aaah flfJMat hjjJng |j imt k cradoooaaara.    Let J ft» the sat of 

transformation« of Z into Z ouch that eaoh element xfcZ baa at moat k innedlat« 

predeaeoaora «here k la a given number.   For a given TC?» let k. be the aet 

of elemente with exactly 1 immediate predeoeeeore (i-0,l,2,...,k), and let 

Bj be the aet of elemente of Z eueh that IB. -a. (j- l:2....fk).   Clearly 
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II    II 

i-0 *  i-1 X 

also» if •i la the noaber of elements in A., then la* is the number of elements 

in Bif and    k      k 

(U.2)      ZI a. - 5Z üt " n  • 
i-0 x  i-1  x 

Lot •*- (n t^^.e»^) be a aet of (k*l) integere satisfying (U.2).   Than 

(U.3) J -U J 

where  J^ is tbs set of all transformations Ttjfor which a0"ft
0>ax"nl'**,,'fka>Bk* 

The nunbar of transformations in  J^ la 

(U4)        flp(B*i - (nuabar of «ays in which the sets A ^A^...,*^ can be chosen) 

X(number of aaya in which the set» B^IL,...,^  can be ohoaan) 

X zl (nnabar of transformations napping B. onto 1. such that 
i-1 * X 

aaoh element of A. baa exactly i predecessors) 

Or 

B6Li      nt     T.1    2 —k" (2 ) 2 (k!) 

. BJLA!  

n0ln1
,....nki(2!) ~...(k!) 

The total nuabar of transformations in %2 is given by 2L> <P0**).    To 

obtain the asymptotic value of this sum ss n becomes large, we proceed aa 
.,_ -n« nt • % 

foliowei    if we fipprcEisst« a.! syszHs   ~n."        ana take the logarithm of 

«f(a»), aa obtain 

(U.6)       lag Cp{»*) - 2lot al - (^)log 2W- ZI (at
4 §)log nt 

k k 

- Z*. »- log(i!)* ZJ a, 
1^2   * i-0   x 



• 30 - 

Sinoe H* satisfies (U.2), i.e., 
* A, 

r   . BL •  2L*1B. • a 
1 = 0 ^     i«l   * 

«a oan vite . . 

a   - Z-U-Oa.     B     a. - B- Z^i«, o     1-a x i 1-a     1 
and 

(U.7) log <#**) • H'Cn^B,,...,!^)     , say. 

Neglecting the terns -Jlog a.  (i*0,l,...,k) and differentiating  'P with 

respect to n. (j*2,«..,k), so obtain 

(U.&) 4-*- • -(j-l)log n0- (3-1)« j logi^* J-log n.-log j!-l 

- log  (-T^1—) - 

Also °     ' 

«here   ^,-Olf l/j>   S    «lifi-j. 
I* a 

Let H*;B#,.. .,nf he values of n ,n.f ...tn^, respectively, «hieb naxinlae  Y, 

i.e., n*,nf,...,n£   are a «et of values satisfying the (k+l) equations 

ZL B. - n 
i-0   x 

k 

i "• i 

From (14.8) we obtain 

(U.10) °5"3?(n»)3 (.1-2,...,k)      . 

It «ill be observed that (U.10) holds trivially for j - 0 and 1. 

Let nJ-oCn and nj-otyfln.   Then 

(U.ll) "J""2^* (j-0,l,...,k)    . 

Since 
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«Cn 
k * * j 

ZI $ = *» ^U^ 
we have 

(U.12) 

and 

(U.O) 

k 

i"2 I - 9 J* 

It la may to see that tne deaired value of   J$ ia tha single positive real 

root of (14.12), say, &*.    The value of A* deoreeaes as k increases;, vith 

A*m *fT when k-2, and A*m 1 when k- a>.   From (14.11) *e obtain that 

(U.U) 

Lei 

(14.15) «-fr«) "("Ä ) 
a0^5'nl"Ill»-"!Tc",lt 

» (u. ix*i)iy\) + 3zii }      11-12     w 
Then Mi- 

(14-16)      <»(R*)'^llia * 
••i -IM fo^0"^^**!' 

(2Tf)*'Ä   "fr n; ix/2 

i-0 
and 

(U.17)     ZL <*<**) ^ •** 
2 

ik/2 
i-0 x 

00      9 

• *   2 iS *    -a>    -« 

-.1       .1 

i-0 * 

"2^ S*Sjui*r,,!*i)(Vi",1*i) 

dn» • • »dn. 
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Let   ö*' asd  yo- denote the rcw veotare (l,2,...9fc»l) and (2,3,...,k), 

reapeetirely, and let D be the (k-l) X(k-l) diagonal aatrix 

D - 

Then 

I, 

|Q| 

1«£ 

^ 
f 

. JL 
^ {"! 

?      D 

|Dl 

-i y'D'v 

•\H*n* "I 

k 

I'-'o «I 

k 

r^5(>1)aj      ^J°-1)B! 

21 3<J-DB? 
J-2 - 

k k 

- »<ZI i(MM)TT i 
J-2 5 1-0   "? 

n** XL As 
*    j-2       * 

Henoe 

Jüfi! (U.18)      £ CJ<*»W  fc ^ 
«• (2TT 21 J(J-l)rt)l/äTT(i«l!P 

j-2 3       1-0   X 

Fro« (U.U). (U.12), and (U.13), »e hare 

<U.»>    t Jd-D-J - h Hfl) ^» - i-Jf* *$- - ^»U- ^) 
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Siao* (14.19)  is txwtmtmuciij po«itive, this yieiae 1* ^r •• an upper bound 

far  p .    Also »4 
k k eCo^ 

(UM    Til iO*1 - Tt^,»*1. " - C*jV - ^/B'gfM' 
i-0   x i-o ' £ m 

ao that 
-c-r __ Rt^»kn     • ,'y^lB  

CH.21)   £. <f{i.) - (2lfll)vJ(^x)/j*)^(|j*-l)Bfci» " (^(fc-Jp^^-iAv 

correct to tern« a? within order l/n. 
no     °1 °k It is easy to see that the variables *j* , -p. »••*» "p*   iiave a limiting 
1n    In ^n        n»     n* n* 

singular multivariate normal distribution with expected -values -§ , ~* ,<••«, :zL. 
<a  4B     in 

The non-singular oovarianee matrix of the limiting distribution ef 

2X,      n„ n-_ 

Sn     in 4n 

(u.a.,   Z-^-C^?-??-^«*^??) 

n 

t-2 " 

A 
• r« 1!      1! *!      (*-{fc.i)/f)t!j!'   / 

/ f     f A   -1 tfc.1 *        «>     o --.\ 

W**1'1!'-        r^«!!        MMV7       " 
It is olear that the variables •? , ~»...•=? converge stochastically to «101» 

as M H 

expteted values. 

When k"2, se have i^-nj, o^-a»^,  |£   * *(z , ••* 

Bj - I (2-^2)1 

(U.23) a} - (fa-l)n 

nj -1 (2-V2)» 
with 
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(u.24) *(*o - ^frffia 
••1 

(TTn)2 2 2 

oorreet to within tw of order 1/n«   *&• aaymptotio diatribution of -ft   1« 
1 r-v— 1 ** normal with expected values i(2-*2)1n «ad variance —*——5 . 2 4T(2* fT)2 

Aa before, for any pair (*;7) lot s doooto the six-length of x and -2 

the cycle length. Also, let S bo the tot of element* in the six of Txt 

I.e., S - (Tx,T^x,...)f  and let a. be the number of eloaonta In 3f\A. (ial,2,,..,k), 
k 

Clearly, 5Z •- - a-1. Aon 

(U.25)  p£a-r,i-q,q<.r,«1-«l,...,ak-Vk,SeAofT
r"1'qxeA1lH*j' 

- (number of waya In which the aeta A ti-,...,*. can be ohoaon) 

X (number of waya in whieh x can be ohoaon) X (numuer of aaya in 

which 3 A A. ,SOA2,...,SAA, oan be ohoaon) X (number of waya in 

whioh the remaining elements of the seta B.fB:>,....B. oan be 

ohoaon) X 2LI (number of caye in whieh the remaining predeoeaaora 
t'l 

for the elemonta of k± oan be ohoaen from these remaining 

elements of B.) X — J ••• 

•    n! A '""k* y /_ Ä\. 
n^!...!^! V V1I(n1-V1)t...^k!(nk-J/k)l  V~*

/s 

In.»)! 
(ii1-V1)iV2U2(iJ2-V2))l...U-2)!((i«l)(Vi-l))!(i(n1*Vi))l...(k(nk-yklT! 

(y^i v2£^(n2-^))l>»>((i-l)(ni,r^1))l((i>l)(yrl))!...(k(ok^k))i 
D--V9 y,     V4 -   -v.*i n«-y.     y. n.-y. 

2!* 2 2! '...(i-i)S W(M)1 l i! * \..(k-i)! ^1^ k 

n-,   n». 
n IR-L.^ISS *...kl * 

n«n!«n! 

n 

k      vt 
todilfcaüi   (1.l)v IT    V*    . 
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Xt foil«., teat 

(U.26)  P{a-r,**-q,q«<*f ^-^...^-y^xEAjl*} 

oimiinrly, we find 

n' i-2     xt-l *VlW' 

(u.28) p£i-r,i-*,«1-y1,...^-^k,xeii,j>oIi*} 

so that 

(U.29)  P{»-*,^-q,q<r, ^-^...^-Vj!*} 

(U.30) p^-^i-*,^-^,...,^-^!!*} 

k k      **t 

To find the joist aarglnel jcoks vilify diatribotion ox e end jc, it is 

MMW7 to m (U.29) end (U.30) am «11 values of the V« saoh that 

0 <6 V^**^, 1- 1,2,...,k, XI -s^-r-1, and to taka the expected value of 

each ami with respect toS,   To obtain the aayaptotle value of P<*e- y, £ • q9q ^ ?> 

«a replace eeoh factorial In (14*29) Hr the flrat tera of ita Stirling's 

approxlaatlon and aonaidar the logarltlm of the resulting exp-eaeioa as a 

function of  ^i...!^) naaeljr 
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{14,31}      s(V2,...,*k)  - (üS=2*|>10g(!l*?*l)*(jr-|}X»g{f-l)*(B*|)loe II 

-(^log 3W legt il(i-l) V • ll<V 2)l08 *t 

• i: n ** t- i:< v i*1** v £<v v l^v vt> • 

Neglecting the tern» log(2IU-i> >^)» "J^H» and "I ^V *V whioh 

are relatively v«ry »mall as a become» large, and differentiating g sith 

reapeet to   7>Mt i-2,...,k, «e obtain 

(H.32)     -^ - log i- log *± • logV^ log(ai- V^logCay-Vj) 

Also 

(1z 33)        a2g   .. in. -iii.. .1 i (   
s.u\ . • __!L__) 

*        * # 
Let ^1»">2,...> *V be the values of "*j»**2»* ••>"*¥» y^P^tively, 

satisfying the £ equations 

Z-* V - r-l 

jtf  • O 4 «3 V 
• #- 

Fron (U.32) «e have        # 

(U.34)        Vj -—i 
1  n^d-DVj ,* 

It «ill be observed that (1^34) 1« satisfied trivially «hen l-i. 

Let 

(U.35)  Q* * (O " r^'^n/    _*   * *) 

(   *nni*i "i   \ 

V vi^r >W   Ti"v V / 
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#,.    S»to 

U'l 

V*2   *1        — *1 

,1/2   jA 
• * •     w. 

1/2 

.1/2 

-^    0 93      ... 0 

-<*. 
J/2    -> 

«k 

But 

(U.36) 

t-2 *   i«2*i   i-i     ni      t-i yj(nt-^) 

«t » ML Hi M « 

(n-r*l) 
P {s - -, i- M < r| I*} - — —^ „ -5-j 

-0» 

aVA...dV. I ...   I«     x x dVj 
-CD     M*1       *-l <c-* • -n-   »«.  v* 

i-1 *i t-'l   *    n     * 

Sfltotitatlng th« Vila« of -v* (iÄ2,...,k) £rc» (14.34) »« öbt^l« 

(U.37)       P«{»--,*-q* <*!•*} 
»4 

4        V 



*- n k/    (*-l>1^^)\ 

*!2   .  ai.       .«.      . n      V* (^(w)» Ä• 'lC*>tt-5»>-£ (A,a(1.^. 
Or Jc a. 

•->        (*-l)(n,-V*)r-2   (XI *(•*>?> 

*" J >*{n-r*l) • 

V   '* V    ^Vv8 
But 

'    -»    (r-l)2    -*,»*       »9.»x2    ^n    »ok 1U 

_1* 
(1- 

n a larg«. 

Hanoi 

,   < etc*-« £> - •^i- z: t(t-D £ 

Hoaewr, a« n bacomea larg«, 2lL t(t»X) -* oonrargaa In probability to 

(k-(b-l)p*) «o that 

CH.40}     P-[.-r, /-q*< r) - tfcXfa^ 1 e      2a     «*v~,p < 

carrsct to ten» of althlä aaräar I/B. 

Similarly, v« find tint 

v J       B 

It fbU**a that 
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(U.42)  PJ»-*<J - C-^* la>(b-l)/ö )*;)• 

aa a—*es« 9M äayaptetls danaity of at-?"* *• 
„2 

(U^3)  p(x) - <k-(k-l$/3 ) s« * 0£x £«>  . 

When k*2, «• have 

- ^- (2«*7) 
(U.U)     p(x) - (2-«T) x • z . 

It «111 be öfaMrnd that the probability that an clamant selected at pandas 

is 070110 la gi«9B by 

, I2** -I- (k-(k-l)P*) 

r»l *•     *    • 0 
2B 

.2 
^f.-fcOKM)^ 

n j 
O 

2n(k-(fc-l)0 ) 

5fc® äsysptctia wlitffibutioa of 070i« length is given by 

Si 
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-|t2 

•»her* §(•)• J r= •   dt. The asymptotic density of h"*pr is 

(U^7)  p(b) = (27TCMlc=l) A*))^$(»(lc-<lc-i) fr*)1^)   , 

Sine« 

(UJ*) p{i - j} - ZIJ p{K<p"r) 

where JT is the total number of cyclical elements, we have 

n    '       # 

Or 

--2 * 

(U.50)     ?{H  -r^ -* (b.(k-l)(3*)s   Ä 

She expected value of r is ^S^iU»))       witn »*«•   (lc-M)/g*) (2"T'' 

Given that H~-r, the conditional distribution öf a, the nusbw of 

structures, is asymptotically normal as r becomes large with 

«here V is Euler's constant, and 

(U.52) ¥«r(»!r)^lof r* o* --f"* ^- -3 
2r 

It folioes that the marginal distribution of m is asymptotlosUy normsl sith 

cxpeeted value and vsrisnoe given *y 

(U.53) I(«W§ log a   and   ?«r (•) ^ \ 1«* n   . 

fiie ssyaptotio distribution of straetare sis« is given by 



. a- 

(14.5&)  P-$ e • J j " (number of «ays in which a eat of J elements can be 

choaen)X(Probability that this set forma the picked 

structure) 

t\j cl&F*       -t±:J)(a-tr^k(-3) 

*       a    (^(W)/5*)W(^*.lA?    (fc-(k.l)^)1/2(|9*l}^kSn'i 

e"Vö#lm J * 
dr 

o 

- (n-DU'fn-l)""3     1 /^l/2 
fui^VO'BB 2     - 

i i 

2j      2(n-j) 2 nn 

The asymptotic density of x • o/n ia given by 

(U.55) p(x) •- * ./J     0^x*l . 
2{l-x)1/2 

These asymptotic results are the seme »« the result- for the general ease of 

all transformation* of X into Z. 

To obtain the aaymptotie distribution of predecessors, me consider the 

followiagi    For any pair (x,T)f the probability that x has exaotly i predecessors 
ni ot Ä*1 

in T is given by ^»(^ ) -» ' i f "   •• n becomes large.   Also, ss n—e», 

P^?s-Sj -1/Ü-F-C.   o«»*, «riiing for convenience,     A.      -«, end 

P£p-j]f"  MJ, mehsve 
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(U.56) % - «0 

i 

t-1 

Conaldar the ftanotion y-h(x)- 5Z *   %•   !fh*B 

(U.57)     T - h(.) - x(.0 • «T" »** l*Z £xV'2 V   «C, 
*i * 12 

*--*«tZ-, ^ £-x 

- x(#o+ *Jx(x) » ©jh2**) • ...• öjfts)) 

- xg(y)       , aay. 

.Yi ) 

Than 

A*-1* 1, 
U.M) h(„.* >tt^U» .». fgzffisL ^ 0 

•0 that 

(14.59)      * - £ 
J ^Hro5 "^ (Ä^ <••• V-V^Lo) 

-1   Y   J-rt-V 

£>t - i *.-0 * 

r>t - M 
t " X 
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P J     V'l»M''rk r !r,!...r.!2! *...k! * 
OX K 

ft»- 

* ttTrt^V^pVtk-Op*)17* 

for large J. 

Whoa k-2, «0-| (a-lTT), 01- | (2-<2)^T, «2» J (2-f2 ) and 

y-h(x)- \ (2-^2")X(l*^2"ry2).   **oa this wo have eg 
j       Jl2"      r2-0   (r •1).(j-1.2rj!r.! 

r2 
2/.*2.2 

f\J 

(2TT)1/233^V2"(2-'{r)1/2 
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Struetur» Classes in   J whew   n - $~ n0 » 3.12$ 

a • lf K^ - 1 
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r% 



Figur» 1 (CcnlimaA) 
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Strueftur« ClasaM la J »h«   » • *- an • 3*229 
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