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PROBABILITY DISTRIBUTIONS RFLATED TO RANDOM TRANSFCRATIONS
Cr . TOITE SET

by

He Rubin and R, Sitgreaves

1, Introduction. iet X be a oot of n elements, and let 7 be the

sot of all tramsformations of X into X . In the definitions, the
mtatien TF , where T £ J , has ite usual meaning, vith k a positime
integar ar gexo, For k = 0O ° = x o

For & given xeX amd TeJ , the set of all clamenta yeX such .

that

e - 2y

for at lacst one vair of mumbere J, k, is called the strueture in 7T
containing x , and is denoted by S,r(x) o Tri 5 xeST(x) cince
®x - tx for 211 j . The mmber of elments in S,(x) is the size of
the stroctuze containing =x o

A elamwnt yEX is called a cyclical element in T if Ty =y
forsome m>0 , A evelies] elamant v belongs 4o s cycls of lsngth
k , if

Sy sy | 0<j<k

LT S

1%, follows that sash elamesnt

-y

iz also 2 cyclical element in T , Yalonging to the same cycls as y

(o]
A
Ca
A
1



since for any m

s = T(Ty) = ™y = ity

so that
Tmi-'l"(rmy)/‘rjy-s for 0<m <k
and

e EE KRS s T I

Every structure S,(x) contains & nom-empty subset of cyclical
elemants, say K.r(x) o Clearly, ths elenents of &r(x) remresent a single
cyele, since for any cyclical elsments ¥, z, with y.:,S.r(x'} and z§ ST(;:} 2
there exist numbers J, k, such that

My - %

An elemasnt yzST(x) is said to be 2 tredecessor of x if thare
exists a k>0 such that Ty =X o An element y 45 said to be a
successar of x if there exists a mumber X > 0 such that Tx = y o
The set of a1l suceessors of x 1s callsd the six-langth of x . It will
be noted that = is both a successor and a predecessor of itself, If
X&Kt(x) » every elsment in S.r(x) is & predecessor of x , while the
set KT(x) is the six=langth of X ,

Considar thc foliovdns Mnetims dafimed on 7x7 . et

m = number cf structures in T
¢ = size of the strustwre contaimng x
s = mmbar of oclements in the six~length of x

p » number of yradecessors of x o
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Ve assums timt slaments ere selested ar random from ixx. ., each pair
(x,T) having prchubilissy I/nm1 ¢ baing choscn, Txact yrohahility
distributions are derived for “he functiome m, ¢, 8, and 7. and asymo-
totis approximations are given for the distributions of ¢; s, and p as
n becomes large,

2. Orephis rerresentation of the set 7 , Lot J" bo the subsat of ./

consisting of all transformtions of X onte X , i.6., < 18 the set
of all permutations of the elements of X o Then,; two elements of .J |
say, T, aod T, &rs said to belong to the same structure class, if for

e
3

(201) Ii =l Tﬁ * T* 2

It is clear that the maximm numbor of elementa of ¢ wkich can beloug
t0o the same structure class is =nil,

A graphical presentation or we wrious strusture classés vhen
n =5 4s given in Figure 1, The mmber of elsments of 7 belonging to
each class is also given, The classes are grouped according tc the value
of m , the mmber of structures in the transformation, and N¢ , the
total number of cyeclical elanentsa,
3o Auxiliary distributiors. Iet D be some subset of X containing d

slements, ard lst J ., be the subeet of J containing all transformations

'nee othiah T ) . Trw amer vodrn fx M) lat { dannte the laneth of

3

(3.1) pgx.r(x)c;x—-D; B-k; 1'3(3 Sk)‘ng TEJD;

.szF'D; ™Ffx and T™x €D ; lzxfx or Tx,



amd TQXﬁD; ceo § Tk‘klxs k; con o OF Tk-zxa

and ™ gD ; am T"x-r‘"’-‘xin’s

o=d  ned-l r=Geke+l
n n 000 n

=

-

&
-
-/
a8

. (n=d)}
(n=deic) § 07T

©

or

(3:2)  PixfK(x), LEeI-—D, £=3jp, T,

Loy Wy

= ()

2‘4'.}'31? (i) § 05 ¥

ier = 19250009 n=qd o

far oy 1z , let N, be the mumber of rielieal slements in
X==D, New, for any TfJ, and any x ¢ DURL(x); either Zu(x)c?
or &r(x)c;x <= D , Hence

(3.3)  PizéEx) , GKcX=D, Ly, 13, Hn"q;’;
ﬂP)\foUKT(x)-‘D,. KD-q;
| =P{xr(x)cxmnl;gnux.r(x) LI N

P {le 3 \x#DUR(x) , K(®)=X =D, D, N =aqj

Ded=q a

1
L ¢ o=
Q

.%o
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(3ola} PERE AR, K(X)GX =D ; K= J]D . TEJDS

-y ;..‘.:.:::;ﬁ-a\:‘.' v H. = q} D T J
é"J %) 3 k. . ' D}e
for J = 1;,25000, =d o

Comparing (352) and (3.k) for L= 3 ama 4o J*1 ;, we obtain

(3:5)  PixgKyx) , K(x)eX—D, d=3fp, TeJy

a G o y P 3 B
. Pzz’f Ko=) ; Ep(x)SX =D, £= 3elip , T8I
insdn ( - i - )

--—,-inum Pem = 3D, TEJp%

( .
(n=d} s
{neGeged)s 1

o

It followrs tnad

/7 ’
(3.6} _P,i}zD = 3D, LN

a4

- {n=d)1 Sd‘i!
{n=d=j)s £°°
fOl‘ J -1;290009 n°d o

g ‘/ ..
It remaivs to evaluate PN = OfD , Tz;‘-ng o For this purrose,

consider the fumction g of a real variable ¢t , vhare
.-nf'-d.i:-,-glg (de3) t,d‘:’

(t) =
¢ % (n=d-j)3 nd*

Ist
2y - T2 e ®
Ko ¥
590 (ned-3)s o't
Then
g(t) = 13T ooy o a9 2y

But



-f -

f'(t) - i‘."i ‘(ﬁ'd)s 3 33.1
30 (n=d=}}! D

n=d Jed Deded J=i
- (o) 5 L8 897 (ord)s ¢
j=0 (n=d-3)¢ n ?‘:-o; (n-0-1~3)§ 9%

- S“'—g‘l)- 2(8) - By 5(2) %.‘,

4

so that

g(t) = n(td = +3) £(g) « &

n

and g(1) ~1 , Bt

. n=d y
g(1) = 3. (_n:‘;l%

3“0 (n=d=j)i n

and
. n=d
: (n-d}§ (de d
Pi{N =olda, TEJ . PR e L + 24
(% la s } 30 (p-d-j)3 n+ B
8o that

(3.7} P E“r - o{n s TEJD\S -% 0

If Dwg whare @ is the empty set, d =0 amd 3¢ =] o For
any TEJ, Ngnisthuathetdt.almznber of cyclical eloments in ¥
From (3.6) and (3.7) we cbtsin

N o {o=2)3 2 o '
(38)  P{Ny =34 ?;—3%8—;3 3 = 1,250005

o



ko Distribution of the nmber of strustures. Ve san write

(bol) P jowi} = ?:,; P {1, Ny = 3¢

- 35;:1??”"!";3‘35 P HgS

But
Pyt Nfﬂ- Prob. of i cycles in a permutation of
J elsmente
= (1,]), say
we have
=(1,1) « 3
3(1,2) ~ «(2,2) = %
AL,2) - % 4(2,3) = 3 (3,3 = &
In gemerai

(4,3 *;?l-q(i,:}-l) +31« o (1=1,3=1)

for 1 <3, Clearly ofi,j) =0 for 1> J o It Will be noted that

for each J , =(1,3) -% and {(j,J) -*%'I o Also, we have

i{§ i r(te
oi(i,J) = coeff, of t- 4n 'r'EtTi%

The distribution of cyclss in psrmrtations of a finite number of elements

nag alec besr zamsidered by Gonmtcharefi (1}

N\ ==
-

It follows that

o
b2)  pfwed w3 LRI g,y
SIS s B W~y

Values of of(1,3) or 1,1 =1,2,,00,25, 1 £ J, are given in Table 1,



5. Distribution oi structure size, lst xj be & subeat of X containing

J eolements. Also, let I3 pe the st of a1l transformations of X

J
o 1tself, and for any Te3'Y), 2ot a{3) denote the mumber of struc-

tures in T

For any vair {x,T) selacted at ramiom from X xJ , the siza of the
structure containing x is the mmber of elemerts in S,(x) . Then the
mobability that a picled structure has size J 1is given by

{5033 Pie = {,)3 = (Mumber of ways in which X, ean be chozen) .

. N
X, forms the picked structure i

£

vG} ix X g  {TX, ch(;~ v {'r(x-xj)cx.—&xﬁ
o P im(j) - '!’::

>

Sl ey p{a® .1

J'n ‘\n/ \n/ }

psm(ﬂ} 1§ - d SJ:l)& o {1, I3
jgl (.‘}'- Vs ;1

LS (=L
§4 (308 32

4 i ma
a3 =3 3 =1}
{c.2) i (3:1)8 n? ﬁ,%": (=08 j,-,

6, Distribution of six-lengthz. We obtain the joint distribution of
six-longth and cycle length directly from {3.1) by letting D = § o Thus

.




(n=k)2 n
It follows that
(6:2) P fosuic| = ALK
’ {(n=k): n

and

2 el 3 An. 5
(6.3} Py lagl = > n-1j8

by S = (n=k)& n

Tmexpectedsmlangthiagivﬁzby
2

(6 E(a) = 5 BB K
k=l (n=-k)i n

) ' ,. .
firitdinz k™ = n? - n(n-k} = (k*1){n=Kk)} + (n=k 5 _ ‘uia basome:s

{45} .Bis) = p{E, ol T el
o o “/"- (n-—-..\“ =L’ ‘:’* ‘fn-»!s.a—-l‘.% s
Bed oy feery . % e
® A, e é’.l'*‘ B, == “-—‘~‘=='1'—'=;E'-;-I':;
1 (p=k<1}2 n k=1 (nnk-ﬂ'~-' :
s n " RN 54
anis. ,,.L!;l),%i o n=x)8
(el (mekdd noo . so? (nek)d @

n : 3
= ;’ {rel)d « & E; !hﬁl)ﬁ g

Koo 3 ’ K
k=1l (n=k}i !x& K&} {f}ﬂk:b a
/ R fn=XYy
< - - -~ ’
R "“"’“‘““‘E?
- k’l (n’k\g 4
-e,g“' {n~1}4
(——».- -nd—-u-u-ua
=1 (kM n



It is of interest to note that

(6e7) s(.:.) -5 So=b)e o L gy

k=l (n~k)$ n

7o Distribution of predecesaors-. Iet x be & given element in X , and

now let X, --:u.ij_1 wheve x;l is a subsut of X-x containing (J=1)
olements. As befre, 1t 7 (3} be the set of all transformatioms of X, ’
into iteelf, md lot J{I) be the subest uf JI) comsisting of am

transfommtions T fr Wich Tx=x o For any 7230, 1at w3 b

themmbaroxcycmalelmmtsinl—x,ioeo,,mx Then the

110
trobability that x has J wmwedssessors, vhere x is counted as 2 we-
decessor ‘'of iteelf, is given by

(71) P Ep = j{x{ = Humber of vays in which x;*-l can bs chosen,

5 M { (A
P 5'1‘ Ia< xg.( - BT ~ Xj)c ) et xsz

- ‘n-l!& 13-2 gn-g!n':,

(n=3)8 (3-1)8 n

It follows thet

® fyma} - __fll (L"'mL Cliag

=) (J=1)8 n

_ (o= 352 (o) =)
{n=3)8 ($1)¢ n




t.n‘

8o Distributicn of m.c, 8, and p when n =5, The wobabdlity dis-
trivutions of m, 6,38, and v when n=5 arc as follows:

k Din = k} Tfe = xi Pis = ki Plp = k}

> 2

1 %% 2 = &

5 1220 3l 200 108

T s >4 1

108 . 180 72

3 - o o o

30 6

i ) fo% o =
2l 1

5 o5 % o %‘3’3‘

Thesa distributions ars shown graphicam in Figure 2.

So Asymptotic exyension of .z;.= bb)s o An asymptotis expansiom
31 (=3)8 :
k(=g |
for tha quantity Z_( ; y Uthich appears ir the probability dis-—
3L (k=3)3

tﬁbutinnofstnxctm'eslzeaswanaa the oxypression fortheexpacted
six=length, can ‘be obtained as follomss Vo have

el 3-1“;6)?? = rnmm-..-;)a\FS i

'. W .4
L et

X : “k ’kv’-.n.)i é Ax
- L) 4
E% o ‘f-za (lo=1=3)8 aa(“
@
=)l
1
*EE “x(l"t) dx



let x = kie¥ 1), dx =~ k' dy o It folloms thmt

A0 k=1 o
L oSTAep ax- jme"‘“y"”l""’)dv

Q
M
x> yvi/
o T TV
[ E 8 @ -
1 1
] . z iy -4
Now lot v = (2w/k)® , dy = (L/(2ka)€) au
so that o = 372
“'k.a id :h‘@z?:u..'—-TTE"!-
: A a%;ér/dg Ko . w
(9.2) . 5} 8 &y = J ...n.'.le....-z )
1 (‘Q ) @. 1/.2 G@-. Lo {u)
- . ' 1 &{m . SO P )
.(2,1‘)!:' 4 =
3] 0 - b (’ )
g § J{o‘a—uu,fi‘:f_ i
(4 J=o

where a(u) =1
al(n) - u3/9 - u2/6
a,(v) = 11_6/1186 - u5/5'h * h/36(') - u3/90

ag(n) = v/65.610 - /2,916 « 2379720 = IE/680

b(u) =1
by (u) = w/27 - v2/6 + w10
By(w) = w5/2.130 = /162 + u*/k0 ~ u¥/36 + vP/210

o ki
TIRS AR eiieae SH 55T
PR I



u“l'/z.;i A du =

o) "
=0

L

-t @ =2
(2x)¥2 ‘{ °

o

-3 (/0% M) .



& () &ra) 1 & 8 |
903 -~ - - &
O @ e 2 X" 132 2.8%0

10, Asymptotis sprroximation for the d istribution of structure siss, Ve
hsve (of. 5,2)

g e (n:k)n"k ko (gm)!
(msl) P ? )8 z., - o
’ Swl (k=j)! X
The mode of the distributism s at k= n . Ve have

n .
(10,2) P%c-ni -Eizﬁ% 5

An approximtilon for this expressica is gliven in the wreceding section,

Exsopt ab ths 1alls; 1080y if meither k nor o=k is small, we have
" o be 1/2 : l/2 z A=k
(mo3) pécnkng n (2%9 klf;n—&;f i%
e-(n-k)-k (n_k)n-k‘lfz kb’ J 2 (2’) nn

= 1 o
2nl/? (n-k)!J 2

The asyoptotis density of x-§ is gziven by
OSx:’;l o
?(x) 2(m)‘7"’

11, Asyrptotis approximeiion for the distribution af sixlemgths, we have
(of. 602)

@) pfs-x] - EDLE

(n-k)an
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The mode of the distridution 48 at kX ~YB ., let k=fi x ; Then, as
n beccmes large

(11.2) Pf"ﬁ!fm"n“n'm@uzﬁz
om0 =B X)) )8 X+ V2 ml/2 Tx

X
ne hx 4 1/2
eh‘zl'/z 1=2)
£
X

. .0 =yh X
.ﬁxnl/z(l_...) Q- |

S

~

X

N

o 1ie o S
Jix 12 Mx-12+ x
N 2
. Xe 0/2)x )
o
Tha asvmrtotie demmity of 2. 1s thus
Vo
-(W/2)2?
(11.3) P(x) " x e /%
12, Asymptotio amtm far the distribution of yredscessors. The

distribution of the number of yredecsssors {(cf, 7.2) is

(2.2 Pipei =S @O

(n=X)i (=i} 0"

This 18 a U~sheped distribution with an antimode at {3/)n . The wrobsbility
that p=n i4s given by

‘P{p-ns -%-70 a3 n-—PoO o



-%-

A8 n bocomss large and k remains small relative to n, We have, wsing
Stirlings apwroximtions for (1-1)8 and {a-k)} '
y 12 gk
(12.2) Um P =k{ =E "
D-~p0
AP K increases, but is still small relative to = , we haw

1
(2.3 Pf{p=x ~ =y
Values of the limiting probability that p > k have besn computed
for soms selected valuws of k and n ., These values folloer

P (p > k’:{

(in'Feroert)
n=5 n~ ®
590U 63.21
- 11,76 49,68
30,24 h2,21
20,00 37033
0 33,82

W N R

M\ &

n=®
10 2ly,55
25 15,782
72557

250 5.0u1

1,000 2obeé

2,500 1,5956
:o;ooo ST9T9
25;000 o50U6



-l? -

> g}
(snYaroest
k n» :ID8 n li n = 3010 n* @
0 2522 +2523 +2523 +2523
2.5 x 100 -15938 -15956 -159578 -15958
30° 07939 0TS 079786 07979

2.5 x 10° 20l983 -050L0 2050USL .050L6
107 02394 02510 025217 102523
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13. Case of each eleweqt baving O or k rradecessars. Lot J be the set of
transforzations of X intc X enmok that each element x€X has either no immediate
predecesszors or exssily k immediate predocessors, where k is a given number.
Por & given T J, let L, b the set of elements with no immediste predecessors,
and ‘k' I-Ao the szt with k immediste prsdecessors. Also, let a, and 8 =n-s,
be the number of elements in Ao and ‘k’ respectiveiy. Sines rx-nk, we must
have n-hk; that is, for the set T to be non—-empty, n must »e a multiple of
k, say, rk, and a_=r for all re . \

The total number of transformations in J 1s q(r,k) , say, whers

(132.1) Q(r',k) = (number of ways in which the sets A  and A, can be
chosen) X (number of transformetions mapping X onto
A, 50 that each elemant of A, has exactly k predecessors)

¢ ) YH ¢ 9 HI-

r!(r(k-1))txt”

o

’ -
Clearly, the probability that any pair (x,T) #ill be chosen is

(15.2] wilml gty
3.2) 1:!.‘!2&}!1-1: ¢

4 procedure similar to thal used in the general case is again useful in
deriving exact distributions for the funoctions m, 6, 8, and p. Lat D be a
given subset of X containing G slemsats, and 1t J) be the subset of S
containing all transformations T for which D ST, Let Jj (1D} 14 the subset
o J D for which TD 13 ths specified transformatiicn on D. mr any T€ T .gm),
let Ak ) be the subset of D specified by T as belonging to & L.,
'l'D-Ak“" for all reJ‘“". Sup;ose that for a given T), lsm) contains 3/
clementa, and suppose we know D and TD only. Cleerly, ¥ £ =min(d,r) end
i<k, so that k¥-2 Fredecessors for the elements of Aim) remain to bs

chosen from X-D. Moreover, if d =r, any of the (d- 7) elements of D-»Ak'm)



for which no prodocmox" is specified by TD, may also be in ‘k’ 80 that there
are altogether |

(13.3) , k-d+ k(d- %) = (k-1)d

possible immediate predscessors for eieaents of D in X-D. In case éd >r, as

(1)

nany as (r-') of the {d- 7/) elements of D- my also be in &, so that

there are altogether :
(13.4) kv-d* k(r~2) = rk-d
sdlate predecessora for elemenis of D in i-U. 1In either case,
the number of possible immediate predecessors for elements of D in X-D depunds
only or d, snd not on the particulay TD selected,. We can write
(12,5} d =k(r-a)d or k=d=lka'b
where b is given by (13.3) 1f @ =r and by (13.4) if 4 >r.
Now

(13.6) P{xeao,x.r(x)cx-n, s=3, £=gq, q<jln,'re_an,}
- P{xEA_xfD;Txyfx and T YD;Txfx or Tx, apd
T f0s...s xf x, 2, ... 0r P70, ant M Ix s
and zj'Tj"qxlD_.TEJD\g

*b ka*b»1 ka*b=2 °°° katb=3*+1 Xa+b

- {001)a*b) (=1)1d" a1 (xarb- 1)1

ka*b)(ka*b):{a~$*1)! °
Also
(13.7) P3Jx€ (x) € X<D,s = } £~ <ijp,T1e 4
° Ak’x‘f ’ $ 90 q ¥y Dj
=] .

+ ]

ka*b)(ka'b)!ia=3)!

and



w20 -

(13.8) Pixer,L(x)<ID,s =3, £- 3iD,7e 0T

- iy - g0t - g, L sinres;}

1) < a
80 that

(13.9) P{x.r(:)cx-n,o-:. 0 -g,q<iin,1e I%

=3

® Tman anlt :.as: N 2*1&“1
Ny " Wy N WO\ J &Je
and
{13.19) P{x#&r(x),&r(x)cx-z, Z-an,xe JD}
a*l -1
- : ] * +1)8
j=q*1 ’h‘b,ih’b;!!a—;‘l/‘!

As before, for apy TE JD, let K, be the number of oyclical elemeuts in
X-D, Then, we have

(15.11) P {xgKy(x),Ey(x) SX-D, £=q |D.TEJDJD“J}
= P{x §oUK,(x}{D,7€ Ty . K, = § }
‘P {!...(x)CX-DIx'¢DU!=(:) oD, TE Tp R = s}

2§ L= slx g0 UR (), Bylx) S X007 € T = 5 ¥

- {iacbed) 0 " T 19:% 3 Ihvbm;q;yb}
or

(13.12) P {; #!T(x) ,K.r(x)c X-D, lf qjp,? SJD}

8- oin
- g&% p{un-jln,rt.a'n75 .

Comparing (13.10) and (13.12) for £€=g and £=gq*1, we obtain



-a-

i) K= XD, £-gln,ee T} _
-P{x §Eu(x),Kp(x) = X-D, £ = gD, e:fu}

- 4L ) ¥ ¢ PX P ”~ . J

Trasb)((-1)q'5) T'p " aiP.Te n}

g
ka+b)(ke+b)!{a-q)! °

Or
\ L
(13.4) P{m=qin,re gy} -“‘%W“sz‘hib e :

for 14.q ©€u. Since

a
+ [ ] »
was) 2 (elerlpgimeilt
a
S t (xka+b= ' r
2 TR (ko)
a -
q=0 ka+d)!(a=q)! q"‘ ka*d)! (a=gq-1)!
I a
- > Kallasb=g)t S k'_‘l_.ﬂ:’:!ml'r .
2 (ka+b)!i{a-q)! ~ ;—_—1- (ka+*b)!(a=q)! *

q=0 "~

~a,

) -
(1232} »e{=

we have

(13.16) PIN =0ID Pe T VL = B |
LD "7 -D) Eka*d
It D'¢, where ¢u the empty ast, J,-J, und =0, a=r., PFor any
T€., K, is the total nusber of cyclical elements in X. Hsaoce
[

.13 17)~ "’B & ~ 8)&_”%!\._._3 fa_1V2/ 2_2\s i
Wit dd P{%e™d I M Tle1)i(reg )t l&j=r .

The distribution of the number of struotures iz given bty

(13.18) P{m=1} - ‘Zr{--m@-:}

4=
‘ -

- i‘;l’ l°1|lq;'13?{!*'j}

i

: >
-1,/ '
- :Z;W dL, ) e



where ol(1,j) is the probebility of 4 iyecles in a permutation of j elements.
Since «(1,3)~1/3 o

£ -1 1) -
a9)  r{a=1}- g%@m

Por any pair (x,T), Sp(x) has been defined as the =iructure in T conteining
x, and ¢, the nmber of elements in S.r(x), g2 the size of the structure containing
x. The possibie values of ¢ are k,2k,...,rk, for suppose S.!.(x) contains %
elements from A (1% ¥ %r). Then, since ST(x) is the set of immediate

predecessors of these 4 slements, o~ Vk.

Let X, be a subset of X containing Jk elements., We have

(13.20) P{c' 3?.} * (pumbar of weys in which xjk can be chosen)

X P{xjk forms the picked structu:e}

- (:)'P{’“gk}“’{ijkcxjk}
-P{r(x-xjk)cx-xjk}-P{ =1in=- jk}

\rKJirk;d t=1 (Kj=1Ji{J"%J¢
J t-1
} ) g )t S7 (ki-te1)1
(;‘Szijik-' 1§-1§22;-3§!Rr-35!k-1'5$s g =t)!
Fe obtain the joint ddatribution of siz-langth snd sycle length directly

-S ‘-20 - »

(13'21) P{'.j’ i"‘bﬁ‘ﬁ} 'W‘l 2LY) £+l
and < .

-] ‘
(13.22) P{.-:,l-ay-%ﬁﬁgfiﬂ l12§£r .
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Froa these we cbtain the margirel distributions

1 S e
. q.l : ' i “,1-2 f +1 )t
o r{tray - K . $¥ peptoiasen

5"1‘1

x st!“'!‘gn" ‘h]zx! {:}h(m“
kr)} r~q/- 1’1 kr)! FJI.

314 - -

(13.24) P-{ 1} -1-]
o - = -‘ké 2(?1)'(“"“1)! s >
p{a-3Y - Dl Rl YT

In deteranining the distribution of the number of predecessors, we recall

thst tue seleoted element x is counted as a predecessor of itself. The possible
values of p, ‘t.hcrentare, are 1,k*1,..0,(2=1)(k*1), 3f x is not a cyclical element
in T, and k,2k,...,rk, if x is cyolical. It will be noted that if p=1, the
selected element x belongs to A o while 1f p >1, x€A4, in the chosen transfor-
mation. Hause, % e
{13.25) -P{p"lB = P{z “o} -

As befare, let xjk be s subset of X conteining jk elements. Then

PR = 9
( 3 £0) VV;D. 1k ? e (ﬂl"ﬂhﬂl‘ af wava in whish xJk san b6 sho
M

= Sy = e weeawis “wa

{rx C-xjk}- p{r(x-xjk) c x-xjk}
+ P {m' 1.x F.K.r(z)hﬁ jk}

\
4

N SO XS -\\ -
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Tc cbtata P {p=Ji*1¥, we consider the followings Let I* be a set of
Jk*1 elements, and let :** be a given element of I*. Consider the set of all
transformations of I%, say J*%, such that x* is mapped into itself and in

addition has k immediate ;s3lecesocrs in I%-x* shile each ele=snt in Itex® has
Sither v2po cf k immedists predecessors. The total number of svch tranaformations

2 \1
‘(j-l.‘!tj%k-lg*].)!k!:’ .

Let !x, be the total number of cyclical elements in X®-x*, Then, iz a

manner similar to that used for the sets D and JD,-o.fmdﬂut

o

. Q1.
p{nx, - qlx*, e g ) - 3;! =ik : 0€q£ 41

so that
- .1
P, ~oh~,1eg*} .
Let us now return to the sets X and J, and for any pair (x.T) let P_(x)

denote the set of ;Eadmggg of x. Then

(13.27) P{p'jkﬂ} = (number ¢f ways in which sets x, X X’ and xk,r_”_l oan
be choaqn)-l’{xu!’k- ,(x)} x P{x is selested from X3

FarVe

= T P{TEVT o g)) S AR

-p{rxvr,) € 7" |x=x%,x uxjk-p}

. 1 - - .u > lol
PN -Olx=xxUX, ~M e e (-0

- G‘éﬁ%&?ﬁﬁ lr-:’tﬁk-&r-: 3)-1)1 i._.,r-:
._mumu___.um:gmxﬁ -1
(#1130} ) 1y XD rk)! 3

] S § ]
- zr-j’!iibl’{r-j 5-1§:32i:ih—15015:bx} irk

f“ j '0,1,...,2"1.



dsynptotic spproximations for the warious distributions ean beo foumd
as folloas. PFor Tixed k, as r becomes large, we have |

1
-1 re2
(13.28) P{n- 1o 200z P0ed)

ar the asymptotic demsity of (%1)
(1\3029) P(x) = Xe .

Given that N = J, the condivional distritrition of m, the number of
suructures, is aeynptotioally normal a8 | becomes large with
12,30) E(a})§) ~1og §° 8“%3 )
where § is Euler's constant and

s S e o pn 3 ]
J.vm;vn--f.’~-*2 -

(13.21) 7
= ® 23 24

oy gy |
-]

The marginal distribution of m is asymptotically normal =ith expected
value and variance each approximately equal.to %Ios (fi).

T™es asyuplotis distribtution of strusturs slze is given by
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-k(_ ) k(o J) 2 =r b-o 2 -"(k‘l) rik-1
(13.32) P{e- ij“,L =3 (x(res)) CalE MO Nabiaiiald ¢ 109))

kp* (k=1) - r~3-
O.b(b) 2 O.J(kbl)(j(l 1) )j 2 e‘(.l"_ j)(l‘-j) 3 2

. -y
-)e-1)+ 4
f2we (r3) (“"1{(»«»3)(1:--1)1(r 3 2

kj=t~2
.37 -(kj-t)q 1-t) : 2 -1
t'l eﬂ("-t)(j-t‘)j-t’ 2
Ki=t= X
1/2 é (1- fj-)
'szr’f 212, V20172 4 NEETE
(1-%)
3
1 /2 Lo .Lk,'.'_l-.). 2
i (1) o o2xy 7,
ZWk”‘r”‘(r-j)"‘j“‘ 8
- g
1 2(x«-.‘))1 2
the asymptotic density of x =% is
P(x) o == s 0O&x<gl .
2{1exj™
*Mom {31321} e obtail, &8 ¢ Sooomss largs
-4 kr- + 2
~2gorkr 1" 20400 3*2
(13.33) P{a-i, 3'q,q<.1}~w ST ( ; 3
-y 8., r- *s
. ;’k‘."o-j l(kr) 2(!"1’1)
z 2
(1- J:J:) 24
e ——— _
LS 5"1\ . J 2
\+™ TI
{x=1) a2




Prom (13.22), we obtain

-3 l
-] - r-kr* 2
(13.34) P{ j,l-s}a\ae_al.. ‘E (h‘.-il— 1
peys
Ty 2 (eg) d
rod g2 K
From theee, we have
3Le2) (402
(i3.35) p.t‘ 33 ~ ‘..lJ.l':.U. kr J
- & (k-1)¢3
or the asymptotic density of t"(:':_n is p(t) = (k=1)%e "2 . A4lso
@ Jd (k1) 2
(13.36) Pifagi~ [ fEL , 2 = jd,",
4 p J Xr .
q

a ‘.I"

- (3-“‘-“)*"6 (ﬂa*"q)

142 )

®
where ﬁa)‘éﬁ ("21.*' ;2 at.
The aaymplotic disiribution of predecexsors can be found direatly from
(13.26) and (13.27) with the use of Stirling'a spproximations, Iz this
manner we obtain
J(k-1)

(13.37) X T o
nd {P j } 11 (e 1)) ud 112 gy 1/2 IS¢ . r — oo
a

1)1
(13.38) P{p= 102 ~ o L2 0e1)3 k)
31(30e1)e1) 0l

o r

These results can alio be obtained in the follouing manner. J3ince gl’ {p' jk}
J =

= probability that an ele—ent selected at random is oyclic, and this prcbability

approaches gero as r becomes large, it is clsar that P{p= jk} —+0 as r—»a.

Rpiting for simplisity ?{p-’jk‘l} -~ qsk*l’ we have



(13.39) Wy -5l

Piey i‘ . Z ?rlm. "-.-z'pl'“ Wr‘x‘l

® .
Consider tus fmotion y=h(x)= 2?3 %02 Yyeys Then
t X

(13.40) y = 8(x) = (2 + L)) = xg(y) , say.
It follows tuat

R n:(h-l):l
- 3!{3’ !i-l! 1)+1)! JE'L

the result obtained in (13.78). When § is large but 2till small relative %o r.
we have

x+ 4 |
k¢ nr\j z(\._..; 13 (-1)+1

FLLY
o
15
%
-

]
Qdy
Pj
‘_‘J

{

Y 1 (bl) Py 2
2w d-ikti-1 :j 2(3(!:-1)-*1.)J 2 (Jx11

w“_ae\
=>4 )

4. GCase of each elewent having st moct k rredecesscrs. Let J be the set of
transformations of X into X such that each element x€X has at most k iuediate
. piﬁdoeeuou vhers k 1s & given number. ¥or a given TE€EJ, 1et A; be the aet
ot.“o‘l“tl with exactly 4 immediate [redecessars (1+=0,1,2,...,kj, and 1let

13.1 be the set of slements of I such that m,-;, (§=2.2....,k). Clesrly’
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1 {1
(14.1) X=Uas=UB
1=0 i-1

Also, 11_31 is the nuaver of elemeats in ‘1’ then hi iz the numdber of elements
(14.2) th’zhi'n .
1=0 1=3
Let K% = (i:o.nli..e,ak) be a set of (k*l) integers satisfying (14.2). Then
(14.3) g-Ug
vl )

where _JR* is the set of all transformations rc! for which 'o-no"l-nl"“’\.k"k’
The number of transformations in '73* is

(14.4) §(K*) = (nunber of ways i which the sets A ,A,,...,A, can be chosen)
X (number of ways in which the sats B,,B,,...,D, can be chosen)
X 2 (nunber of transformations mapping B, onto A, aush that

i=1
sach element of A, has exaotly i predecessors)

Oz
. . (22)5 (5‘ !
(14.5) q(m) - n in-é o T r._i(ZnﬁiL_--(in_ )i .nj!- RIS e »
= 18- H

n!nl'....nkl(zl')nz..-(k!)n_k .
(o]

The totsl number of transformstions in J 1s given by 2. PR*). To
obtain the asynptotic velue of this sum as n becgmes large, :': proceed as
foliowst If we sprroximete n i by 42TTe n,- © apd take the logaritha of
P(¥*), we obtain
(14.6)  log q@(N*) = 22ogn!-~ (?)ue 27 - 12; (n, ¢ 32')1og n,

: x

- n, log(it)+ Z n, -
] 1=0



Since F* satiafies (14.2), i.e.,
k .3
= Zh -n
:L-_; AN
k k

<o
n, - 1[__:,2(1-1)131 » 3, "n- gsai

ua can w~ite

and

(4.7 log P(R*) = ‘P(nz,ag,...,nk) , 34F.

Neglecting the terms - log n, (10,1,...,k) and differentisting Y with
respect to n (3= 25+0.,k), Wo obtain B

(14.8) %—,‘3—{ = =(3-1)log n - {§-1)* § log n, * j~ log n,= log ji=1
3
J
= log (j—_;L—)
n n.j!
Also °o ) g
2 S
atw =1)(3-1) 11 _ S
(14.9) on,dn, - B, . By B

where Sﬁ-o it 143, Sij'l ir 1=94.
Let n?.of,...,n¥ be values of ByoByseeesbys reapoéfively, which meximize Y,
i.ee, of,m%,...,nf are a set of values satisfying the (k*1) equations

(14.10) o -'Sf (;.w"‘*):l (1=2,...5%) .

T¢ w111 be observed that (14.10) holds trivislly for § =0 and 1.
Let n* ~o(n and n§ =X Sn. Then

(14.11) uf - 5-35.-'1‘ (3=0,1,...,k)

Since



&
Mn’
e
E
M
uﬁFE.

§=0 1=1
wd have Tk 3
(422) 2 l=le .,y
=2 )
and

(14.22) | “'%&u .

It 13 sasy to see that the desired value of A is the single positive resl
root of (14.12), say, S%. The velue of g* decreeses a3 k increases, with
g N2 when k=2, and A*=1 when k= w. From (14.11) we obtain that

(14.14) ny = Al 2=l
- | 77 ey,
Lot
5%
N - ¥
(14.25) < (qu) ( a‘vla"rl
- 'ﬂ*»ﬁ'ﬂ'{v-wﬂ;ﬂi
(1& o L30001) 1,8°1,2, 00,k1 .
e “i 1*1
Toen s
ped-dZ. 2 ""”1"‘%1"‘1*1 2y
(14.16) (N )~ BBl :
@ (21e)? 'ﬁ' B o
120 L
and 1
at 2 .
(4.17) 2. qims) ~—RliB z fr
" @m¥2 Trat 2,1 e o
101 b1kl
-2 Z,-i ?—:—; qy4(ny,y-n8.y) ("1‘1‘“3«1;
X °® veo
1 Bye sty
-_—ntn 2igl 2
(a2 +-"1"2 1
4 ‘L.o 1 &e
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Iet ¥ ard p¢ denote the row veotore (1,2,000,x°1) and {2,3,...,X),
respectively, and let D be the (ke1) X (k=1) diagonal matrix

i
[ %
o

2 ...0

A o

D-\ N
\o o TE

1
Then ni
2 o —1-3 A atpel Iy p~l
e = 1+ &xp ¥D
(BE ’r n: ﬁ P
fal="!o 1 - p'l= | D}
= LT
-ty -Ap ¥DTTp 1. p'De
Iﬁ' {;{ ["3“‘1’ "1 )
: &
we 2 (§e1)%m 1(3-1)
. ° ym27 4 P R
"Tr é k k
1=0
27 3i-m nps 2, o
§=2 , j=2 9
k k N
-u‘jZ_; :(J~1)n3);|]; =
- Hence
(14.18) Zc’(n‘ ) T alo” k. m
) (zn’z_'_; :(1-1)n3)1/2m(ngu)

Froa (14.11), (14.12), and (14.13), ve have
t - o 4*J LS s, «@"k
(14.19) & 3(3-2)my = E 3(3-1) —%—,—" E f’d.n?;;."l%- = A 0= 73y

= n(e(12) ")
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5ince {14.19) is necedsarily positive, this yielde 1+ i_]'i as an upper bound

S
for B . Aloo |

3 'i k” ¢ at ! 1t ., a¥% Bra®_ )00
(14.20) \III 11) o \*P n) N - (uP n)y = g—-,ﬁ—-‘a—&'—

1-0 1°0 g
80 that
. ST s /%I ‘ a o %k
(14.22} L—sqim) - ]ﬁkg - 1'72 roy n ‘LU*I/Z o
™ Tn) Y (e (21) 7)Y B7-1"" (- (=i 8" (8 1)
correct to terms of within order 1/n.
- Y X
It is easy to see that the variables -2 , % Lgve a limiting

R L e

singular multivariate normsl distritation with expected values -2

.r: r ,‘00’
The non-aingular covariance matrix of the limiting distribution =f

22 '-‘:.

r Jd...’ _ 18

Vd
(4.22) 2_=Q1L- (8,

ik

o G s R (B V162 ’;"'1'_’1)
n nn n a

t=2
T - B8 s a3 1, Mol a‘i-xﬁ’*j \
- 1 M TEET - ¥
/ " 1

i (’y‘f — - (.mn'z - 1+ {4=220=1) ".2‘)
i VU aeitat I TY TR WSS ¥

n
It is olcar that the veriables ? , —_3,....:} sonverze stochastically to their
expected values.
%
When x=2, we have n o~ Byt -n-an, p "{?, and

w = § (A
(14.23) ot = ({2-1n
= § (2-VDa

with



n+ 3
g . A z
(rn)? 2 2
i B, -
correct to uithin teres of order 1/n. The asymptotic distribuiion of =& 1is

{n

norsal with expected valuss 3(2-Z){n and varfanse ——b——r .
2 2 (2 47)°

As bsZore, for any pair (x,T) let s demote the six-length of x and £
the oycle length. Also, let S be the set of elemenis in the six of Tx,
i.6., S*= (‘rx,‘rzx,...), and let s, be the number of elements ir SNA, (1=1,2,...,k),

Clesrly, Z s, ~s1l. Then
L%l

(14.25) P{a'r, L=qa<r,- 1,...,%-1']‘,:5 Ao,'r"‘l‘qx eai\n'}
* (mmber of ways in which the uets A ,A,,...,4, can be chosen)
X (number of ways in shich x can be chosen) X (numver of ways ja
whick 3 AA,,5NA,,...,804, oan be chosen) X (number of ways in
which the remai.ning elements of the sets Bl, ,....B. can be
chosen) X 2 (nuzber of ways in which the remaining predecessors

t=1

for the slements of 4, can be chosen from theae remaining

slenents of B.) X ﬁ(‘ﬁr

!.. '
- —ai . iy R sl C 3 Loz
3 2 . 55 i
no"l!'”“k! o Ve V50t -yk!(nk It s
ln-r)‘

] [C=A T yze(z(nz-yz))z...u-z) ((+=2)(»;=1))1(1(n -‘Vt))!...(k(n‘;vp)

(5 5) v.ﬂ(?(ﬁ))!u.((i-l)(nl l'yl ]))!((i-;)(” ‘”""“‘Ex”’xm

-9 v 1 -9, -V
22 23, (3u1)8 e ~1(,. ure gy 1 (1)t "kzn“ -

a.,
n 1!119..3‘ 934 ‘oook! ‘

n-at-n!

n e : k !t’t
- ;Q {o=£)t (x~22¢ (1-1)v -!T-

n! 14a3 Wia ‘UT
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It foilows that
(14.26) P{o'r, Ld=qq<r>, s - ‘i"""k X €L ll}

.\i::l!.(:i).l (1.1)-3; ‘h. 9 n‘. t)! .

Similarly, we £ias

(14.27) Piz'ra l"lo‘l< Ty 8" 1’0'0;\‘3 k,’ﬁ‘-,.”‘ oh’} »
%

e %) k 1"
.(n::).m:&l. Z(a-z)v -ﬁ: ;}:E(nt-v;)!

(14.28) PJls=r, l-'r,.l' (CLLTEL Yoy k,xt j,.17 O'I’}
] "’t

0% ey

n nt g1 t!(ut--v)s

so thst
(14.29) P{a-r,- z'q,q< r, 5" """k' ‘Vkll.}

<Y
1t
AL Z: (+-1) %, Tr ;:{zw

apd .
. ' %3
(14.30) P{,.’,z.r’.l. 1,00.,5'&"}
x 7
Lam)iea)s - 0t _
n n! iLf "(nfyi)gul '}’JE( o it

%o £ind the joint sarginal probsbility distribution of s and £, it 1s
necessary to sum {14.29) and (14.30) over all valuss of the %V, such that
0% ¥ ny, 171,2,..05k, 'Z;'. "’x r-1, apd %o take the acpssted value of
cach sum with respest to K. '!b obtain the saymptotio value of P{s=x, £=q,q< r}

we replace eech factori\l in (14.29) t the first tern or ite Stirli.ng'
appreximation and consider the logarithm of the runlting cp!euioa as s
mum ot'vz’ilo,vk’ m .
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PN
54
L
R4
W
e
e

{000 '.‘v'k) = (a——”‘ Yog{n=rel)+ (r-—;mx(f-l‘--'ﬁ- —-)leg n

-(51)10g 277+ 1og( i’z(m)v ) ﬁl(ut 1)10g n,
* tz:*l 7, log t~ t‘?i( Vy* 3108 % - ,'_Zl"‘t’ Y+ Dloglag- )

k
Neglecting the terns 108(122(1.1) ‘Vi), -‘;‘log ¥, and -% log(n,- Vt) which
are relatively very =mall as n becomes large, and differentisting g =4
reapect to ‘/1,_ 1=2,.0.5k, 5o obtain

(14.32) -2£ = 108 i-1log ¥, + log ¥, - log(n,= ¥, )=log(ay= V)

39,
1Y (n,~v,)
= log(—*—L—*-. ) B
Vylny=?y
22 3 Y
—--3.—‘— » o —u - n—u-
(14.33) 55,99, Y, 5, "1 ni-v < ln,--yii nl- "1
Let 3’;,1’;,...,1’ be the values of 1’ 1’2,... V,, Fespectively,
satisfying the ¥k asnations
1=1
~2£ -9 1=2, ...k
071 3 t 4 t 4
From {14.32) we have .
in VY
(14.34) o - = .
n,*(1-1) Y,
It will bs cbserved that (M.34) 1s setisfied trivielly when i=i.

Let
o’.\

35) Q- - ( = 2%
(u (% ) 371.13 'V’.l

72
s l( S840y LD \
2 ¥yia= )

V; ....vk-f)

1,§=1,2,.0.5k~1.

\ Pie1(nger® ¥50y)
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. . 21(1-1) -5) | x
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(14.35) P{l-r, Le=q,q<zis” ‘vm -L.Z.;._.__. " t=2

However, as n becomes large, t t(t-1) —“ converges in probability
(k-’b-l)p ) a0 that
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