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ROYAL AIRCRAFT ESTABLIS ET T. PARNBCIOUGH

The torsional rigidity of solid cylinders
of double-wedge section

by

E. H. Mansfield, M.A.

R.A.E. Ref: Structures C13367/EHMW

The torsional rigidity of solid cylinders of double-wedge section

is considered theoretioally. Minimum energy methods are used to

determine close upper and lower limits to the rigidity. The results arc

presented in graphical form.
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Introduction
In this report the torsional rigidity of solid cylinders of double

wedge section is considered theoretically. A lower limit for the
rigidity has been obtained in a manner similar to that used by Duncan';
a parabolic variatioB of the stress function across the thickness is
assumed and the Ritz' method is then used in conjunction with a varia-
tional technique to determine the rigidity. An upper limit has been
obtained from the static analogue of Kelvin' s theorem3 ; a linear variation
of the warping function across the thickness is assumed and a variational
technique then used to determine the rigidity.

2 List of Symbols (See Figure 1)

o = torsional rigidity

G G = shear modulus

t = maximum thickness of section

c = chord of section

o = fraction of chord at which maximum thickness occurs

m = t/c ratio

rm1  = M

m
m2  = 2(1-)

ri = - M, + \/1 0+6m 1

r = -4m 2 + 10 + 6m 2

I 2

P2 = m2 +  3 + m2

~ I2 2
r 1 m + r2 m2 5 (m w

1-= 2  1-m 2  1+ *2
1 2

r + r2 + 5 (1 + m2)

rn2 (1 23=n 1 m1 (1 , mq)

" +2) - , 2)2

-3-
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B.. =(m 1 +m2) Ia1  m2 + P1 (1 -m m12)1
,-, (PI + P2)( m- = 4(-=

(m, + m2 ) [m2 - m, + P1 (I - ml M2)1
B2 = 2

(PI + P2)(1 -m('

3 Lower and upmer limits for the torsional riaidity

A lower limit for the rigidity has been found in Appendix I on the
assumption that the stress function varies parabolically across the
thickness; the rigidity is then determined by the Ritz method and a
variational technique. An upper limit for the rigidity has been found
in Appendix II on the assumption that the warping function varies linearly
across the thickness; the rigidity is then determined from the static
analogue of Klvin's theorem and a variational technique. It follows
that the torsional rigidity satisfies the inequality:-

Clower < C < Cupper (I)

where

loe - K()m 2 XA1 a- (I+a) M2*i
oGct3[\ ( 1 n1 2 )Clower 1211 2r,)

L 8 m2

and

Cupper 12. mn2  1 (, B~ 2 B)B2 8 m1 min2

!a-t (1 22 _ +1 2)

(3)

These limits have been plotted in Figure 2 for various values of X
up to t/c = 0.3. It will be seen that over the range considered the
limits are close; the maximum error that can arise by taking the moan
of the two limits is less than 1.6%.

Equations (2) and (3) may be simplified for the special cases in
which the section becomes a diamond or a triangle.

3.1 Special case: dimond section (N = 0.5)

For a diamond section equations (2) and (3) reduce to

G.c3 2- 9m 2 (1+mn 2 ) +4m ON' 0+6m2 ()

lower 12 L (2+m2 )(.m 2 )2

L-.
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- and

upper = 2 (1-m2 ) 2

3.2 Special case: triangular section (X = 0 or I)

For a triangular section equations (2) and (3) reduce to

Clower= [7 (+42)2  (6)

and

Cct 3  -4 j12+5m 2 -4m 12+m 2 1(
upper 2L 3(+2)2

4 Discussion of Results

It will be seen from Figure 2 that when the maximum thickness is
near the sdld-chord (i.e. X = 0.5) the torsional rigidity is practically
independent of X , which is to be expected from considerations of
symmetry. For a cylinder for which tic < 0.05 and 0.2 < X < 0.8 the
torsional rigidity is approximately Gct3/12 which, for materials in
which v = , is 1.5 times the flexural rigidity.

For a given t/c ratio the lower and upper limits are closest when
the section is a diamond and are furthest apart when the section is a
triangle. If t/c = I and X = 0.5 (corresponding to the limiting case of
a square) the lower and upper limits are each in error by 3.6h, and if
t/c = 2M3 and X = 0 (corresponding to the limdting case of an equila-
lateral triangle) the lower limit is correct and the upper limit in
error by 12.6%.

5 Conclusions

The torsional rigidity of solid cylinders of double-wedge section
has been considered theoretically. Minimum energy methods have been
used to determine close upper and lower limits to the rigidity. The
variation of the torsional rigidity with the t/c ratio and with the
position at which the maximum thickness occurs has been investigated
and the results presented in graphical form.

-5-K ______ ____
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Additional Symbols used only in Apmerdices (See Figure 1)

Ox, y 1
01x 1, 01y1  Cartesian co-ordinates

02x2, 02Y 2

x~y = co-ordinates of centre of twist

: torsion stress function

w = warping stress function

02

K, H = surfaoe integrals

f 1 ' E1= functions of x1

f 2 ' g2= functions of x2

-7-



Report No. Struotures 163J

APP X I

Calculation of lower limit

In the Ritz method a form for the stress function 0 is chosen
that vanishes on the boundary of the section and which may contain a
number of arbitrary parameters. For unit twist per unit length the
closest approximation to the stress function is that for which the
surface integral

K = - 2 4 GO] " (8))x SY
A

is a minimum. When 0 satisfies this condition we have

Cloer 2 f dA (9)
A

The Ritz method will now be used in conjunctio with a variational
technique in a manner similar to that used by Duncan'. The double-wedge
section and the position of the origin and axes are shown in Figure 1.
In considering the region 01BB' it is convenient to have the origin at01, and similarly at 02 for the region 02E'-. A parabolic variation of
the stress function across the thickness of the section is assumed, sothat in the region O1BB'

(M X ( -y 2) G fl (10)

ar, in the region 02BB'

=(m _Y2)Gf (11)

In the above equations f, and f 2 are functions of x, and x2 and
they will be chosen to make the surface integral K a minimum.

Substituting equations (10) and (11) in equation (8) and integrating
with respect to y across the thickness gives K as the sum of two integrals
of X1 , fl, fl, and x2, f 2 , f2- Variations 8f 1 in fl and 8f2 in f2 will
give rise to a variation KP and for K to be a minmum 6K must vanish,
whence

/K

~-8-
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315 2 1 2 f' 2 2~~J~~
0

2 c2

16 3 , X _ 2) f_ -10 2 x 2 22 _5

15 2 '2' 2 22 2 2 222 2 2

0 0

t4

1 g f[5 m1 fl(c) +t f(c 1 ) 8f 1 (c 1 ) +15 m2 f 2 (02 ) +t f2(0 2 )i 6f 2 (02 )3

=0 (12)

The variations 6f1 and 6f 2 are quite arbitrary provided there is
continuity at BB', i.e.

ft(c 1 ) = f2(c2) }
sft(C I) = bf2(c2)

and the expressions under the integral signs in equation (12) must
therefore vanish. Similarly the expression in square brackets in equation
(12) must vanish subject to condition (13). The solution of these
equations is:-

/ 2 m\x r/2m,

2 2 c Z/
~( 1) ( 2\

l- ,r2/2-.2

2 M2V s 2) \c2/2 '

Substitution of equation (14) in eqaatiors (9), (10) and (11)
and integrating gives

Gct3  MI M+)m j 2  j~~~)2
Clie I 2~+~. 2 Y + r2  JJ (15)

loe 22 ) I

-9-
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APIPNE1X II

Calculation of upper limit

The method for obtaining an upper limit is based on the static
analogue of Kelvin's theorem:- "The strain energy of a structure oorres-
ponding to a given deformation is less than if the freedom had been
limited by the introduction of constraints". The given deformation is
assumed to be a unit twist per unit length and the internal constraints
are those necessary to impose a chosen warping w of the cross-section.
The position of the centre of twiat is arbitrary since it may be
altered by a rigid body movement*, but if it is chosen to be at the
point (7,y) the strain energy per unit length of cylinder4 is proportional
to

H J LW~ -y + 7 + (-aw+X x d (16)
A

and the closest approximation to the warping function is that for which
H is a minimum. When H satisfies this condition we have

Cupper  = GH (17)

The steps in the analysis are similar to those used in calculating
the lower limit. It is convenient to let the section twist about the
centre C, but in considering the region 01B' it is convenient to have
the crigin at 01, and similarly at 02 for the region 02BB'. A linear
variation of the warping function across the thickness of the section
is assumed, so that in the region OsBB'

w = y l (is)

and in the region 02BB'

w = Y2 g2  (19)

In the above equtions g and g2 are functions of x, and X2 and
they will be chosen to make th surface integral H a minimum.

With the ori ins at 01 and 02 for the two parts of the double
wedge, equation (16) becomes

/H

-10-
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C I 0 1 [ Y 2 ( ' ," 1 ) 2 + ( g + x - 0 ) 2 ]1 d x 1

o -m x1

2 I I
0 2 2 291)2 + 2 2 - A2

0 22

3 m 1 2 1 g 1)2 + 3 x, (g, + XI- 0I) 21 d

0

m2  f E2 2 2
+3- ~2x~ 2 -12 + 3x 2 (g2 +x 2  c2) 12 (0

0

on integrating with respect to y, and Y2.

Variations 8g1 in g1 and 8g62 in g92 will give rise to a variation
6H,and for H to be a minimum 6H must vanish, whenoe

8H = 31 [3 I - 3 x, c, + 3 x, g 1  x 3 (g; 1) + xgill bgldx1

02

t3+ T [g' (ci) - 18g (g1) + Ig2 (c2) - 1} 8g2 (02)1 (21)

The variations 8g1 and 892 are quite arbitrary, apart from contin-
uity at BB', so that each of the expressions in square brackets under
the integral signs in equation (21) vanish. The last expression in
square brackets in equation (21) will vanish provided there is oontinuit
at BB', i.e. provided

g 1 (cl) = '-g 2 (c 2 ) ]
(22)

8 1(o1 ) = -ag2 (o2)

The minus signs in eqiation (22) are because of the reversed directions
of Yl A Y2"

-11- -
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The solution of these equations is

+ a+ B1  (23)
0 1  01 1~ I(C

and

2- 2(n- +2 m2  (24)

0 2  
(1 02

where

(n, + m2) mln1- m2 + P (1 - 2)

B2 2 2

(pI + p2 )(1 - m m)

Substitution of equations (23) and (24+) in equations (16) and (17)
and integrating gives

CuBer ( 1 -+ 2  (1 - m + m 1  m 2
+. 1 2 (2~ 2I+ i2 2

1 -12 2

an iterain(pgBiveBs

2 2

12

2 .
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