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THE MDTIOH OP A FLOATIHG SPHERE IE SURFACE EkVES 

by 

R. C. MacCaay 

Introduotionr 

In a reoent report^1', the author has considered some approximate 
solutions tö the problem of a freely floating olreular cylinder in surfaoe 
gravity waxes, HM  object of the present report is the treatment of the analo- 
gous problem for a semi-immersed sphere» 

The general problem of floating obstacles has been treated in detail 
by Frits Johnl2'. The results, however, while establishing the uniqueness 
and exietenoe of solutions, are oast in terms of integral equations which in 
the three dimensional ease posssess infinite kernels. This being the ca.se, at- 
tempts to obtain numerical solutions along these lines -ould SSSü to prssent 
formidable problems« 

An explicit solution in the case of a semi-immersed sphere is obtained 
in this report by a generalisation of the method of separation of variables. 
The method is based on the procedure used by TJrsell"^ in the case of tue 
circular cylinder. In order to satisfy all boundary conditions and obtain the 
correct behavior at infinity, the velocity potential is taken as a superposi- 
tion of that due to a point source and an infinite series of non-orthogonal 
harmonic function»« To obtain the motion of a freely floating sphere we ft-«t 
solve the problem of determining the motion prc>d'«?*d by forced oeolllation. A 
correction term is then added to account for the incident wave, and a solu- 
tion is obtained whivu öcat&ins, as unknowns, the amplitude and phase of the 
motion of the sphere. *h«se luantities may be fixed by means of the equations 
of motion« 

Some remarks on the convergence of the series are made and it is 
established that the series in the forced oscillation problem converges, 
provided the frequency of motion is sufficiently small, the proof yielding 
at the same time an alternative method for the calculation of the coefficients 
in the expansion« 

Some numerical work is underway, but due to the limited computing 
facilities available, is progressing slowly. In view of the suooess of the 
methods in the report on the cylinder, it woulu. u* expected that the tech- 
nique should lead to fairly aoourate results« 

1. Formulation of the Problemt 

We suppose an incompressible, non-vlsoc. fluid, of infinit? depth, 
tu fill the region y>o in its undisturbed state.  *he x-x plane is then 
to coincide with the free surfaoe. We suppose further that in the absenoe of 
any obstacles the motion of the fluid is that of a two-dimensional, sinusoidal, 

* lumbers in parentheses refer to References at end of paper. 
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grarity ware of frequency er •    It now & rigid sphere, of radius, a, i» intro- 
duood *nto the fro« surfaoe, it «ill HOT« under the sotion of the inooming 
wares. In its equilibrium position th* sphere is to t* swsl-iagnersed with its 
e*»ter at the origin«  &e motions are assumed to be small and perlodio wi^h 
frequency <r   • 

m complete determination of the motion is possible if one suooeeds 
in finding th* Telooity potential, e' (xey,«,t) , which is a function, 
harmonic in the domain of the fluid and satisfying oert&in boundary oonditions* 
The suriaes »i*ratio,i abore y i 0, r( (x,s,t), apd the pressure p (x,y,£,t) 
are obtained from 4 by means of the equations, 

-1- » HI,.. (>•») 

the assumption of sinusoidal time rariation means we may take, 

f  (x,y,s,t) - Re (W(x,y,s) e"19"*) (1.3) 

where, within the framework of small motions W satisfies, 

f« +• *yy*WM » 0 in fluid (1.4) 

Wy+ IW « 0 on free surfaoe,   I = <rl/g (1»8) 

In addition, if ra is the normal Telooity of the sphere, 

{* z rn on x2 + y2 4- «2 . a2 (1,6) 

To deal with <the problem of the freely floating sphere, we hare 
first to solre an auxiliary problem in whieh 1»e sphere mores with a foreed 
rertioal osoillation of frequeney, <r , in a fluid initially at rest. Intro- 
duolng spherieal co-ordinates (p , a , % ), 

£ 2 » x2 +- y2 + i2 ;  6 m tan"1 Tj     **% X = t*1*-1 */x» 

and letting, 

f s Y x -A'°"* •***} 

represent the rertioal motion of the sphere, oondition (1*6) becomes, 

This auxiliary problem is not yet completely formulated. &inoe we 
are concerned with an infinite region it is necessary 4b specify oonditions at 
infinity* One can show by a simple argument inrolring energy eonserraticn that 
the ware motion due to a bounded obstacle should decay like  (xz+ s2)"*1'2 if «aye motion due to a bounded obstacle should decay like  (x"+ i") *'" as 
t*•*• s \  tesds to infinity along the free suri 

»orreotly formulated probl« 
(x -K$x) tesds to infinity along the free surface* mbreorer the work cf Frit* 
johnv2^ shc«i that this oondition leads to a eorreotly formulated pro 
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that is, there is 0x10 and only on« solution« We thus prescribe the further con- 
dition, 

• s 0 ( f'1/2)   *« x2-»- *2—»°° »i*k bounded y (l«7) 

The problem of the forced osoillation of a sphere involves symmetry 
about th« y-«.xis.    It is oonveniest in numerical work to make use of this 
symmetry in the introduction of tiro stream function V(x,y.s).     If rc s x  •+• s  , 
7 it related tc W by 

Lv  =  . „  dw *¥   -   *  i* (1-3) 

In terms of V,  the oonditicn (1.6') becomes, 

V *   ^    A<r70  *
2AA*    c os    a 0 (1,6") 

Once the foreed osoillation problem has been solved, one may proceed 
to the ease of the freely floating sphere.  ?he relooity potential of the 
incident plane ware is 

Wl"  = A*-K*.*XK* (1-9) 

where i is t constant*  We assume the motion of th« sphere tc be of the form, 

/ * J. 4       , where T0 and oc are to be determined« We denote by 

^'F the solution of the corresponding foroed osoillation problem and suppose 
the total relooity potential to be given by, 

whsrs W      is chosen so as to satisfy, 

J7 «- J7      °*     f * * sl,10) 

from the resulting solution 'f( and * may be determined from the equations of 
motion. 

The results of our analysis will be a determination of a wave function, 
W, satisfying the correct boundary conditions and behaving properly at infinity« 
The question of uniqueness, however, remains partially open, since the work of 
Frits John assures a unique solution to the problem of the freely floating sphere 
only under the condition   **• <    3/2 

2» Formal 8olutiont 

• discussion of the functions involved in the solution to our problem 
is given in Appendix I. It is shown that in order to find * potential satisfy- 
ing equations (1«4), (1.5), (1.6»') and (1.7) one is led to a superposition of 
characteristic functions , 

w**      ^Xn     IX    Tel      * • '' 2'       (2ol) 
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(2.2) 

vhore the PJs are Legeadre polynomials, and the potential £ V* , due to a 
point eouree of strength, S,  at the origin. 

whsra 

The corresponding stream functions are, 

V,, -    *fe«/co*c») - c»i g P^(co<s) ^   Purco5g)-cota   ^»fc.csg) (2.3) 

V/S^n2^^>,   +   aJy.^.tcM  nny^et (2.4) 
Tfc •- K 

with    k,<o-/0 * -  g* «,fxTA) „    For th« stream f-motion, V,of the forced 
osoillation prcblem we take, 

V/s  ,V/.    £   *** V2m(p, *)**'* (2a5) 

The constant, S, ean be related to .'??«, the wave amplitude at in- 
finity. From equation (1*1) together with the asymptotic expression for the 
Eankel functions, we find for the wares produoed by the source, S w#*  , 

«u •  2-p" VZ-TKA 

(2.S) 

Substituting the series (2.5) into aquation (1.6") gives, 
•» 

F   co*    25    =     V,*U,al   •    £   A*<* ^W*/»^ *2/" (2o7j 

where F is independent of     9      .    F is determined by setting   <* * ~/g , 

F-~ *<«W * Z>.« £=; *-«•> (M, 
and may be eliminated between (2.7) and (2.8) to giro, ! 

i 

yM^-fcMi^lli.^^^pO'Mm^f'^-^l.l-^lcoJ^J}   (2o9) 

The procedure now is to determine any desired number of the A?* by 
a numorioal process. Such a process inrolring solution of linear equations by 
an interation process is contained in the construction used in the next section to 



verify the convergence of the solution. However, a more oonvenieat prooess 
is that of least squares since it leads to aymmetrio matrices with a cor- 
responding decrease in the numerical work. It Might be remarked that the 
rather cumbersome nature of the fgm fs is a consequence of the faet that we do 
not know, a priori, the -value of S and it must be eliminated in the computa- 
tions. 

Onoe the A £/^  's are determined, we oan find P from Equation (2.7), 
and comparison with equation (1.6") yields, 

X. • nVf '"•*• TTT VT      *= *'§  * (2.10) 

for the motion of the sphere, we have 

*  -    F^ (2.11) 

Making use of Equation »   .2) to doi«ralüd the pressure we oan also 
oompute the vertical foroe on the sphere in the form, 

*,,(*) * 2«* I b'«i*>*') «ostf t*»9d9 »-2A( |«"A      ft»J Wfo,«) JIK9 cos«    ct « 

•-•^nr S*  M("^"f' (2.U) 

Comparing equations (2.11) and (2.12) we may rewrite the foroe as, 

*«i - i f, *{ «ilil'J *g + t ft r.» { I^lMT,, g        (8.u, 

with bsrs denoting oomplex conjugates. This latter form is -fee familiar 
decomposition of the foroe into a term involving a virtual mass times ac- 
celeration, and a damping faotor tim*s velocity. 

Having considered the forced os dilation problem, we may turn to the 
notion of a freely floating sphere. We note that in the above solution 
M m    ** TmA    v..    -     1— -—1 -J_.     -m   yfm,     f -J _. -    —      IV  - J     J_1 -1- - _ . t\     ),l. .  _ 1_/  - .- 
.. ——    *._._~«.     «j.     »    •jiutA.ujs     -*    *»>•     yt»^*4*»v    av    JU.«MiU«u     wt«     (/uaae     Ui      Uta     PK*yu    MUklUal 

at infinity). In order to obtain the potential for an arbitrary phase, <* , 
which is needed in order to prooeed as outlined in Seotion 1, we replaoe t by 
t + t^£ in the previous result. *he corresponding W will be denoted by w^' 
and, 

where   W is the solution obtained above. 



6. 

Our task,  then,  is to find a function,  W00 ,   satisfying equations 
(1.4) and(1.5) as well as aquation (1.6) with   ^ = - J-!£^   .     Uie notion 
is no longer symmetric with respect to ;L   aad requires more general functions. 

V/2"*«   {  pg» fco»8) K        ift^iii££fl? e-***>x 

w«t -l^päT? *A,t<,«*i"e«**'"-» *-•.*,•-   »  -«».•.. •*    (2a4) 

the   P^(cos^)  being associated Legendre functions» 

With y * a cos 5     •    x«    fl    sin Ö      cos X » «* have from equation (1.9) 

-•• x fcos $ Jinfxftjit'iicosx)   - sind ces^c*Sf«^sintf f«sX")Jj 

*-M 4"lcftCo,5f ft<K4,a,;cl + -iT(Kft1S.X)]. (2.iR) 

How & and I are even functions of X    with respect to 7-   • 0, hence each 
will have an expansion in {^e^V with JL ***• replaced by cos A*. • 
Moreover, R aad I are even and odd respectively with respect to X * "Vk   * 
henoe we take, 

(2.16; 

^«•••»•Wa^k). £ t, Ag^fil-CV«-»«)- ?^U^>0,8)} «•• *~*   (2.17) 

with 

*-«-«ir<«^«>.£ f.|0«.».C/...»'-^^-tCV...)} ... o»-.,x   («.is) 

The dependenoe on %.   in equations (2.17) and (2.18) aay be eliminated 
by aaking use of the orthogonality of the oos er*\ /    to write. 

*u ««m^i 

(2.19) 



=  ± A'Kt'COS * J  KK*,^*) COS   fZ^-.U Ä7C      r   Ag^.fK^.eV 

(2,20) 

for s ~ 0,  I, 2,  ..o. in (2.19),       1,  2,  3,  .... in (2.fc0)      Finally we may 
Bake ««a of the identities, 

\\ I  5«n  ^«   C0S%)   cos  ft^DX^   s   f-  ^-•V~"'T f 

to carry cut the integrations for the functions k^(\cA%B V 

Az~. - (~'***•*•"**eo**\t«oss^^fs**tnsi +• s^(j r^*V'KaS,*5)~Je~-(K*s,n60} (2.21) 

*«<*-,* M**"K*eaS*faco««^_/*ftS!«S> ^1t«[^J8
l<ft$"r,*,-^fW5'«S»]]:     (2.22) 

de determination of vs/^ is thus reduced to a numerical process which is 
analogous to that used in finding w^>. Once w'*v is computed the Tertioal foroe 
on the sphere may be found from, 

.*% zv 
Fy,<*\  •* -xc-p<j A* J  f (W«V ^ «.v/°) %i« » c«5 0 4TL * * (2.25) 

The dynamio equation of motion, 

f *f **' S?  * Vfl  ^   * s rv'*> (2.24) 

will then yield two equations, by equating real and imaginary parts, for the 
determination of   ic    and    <x       • 

S.    ConTergenoe of the formal Solutions» 

The aim of this seotion is to obtain some results oonoerning the conrerg- 
enoe of the infinite series'used to oonstruot solutions in Section 2.    The analy- 
»ii «xll I/o iiiAiiä ulLlum Lol^  Lu icti. on ««11 knowQ rs.-ii.» in  uh» theory oi  ex- 
pansions in series of Legendr« funotions,      however oert&in manipulations must be 
performed bsfore one is in a position to invoice these results»    We will deal only 
with the forced oscillation problem.    Although similar procedures should carry 
through for the freely floating sphere« 

Before proceeding we wish to make plausible the type of expansion that 
was adopted in Seotion 2.    For this purpose we consider the two simplified problems 
which arise when one lots    or     b^ooze infinitely large or small»    The free  surface 
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condition (1*5) may then be roplaced by the stapler conditions 1=0,  and Wy * 0P 
rsspsotively.    In addition the conditions  (1*7) nay be deleted and it suffices to 
demand that T be regular  (i.e., vanishing like l/p ) at infinity.    Consideration 
of formula (1.6) of Appendix I show« that l£-> 0 as    <r —» «o      ,    and       W0*-» £ 
as   <r —»      0.    Moreover, we hare, 

i »z -*  -   *'««"» as       <r -^ ~ (3.1) 

WrA_>        **•"•'/> a, <r^0 (3o2) 

low it is possible to solve the two limiting problems by standard methods 
of separation of -variables. For the oase I • 0 on the free surface, the solution 
involves a constant times the dipole potential, Pt<<.»s*)/p  , which will fit the 
limiting form of our expansion.  Similarly for the oase Wy = 0, we can fit any 
given function over the immersed surface of the sphere with an infinite series of 
even indexed Legendre polynomials. Here again the leading term is provided by W0* 
and the further terms byW£+ '8. 

These remarks indioate also how the speed of convergence should depend 
on r-   . •  For the cars of large <r , the leading term above should be nearly 
adequate. If, on the ether hand the calculations for the oase <*"•• 0 are carried 
out, it is found that the coefficients of the P^ftoss«) are of order n~5/2 so 
that the convergence is slow.  Our method will yield a proof of convergence only 
under the assumption of small <T which, however, from the above discussion will 
be the oase likely to give difficulty. 

• precise statement of the main goal of this section is the following; 

Theoremr   If +(»)* A«»$tf where k is a constant, there exist oonstants 8, ki,  A4,.« 

suoh that the series, 

has the property 

the convergence of the infinite series being uniform and absolute in e & 0£ -n/.    • 

Suppose first that equation (3.3) hclds<>  ?» obtain, thenf by setting 
© • 0, 

£ - ^^ii^ * - f A^[(EmtOPMM.KftP{M./i^ (3.*) 

Sinoe Fn(l) - 1 for all n we obtain by subtracting equations (3.3) ana (3*4)« 

Wo should remark at this point that the series (2.7) is obtained from (3*3) by 
integration so that the uniform convergence of the latter implies oonvergenoe of 
the former. 
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Now the left hand member of equation (3.5) ie a function, continuous 
in 0 £   &  * TT/£   t  and vanishing on 9 'S 0. As suoh it oanbe extended across 
0 s    TT/2 as an even function of 6  , to define a new function, continuous with, 
a pieoe-wise continuous first derivative in  o £. o> a. ir  . It «ill have, then, 
an expansion of the form, 

and, 

O, * - Z" *»**• (3,6) 
(»Kai 

If the series on -fee right converges uniformly, it defines a function with the same 
properties, and hence will possess a similar expansion, 

*•* 

«so 

where the *-t^ 's satisfy (3.6). If equality holds we have neoessarily dB^=-^r^ 
for m x lt  2, ... and therefore also aG = b-r 

The proof of our theorem oonsists in giving a method of construction 
of a sequence I ^j«] for which the series does converge, and 4~|ivn

s aimfor m :: 1, 2.. 
We make use of the formula. 

J p»»^CeS5)l*v.f cos «) '.if,9  <*8       if^c/w
1;    so if n/n« and n-n» is even 

. r-,f-*'"Vfc   «.'.*»'',  if n - n« is odd. 

a.  even, n' odd. 

Then if equation (3.5) holds, 

2'           - • ~ 
      /     A-    f2/yv+.i - ic a) 

mas * ftw-^tiJ^ + S-nl^lr^-O1,8 (3.7) 

and our problem is to establish the existeaoe of a solution of these equations. 

In order to proceed we interpret equations (3.7) as a single vector equa- 
tion. Denote by x° **A    x  the infinite dimensional vöötürö baving «£/m, and 

A•**"*"'" %**»•••> as components, i.e., x*= fl£,*l,'~')  ,*Z  c a,^ j A.-fx,,^ . . - », 

*m=A  Sp±J  Further, by P <">?V  denote the matrix. 

"*"**•      ,2 
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and then tue equations (3.7) beoome, 

(3.7«) 

Consider now the set of all infinite dimensional veotors, x , 
satisfying the condition, 

Oft 

**-• 

This set fonus a linear,  normed vector  spaoa i,  which, with respect to the norm 
defined in (3.8),  is complete,  i.e.,  is a Eanach spaoe.     By this we me*n that if 

f x* V        is a sequenoe of vectors of X,     satisfying    nx*,-,»*He   as    <*««."-<8> 

there exists a vector T ,  also in X,  such that     -^s«.   " * -**Mt = o. Prom 
equation (3.5) the vector x°   defined by the   Äe^_   's is  contained in X,  and we 
prooeed to show that equation (3.7f) has a solution 

Leunat        If B is a Banaoh space,  and P is an operator on B satisfying a Lipsohitx 
condition, 

KF fx*k - F <^UI  *   M «3? -^ U o <   #* < I (3.9) 

then the equation (3.7»)»  tor    ^'e 8 , has a unique solution    S" • e 

Rroofi Tefine the sequence     {"S^V   as follows, 

x« e   x«    ,    x'3xV Fey»),  **«*•.». Ff*M, • ' •   S"4,i Ji'tP^*),- • • 

y' - x " *      F CffO. 

S*-  Ä'    =      F^'l-CiÄM /,     || x»- X' II    <MfrFfJc^ll 

*' — S1  «     FfJTVFfx') ''.     «Xs- X*H 6 M<ix*-x'l|  C   Me 1'Ff*»)/! 

x~- Ä*"' *  Ff*~-') - PVx"*-«) .'.   nx^-*^"lM < M~~' iiFrx*^ll 

To I« ** > 

X~-x~    =   F<x~"')  - F^^"') * [><*m")- F<PX*-*,0 + CP^X^-D -Ft X*"')] 
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4  M*** F(Ä»>    , _M 

.*. H**- X ""Ml —> 0 AS  WA,*% —% ee 

Henoe there exists x" suoh that r» x"*»• ~ x it —* o as a —» «o *   Moreover 

from the Lipschit? eondition we Immadiataly infer   FfÄi + x'sx   , 
well as the uniqueness of the solution« 

In order to enter the form of the lexnna we must verify that the 
matrix  "**,*  satisfier the Lipschitr condition. We hare, 

We make use of the numerical series, 

Z •."»'      -J 1 - , 

and estimate as follows« 

 2 2^ ;        < j_  5-   2/*^ '.       , 

<  -r- 

as 

(3.10) 

2 t*ffM*lW. f«-0 J 

7       *~s —   * j. f       Lm   —     *• J. rx - 0 

Prom (3.10) we obtain, then, 

. 1- »   —   ^ 

 ' ••a"' * {z - " L 4  ,E -" J-" a- (3.11) 

It follows that the Lipsohitz condition (5.9) is satisfied for, 

f L f. - 1   * J 
or approximately,  K ^ < 2 
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He conclude, therefore» that the equations (3.7) possess a solution, 
A2* ^4» * * • 8Uoh that 

It follows that the series in the right hand member of equation (s.4) converges 
and we use that equation to define the constant S. Moreover 'the *% m.     's 
here been determined so that equation (3.5) holds and by multipiyiug, (C.-i) u^ 
oos *  and adding to (3.5) we deduce that equation (3.3) holds.  This completes the 
proof of the theorem, for sufficiently small fc a. • . 

Summaryr 

• solution to the problem of a freely floating semi-imaersed sphere is 
obtained in a form whioh admits of numerical calculations.  The solution con- 
sists of fitting an infinite series of non-orthogcns.1 functions to a given 
boundary condition on a portion of the sphere* Some estimates are made regarding 
convergence and some affirmative results in tills direction are obtained. 

Once the numerical calculations of the coefficients are o&rrisd cut 
certain quantities of physical interest may be obtained, e.g.,the wave motion 
at large distances from a sphere moving with foroed sinusoidal os dilations, and 
the virtual mass and damping factors for a freely floating sphere. 

As in the previous report on the oylinder, certain approximate results 
ined for the sphere.  One could, for example, solve the simpler 

problems in which the free surface condition is replaced by W * 0» Wy - 0 
corresponding to large and small frequencies. Also a eombination technique oould be 
used in which one neglects the diffraction effeot for small frequencies using only 
the potential of the foroed oscillation problem, and the simplified condition W • 0 
for large frequencies. 

The simplified problems oan be solved by means of Green's functions vhich 
oan be expressed as souroe systems. We have not included these results for 
two reasons. First, the solution obtained in this report seems to be complete in 
itself without the necessity of appealing to approximations. Seoond, these 
problems lend themselves to variational techniques whioh enable one to determine 
the changes in the Green's functions with small changes in the shape of the obstacle. 
It is the author's hope to discuss this approach to the problem elsewhere» 
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APPENDIX I. 
WIVE FÜBCTIOMS. 

1« Characteristic functionst 

Wa are concerned with the determination of certain function», vrhioh we oall 
wave functions, which will permit the construction of a velooity potential satis- 
fying elation* (1.4), (1.5), (1.6) and (1.7). As a first step w* indboduce char- 
acteristic functions which satisfy the first two of these equations.  These arise 
in a natural way if one attempts a solution by separation of variables. Consider 
the functions, 

**?""   1 -girr-   £TiU» *•>»   r      *m.~ •,**•••»«,.••*-. 

where P£" • z o s *)   arc associated Legendre functions.  These functions are harmonic 
in   ? "> o'   * and we proceed to show that they satisfy the froe surf&oe condition 
(1.5) 

e. 

BO that   P2T C ° ) is xero if n m is odd. Similarly from the reoursion formula 

**    ln«e 
we infer that        —--— IsOifa-nis even,     using these results 

A x 

It is apparent that a series of the  */££* will never be adequate for our 
problem sinoe such a series would vanish at least like Q~I    for large /•• , 
oontradioting the condition (1.7).  To eliuiaate this difficulty, we introduce a 
"source" solution which will satisfy equations »1,4) and (1.5) and also behave 
properly at infinity. 

2. Source Solutiong 

To obtain the desired solution we sclve equation (1.4) when a point source 
is admitted »t (    x', y', i')»  that is, we soek W* (x, y, z, x«, y\ *') 
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satisfying 

w& «• w^ • w/ft   « - J<*-»»)  *<-j--g') *<•*-*') (Io2) 

«here the right hand aide represent« a produet of delta functions.    We assume 
initially that the source point is (o, y',  o)  so that 1* will be independent or 

&   •       equation   (l»2)  beooaes, 

Applying the Sftnkel transform, 

yields, 

^ - \>2* - - *<>-*•> j;r.) -. - jcv v> (I.s) 

Equation (1.3)  is an ordinary differential equation for w(p,y) wnion may be solved 
by application of Fourier transforms»     Ihe resulting solution is 

The boundedness of tr as y  —»<»  and the boundary condition  (1«5), yield, 

^Cj.,^)=   -1- | £JL£ A-^*V> + ^-r'n-V J (1.4) 

The transform w(p,y)  is regular in - wt/j> ~^2r£ f> < /£ except for a 
simple pole at p » K.    *he oholoe of a oontour for the inversion integral is 
dictated by the behavior ire «ant at infinity»    We ohoose a oontour»  e,  whioh con- 
sists of the positive real axis exoept for a small semi-oirole in the lower half- 
plane, about the point p • K.       Tnen» 

(lo5) 

c 
using the identity. 

r * * 

w 

and replacing n.r by /«..x^V^-V)': w* obtain finally* 

w*<*^>*,x',v, *') - T^- r^ 4->f^,»Mj,(ho«(i     (i.6) 
C   r 

where  R8 s (*-*')* +• («j-^o»+ f» - t')' 

The function W* is thus seen to be identioal with the Green's function ob- 
tained by Fritz John(2). It is interesting to note, in passing« that it may be 
found by a method used by Kennard(*) in the case of two-dimensional motion» In 
this procedure one first oonsiders the simplified boundary condition, W - 0 on 
free surface, y * 0, and treats the resulting problem as an initial elevation. 
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It can be seen by direot differentiation that W* satisfied equation (1.4) 
and (1.5).  In ordor to demonstrate that it also satisfied oondition (1.7) we make 
a transformation which at the same time yields a form more amenable to numerical 
computations• from equation (1*6) we oan write, 

where H("   is the Hankel function of the first kind.  Again, 

_ C i.» ^ a. 

where  c   is the image of C  in the real axis. Sire«  H^"C*)=. o f ^r" ) 

for large  I % |   »we oan move the contour of integration to the positive im- 
aginary axis and obtain, 

n 

«hs?s  Koi'i). ^"~ KjV-tij is a queatity which is real for real t    ,    finally 
we use the identity, 

/- «\ 
2:   VSJ71T* VX"' 

to write, 

where ^'s^-x1)^ -t-'^-^')* ^ (» - B •)*, How ^TA') = OU
1"'1) for large r, 

and henoe we see from (1.8) that, 

W*s Ex V^IS Jt-"
cl*r>JL*r,,A*%> 4- Of-i) as  * -*~,y bounded. 

Some further ateps toward numerical computations are given in Appendix II 
where it is also shown that the apparent singularity in equation (1.8) vanishes by 
subtraction. 

5. Axially Symmetrlo Motion» 

Suppose the motion is independent of X. It is then permissible to 
introduce the stream function, defined by 

The stream function »••*   corresponding tn w ** , with x'**'so is given by, 
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T, C p*) ol j» 
(I.10) 

as may be verified on noting that, 

^Aj.CfOl^fT.^A) i       fj,(fA)5^Tf^ 

me integral term in equation  (1*10) may be man5.pulated as before to yield, 

r-*^') A. K, ff/O  ^ T 

./\ KtfT/i)«<T 

where ^|f«> •» - ^ W, f*l! "i.     .  The first integral may be evaluated by 

noting that, A.  K, frn)  is - J~ ^»CtAl , integrating by parts, and using the identity, 

(1.7), quoted before,, we obtain, 

,»,-<X=M±.    -    fyit        + ,,.*»*-«»»»•> K-f«Av 
Vo'^-i-V*     v^TTT^Ty)* 

•n tc. ^TA") ^T 

(1,11) 

Since the motion is to be independent of Ji the only character!stio functions 
to be considered are, 

Ihe associated stream functions are. 

V?A S       p<.fc-fc'>S^^  - cos5   P£fcCc o s &V 'e*a     -« mr 
Pt4l(ce$6) -cos» Pt^-fcosfil     (I#12) 

To see this we note that in spherical co-ordinates the equation  (1*9) reduces to, 

1   &V m    <?W 

and using the identities, 

^    -    <5.rvA     >w 

a><9 
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it may be verified that ve..x and ^iV satisfy these equations, 

1ha introduotion of the stream function V proves a convenience in solving 
the forced oscillation problem of Seotion 2, since it eliminates the necessity 
of numerisally computing derivatives of W*.  The results of the last three 
seotions lead one to choose as the stream function for this problem. 

i 

where VQ* is the stream function for a source at the origin.  Tho origin is again 
chosen as a numerical convenience since it 3l:.ghtly simplifies the computations* 

APPENDIX II 

AIDS TO NUMERICAL COMPUTATIONS 

Numerical work based on this report requires computations with the two 
functions, 

*.%^-9*~*"^<<*«~vf*"%zi-K:
ct''r***.«*>*, (n.2) 

In this form the calculations are lengthy because of the occurrence of the trig- 
onometric functions in the integrand and the infinite range of integration.     By 
suitable manipulations it is possible to reduce these expressions so that they 
involve only finite intergals with monotonic integrands. 

For     w*j   sfi»e need the two integrals, 

Mft 

r   _      [   -uf m ot«** 
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Uow 

and we can w.."ite, 

r-             ,         ^    *   *»*.**rf-^4l ft*  ** 

*   i  VJHT /      ^ T T L ^ ß*** 

S.lf* fs.nM^O    +*'^^^ 

Fro» the identities. 

it follows that, 

-.<*   (^ m   *** 

Moreover, 

-     --%* 

A        A/ .  .. 

where      S6C»)     is the Struve function of order 0.    Henae we obtain, 

W « - K a» C oS 

As» 

[ SefKa S. A*)  • T,'«* «IAO)"] 

(II.3) 
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For  small x, 

Ypfs")'^ - il X»* * where    y*     is Buler's oonstant.    In 

addition the integral in (11*3) oeases to oonverge   as     5   —»   o       •    ttence 
the formula oeaers to be of use at    *    =0.     It is most convenient to study 
W0* for small     &       , by means of the original equation (II.1).     If we repiaoe 

Kofry'y  by its asymptotic estimate,    JU+    £-       in (II. 1) and make use of the 

formulae, 

where       £w? \   ,       £ f T } *r6 exponential integral functions  (see Jahnke 
(EL \ ^* 

and Bade      ), we obtain, 

«• 

T  j      Tfc»i?i      «Vr*» <*r     ^ 4 i< ji    ' « «^ r A 

-   4j 

The limiting value of  ^«#/-e A is, therefore, 

Similar calculations can be carried out on the integral in equation 
(II.2) and lead to, 

4g  f tciin^-T*»«-».^                                                      .„*««*/.•*/,„„,* 
w   i.    — ;. AK/T/VWT   * 2 cos« -jt /    ^ - 

fst^+O-ft 

K* s r hP + irj<fl.«!rv© A~K* [ Y,(KA$,ne)   -   VK* S in« ^  *    £ ] (II.5) 

-l.-.-.-.    v» jt  _     a.»   _     (1J      A 4.1 ._     _i»     __J__     •» __ J 
Tii^io     U#T       J.O      l/II»      JWUV5      1U1IUI/1UU     Ul       IUUQI        X.      B11U 

vr f*.ff/t^ « - ir K«. L   VkfeW S,fi<<0 -  i J •» e-^ Kiv-i J,fKA). (li;6) 
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