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Introduotiong

“\*

In & recent report(‘), the author has considered some approximate
solutions tc the problem of a freely floating ciroular oylinder in surfaoe
gravity waves. The objisct of the present report is the treatment of the analo-
gous problem for & semi-immersed sphere.

The gzngral problez of floating obstacles hes been treated in detail
by Frits John 2), The results, however, while establishing the unigueness

and existenoe of solutions, sre cast in terms of integral equations whioch in
the three dimensioral sase posssess infinite kernels. This baing the cuse, at-
te=r%s to »btain numerical solutions along these lines woulld ssam o prsszexnt
formidsble problems.

An explieit solution in the oase of a 3emi-immersed sphere is obtained
in this report by & generalization of the method of separaticz of variables.
The method is based or the procedure used by Ursell 5) in the case of iue
oirsular oylinder. In order to satisfy all boundary oonditions and obtain the
sorrect hehavior at infinity, the velocity potential is taken as a superposi-
tion of that due to a point rouree and an iufinite series of non-orthogonal
harmonio funotions. To sb%ain the motion of & freely floating sphere we fivst
solve the problem of determining the motion prudnazd by forced oscillation. A
oorrection term is then addecd to acocount for the inocident wave, and a solu-
tion is obtained which sontains, as unknowns, the amplitude and phase of the
motion of the sphers. JThese quantitise may be fixed by means of the equaticus
of motion.

Some remarks on the convergense of the serics are made and it is
est=blished that the sesries in the foroed oscillation problem oonverges,
provided the frequenoy of motion is sufficiently small, the proof yielding
at the same time sn salternative method for the celoulatici of the coefficients
in the expansion.

Some numeriocal work is underway, but due to the limited computing
fancilities awailable, is progressing slowly. In view of the sucoess of the
methods in the report on the oyiinder, iv woulid Le expscicld that the teoh-
nigue should lead to fairly acourate results.

1le Pormulation of the Problem;

We suppose an inoompreszible, non-visocus 21luid; of infinits depth,
tu £411 the region y>o0 4in 1ts undisturbed stute. The x-z plane is then
to soinocide with the free surface. We suppose further that in the absenoce of
any obstacles the motiocn of the fluid is that of & two-dimensionml, sinusoidal,

* Jumbers in parenthesss refusr to References at end of paper.
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gavity wave of frequenoy o— o If now a rigid sphere, of radiue, a, is intro-
duced %ato ike free siwrface, it will move under the sotion of the incoming
waves., In its equilibrium posiiton tav sphers is to s zexi-lmmersed with iis
osater at the origin. The motions are assumed {o be amall and pericdio wish
froguensy o= e

A o~mplete determination of the motion is possible if one sucoceeds
ip 2inding ths veloocity potentisl, § (x.y,z,t) , which is & funotion,
harmoniec in the camain of the fluid anrd satisfying oert=in boundery conditions.
The swi{ecs elevation above y = 0, 7 (x,s,t), awd the pressure p (x,y,£,t)
are obtained from § by meens of the equations,

- L 3
')1 - % ox | »\3, = 6 (] 01)
- 24 | .
P=¢3 5% (1.2)
The assumption of sinusoidsl time variation means we may take,
§ (x,7,5,%) = Re (W(x,y,8) ¢ %) (1.3)
where, within the framework of small motions W satisfies,
Wex + I,7+I“ 2 0 in fluid (1.4)
Wy+ KW = 0 on free surfece, K= o/ (1.5)
In addition, if v, is the normal velooity of the syhere,
g—';"\ = v, on x2 4+ y2 + 32 = a2 (1.8)
To deal with 4he problez of the freely floating sphire, we have
first to solve an suxiliary problem in whioh the sphere moves with a foroed
vortioal osoillation of frequenoy, ¢ , in & fluid initially at rest. Intro-
duoing spherioal co-ordinates ( er0,% ),
ez'xz-o-yz-o-szz a-tan'l'J = x = tan~1 ¢/x,
+ 8
and letting,
T - T " -AleXk 'O'C)
[
represent the vertical motion of the sphore, oondition (1.8) beoomes,
ow =
T ‘e a = ~ac ), 4"*%c0s © o (1.61)

Thie suxiliary problem is not yet oompletely farmulated. 5ince we
are consernod with an infinite region it is necessary to specify oonditions at
mfinity. One oan show by a simple argument involving snergy eo Tti /5 that
! waye motion due to a bounded obstasle should decay like (x + 5
5\ T) tezds to infinity slong the free surface. ioreover the work or h-itz
John( ! shewa thet this oomdition leads to & oorrectly formnlated problem,
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that is, there is one and only one sclution. We thus presoribe the further con-
dition,

w= o0 ("1/2) as x°+ £2—300 with bounded » 4 (1.7)

The problem of the foraed osoillation of a sphers inwolves symmetry
about tha v-axis. It is oconvenient in numarical work to make use of this
symmetry in ihe introduction of the stream funotion v(x,y.z)s If ré = x°+ zz,
¥V ic related tc W by

av == a_\'_v é_‘\-’ = dw (1°8)
on 2 QA' aad 2 2

In terms of V, the oonditica {1.6') becomes,
Vv = '4% oL 8 02*® cos 26 (1.677)
Onoce the forced oascillation problem Lhas been solved, one may proceed
to the case of the freely floating sphere. The velooity potential of the
inoident plane wave is
w = AT R (1.9)

whers A i3 a constent, Ws assume the motion of tho sphere tc be of the form,

-a(at
P=f4" bl s wWhere Y, and o are to be determined. We denote Ly

w'*' the soluticn of the corresponding foroed oscillation problem and suppose
the total velocity potential to be given by,

wsrs W ol is chkosen so as %o satisfy,
ow™ ow
B—P— - - a—e— on P = a ‘1010)

From the resulting solution 'f, and o« may be determined from the equations of
notion.

The results of our analysis will be a determination of & wave funotion,
W, satisfying the sorreot boundary oonditions and behaving properly at infinity,
The question of uniqueness, however, remains pertially open, sinoe the work of
Frits John assures a unique solution to the problem of the freely flosting sphere
only under the oondition Koo £ 3/2 :

2, Pormal B8olutiong

A disecussion of the functions involved ia the solution to our problem
is given in Appendix I, It is shown that in order to find a potential satisfy-
ing equations (1.4), (1.5), (1.6'*) end (1.7) one is led tc & superposition of
charsoteristic funoticns

W, = Pz*(cos 0) ‘K Pg*_‘(COS O)

LT N 2+
() A 'tr

o e (2.1)

b &
n
n
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where the Pn's are Legendre polynomials, and the potentiesl § w;‘ , due to a
point source of strength, §, at the origin,

[ ]

Wre & wamiae U eny - ";‘5-[" CEs TH F T sunivey K evn) 4T (2.2)
P ‘rz P

wher

¢ P

M:‘(xn) = J',(kn)-o-;.'f.(&h) Kolrr) = 1-T-a— u‘:(kf\\,

The ocorrssyonding sztream funoctions are,
Vg TCA(COSOVE cEsis b atec30; K PeaCcosel—cose RBa{(°59)  (z.3)
s 24 - = Y2 -1

(i 2R~ ¢
o
V¥~ 2% sovxmra f'(cn) + 'if“:""“j”"“" Td ,
"t ' T4 T wewT AROTAVLT (20)

[{A)
with K (ra ) = ~ 'g R,0irr) , For the streem fmotion, V,of the forced
ogoillation prctlem wo take,

oo
gm.
Vo= Vw3 Aem Ym0 25

The oonstant, 8, can be related to Nw, the wave amplitude at in-
finity. From equation (l.1) together with the asymptotic expression for the
Hankel funotions, we find for the waves produced by the scurce, S Ww,* ,

'cho = Z_E!‘ v 21“‘/11.

%
or writing b = VA Na ,
& [
= 3? 2T R (2.5)

Bubstituting the 2eries (2.5) into equation {(1.6''] gives,
[ )
Fcos 260 = Viia,0) + 2 Agn Veu(a,0)aZ™ (2.7)
]

where F is independent of & . P 1s determined by setting o= 74 ,

Ka
M -

a
Fzo Vita ™) + T A Fom (o).

(2.8)

and may be eliminated between (2.7) and (2.8) to givs,

Vf(o.,o)-o-v:(a,ﬂ‘/:)cos 2O = Z Apor Tam (&, 0)
]
- Ko
‘&J‘a"”{“‘"%ﬁf“"'%f«‘-ﬁs‘) ;;:{_?om&nfgfsﬂ-Qmaoso)-lz“(o)cosge_]} (2.9)

The procedurs now is to determine any desired number of the A, . by
& numorical prooess. Such & process involving solution of linear equations by
an interation process is contained in the construction used in the next section to



verify the coavergenoce of the solution. However, & more oonvenieat proocess

is that of least squares sinse it leads to symmetrio matricesz with a oor-
responding decrease in the mmerioal work. It might be remarked that the
rather cumbersame naturs of the f;,..'s is a oonsequence of the fact that we do
not know, a priori, the valus of S and it must be eliminated in the computa~
tions.

Onoe the A ,,. 's are determined, we oan find F from Bquation (2.7),
and oamparison with equation (1.6'!') yields,

=nVE k¥ V& €& Ang: & (2.10)

For the motion of the sphere, we have

_ kaS - o aT®
T= F3 7% (2.11)
Making use of Equation , .2) tv devsrmine the pressmie we can also

oonpute the vertiocal fcrce on the sphere in the fom,

* —rr e
F,i%) =2at[prasr) cos@sinodo 2-24pgTe"at [wea,0181n0cose oo
* (-]

w/,
cACAN Y
"‘a*f%rg“-‘ f{w,mﬂ#-z. Ay Wamla, 9)09"‘} cos @ s nb6dd
= -24 0‘3&2“" f W (a mei Zm!
,01ces8si1n0do + (-1) A
(’% { Iy " - Z Etmfam-:)(am+z),(mt)2' Zm}
:-zicg.r SO. 'ﬁ(kﬁ).&-"* (2012)

Comparing equations (2.11) and (2.12) we may rewrite the force as,

1 QA(MF) at L 3
Fol#) = caa{ a0 &{ + T (§7e {*-—-T-”':,f'“”}dz (2.185)

with bere denoting oomplex oconjugates. This latter form is the familiar
deoomposition of the foroe into a term involving a wirtual mass times ac~
celeration, and a damping faotor timss velooity.,

Having oonsidered the foroed osoillation problem, we may turn to the
notion of a freely floating lphoro. We note that in the above solution

- - PlwnAd Ner ~ 1—--.--1 A - -~ Wa [P IF SR
s A wavw U W uv-‘vubo Sa aG \oa.mwv weo ycvn‘u .suwu wn ynaob v.; «u.o WAVO WMUvava

at iafinity). 1In order tu obtain the potential for an arbitrary phase, =« ,
which is nceded in order to proceed as outlined in Seotion 1, we replace t by
t«+ L.s in tae previousz result. The oorresponding W will bo denoted by wi
and,

W: . wp&-‘((‘—ﬂ).

where W 1is the solution obtained abova.
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Our task, then, is to find & funotion, W', satisfying equations
(1.4) and(1.5) as well as equation {1.6) with wn = - $¥=' ., The motion
is no longer symmetric with respect to X aud requires more geaeral functions,

WE;%‘ { ;':::'Cosa') __K P:;,(casﬂ}gz.a.mz

paA e 2 -Bm p24 &tl,l,--- S m= 6,4, - R~
- 2m-
\‘/!M-L/.{ E);;N'(COSO) 4 ,—s‘(‘;osol} {(2am- 11X » .
o Pa‘*z - P2A~2me2 et““ i R = f,2, - > ™ =,2 .. &K (2.14)

the P, (co3®) being assooiated Legendre functions.

With y = p cos® , X= @ 8inO cosxX , we have from squation (1.9)

;VV - . 8 8
D—P.Iez'f -KAgTHRCos {l‘:cosa cos(Kkacin@cosA)+SinOcosA s in(xagingcos x)]

+a[cos8sintkasin®cosx) - sind@ cosAcos (kasing cos Z.')]}

s-KA ¢°K°‘C°s9{ﬂ(n<a,o,x.)+4I(Ka,s,‘x.)}_ (2.18)

NHow R and I are even functions of A with respect to X = 0, hende each
will heve sn expansion in {wW;i} with 2 “*%* repluced by cos Ax .

Moreover, R aud Y are even and odd respectively with respect tox =7/, 3
hence we take,
. 2 F
« kA Z Z 2m, lnqt{ Pam (c088) K Pl":‘(colﬁ)"c.g BamA
mu n\u g 2m-2mm pEm J
o m ’
. Lt et
sAKA Zi ZE A‘ a!m‘s‘{ !MOI‘COSO) - K jin(gos@) Cos(tnn—ulx
M2l enat rzn 2. 2m-2mme+d ptm+
(2.16)
with
~N eul -
A0y T F A S i1 B2cose) - :_:_f‘:“g,_,fcosss} cos 2mx  (2,17)

Mmal amed

o M
L7’ (k000 z ;.":: {enenimicoss- @;\"-‘:—':-':-z Rulcos®} cot tm-nx (2.13)
]

Theo dependendcs on X 1in equations (2.17) and (2.18) may be eliminated
by meking use of the orthogonality of the cosm X to write,

Z Il {(Zm-tl} Ptmfcos*a) - &m k2 PEM-.(cosa)}‘
mnb\w Em=-2gmm

ep=OC ]
= %._ﬁ- °® J(‘:A!am é, %) Cos e.mycolyc T A (ke 0)
- ) (2.19)



(4
Z- A;m 1(2'“‘"3}& {QO’O) (w Pz - (’COS&)}

marm drmc2am e

< i‘ﬂ.""cosef (ke o,x)cos (2mm=1)x dx A?m (kea, )
B [
(2920)

for 2= 0, 1, 2, eeo. in (2.18), 1, 2, 3, csee in (2.20) Finally we may
make u=: of the identities,

Jf .c‘og (2 coszxYCosS 2mXx dZ = f(-l)w‘:&,__‘_(i)
(]

2 /2 .
Sin (2 cosx) €0 Gm-nxdx = F (a7

2mn—, (3

[]]
¥

to carry cut the integrations for the functions A, («ka,8)

Ay, = (=™ KRS o T, txatingi + Sine [Faiasine) =3, (rkasinel]} (2.21)

2m, . {

-xecose(
Ay, € L-nmeReE? {a cosc L, (wasino) +sine [T (xa Sms)-JE,m(kosms):‘l} (2,22)

The determination of W™ 1is thus reduced to & numerical process which is
analogous to that used in finding w/**. Once W is computed the vertical force
on the sphere may be found from,

% 2n
Fo() =~ -aqpg a'f f (WL W cw) S inocosodxde (2.23)
’ 6 Jg ;
The dynamio equaticia of motion,
s .
.';L-wr a ‘5;{ + ey el Y = F . (2.24)

will then yleld two equations, by equating real and imsginary parts, for the
determination of 7, and o« .

3. Convergense of the Formal Bolutions;

The aim of this seotion is to obtain some results concerning the converg-
ence of the infinite series used to construot solutions in Seotion 2. The analy~
515 will U6 wade ulliwalely Lo Ieté on well known resuliis in Gae theory of ex-
pansions in series of Legendre functions, however certsin manipulations must be
performed bsfore one is in a position to invoke these resulits. We will deal only
with the forced oscillation problem. Although similar procedures should ocarry
through for the freely floatirng sphere.

Bafore proceeding wo wish to make plausible the type of expansion that
was ndopted- in fection 2. For this purpose we consider the two simplified problems
which arise when cze lots G YVecore infiritely large or small. The free surface
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cvndition (1.5) mey then be replsced by the simpler conditions W = 0, and Wy = O,
respectively. In addition the conditions (1.7) may be deleted and it suffices to

demand that ¥ be regular (i.e., vanishing like 1/p ) at infinity. COnsidcra:ion
of formula (I.6) of Appendix I shows that WJ—» O 88 ¢ —»ec , and W, —e-s-
a8 ¢ —» O, Moreover, we have,

]
_‘ wz —_— - p.(‘;’ o) as a. ——p OO (301)
6 (Ces3 &) 4= [N
Wea — RA_°_— o2
1 £ (’“"“ FR T — 0 (9e&)

Now it is possible to solve the two limiting problems by standard methods
of sepsration of variables. For the case W = O on the free surfage, the aolution
involves a constant timss the dipcle potential, P (csse)/e , which will f£it the
limiting form of our expansion., Similarly for the case W, = O, we can fit any
given function over the immersed surface of the sphere with an infinite series of
oven indexed Legendre polynomials. Hers again the leading term is provided by 'o‘
and the further terms by Wo, 's. :

These remarks indicate also how the speed of convergence should depend
on o ,° For the cazs oi large o , the leading term above should be nearly
adequate. If, on ths ciher hand the calouletions for the case ¢ = O are oarried
out, it is found that the coefficionts of ikhe Ptm(‘“ ) are of order n~ 2 8o
that the convergence is slow. Our method will yield a proof of convergence only
under the assumptica of small & which, however, from tThe above discussiom will
be the case likely to give diffioulty.

A precise stutement of the main goal of this seotion is ths following:
Theorems If F(o)z A6o36 where k is a oconstant, there exist constants 8, Ap, Ay,.-
such that the series,

o0
T 2 s{wr+ I Apnw,a?m?}
- :
has the property

A

*9
s dwip |
e "g“c {3? oy 'ZA;MEzmu\PcM(cosM-ko. P!M_.rcose)J} = £(8) (3.3)

the convergence of the infinite series being uniform and absoluie in ¢ ¢ e¢ Ta o

Suppose first that equation (3.5) hclds. We obtain, then, by setting
9' = o,

“ .
£ . 31’%:»." 2= T Apn [emen)Pen (i) = Q& Ppp o, (1)) (3.4)
{ [

Since P,(1) = 1 for all n we obtain by subtracting equations (3.5) and (S.4).

- awﬁ(&,u‘_ JW'(A,O)cosa__ i {lt V ( (cas 8) Yt (3.5)

We should remark at this point that the serles (2.7) is obtained from (3.3) by
intagrution so that the uniform convergence of the latter impiies oconvergence of
the former.



Now the left hand mesmber of equation {3.5) is a function, ocontizuous
in 0g 8T/ , and vanishing on ¢ € 0. As such it can be extended aoross
8= m /2 as an even function of 6 , to define a new function, continuous with
e piece-wise continuous first derivative in c <o ¢ » It will have, then,
an expansicn cof the form,

.-
Z agm PEM(COSQ\ (imm + 1) Oppn = O(Mr\~:/‘)
Wz
and,
o
ao s Z aZ'M' (396)
)

If the sories on the right converges uniformly, it defines a funotion with the same
propertiss, arnd hence will possess & similar expansion,

Z lrmpam(cos0) C'-l-fm-g-|)

M zTO

where the &,, 's satisfy (3.6). If squality hclds we have necessarily O = L pon
for m =1, 2, ... and therefore also s, = b.

The proof of our theorem oconsists in giving a method of construction
of a sequence {Azh} for which the series does convergs, and b-.,m= 2 form=1l, 2.,

We make use of thas formuia,

T/
prai"usé)%nfﬁcfﬁ sing 40 if mem' s = o if n¢n' and n-n' iz sven
( ' '
2 (PimieVe ok en L if n - n' is odd.

27 e Ve +0) [ %'."‘—;1'-,']1
n even, n' odd.

Then if equation (3.5) holds,

o
, 2em ) (=mym*+!
o~ B_fw\:_l. A,n + L Z Aamfzmq-n-ka.).

A 22 (em =) (Bme2 Yl ) T
00 :
T 2m ! (2an-1)! Apm
+ Ka Z (-n™" = 2 m =1, 2 =rw
msa: gt Z(Em-imﬂ)f?m-f?m\("“ 1% (=012 Rt (3'7)

and our problem is to establish the existeuncs of a solution of these equations.

In order to procesd we interpret equations (3.7) as & single vector equa-
tion. Denote by X© and X +the irfinits dimensiocmal veotors having o, and
i (7 1 X© _ o -
Apen®™* Yiarms 1 88 oomponents, i.e., X°= (%7, x3 .--) , x5 = Qam 5 Xelmyxg-~- 1,

= M4t
Xz A, by Further, by F (%) denote ths matrix,

2w | tomaeid{4mer -ka) (—1)™

F.. =

o

22 m - (2m+2) (Am VT (2 m e ).

i EmeriYKa 2am it -(2m=-0" & g T

sz"?m‘af?:mf-u)(ém-!m-r!)(Zm 422 112 (- Lz
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and then tie equations (3.7) become,

X = X® « Fex)

Consider now the set of all infinite dimensional vectors, X ,

satisfying the conditioxn,
o0
Uxn = Z

il

(4m +1) IXal <€ o0

(3.71)

(3.8)

This set forms & linear, normed vector spacs X, which, with respect to the nornm

defined in (3.8), is complete, i.e., is a Bapnach space.

{x=%

is a sequence of vectors of X,
there exists a vector X , also in X, such that Lwm i ¥ -%"lz0,

satisfying nx"-x™i=vo as

By this we meer thet if
T K

From

equation (3.5) the vector X° defined by the at,,._: ‘s is contained in X, and we

preceed to show that équation (3.7') has a solution .
Lemna ¢ If B is a Banach space, and F is an operator on B satisfying a Lipschitz

cundition,

WFE (XY - F 3l £ Mns-‘--gn

then the equation (3.7!'), for

Ro e B

o< M < |

, has & unique solution X e &

(3.9)

Proof; Dafine ‘he sequence {%™ %} as follows,
Xe 2 %o, X'a X'+ F(X®), RZz 04 F(RN, o0 0 XM Fe L Eex™M) e

F(R'Y - EiR*) S, hxBoX'n € M BFxol

Fex3-gcxt) S, O WXSo x| e Mux2-X g€ MEUFCRO)N
= F(R™"') - F(R™-2) L e

- X "' € MT T uFxey il

3 ) s

Mm > o

CRM SRk = F(Rm) = F(R™) = [FeEm) - FeRme] e [FGmer) - FeR ™ ]

+ - - . + [Fream-F(x™1]

FLURN TN € MURM g™ R 4+ MAXT "o X ™73 e s MR e R0
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€ FOIM™ e~ % i e m™]l a M™EED f1amd s et
J

g€ M™ F(Re)

| -
SO X=X —a 28 N, =3 o0
Hence there exists ¥ such that HX™-%i -0 asm — o ., Moreover
from the Lipschitz condition we immediataly infer FI(RY + X° = X . as

well as the uniqueness of the solution.

In order to enter the form of the lemma we must verify that the
matrix Sam satisfiec the Lipschitz condition. We have,

L] [ 4
2m | A
L+ 2 wa)(emet)lxm=-a,l
e Fegm € L T g O3 Y(wme 1) bxm = g
0 o - ,
. e, 2 m !
> (4m+ 1) -tk
TG é ; T P Y P Vouppe v rary AU M B A
(3.10)
We make use of the numerical series,
-
S
Z 2~ { - I e
T 22 (m 12 2an e T
and estimste 23 fcllows,
o Q
2 m ! .
¢ 4 s - R s
,,..Zg. 22 (e m - 2met) (L} 4 ,z 23 Cam I\ (2ame 1) 4-?(? = )
gm | _ < A
22 pmaimilm-0y! T b
[ 2 ! [ 2 An
. " s -J- ¥ - =. _z_ (r .
f:; 22 (m am) (mt)2 2 .Z 2Bt I (2 1) e (-
From (3.10) we obtain, then,
HErm Y = Brm vy 41'1?'__.'\ ro >~ 7‘_01;1 oo
AR SN - S LS T (3.11)

It follows that the Lipschitz oondition (3.9) is satisfied for,

ke < F[ g - %]

or approximately, K& < 2
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We conclude, therefore, that the equations (3.7) possess a solution,
Aa. A4.c.o auch ﬂl‘t

X = (Ag, Ay4,-'~ ) € X , . Aam = o (m=2-¢) ¢ 54

It follows that iha series in the right hend member of equation (5.4) converges

and we use that equation to define the constant S. Moreover the Az m. 's

hewve been determined so that equation (3.5) holds and by multipilying (Ces) vy

cos & and addinz to (3.5) we dsaduce that equation (3.3) holds. Thia ocompletes the
proof of the theorem, for sufficiently small k&

Suvomary s

' A solution to the problem of a freely floating semli-immersed sphere is
obtained in a form which admits of numerical caloulations. The solution con-
sists of fitting an infinlte series of non-orthogczal functions to a given

boundary condition on a portion of the sphere. Some estimates are made regarding
convergence and some affirmative resuits in this direction are obtained.

Once the numsrical caleulations of the coefficients are carrisd cut
certain quentities of physical interest may be obtained, 9.g.,the wave motion
at large distances from & sphere moving with forced sinusoidal oscilletions, and
the virtual mass and demping factors for a freely floating sphere.

As in the previous report on the cylinder, ocertein approximate ressults
could ts cbiaiped fof +the sphere. One could, for example, solve the simypier
problems in which'the free surface condition is replaced by W & O, Wy =0
corresponding to large and small frequencies. Also a combination %“echnique could be
used in which one neglects the diffraction effeot for smali fregquencies using only
the potentiel of the forced oscillation probiem, and the simplifisd ccondition W =
for large frequenciss,

The simplified problems can be solved by means of Green's functions shich
oan be expressed as sourcc systems. We have rot included these results for
two reasons. First, the solution obtained in this report seems to be aomplete in
itself without the necessity of appealing to approximationms. Second, these
probtlems lsnd themselves to variational techniques whioch enable one to determine
the changes in the Green's functicas with small changes in the shaps of the cbstacls.
It is the authcr's hope to discuss this approacsh to the problem elsewhere.
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APPENDIX 1I.
WAVE FUNCTIONS.

1. Characteristic Functions;,

Wa are oorcerned with the determination of certain fudotions, which we call
wave funoctions, which will permit the construction of & veloocity potential satis-
fying ecuations (l.4), (1.5), (1.6) and (1.7). As a first step we indtocduce char-
acteristic funotvions whioch satisfy the first two of these equations. These arise
in & natural way if one sttempts a solution by separation of varietlss. Consider
the funotions,

w;n,c)o‘x)= { Pealcos ) . X P:i‘:(cose)"h?.mv\x

*t!..?_‘--" mzo - -y

PiAO' ER-2m (g 2 h ’
(I.1)
5 r T, Zwm -
Wenin6%) = {@&w"“” ._k PR (056)] (eam-1ek | 1
H CBAeR 2A~zme2 T atAn)’ Tj,2,0v M L2 R

where P :/:0s5s) are associated Lugendre functions. These functions are harmonic

in e Yo , and we proceed to show thai they satiafy the froe surface conditicn
(1.5)
4v:" - -
P,:“(o\ = : c =
P24 (-
T (=)
so that PN o) is zei0 if 2 m is odds Similarly from the recursion formulia
~A
ﬁ!‘ :—(M-M-bn)P:(o).
*i
dy lrx=, 4™ (o
we infer that Pon is8 0 if = - n is even. Using these results
X
T . 2 2m
N ceuD) e e e,
© 0 &ztmy 03wy - 2h-m (,ll\ﬂ
] al -
+ 4 aw:a- n .. w;_':" ‘){_ 2A-2m 2 K+ x } .z:‘_‘. €0) (eam-ildx
e (. ] |0=t"/,, a--z‘n'/: Bh-2an 2 eum =0

It is apparent that s series of the WjX will nover be adequats for our
problem since such & series would vanish at least like ¢ -2 for large » |,
contradicting the condition (1.7). To elimiuvate this diffioculty, we iniroduce a
"gource™ solution whioch will satisfy equations '1.4) and (1.5) and also behave
properly at infinity.

2. Bouroe Solutiong

To obtain the desired soiutior we sclve equation (1.4) when a point source
is admitted at ( x', y', £y, that is, we sock W* (x, y, 2, x’, y', z')



satisfying,

Wx: + W,;;‘ + wt‘t = = 5("‘"") 8‘1-‘3') S(l—}') (Ioz)

where the right hand side represents a produst of dalta funoticzs. We assums
initially thet the source point iz {2, y', o) sc that W* will be independent ot
€ . Bguation (I.2) beccmes,

4 dw* Otw* . .
(n. >n + s—%; = — $cor SC'}'?)
Applying tré Eankel transform,

- ( P)"‘) = f’l J-c(/lk) W*(A"a) or
yields, ¢

A r \ .
‘;,",3'3'*’*"‘—“8(1’1)3:(°)=-3‘1--3’). (
Bquation (I.3) is an ordinary differentinl equation for w(p,y) wnioh may be solved
by application of Fourier transforms. The resulting solution is

W(l’;"}) = A.L-P‘a + R a b9 + _l_b_ Z—Pl.—a-,\all
The boundedness of w a8 y —se and the boundary ecrdition (1.5), yleld,

s ( T I L.t e s B al Ak Sl A To4

?;"6 ) b y < £ + A ¢ ), ( )
~ The transform w(p, y) is regular in - ¥/2 "Rarg p ¢ 7 except for a

simple poles at p = K. fhe ohoice of & contour for the inversion integral is

dictated by the behavior we want at infinity. We choose a contour, o, which ocon-

sists of the positive real axis except for a small semi-circle in the lower half-
plane, about the point p » K. ‘Taen,

Py
W n, ) J:J;(pm{ :1—: R R (I.5)
Using the identity,

L -]
—a® L. !
J"T,(M\& Ak = YA

and replacing N by fu-xVi fa-uE. wa obtain finally,

L]
W*(K,Aa,’l,x','\&“,g') = ?;— + J’ PR .4"(7*1"&'oipa34b (1.6)

o p -

where R = (x-x")2 & (1-1')2 + (-29F

The function W' is thus seen to be identical with the Green's funotion ob~
tained by Fritz Jok=(2), 1t is interesting to mote, in pascing, that it may be
fouind Ly & method used by Kennard(4) in tue oass of two-dimensional motion. In
this procsdure ons first conaiders the simplified boandaury condition, W= C on
fres surfasce, y = 0, and treats the resulting problem as an initial elevation.
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It cex be seen by direot differentiation that W* satirfied equation (1.4)
and {1.5). In crdor to demonstrate that ii also satisfied condition (1.7) we make
& transformation which st the same time yields a form more amenable to numerical
eomputationz. From equation {I.6) we can write,

[

W* s L ow2me 22K Fekn) + Ra v [ BEE oBOgeg0 HY Gpa) d
R e P-x

th)

where H, iz the Hankel function of the first kind, Again,

on
= : [y ™ ] -p £y
w*: L+ 2w £ a7 e "H % ka) + Ra ); %E. b gy K (pad dp

(4 T3 a4 2
where C is the image of C in the real axis. Sires H(3)= O ‘V__ b
2
for large || , Wa can move the contour of integration tu the positive im-
aginary axis and obtain,
[ ]
{ o ~Kimeg') 0) 2 ((ri-wvr)cameTy! =2k gm0 en')

oz)s T4 b, 744} is & queatity which is real for real # , Finally

we use the identity,

Wnav
wnery

i 1

[~
JK,(@;&‘, cog L4 Lt = :gl
]

Vat . ir * (1.7)
to write,
W* s e e 127K W e )25 4k 2 CosST (g +a4') + T SINTI +41;
TR R! * - ?-[ ’ T't-1+gt— I(o(‘ra)d"' (1.8)

where R'® = (i _xn)2 +ig-gq 1 e (x-8')¢, Now K (Ta)z O(L™]) for large r,

and hence we see from (I.8) that,

W* s 24 21;&. L-n(~a+1c)*4(«n¢-“}'¢) 4= O(-'() as n -—bw,ybounded.

Some further ateps toward numerical computations are givem in Appendix II
whare it is also shown that the apparent singularity in equatiocn (I.8) vanishes by
subtraction,

3. Axially Symmetrioc Movion:

Suppose the motion is independent of X. It is then permissible to

introduce the stream function, dsfined by
av QW oy 2w :
an = 3 og = an (1.9)

The stream function W™ corresponding t» w * | with x'= 2'=0 18 given by,



1€.

(3
VF = - (s _‘_f b+ i L‘,"(“jf‘a")n-f‘(bh)db i
s Pk (IolO)

as may be verifisd on noting that,

L (AT paN = 2 p Tulpad 5 BTz -b Topa
The integral term in equatiom (I.10) may be manipulated as before to yield,

o

*‘- - (»\t»»\&'\ - a J‘ ' —
V ::-*(—1:-1')‘ -ﬂ'_ °€'h?(%4'a )I\- K'(T,\)d i-
0O
b - ( ‘} . t) o '
4+2¥K 4N & A A l-(‘(kn.) + ‘LT',S. j i Stn Teyryn) Sasa ?('a*ﬂa)nxr‘m)dﬂr
° TreKr :

where K, (z)= - I TIPS Y « The first integral may be evaluated by
is - a“—_‘_ Ko(an) , integrating by parts, and using the identity,

noting that, A Kk, cra)

(1+7), quotad before,we obtain,

v) . ]
(‘3*-’3 + 2Te A ng~Rlyry) H‘."(g/\\.

v¥= - (z_j__ ) =
‘Vn.z-r(»‘-»a')z %mi

~0
Iy 1) - > Y)
Ks.n"r'(%-o--a\ ™cos 3+ J'LK:(Q'/\,)J’T
(1.11)

+4_"£
w TE g2

Since the motion is to be indspendent of ; the only characteristio functions

to be consiacered are,

Y4 (Cos &) a3 Feg-1 (<050
Wa& (?’9‘ - { 3' e‘**l (-] 2* A he——— ! 4&:!,2,~~ .

The associated stream funotions are,

Vou 3 Pra-fcos8) - cosd Palcos 8 | K
4 et&- R - f‘.‘-ao
To zee this we note that in spheriocal co-crdinates the equation (I.9) reduces to,
RA-1"; dw oV oW
= = =0 €1 n@ - = S 6 —
T € 3¢ 9P N

and using the identities,



ar 4 _ - dp, &P,
(M*I” Pm(x\ = 7‘-—;!-“ - 27”‘ ) mPM s X ‘4 Y

it may be verified that V.. and Ww;zy4 satisfy these equations.
The introduction of the stream funotion V proves a convenieuce in solving
the foroecd oscillation problem of Section 2, since it eliminates the neocessity

of numericelly computing derivatives of W*, The results of the last three
seotions lead one to choose as the stream funstiova for this problszm,

o
]

where V,* is the stream function for a source at the origin. The origin is again
chosen as a numarical oonvenience since it slightly simplifies the computations,

APFENDIX II

AIDS TO WUMERICAL COMPUTATICNS

Numericai work based on this report requires computations with the two
functions,

* k4 - 4K T £TS N TH
w,(eus%-»zvxu. Hcm\ — Ku:—:.,,_:z i Ko CrA) & (11.1)

o0
- -K (3} AK KR T4 - T Coe T
:{P‘“- .T;'i +2eRan LT R0 - -.—T.‘[ 4 3

S ey AK (tnddl Y (II.2)

Iz this form the ocaloulations are lengthy because of the occurrenca of the trig-
onometric functions in the integrand and the infinite range of integration. By
suitable maaipulations it 15 possible to roduce these expressions so that they
involve only finite intergals with monotonic integrands.

For W;’i‘.,,._we need the two integrals,

()
R = s r A
K g -4 Ko(q"\‘d? s > = Jr '):Ln 3 K, (vn)ol
6 VUK ) ~t ¢ e
Theres M=zaleff A= :n®, letting ®a2xa | e 2€0c A, g -

L -~
I“' R A B <
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KRow
K,(pu) = | _Sf_____ *oax
J ‘. Vt
snd we can write,
" ~ + 405.&4(-!- *l
2 ot cos;-x(-‘—-‘#lst) y pit e
R = = Sl e +t0$u(ei‘-’d)°!“ Br >«
o VAL 4§ RS |
S = lr“ f Sin mGitpt) bt L
Z_‘. Vet - sin mpk =) g, [ <=
MZ*!Z et’.(
From the identities,
[~}
X S851n X ) _ T -—pz
oS X Ay o I LN go,
; =) /.A)d a2, 0
S x'-*.al Z 2 Z
it follows that..

_ Y - % 22
‘*_"(R+S\-2K3.°J"" dt fZK&"‘/ 2 & oAt
" ° E L [] xl“"

Moreover,

Al
vxe~-ei

= x
J A7 e 2 T[S Cury - ((en)]
4

where S,{2) 1is the Struve funotion of order O. Hence we obtain,

-xacos &
W:L = -g- -TK L [Solxo. sine) + 3, (ke S'Ir\o)—l
2 a
— na.cos&
i Vad+i

(11.3)
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For small x,

Yo ()~ = % »Qoa ;2'; where Y- is Buler's constant. In
addition the integral in (II.3) ceases to converge as 6 —» o . Mence
the formula ceaszes to be of use at € = 0, It is most conveaient tc stuly
W.,* for small & , by means of the original equation (II.1). If we replace

Ko (TAY by its asymptotic estimate, -Q,a ;}r-'n in (II.1) and meke use of the

formulae,

=1d

f *t*az Scn/AxJ-‘,: 2 %[_Z P " _.Q/AA & (_/(*‘_2—/“«5(/“‘)3

where & (ey , F ofvy) are exponential integral functions (see Jahnke
and Emda(s)}, wa obtain,

g > 0 [ ~ma o
COS/Ax4X=IA—[ZA” &ao\ i &(—,«49)-.&’“ &‘/“r»‘]

Xt+al

o8

4:(‘

S e K cos “r +TsInY
T 3 |

-
KolTAl dT ~ 4" 6-&% EA

° T'—*kz
-2 &(kg3—20<-'-0'3é.4.-'('1 (11.4)
The limiting value of .,“I'= .. 18, therefore,
%_ 2&4-.‘“ 8«~(K°~)
Similar caloulations can be carried out on the intsgral in equation
(II.2) and lead +o,
i > N
4u KE€EINTY = T Cos > L eacosd *
w /: _.._:3_._. an:nra\l’r s2cos8-2"" f.ﬁ.‘."lfidx
T2 e N LR R
- [ & -
+wikas:ine 2 " "y (kasine) - Strasiney+ £ (11.5)
vl Awna 2 - AV - Ohe—e B bl e ol men D Y o~ A
IO L O U‘l A0 v O uiTuvo L U LviLvnr v PISANL- )Y iAe L2
Vo ta,mpV\z=Tra [ Y(kals+ S rra) - %.- J4emeaa T rkan (11.8)

Vola,o) = o
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