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The Stress Distribution in Panels Bounded by
Constant Stress Edge Members

by

E. H. Mansfield, M.A.

et

R.A.E. Ref: Structures C13361/EHM

SUMMARY
- Exact solutions are given for the stress distributions in long penels
bounded by constant stress edge members. The influence of closely spaced

stringers and ribs on the peak shear stresses is investigated.
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) 1 Introduction

The stress distributions in panels bounded by constant stress and
constant area edge members have been oonsidered by a number of writers 2,3
by assuming that the transverse strains mey be neglected. This assumption
is Justifiable in that the longlitudinal direct stresses are then determined
sufficiently accurately although the peak sheer stresscs are in error. In
this report it is shown thet if the longitudinol edge members sre tepered
so that their stress will not vary along their length it 1is possible to
obtain simple expressions far the stresses in en unreinforced panel without
recourse to more drastic simplifying assumptions. If the pancl is rcin-
forced by stringers and ribs simple expressions for the stresses arc
determined on the sssumption that the panel has orthotropic properties.

2 List of Symbols (see Pigure 1)

[ 2b . = -width of panel

K3 = thickness of sheet.

] = relative stifmess of’ stringers to sheet (i.e. stringer
< area/t x stringer pitch) .

= reletive stiffness of ribs to sheet (i.e. rib area/
t x rib pitch)

Structure properties
]
i

F = section area of longitudinal edge member
Y = Poisson's ratio
[ Ox, Oy = Cartesien co-ordinates, Ox measured longitudinally
n
g { E = m x/2b
n = R y/2b
' ¢ g, Oy,Txy = Stresses in the saset .
] Te = stress in the longitudinal edge members
2
2 gs OR = stresses in the stringers and ribs
-
]
Ts Ey = stress resultants in the reinforced penel
[k = 1+S+R+8R (1 ~v9
w |l = 1+8 (1-9
ol
g ¥ = 1+ (1+v)[8+R+8R (1~}
g | ¢ = 1+R (1 -v9) v
p‘ ¥
9 2
g _ Yty -~ae
A | ™ = | =
& \ £
g ¥ -\ 2 - ae
<1 no = s
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\y = n1 - n2
2 e L
] =\E- (Y ‘\[ae).

111 +n2

- [Eerem)
Streéess Distribution in a Long Panel Bounded by Constant Stress
Edge Members

In this paragraph expressions are given in closed form for the
stresses in a long panel bounded by constent stress edge members. The
analysis is given in Appendix I and is based on a series expansion for
the stress function; the resulting serles for the stresses are shown to

SR
1

(]

w non—-dimensional parameters

. be summable in terms of known functions. The boundary conditions con-

sidered along. the transverse. edge arc either ‘that the edge is free or
that it is suppcrted by an inextensionel but flexible: member.

3.1 Trensverse edge free

The boundary conditions considered here are that along the longitudinal
edges - '

Q
1
<
qQ
i
Q

and (1)

Q
0
(@]

5, =0 1
end o ' : L (2)
""xy = 0 J

so that this edge is free.
3.11 Plain sheet

It is shown in Appendix I that the stresses in the panel are given by

G’ . .
F = 1-%{ Eoosh§oos M. | ,mn-1<cosn>} (3)
e cosh2£ - sinzn sinh g

|
|
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- ' o
X _ 2 E cosh E cosm _ pan=1 [ =25,
e 7 {coshzg - sin?n e (P ()
Ty . - 2( Esinhgsing (5)
Gg s 21’1 : .

coshzg - gin
These stresses have been plotted as contours over the panel in Pigures
2, 3, L.

The meximum value of oy is =~gy and it occurs along the length of

the free edge. The maximm value of T,y is '?:'Ge and 1t ocours at the

corners of the panel. The variation of T,. along the longitudinal
edges of the panel assumes a particulerly simple form:

(TJQZ) e _ 2g (6)
¢ 7 sinhE
e S

and this may be integrated to give the required variation of the section
area of the constant stress edge members:

(7

4bt
7 - 250
To "2 [sinha
)

3.12 Reinforced sheet

It is shown in Appendix I thet the stress resultants* in the panel
are glven by

f’:;s - K_ 2K N -1 cos M - -1 cos 1 8
Te € m';s{ 1 ten (sinh (&/nq) ng ten (sinh (E/ny) >} ®
= .

Sy _ 2K _1.. % -1 cos M - i_ tan~] cos N 9
% *Ye )Ny = (sinh (E/n1)> ng = <sinh (E/ny) } )
Ty K [:fcosh (E;/n.Q - sin m} {cosh (&/ny) + sin m} ] (10)

- g mye {cosh (E/n,) + sinm} {cosh (E/n,) - sinm}

O L [

*Jtress resultants are here defined as (the resultant force in the
stiffened sheet per unit length) t. They therefore have the dimensions of
& stress, and when there is no reinforcement in a particular dircotion the
stress resultents are the actual stresses in the shect.

v-5_
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The meximum velue of Oy ocours along the length of the free edge
end is given by ' : . ) ..

(OYmex

K A
o T Tm | (11)

" The meximum value of = <y occurs at the corner of the panel and is given

by

s - () (3) o

. and this has been plotted in Figure 5 for verying values of the stringer

and rib _st_:l,fmess. The variation of 'Exy along the longitudinal edges of
the panel may be written in the form: ’

(v )
e _ (2,  [tenh (B/eny)
0 <""!e >1 ¢ Ltanh (E/an)} (13

“and this may be integrated to give the reqﬁire,,& veriation of the seotion

area of the constant stress edge members:

" Ve

: P (S M) w
(o]

3,43 Direct stresses in the sheet, stringers and ribs

.* When the panel is reinforced the direct stresses in the sheet,
stringers and ribs are related to the stress resultants by the equationsl‘"

1+ R\ vs ) '
T = <—"K >'o‘x = Oy : (15)
1+ 8\ - VR
o 15 2o 6
y~<K>GY+K°’x (16)
g o Y ! - .
o‘ = - I - *‘ . s .
8 =% % "% ..‘O"y . (1D
and
S a . v o
op = =5, -2 PRI 18)
R k ¥ "k % S ,(
-6 =

—
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3.2 Trensverse edge supported

If the transverso edge is supparted by an inextensional but flexible
member the scoond pert of equation (2) becomes

on = 0 | (19)

and the other boundary conditions are unaltered.
3421 Plein sheet

It is shown in Appendix I that the stresses in the penel are given by

S. 10 E E : ' c
= o - ;;{ £ o0sh L9030 Y, o gan™ <—-—-—-°°sn >7, (20)
e cosh?E - sin® sinh & /)
f_z 19 & cosh & cos 1
T, *x 2 > : (21)
e cosh“Eg ~ sin‘n
XY . - L{Zg sinh g sinmn log <cosh g + sin 7 '} (22)
' g, © 29 cosh?g - sin? cosh § = sinn /j

and the shear stress beoomes infinite at the corners because of the
logarithmic term..

3.22 Reinforced sheet

It is shown in Appendix I that the stress resultants in the penel

.. are given by
G, K. X {n? ton~1/ 008 1 / 008 } (23)
Ty e muey (! <sinn(g/n > <sinh(E/n2)>
T ) '
Y 21({,c “1 /8 M\ _ yo-1/__cos ™ } 5
o, muel o (sinh(&/n»,) > - <si.nh(i/n2)> (24)

e Tmuel cosh(E/n1) + sin osh(g/nz) + 8in m

4 Discussion of Resulté

From the analysis in the appendices it appears that the exact solu-
tions given In para.3 ere the only ones capable of expression in closed
form. The case of a short pancl is omsidered in Appendix II, The
expressious for the stresses are complicated but are unlikely to differ
significently from those for a long panel unless the panel length is
less then three times the penel width., The stress distribution in a long

_7.-

‘ cosh(€/n4) - sin osh(&",/n ) = sin n
:":o%gz = - {1?1 108( ‘ 1 :>- n, log C — >} (25)
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panel bounded by constent area edge members loaded at their ends is
considered in Appendix III. Contours of constant c’x/de in en unrein-

forced penel with e ﬁ'ee edge have been drawn in Figures 6 7, 8 for valucs
of F/bt equal to %, 1, 2. These contours differ appreciably near the
longitudinal edges from thosc shown in Figure 2 which correspond to infinite
F/bt. The peak valuc of the shear stress is independent of F and is

T ,0’
5 Conclusions

The stress distributions in long panels bounded by constent stress
edge members are considered theoretically using the exact equations of
elasticity. The stresses in the panel are expressed in closed form, and
may therefore be readily determined. Contours of stress in the panel arc
shown and the influence of closely spaced stringers and ribs on the peak
shear stresses is investigated.
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Additional symbols used only in the appendioces
¢ = Alry stress function

“ B, C,, G} = oonstants in a summation

! ‘ \

. = summation for n =0, 1, 2, seses o
n

Sts S = summation introduced in equetion (43)
E' = E,/n1 or E/nz l i
S, = 84+18, “’

values of S84 , S, with E' =&/n,

n
-
-
-
-
o
N
-
-
]

S1’2 , 82,2 = velues of Sy , S, with &' = E/n,

A\ = 7 x (length of panel)/4b -
p = Kbot/Fe
T, = positive root of the equation: r +p tanr =0 5
i
—_— |
L
- 9 -
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it
APPENDIX I

Stress distribution in en infinitely long panel bounded by
constant stress edge members

In determining the stress distribution in the reinforced panel it is
convenient to introduce the stress function ¢ , such that the stress
resultants arc given by

2 Y
- d
5 . 22
X 2
oy
>
- 3¢ .
o = > > (26)
dx
62¢
T = -
Xy dx 3y D,

The equilibrium conditions are then automatically satisfied, and the
conditioz: of compatability is satisfied if ¢ satisfies the differential
equationt™:

4 ok 4
) 3 .9
o l + 2Y——-L + € —-—¢' = 0 (27)
4 2 2 4
dx 3xX dy Ay

. A suiteble form for the stress function, which is a solution for
this equation, is

2 ™y
6 = By? + %_L 1 - {Gn exp - <(2n+1)7tx>
g ” (2n+1) b ny

rqe- (P (552) @

where ng and n, are the positive roots of the eauetion

@ -2ynl.4ent = 0 ' —(29)

The stress resultants, obtained from equations (26) and (28), are
written more oconveniently in terms of & and =n

5 - o8- Z["n o ey o) e-(2n+1>€/nz} sos (2ns) 1 (30

- 10 -
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— G, =g/, o ~(2n41)E/m
RS L

n

Xy = n, ° Y a ] sin (2n41§Ln " (32)

ny 1y

3 Z{Cn -(2n+135/n1 .Clll :-(2n+1)§)l-2‘iz"2

and the actual direct stresses in the sheet, stringers and ribs are given
by equations (15) to (18). The constent B is determined from the
condition that as E +tends to infinity,

oy = Oy (33)
so that, Ko
)

B = o= (34)

Along the longitudinal edges n = :__7-;- , 5o that cos(2n+1)’n vanishes
and therefore the boundary conditions represented by equation (1) are

satisfied. (Note that o = o - _vo‘y).

Transverse edge free

Along the transverse edge E = 0 and the boundary conditions
represented by equation (2) arc

Ko
_s_e_ - L (C, + Cﬁ) cos (2n+1) m = O (35)
' n
and
C. (oA .
Z/"-‘lq--—ri)sin(znm)n: 0 (36)
 \my T3y )8
Now from Fourier analysis
E@. - LK o Z (-1 cos (2n+1) m (37)
€ " e - 2n+1
n
so that
-N" 1K o
L0, 40 = et . (39)
n " Cn (2n41) ‘®e

-1 -

e e e -




and

The solution of equations (38)

Trangverse edge supparted

When the second part of equation (2) is replaced by equation (19), it
will be found that equation (36) is replaced by

VK o
e

€

- ZJ {on (v

and Cf ere given by

oy

anan

Cl

Solution in closed form

T+ %\ + G}

Report No. Structures 162

(39)

and (39) is

n
(-1)" 4X n, o,
(2n+1) mey
- (40)
_(_'1)n LK n, o
(2n+1) me ¥

|
|
1
|

[v + -?2- Jcos (2nt1)n = 0 (41)

\ n2)

2
(-1)" 4K n] o
(2n+1) mep¥

(42)
~(-1)" 4K n) 9
(2n#1) mep ¥

Tt will be seen by compering equations (28), (41) end (42) that two
distinet summations occur in the stress resultants, and these may be

written as
~(2n+1)E " p
()P e cos (2n+1)m
5 = 2n+1
n
’ (43)
~(2ns1)E
= (-1)n e (2nt1)E sin (2n+1)n
52 = L 2n+1 J

n

- 12 -

——
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un—.d end it will now be seen that B84 end S, are respectively tho real and
': imaginary parts of

j - T qyp m(ene) (i)
f 5 =ZJ(1) CEARRE

-~

2n+l

gt i"\
1 1 1+ieg+n
= e og
2i ~E'+in
At -ie | T
, L () :
1 inh B! +
B __1og(sz.nh£ +1cosn>
2i cosh &' +-sin m :
) %tanq(cosn \+-j-'-log (coshgf + sin m \"
sinh '/ & cosh&! - sinn ;
so that
Sy = & tan” (250 (45)
sinh 2 ' 1
|
and !
o1 cosh_g’+sinn> ‘ - A )
Sy = % 1og <cosha' - sin (&) |
' i
!

' The stress resultants are to be determined from equations (30), (31),
(32) and (40), (42), (43). 1If the transversé edge is free:

Ty K.

A E.".’,’t%l,. {ng 84,4 =15 84 5} (47
S asf(n)s (2 | (48)
o, ~ ®e¥|\n,/ 1,17 \ny ) 71,2 h .

Ty K _ 5
- e IR LIS (49)

and these equations carrespond to.equations (8), (9) and (10) of the main
text., If the trensverse edge is supported:.

'a'. .

X _ K_ ¥ o -2

5, = & mewy {p] 84 4 = 03 8y o} (50)
=13 -
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v,

X _ LK -

o, T meny {84,1 = 842} (51)
-

oxy _ -hK _

5, T mepy 55,1708, 5]

and these equations correspond to equations (23), (24) and (25) of the
main text.

Plain sheet

If the panel is unreinforced the coefficients nq and n, are each

equal to unity and the expressions derived above for the stresses assume
an indeterminate form. The limiting values as n; and n, tend to unity

may be readily found by observing that, for example in equation (47) R

Linit FH S147 % S1,2} -2
n, »n, » 1 ! | on {ny Si,“; (53)
1 2 v ( n.1=1

with similar relations for the indeterminate forms occurring in equations
(48) to (52).

Now,
) h -
25, - 3 coz E cos 721 (54)
ony 1s 2(cosh“g = sin“n)
and
sinh g sin 7
ng 2, 2(cosh“ g - sin“m)

so that the derivation of equations (3), (&), (5), (20), (21) =nd (22) is
now straightforward.

-‘“4_-

(52)
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APPENDIX II

;
i
: .‘L\ -

Stress distribution in a finite panel bounded by
constant stress edge members

The stress function is symmetrical’ sbout the line & =\, and in the
expansion for ¢ (see eéquation (28)) the term

!

. ‘ =(2n+1)E./ n, cosh{(2n+1) (\=E) /n4}
! e is' therefore repleced by -
cosh {(2n+1) M/n, 3

(56)

and -there is a.similar replacement with n, instead. of n4.

The stress, resultants are then given by

T, = 2B - ;‘\”{ cosh{(2n+1) (\-E) /n}

/. cosh{(2n+1)%/n 3

cosh {(2n+1) (\-8) /n,}

. Q) L} cos_(2n+)n (57)-

cosh{(2n+’l)',\/n2}

f §{(2n+1) (A€ )/n }

a,,. = rc
C'Ty >n—é n coshf(ZnT‘l)')\/n }
' cosh{(ZnM)(?»-—E)/nzh
“On ng oosh{(2n+1)7x/n2} .5 oos. {2t} (58
. o sinhf(2n+1)(7»—§)/n1}
¥y - Z {Cn n, cosh{(2n+1)7\./n1}

. sinh {(2n+1) (A~ g)/n 1

+ (2net}m (59)
, cosh {(2n+1)')\/n 1)
Transverse edge free
It is found that
(-D™ 4k o n, tanh{(2n+1)7\./n2}
% = (2n+1) me <n1 tanh {(2n+1)0/n5] = nyp tanh{(2n+1)7»/n1}>
~(~1)* WK o, n, tenh {(2n+1)7»/n1 ] (€0)
o = (2n+1) ®e <n1 tanh {(2n+‘l)?»/n_ o} = 1y tanh{(2n+1)7»/n1}>
- 15 =
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Transverse edge supparted

It is found that G, énd G} are given by equation (42).

Tt does not sppesr possible to obtadn closed forms for either of
these oases, ' '

- 46 -

et e R e o .
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APPENDIX III

Stress distribution in en infinitely long panel bounded by

constant ares edge members

If the panel is bounded by constant area edge members loaded only at
their ends the boundary condition along the longitudinal edges correspond=-
ing to the first part of equation (1) is replaced by the equilibrium
condition

This condition will be satisfied by introducing a stress function similar
to that of equation (28) with (2n + 1)X/2 replaced by r,, for this gives
the stress resultants in the form:

—
i - x/bn =X x/bn .
n 1 n 2
2B - L {Cn e + C) e } cos r,y/b (62)
n

Hal
]

_ e -rnx/‘on,l a! —rhx/bnz
G {—2 e + -%e } cos T y/b. (63)
n n
n 1 2

S
C —-I‘nx/bn1 ol —rnx/bnz
T, = - L{-ﬂ e + e sin 1 y/b (64)
Xy o n,l 0

. c, - nx/bny <l -rnx/‘bn2 .
y 5-1- e + - e ’

end equation (61) becomes, on dividing =
. 2

Fer
tsin @, + Kbn cos x, = O (65)

which is satisfied because of the definition of the T terms. The

boundery condition represented by the second part of equation (1) will not
now be completely satisfied, but the effect on the stress distribution is
negligible.

From generalised Fourier enalysis

It

L
y (e ) o »

- '\p + cos? Ty

so that the condition that 'o-‘x venishes along the transverse edge is:

-17-
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-2K T (1+p) cos T,

_
Oy + O = . (67)
e(p + cos” ry)
If the transverse edge is free
1 Cl
LD, % (68)
ny n,
and if the transverse edge is supparted
C 1
"‘n" + "C'n' = 0 (69)
n? n2
1 2

If G, and C} are solved for equations (67) and (68), or (67) end
(69), end substituted in equations (62)=(64) the problem is formally solved,

Plain sheet

The case when the sheet is unreinforced and the transverse edge is
free is of interest. It is found that the stresses arc then given by:

-r_x/b
\MUsinr, (1+rxh) e * cos (ry/b)

I 2PL . - - (70)
%,0 1+9p o r, (p+ cos? rn)

. -r
- ™ sin r, (1 - rnx/b), e /P cos (rny/b)
=L - - 2p > (71)
e,0 " r, (P + cos® r,)

==y -T X/b
T 2p sinr,e ®°  sin (rpy/b)
= . = L . — (72)
e,0 n p + cos” ry

Contours of constent Cy/C o are plotted in Figures 6, 7, 8 for

velues of g. equal to %, 1 end 2. The meximum velue of Ty 18

2
% %,0’

- 18 -
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