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SU1VUARY

- Exact solutions are given for the stress distributions in long panels

bounded by constant stress edge members. The influence of closely spared

stringers and ribs on the peak shear stresses is investigated.



RESTRICTED

Report No. Structures 162

LIST OF CONTENTS

I Introduction 3

2 List of Symbols 3

3 Stress Distribution in a Long Panel Bounded by
Constant Stress Edge Members 4

3.1 Transverse edge free 4

3.2 Transverse edge supported 7

4 Discussion of Results 7

5 Conclusions 8

References 8

Advano Distribution 8

Detachable Abstract Cards

LIST OF APPENDICS

AMendix

Stress Distribution in an Infinitely Long Panel Bounded by
Constant Stress Edge Members I

Stress Distribution in a Finite Panel Bounded by Constant
Stress Edge Members II

Stress Distribution in an Infinitely Long Panel Bounded by
Constant Area Edge Members III

LIST OF ILLUSTRAT IONS

Figure Showing Notation 1

Contours of Constant 0/0e 2

Contours of Constant -G^/(e 3

Contours of Constant Tx/e 4

Peak Shear Stresses in Reinforced Sheet 5

Contours of Constant T4,o : F = 2bt 6

Contours of Constant e,o : F = bt 7

Contours of Constant O e,o : F = bt 8

-2-



RESTRICTED

Report No. Structures 162

I Introduction

The stress distributions in panels bounded by constant stress and
constant area edge members have been considered by a number of writers

1 '2 ,3

by assuming that the transverse strains may be neglected. This assumption
is justifiable in that the longitudinal direct stresses are then determined
sufficiantly accurately although the peak shear stresses are in error. In
this report it is shown that if the longitudinal edge members are tapered
so that their stress will not vary along their length it is possible to
obtain simple expressions for the stresses in an unreinforced panel without
recourse to more drastic simplifying assumptions. If the panel is rein-
forced by stringers and ribs simple expressions for the stresses are
determined on the assumption that the panel has orthotropic properties.

2 List of Symbols (see Figure 1)

2b = width of panel

.0 t thickness of sheet.

S relative stiffnes's of stringers to sheet (i.e. stringer
Pare/t xstringer pitch)

R relative stiffness of ribs to sheet (i.e. rib area/
t x rib pitch)

F =section area of longitudinal edge member

v = Poisson's ratio

F Ox, Oy = Cartesian co-ordinates, Ox measured longitudinally

= y/2b

q*X.icy,.rxy = stresses in the sanet

S e= stress in the longitudinal edge members

mS VR = stresses in the stringers and ribs

LX' a- y = stress resultants in the reinforced panel

K = 1 + S + R + SR (i- v2)

= 1S+ S (1 " v2)

Y = 1 + (I + v) JS + R + SR (1 v2)

8 = I + R ( 1 -v 2 ) ., '

in Y + - t
11n2 = \9 -
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3 Stress Distribution in a Long Panel Bounded by Constant Stress
Edge Members

In this paragraph expressions are given in closed form for the
stresses in a long panel bounded by constant stress edge members. The
analysis is given in Appendix I and is based on a series expansion for
the stress function; the resulting series for the stresses are shown to
be sunmable in ters of known functions. The boundary conditions con-
sidered along the transverse. edge are either that the edge is free or
that it is supported by an inextensional but flexible member.

3.1 Transverse edge free

The boundary conditions considered here are that along the longitudinal
edges

-x Va 0 '
x y e

and (i)

O:y 0o

so that there are no transverse loads; and along the transverse edge

and (2)

=0J

so that this edge is free.

3.11 Plain sheet

It is shown in Appendix I that the stresses in the panel are given by

12 cosh cos1. + ta- (3)~e 0' ( '
leosh 2 g sin2  \sinh

-4-
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2 cosh cos - cod I0 )
% 7 Ecosh2  .sin 2 I sinh(

'cxv E 2 sinh r.sin 1  ()
e iLoosh2 sin

2 _ 
(5)

These stresses have been plotted as contours over the panel in Figures

2, 3, 4.

The maximum value of ay is "ae and it occurs along the length of

the free edge. The maximum value of xy and it occurs at the

oorners of the panel. The variation of r x along the longitudinal
edges of the panel assumes a particularly snle form:

('%r)e 2 i (6)
Ce ' sinhE

and this may be integrated to give the required variation of the section
area of the constant stress edge members:

4bt E d(F Fo _ _" (7)
J sinh 1.

3.12 Reinforced sheet

It is shown in Appendix I that the stress resultants* in the panel
are given by

X n , t an -1 'o s I n t a n -, nos T
Oe (n1t n h K /n) ) s 2n K (8)

Co T)oo, )n
2K 1 tan-' _ tanco (9)

7 {t eIn (sinh /n) n2 (sinh (/n 2))]

S- Flocosh (CInl) - sin n] fosh ( /n2) + sin I] (0)
S=-" lo io's'h (E/n,) + sin c [cosh (/n 2 ) - sinrj

*Stress resultants are here defined as (the resultant force in the

stiffened sheet per unit length) t. They therefore have the dimensions of
a stress, and when there is no reinforcement in a particular direction the
stress resultants are the actual stresses in the sheot.

-5 -



Report No. Structures 162

The maximum value of y occurs along the length of the free edge
and is given by

(6 max K

The maximum value of cxy occurs at the corner of the panel and is given
by

mx 2K log (12)
o n

and this has -been plotted in Figure 5 f6r varying values of the 'stringer
and. rib stiffness. The variation of rxy along the longitudinal edges of
the panel may be -written in the form:

(X) e (2K Ctanh (E/2n) (

... 'e -log ' -an (E/2n2 ) (13)

'"'and"this may be integrated to give the required variation of the section
area of the constant stress edge members:

F = F (4Kbt E ftanh ( 2nl( tanh ('/2n2)

0

3.13 Direct stresses in the sheet, stringers and rib8

When the panel is reinforced the direct stresses in the sheet,
stringers and ribs are related to the stress resultants by the equations 4

• " 1 + R" _ VS

F1 + - y5)

+ vR (16)., K T )Oy + -- ?x16

CrS K O .y F (17)

and
• -. -V. . .. a

K y 'K x(18)

Rl Y' b
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3.2 Transverse edge supported

If the transverse edge is supported by an inextensional but flexible
member the second part of equation (2) becomes

0 (19)

and the other boundary conditions are unaltered.

3.21 Plain sheet

It is shown in Appendix I that the stresses in the panel are given by

=, oosh. F cos 11 + 2 tan"1 (.[ -- ') (20)
e [oosh 29 - sin2 1 (sinh

- f cosh oos (21)
-e = L cosh2k -sin2 T

_Lf2r, sinhr sinn + log cosh + sinr (22)
e - cosh n si Cosh sn

and the shear stress becomes infinite at the corners because of the

logarithmic term..

3.22 Reinforced sheet

It is shown in Appendix I that the stress resultants in the panel
are given by

-x K 2K n 2 tan-1 (  cos l n2 tan- oos 7 (23)
( 7 sinh(w/n 1 ) 2 (si( n 2 ) (

e (gn/Lns

T(e/n1) / tnj'(sinh( /n)]()

Kxy K cosh(,/nj) -sin ,.osh(Vn2) - sin -n
(-n 2 log K( +ir~(25Ne =  n ' log cosh(,/n ) + sin / scoshn/n)

-- - n2  osh 2 + ".j(

4 Discussion of Results

From the analysis in the appendices it appears that the exact solu-
tions given in para.3 are the only ones capable of expression in closed
form. The case of a short panel is considered in Appendix II. The
expressions for the stresses are complicated but are unlikely to differ
significantly from those for a long panel unless the panel length is
less than three times the panel width. The stress distribution in a long

7I
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panel bounded by constant area edge members loaded at their ends is
considered in Appendix III. Contours of constant O/e 0 in an unrein-
forced panel with a free edge have been drmvn in Figures 6, 7, 8 for values
of F/bt equal to J, 1, 2. These contours differ appreciably near the
longitudinal edges from those shown in Figure 2 which correspond to infinite
F/bt. The peak value of the shear stress is independent of F and is
2
n Ve,o"

5 Conclusions

The stress distributions in long panels bounded by constant stress
edge members are considered theoretically using the exact equations of
elasticity. The stresses in the panel are expressed in closed form, and
may therefore be readily determined. Contours of stress in the panel are
shown and the influence of closely spaced stringers and ribs on the peak
shear stresses is investigated.
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Additional symbols used only in the appendioes

= Airy stress fIunction.

B, O, C = onstants in a sumnation

= sunnation for n = O, 1 2,.
n

$1, S2  = summation introduced in equation (43)

/n I or E/n 2

S0  = + i S 2

i, I  S2, = values of S1 , S2 with .' = /n

S 1 , 2  S S2 , 2  = values of S I  S2 with ' =E/n 2

= x (length of panel)/4b

p = ibt/Fe,

rn positive root of the equation: r + p tan r = 0

-9
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APPENDIX I

Stress distribution in an infinitely long panel bounded b
constant stress edge members

In deternining the stress distribution in the xeiLfarcod panel it is
convenient to introduce the stress function € , such that the stress
resultants are given by

2

ay

=- 
(26)

y 2

a2

xy ax ay

The equilibrium conditions are then automatically satisfied, and the
conditiol of compatability is satisfied if € satisfies the differential
equation:

- + 2Y + e - =0 (27)
ax ax ay ay

A suitable form for the stress function, which is a solution for
this equation, is

- y2 + 2ni.) 2 {C ep (2n+1)nx
n

+ 1n exp - 2(2n+1)7zx) ((2-n+l)Ay) (28)

where n1  and n2  are the positive roots of the eqvtion

a- 2Yn 2 .+ sn 4  = 0 (29)

The stress resultants, obtained from equations (26) and (28), are
written more conveniently in terms of and ii

'- 2B L e Cn "+l)/n I e(2n+I) Vn 2  (2n+1) (30)
x = 2B - n_ e " ( '2 osl 2/ n i+ Cre(S

K - 10 -

!i
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1 - -(2n+1) /ni + .J

Cr e +. L.e+ n 2" (2 n+1)'/' j" .cos (2n+1) i n (31)

T x =Y " I + n2 2 sin '2+*~ (32

and the actual direct stresses in the sheet, stringers and ribs are given
by equations (15) to (18). The constant B is determined from the
condition that as F. tends to infinity,

O's e (33)

so that,
KV

B G. (34)
2s

Along the longitudinal edges 'n = +.. , so that cos(2n+1)r vanishes

and therefore the boundary conditions represented by equation (1) are
satisfied. (Note that as = x - .

Transverse edge free

Along the transverse edge = 0 and the boundary conditions
represented by equation (2) are

-e (cn  + O) cos (2n+i)in 0 (35)

n

and

n +Cn I ) in  (2n+1) T) 0 (36)

n,

Nev from Fourier -analysis

T &e S - cos 2n+1) n (37)
8s 2n+1

n

so that

a (')n 4K (38)CnY + Cn. (2n+1) '7 e

S11 -

K'



Report No. Structures 162

and

n n

The solution of equations (38) and (39) is

(2n+i) n E

(40)

- 4lrIK n2 O%

CA (2ni+) A e

Transverse edge suaparted

W4hen the second part of' equation (2) is replaced by equation (19), it
'will be found that equation (36) is replaced by

vK a- .~
e L n + i os(2n+l>i 0 (41)

n fl 2 0

and an and O'are given by

(_1)n 4K n
2

(2n+1) 'As nhr

(42)

Solution in closed form

It will be seen by comparing equations (28), (41) and (4+2) that two
distinct surmations occur in the stress resultants, and these may be
written as

(-I) n (nIVcs(nl,

S1  2n+1 0 2n1f
n

(43)

on e(ni' sin (2n+i)ri

S2  =2n+1

n

-12
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and it will now be seen that S I  and S2 are respectively the real and
imaginary parts of

-(2n+l).( '-ir).., ~~(-I)n e:., - ..
2n+1

n

I 11 -nh +io
= I log I +g e

ie

so that " "

COS 11(44)

I lo' t(si n -( o Fs.inh (1

and ( cos h F + sin
S 2  Elog \ osh s' sin

The stress resultantss aoe to be determined from equations (0), (31),

(52) and (40), (42), (43). If the tranisvers4 edge is free:

S . , n (48)

_ los o +sn' (49)

- - 2

ad these equations c arespond to..equations (8), (9) and (0i) of the main

text. If the trasverse edge is supported-:.

Tn i s-- - n2 SI, 2} (50)
e  n2

4 -1 K" 4)(r n; 2 12!
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4Y, [ l S1,21 (51)o~e  A ' -$,e,

-n l 2,1 - n2 S2 , 2  (52)

and these equations correspond to equations (23), (24) and (25) of the

main text.

Plain sheet

If the panel is unreinforced the coefficients nj and n2  are each
equal to unity and the expressions derived above for the stresses assume
an indeterminate form. The limiting values as nj and n2  tend to unity
may be readily found by observing that, for example in equation (47),

Limit 1 1.1 - -nn2 S ,1

nI - n 2  n I (53) nl1

with similar relations for the indeterminate forms occurring in equations

(48) to (52).

Now,

a Ecosh cos NO
n, 2(oosh 2 sin2 T)

and

a S asinh sin (55)

an, 2,1 2(cosh . sin 2  )

so that the derivation of equations (3), (4), (5), (20), (21) and (22) is
now straightforward.

-14-
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APPENDIX II

Stress distribution in a finite panel bounded by
constant stress edge members

The dtress function is sy~etrioal. about the. line X ~, 'and in the
,expansion.for 0. (see.:,quation (28)) the term

e (2n+i)V.n, is thrfoe replzned by Cos h j(2n+ 1)(X - )/n, (56)

gnd -there is a similar replacement with n2 instead, of nl.

The stress, rasaltants are then given by

6x = 2B -cosh 
j(2n+ 1) ( ~ ~ / i

Cosh 1(2n+i1) X/nil

Cn cosh 1(2n+1)%/n 07

C cosh J(2n+1 1) ~ /~ /nn1> (8

n n. 2as cosh+1)?./n9 J

+.l osih(2n+1)(X-E)/n211 sn 2n+1)'l (58)
nn 2 coshj(2n+1 - n21

(Irf 4K% [Cn sn 1 tnl)(n)/n 21 '
n2+1 n, \n1  -1~)%n

+ t at s(2n+1)X/n~l -O tn~(+) in 1 2l (59

Cn (2n+ ) 9t5- (nj tanh[(2n+)%/n 21 - n2 tanhg(2n+l)%/nj1)

CA (2n~~~l) As (n,1 tanh (/2-n2)X/nhj2)/j

-15-
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Transverse edge supported

It is found that On  and C' are given by equation (42).

It does not appear possible to obtain closed forms for either of

these eases.

!- 16-
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APF nIX III

Stress distribution in an infinitely long panel bounded by
constant area edge members

If the panel is bounded by constant area edge members loaded only at
their ends the boundary condition along the longitudinal edges correspond-
ing to the first part of equation (1) is replaced by the equilibrium
condition

t'r + F- 0 (61)

This condition will be satisfied by introducing a stress function similar
to that of equation (28) with (2n + 1)7z/2 replaced by rn, for this gives
the stress resultants in the form:

I rnx/bnl + "rnx/bn 2  0Tx = 2B - [On e- + On • 2 Cos rnY/b (62)

n

-- Cn -rxn +n -rnx/bn2

n e rnx/nl + eo e 2 os r y/ (63)

xy 2 n - esn rY b(4
n 1 2

O -r-. i-nxin21  s n ay /b ()

and equation (61) becmes, on dividing by e + n1  e :

Fsrnt- cossrn n0 (65)

sn 2n+ K

which is satisfied because of the definition of the r. terms. The
boundary condition represented by the second part of equation (i) will not
now be completely satisfied, but the effect on the stress distribution is
negligible.

From generalised Fourier analysis

Sr2(1+p) c s rn Cos rny (66)

n + o~ n,

so that the condition that ox vanishes along the transverse edge is:

-17-
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On + On = -2K Ce,o (I+p) cos rn (67)
n+ (p + C os2  rn)

If the transverse edge is free

ni + o_ =0 (68)
nI n

and if the transverse edge is supported

On  C

n2+ = 0 (69)

If Cn  and C are solved for equations (67) and (68), or (67) and

(69), and substituted in equations (62)-(64) the problem is formally solved.

Plain sheet

The case when the sheet is unreinforoed and the transverse edge is
free is of interest. It is found that the stresses are then given by:

sin rn (1 + rnx/b) -rx/b oos (rny/b)
- 2p o ) (70)

o +rn (P + cos n

sin rn (i - rnx/b) e-rnx/b cos (rny/b)

V rn (P + Cos2 rn)e~o n

"xy 2px sin rnernxA sin (rny/b)
T L (72)
e,o b n P + o os2 rn

Contours of constant x/e,o are plotted in Figures 6, 7, 8 for
values of 1 equal to -, I and 2. The maximum value of r X is

2 P
2

l:,i - 18-
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FIG. I.
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FIG. I. FIGURE SHOWING NOTATION.
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