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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 3076

LIFT AND MOMENT COEFFICIENTS EXPANDED TO THE SEVENTH
POWER OF FREQUENCY FOR OSCILLATING RECTANGULAR
WINGS IN SUPERSONIC FLOW AND APPLIED TO A
SPECIFIC FLUTTER PROBLEM

By Herbert C. Nelson, Ruby A. Rainey, and Charles E. Watkins
SUMMARY

Linearized theory for compressible unsteady flow is used to derive
the velocity potential and 1ift and moment coefficlents in the form of
power series in terms of the frequency of oscillation for a harmonically
oscillating rectangular wing moving at a constant supersonic speed.
Closed expressions for the velocity potential and 1lift and moment coef-
ficients associated with pitching and translation are given to the sev-
enth power of the frequency. These expressions extend the range of use-
fulness of NACA Report 1028 in which similar expressions were derived
to the third power of the fregquency of oscillation. For example, at a
Mach number of 10/9 the expansion of the potential to the third power
is an accurate representation of the potential for values of the reduced
frequency only up to about 0.08; whereas the expansion of the potential
to the seventh power is an accurate representation for values of the
reduced frequency up to about 0.2, a value of this parameter large enough
to cover most rectangular-wing flutter cases likely to occur at this Mach
number.,

The section and total 1ift and moment coefficients are discussed
with the aid of several figures. In addition, flutter speeds obtained
in the Mach number range from 10/9 to 10/6 for a rectangular wing of
aspect ratio 4.53 by using section coefficients derived on the basis of
three-dimensional flow are compared with flutter speeds for this wing
obtained by using coefficients derived on the basis of two-dimensional
flow.s

. INTRODUCTION

o
A method for pobtaining the air forces and moments acting on harmon-

ically oscillating rectangular wings in supersonic flow is given in ref.
erence 1. This method is based on the expansion of the velocity potential
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2 NACA TN 3076

in powers of the frequency of oscillation and is applied to harmonically
translating and pitching rectangular wings to obtain expressions for the
associated forces and moments involving the frequency to the third power.

In the expansion of the velocity potential, the frequency of oscil-
lation and Mach number enter the results in a combined form such that
the range of frequency for which the expansion to a given power repre-
sents an acceptable approximation to the actual potential decreases as
the Mach number decreases toward unity. As a result, the force and
moment expressions of reference 1 apply to a sufficiently broad frequency
range for most flutter studies only if the stream Mach number is greater
than about 1.5. In order to obtain results that cover a larger part of
the transonic range, that is, results that apply over a wider frequency
range at Mach numbers nearer unity, the present paper extends to the sevw-
enth power of the frequency the expressions of reference 1 for velocity
potential, section force and moment coefficients, and total force and
moment coefficients. This extension results in a coverage of frequency
that is generally sufficient at Mach numbers as low as about 1l.1. It
also, of course, increases the frequency range covered by the approxi-
mate theory at all supersonic Mach numbers.

Although the method of reference 1 furnishes a straightforward
approach for msking this extension, the present paper employs a more
concise method based on the veloclty potential for a semi-infinite wing,
developed in reference 2. In this reference Stewartson makes use of the
Laplace transformation to obtain the potential in the form of a definite
integral. The integrand of this Integral expanded in powers of the fre-
quency and integrated term by term can be made to yield results that are
identical in form with those obtained by the method of reference 1. For
the sake of completeness Stewartson's derivation of the velocity poten-
tial for the semi-infinite wing is reconsidered herein.

For illustration the extended section coefficients are used to cal-
culate flutter characteristics for a rectangular wing of aspect ratio 4.53
at several Mach numbers in the low supersonic speed range. These results
are compared with calculations made by using two-dimensional aerodynamic
coefficients, obtained from reference 3.

SYMBOLS
A aspect ratio
b one~half chord
c speed of sound in undisturbed medium
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h,a

Jo(0)

Li,My

Li,Mg

=

& F

v B

section 1lift coefficient

total 1lift coefficient

section pitching-moment coefficient about axis of rota-
tion xg

total pitching-moment coefficient about axis of rota-
tion Xg

functions defined after equation (17)

vertical displacement of axis of rotation xg, positive
downward

amplitude of vertical displacement

time derivatives of h and «, respectively

Bessel function of zero order (first kind)

reduced frequency, wb/V

components of section force and moment coefficients,
respectively, defined in equations (29) to (32);
i=1,2, 3, and L

components of total force and moment coefficients,
respectively, defined in equations (37) and (38);
i=1,2, 3 and 4

Mach number, V/c

aerodynamic section moment on wing about axis of rota-
tion x,, positive leading edge up

total aerodynamic moment on wing about axis of rota-
tion xg, positive leading edge up

local pressure difference

aerodynamic section normal force, positive downward

L
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P total aerodynamic force on wing, positive downward

Ty, nondimensional radius of gyration of wing section about -
elastic axis, Ia/hbe where I, 1is mass moment of
inertia per unit span about elastic axis and m 1is
mass of wing per unit span

s one-half span of wing

t time

v velocity

wi(x',ym',t) vertical velocity at surface of wing along chordwise
section y' = yp'

Xq, location of center of gravity of wing measured from
elastic axis (see ref. 3)

Xgo abscissa of axis of rotation of wing (elastic axis)

X,¥,2 nondimensional rectangular coordinates attached to wing
moving in negative x-direction, referred to wing .
chord 2b

x' = 2bx

y' = 2by

z' = 2bz

Zp first bending mode shape of wing

Zn vertical displacement of any chordwise section of wing

Z,, first torsion mode shape of wing

a angle of attack, positive leading edge up

ay, ef@ective angle of attack due to vertical translation,
B/v

Qg amplitude of angle of attack a

p=\M .1
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= 2y/a

o phase angle ‘r.>etween section 1ift due to h and
velocity h

6, phase angle between section 1lift due to a and
position «

%ym phase angle lgetween section moment due to h and
velocity h

O phase angle between section moment due to a and
position a«

0 phase angle between total 1ift due to o and
position «

6 AM phase angle between total moment due to o and
position «a

K density parameter, stpba/m

o) density in undisturbed medium

AN

disturbance-velocity potential

W frequency of oscillation

Wy first bending frequency of wing
Wy, first torsion frequency of wing
o= 2kMéA32

ANALYSTS
Velocity Potentials for Harmonically Oscillating

Rectangular Wings

)

As a first step in the analysis, an integral expression is developed
for the velocity potential for a harmonically oscillating semi-infinite
rectangular wing (fig. 1). As mentioned in the introduction this expres-
sion is given in reference 2 and is redeveloped herein for the sake of
completeness. From the expression for the semi-infinite wing, the poten-
tials for the various regions (see fig. 2(a)) of a finite rectangular

“\‘ )

B

USRS Su

ey K



6 NACA TN 3076

wing are obtained either directly or by eppropriate modifications. The
analysis for the finite wing, like that of reference 1, is restricted
to the condition that the Mach line from the foremost point of one wing
tip does not intersect the opposite tip ahead of the trailing edge.

Velocity potential for semi-infinite rectangular wing.- Consider a
thin, flat, semi-infinite, rectangular wing moving at a constant super-
sonic speed in a chordwise direction normal to its leading edge as shown
in figure 1. The differential equation satisfied by the disturbance~
velocity potential for the wing (when referred to a rectangular coordi-
nate system x',y',z' moving uniformly in the negative x'-direction
with the x'y'-plane coincident with the mean position of the wing) is

2 ‘
1(a+va}ac'>¢=a2¢+aa¢ . 5 (1)

c2\3t Bx‘e By'z Bz'z

where x' = 2bx, y' = 2by, z' = 2bz, 2b is the wing chord, and c

is the speed of sound in the undisturbed medium. The boundary condition
of tangential flow at the surface of the wing, in accordance with small-
disturbance linearized theory, can be expressed as

)
(:—'¢T\) = V(x',ym"t) =V ‘gé?‘ + 'é‘zﬂ (2)
Z 2" +0 X t

where Z; 1s the vertical displacement of the ordinates of the surface

of any chordwise section of the wing such as y' = yn' in figure 2.
The wing is assumed to be executing simple harmonic motion with respect
to time t, so that t enters only in the exponential exp(iwt), where
® 1is the frequency of oscillation. Equation (1) thus becomes

2%y . Py _ g2 Py , 2aMdy o2 ) (3)
12 2 12 c Ox' 2
oy dz ox X ¢

where the disturbance~velocity potential ¢ is related to V¢ by

¢(X"Y':Z',t) = \y(x',y',z')em
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For the case of the semi~infinite wing having ldentical motion in every
chordwise section the boundary conditions that equation (3) must satisfy

- ares

(?.\L) = w(x') (x',y'z0) (¥
bz' z'=iO

iop + vV 2= 0 (y' < 0) (5)
ox

v=0 (x' < 0) (6)

y—>0 (z'—> =) (7)

Equation (4) is derived from equation (2) and implies that the normal-

velocity distribution on the wing is given; equation (5) is the condi-
: tion that the pressure be zero off the tip of the wing; equation (6) is
the condition that no disturbances be propagated forward of the wing;
and equation (7) is a condition on the behavior at infinity (the manner
of approaching zero is associated with the radiation condition of
Sommerfeld). Equations (3) to (7) constitute the boundary-value problem
for the velocity potential

Applying the Laplace transform

¥(s,y',2") = f e~S% y(x',y',2")ax'

0
to equations (3) to (7) yields the transformed boundary-velue problem
in the form
2= 2~
M’a’*'ﬂ"g‘:‘ 32s2+1@s-°-‘32§'¢7’=‘p2i7 (8)
oy’ oz' c c
(%1%) = w(s) (y' 20) (9)
. z2 /z2'=%0

i R U
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v=0 (y' < 0) (10)

¥v—>0 (2> tw) (11)
The problem in this form is, as pointed out in reference 2, similar to
the problem treated in article 308 of reference 4. By applying the

method of reference L to the present problem, it can be shown that the
value for V at the upper surface of the wing (z' = +0) is given by

v ==w(s) %1 - —V:'at:us? e'“vzdv (12)

For convenience equation (12) may be rewritten (see, for example, p. 478
of ref. 5) as

2 '

If use is made of a table of Laplace transforms (for example, pairs 55
and 89 of ref. 6) and the Faltung or convolution theorem, the inverse
of the Laplace transform in equation (13) mey be written as

W(x',y' ,40) = - %fo w(x' - £M)e(E",y)ae’ (14)

where

(x" < py")

! -ig-M—-x'

sec \[Xem \
2 ' 1 ] 2
Efo By Jo(—‘-'f- t/x 2. p% Esecun)dn e ©°P

(x' > gy")
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and &' = 2bt. PFrom equation (14%) the velocity potential in terms of )
the nondimensional coordinates x, &, and y becomes i

X
d(20x,20y,t) = - ZoelE fo wleb(x - £)] o(ave,2oy)as (15)
where
G(2bx,2by) = Jo(ﬁx)e-imx (x < By)

M

o\ sec‘IVZZ _ e
G(2bx,2by) = Jo(-“-’» x) - 1%- f By Jo(%a - pRy2secliy |an|e-tux
(o]

(x > By)

DbyMe
Vg2

o =

Equation (15) is the desired integral expression for the wvelocity poten-
tial for a semi-infinite wing. Note that for x £ By equation (15)
reduces to the potential for a two-dimensional wing (see ref. 3).

An expansion of the integrand of equation (15) in powers of the ‘
frequency of oscillation is employed because the indicated integration *
does not appear to be obtainable in terms of known functions. The result .
of this expansion is . !

q
¢ -- “b::“b j; " ol - ] ) (-am) El - 2(i—)ar Ir(E,y)ae

q=0 r=0(q - 2r)![rt]
(16)
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where [é/é] denotes the integral part of q/2 and

Ir(x,y) = 5 (x < By)

sec-l\fﬁi 2 \r
Ir(x,y) = 5 -f By (1- 2 sectn] dan (x> py)

It may be shown by induction that I, for x > By can be expressed in
terms of the functions ¥, of reference 1 as follows:

L= 1
e 2 S n ety 2 ey (ov) ()
where

X
Fo(x,y) = f xn-lsin-l\/%{_l dx
0

Two relations involving F, that are of particular importance in the
next section are

X
= 3 +lp
fo P, (x,y)dx = — l(xm Fn m+n+1) (18)
and
n
Fn(x,¥) = % sin"l\/‘@:x + Ezl amxn'm(By)m"IJVBy(x - BY) (19)
m=
where

.

. N wt

———

eI
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_ 2m’l(n‘- Dn=-2) ¢ o « (n=-m+1)
(n-2(2n=3) . o« . (2n - 2m + 1)

(m> 1)

8

Equations (16) to (19) provide the means for obtaining the potential to
any desired power of the frequency of oscillation. They are used in the
next section to develop expresslons to the seventh power of the frequency
for the velocity potentials for the various regions of a finlte rectanw
gular wing undergoing torsional and vertical translational oscillations.
These expressions are extensions of similar expressions developed in ref-
erence 1 to the third power of the frequency.

Velocity potentials for finite rectangular wing.- The coordinate
system and regions of interest for the finite rectangular wing are shown
in figure 2. On the portion of the wing between the Mach cones emanating
from the foremost point of each tip (region N in fig. 2(a)) no inter-
action takes place between the flow on the upper and lower surfaces of
the wing. On the portions of the wing within the tip Mach cones
(regions T1, Tp, and Tz in fig. 2(a)) interaction does take place between
the flow on the upper &nd lower surfaces., The velocity potential at a
point in one of these reglons is designated by @y, ¢y, ¢T2, or ¢T5

according to the region that contains the point.

For the particular case of the wing independently performing small
sinusoidal torsional oscillations of amplitude a, about some spanwise

axls x, and small sinusoidal vertical translations of amplitude hg,,
the equation for 2, is (see fig. 2(b))

Zy = elwt Ebao(x - Xo) + ho] = 2ba(x - X5) + h (20)

Substituting this expression for 2, into equation (2) gives

w(2bx,t) = Va + 2b&(x - xo) + h (21)

Equation (21) complies with the restriction inherent in the development
of equation (15), namely, that the wing have identical motion in every
chordwlise section.

The velocity potential for region T for the wing motion represented

by equation (20) is obtained directly from equation (16). Putting the
expression for w(2bx,t) given by equation (21) into equation (16),
retaining only terms in the expansion up to the seventh power of @,
inserting the appropriate values of I,, obtained from equation (17),

Tt et n S e Y

o e

TRl s o




12 NACA TN 3076

and. performing the necessary integrations with the aid of equation (18)
yilelds the following form for the velocity potential in region Tj:

¢T1 = -%Eﬁ + Va) M (x,y) + 2b&E\2(x,y) - xokl(x,zﬂ} (22)
where
—r -
7\l(x,y) = ;at-Fl - iﬂ‘a - 34—2-(}(1?2 + B2F5) + i'l—zﬁ—a-%(ef'a + (2[32 - l)szl +

i
w
N Ve

E5(ua2 + 5)Fp - 3xFy + 2;3“5‘5] - 92; Ex“ (492 + )75 -

3Ox2F1+ + (8;3‘+ - 4p2 4 5)15‘;_] - 57‘2;16 Ex5 (851‘ + 2832 + 21)F2 -

=]
10x2(682 + T)F, + 15xF; + 835F:] + 10 EX6 8pl +
( ) 4 6 Tl eo6uomd (

3682 + 33)F, - 105x*(26% + 3y + 105x%Fg +
(16;36 - 8% + 652 - 5>F§l
X
Aa(x,y) = /;) A(x,¥)dx

The integrations required to obtain the function N\, may be readily
performed with the aid of equation (18). The integrated values of Fy
(from eq. (19)) needed in equation (22) are listed in appendix A.

Use 1s now made of the potential ¢Tl’ equation (22) y to obtain the
potentials for reglons N, To, and T3. The potential ¢N is obtained
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from ¢T1 by substituting y = x/B in the functions A; and A\, in
equation (22), in which case F, becomes

8%

Fn=

oA

and the velocity potential @y 1is given by

By = -_2‘32 (B + Va)£p(x) + 2bd.E2(x) - xofl(xﬂ ‘ (23)

where

£1(x) = x - WL - ?M-é(zaa + 3)% + #11343—2(232 + 5)% + 1921; (83’* +

15 _(goh 2 x° & 6 L
- ——(8B% + 56 + 63)% - —=——[168" + 168p" +
960Mh( ) 6 11520M6(

5‘
wog? + 35)
im!

(16;35 + 2168"% + 50482 + 1;29)%9

X
fa(x) = /; fl(x)d.x

Note that because of the two-dimensional character of the problem in
region N the spanwise variable y is not contained in ¢N' Equa=-

tion (23) can also be obtained by expanding to the seventh power of ®
the velocity potential for the two-dimensional wing given in reference 3.
The potential ¢T2 1s obtained from ¢Tl by replacing y in the func-

tions A and A, in equation (22) by A - y, where A = 2s/2b is the
aspect ratio. The potential in region T3 (this region exists if

1< AB< 2) is a simple superpcsition of the potentials for regions N,
Ty, and Ty, as indicated in reference 1, and may be written as

Pr5 = Pny + Py - By (2%)

* g
%

g
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Forces and Moments

Section forces and moments.- The expanded velocity potentials for

the finite wing are now used to obtain expressions for the section forces

and moments at any spanwise station of the wing. Since the distribution
over the entire wing is symmetrical with respect to the midspan section,
only expressions for the forces and moments at any station of the one-
half span adjacent to the origin (see fig. 2) need be considered.

The local pressure difference between the upper and lower surfaces
of the wing may be written as

o = -Ep(gg %% ¥ ia¢> (25)

The section force, positive downward, is therefore

1
P=-2bf Ly dx (26)
0

and the section moment, positive leading edge up, about the arbitrary
axis of rotation x = x5 is

1
M, = -m@j; (x - %o)2p &x (27)

Under the previously mentioned restriction that the Mach line from
one tip not intersect the opposite tip ahead of the trailing edge, equa-
tions (26) and (27) must be evaluated for the two cases that can arise
(see fig. 3). These cases are: (1) The Mach lines from the tips do
not intersect on the wing (AB > 2) and (2) the Mach lines intersect on
the wing but the Mach line from one tip does not intersect the opposite
tip ahead of the trailing edge (1€ AR € 2). Only the final forms of

the section forces and moments are given. These forms are calculated by

deriving the pressure difference for the different regions from the
appropriate velocity potentials, making use of figure 3 to determine the
limits of integration for the regions involved, and using the relation
given in equation (18) to perform the integrations involving the func-
tions Fp; the results can be written as
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= -hprakaei‘”tE%?-(Ll + 1L2> + %<L5 + mﬂ

- _hobPy2k?
My = -bpbPV2k eimt[%l<Ml + m;_.) + ao<M3 + muﬂ:

o
The quantities L; (i=1,2, 3, and 4) and My (i =1, 2, 3, and k)

are the components of the section force and section moment coefficients,
respectively. The reduced frequency k 1is related to w and @ by
the relations

> (28)

2
k:ﬂ:L‘—b
v M2

In order to obtain self-consistent expressions for the forces and moments,
the terms of the velocity potentials associated with h and o are
expanded to the seventh power of @ and the terms associated with «

are expanded to the sixth power. As a result, the coefficients in equa-
tions (28) are as follows:

Case 1(see fig. 3(a)): For any section between the tip and the
point where the Mach line intersects the trailing edge, or where
0<y< 1/,

I = “55 [321—7'1 + (2[52 + 1 F] - —l%‘ - GBJ-I-FB + (813 + ,*B _ l) ;](;4_)2 .

PER
1 2 = = = 6 4 2 = -
0 5(613 + 7) Fy - 30F, - hoB6F5 + 3(16;3 + 887 - 2% + 1)5%(%) -

. L 2 2 _ zs(8a2 s =
0160 7(163 + 48gc + 33)3‘2 35 (83 + 9) F), + 105F; - 112;38?7 +

/-\6
(12858 + 640 ~ 1684 4+ 82 - 5) FQ(—M“-’-) (29a)

PR it
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1 P 2 _ = _ 2= /= 2 —l- = - )4_ - 2 =
= {2F1+ Eas YT, - 38 Fﬂ(ﬁ) + EFQ (8;3 4p2 & 5)1?4 +

= e )4' = =
sty (B - 2l + ) - b, - 3

8t + 6p2 - 5)5'“6 + 5636§£|<ﬂ;1)6 } (29v)

xpM2k2

L {2 (32' + 1)?1 - E"‘f‘l - (613“ + 382 - 1)'52 + g2 (662 + 5)?5](%)2 +

X
2k

(82 + 9 F, + 12;36?*3 - (n0g6 + 208% - 562 + 3)F), +
= 4 =
2p*(15p2 + lB)FJ(‘—g—) - '28—::36 3(2g" + 2182 + 21)F, -
10(p? + 7)Fy + 1208% - 3(12288 + 5685 ~ gt +
762 - 5) Fg + 8;36(28;32 + 25) ?‘i’(%f - 2%oLy (29¢)
;613; {h EBQI:";L - (382 + 1)?;' + %E(aa” - B2 + 1)F, - 2uphFs + (208" +

782 - lﬁ‘j (R‘Tl)a - El%BE(Ba + T)Fp + 10(88° - upt + 32 - 3)F), -

2&03@7‘5 + (16886 + 6ugh - 1162 + 5)?&(1}1})1" + 20%_60,}‘(2;3“ + 27p° +

33)?‘2 - 35(32 + 9) -f'h + 21(1638 - 886 + 6p% - 52 4 5)?‘6 - 896[38?'7 +

(57688 + 2328 - uugh + 152 - 5)@(-3-)6 } - 2xlp (294)

U - -
i
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M = L {h [—Bzﬁl + (332 + 2);‘3] - %Eg;e - 531\‘;3 + 32(532 + h) ;5](%)2 +

xp>

= = = i DN
;15 (662 + 1) F, - F, - 56CF + p (782 + 6)F£l(%) -
5710-,5(1613‘* + 4802 + 33 Fp - 20 (862 + 9)F, + 355 -

2885, + 46%(9p2 + 8)?%' (51)6} - 2x.1y (308)

Mp = ﬁ {152 - [:-(2[32 - l)l=“2 + (11.32 + l)f‘lzl (}‘% 1!-8 151.'-2 - 2(83” -
1}62 + 5)5-'}* + (2h3h + 852 - I)Fé,(%)h - —BIE‘I_EB(QBE + 3)§'2 - 105§1+ -

3(2686 - 8g% + 657 - 5)Fg + (6ug6 + 2upY - U 4 1) ?E](gf} - 2xl2
" (30b)

Tm_%k?é {h(pE + 1)F, - lEBh’Fl - 3(gaY + 3p2 - YF, + (208" +
N

=
W
]
W

2182 + 3 F;J ﬁi + E(Ba + 5)Fp + 328F5 - 2(u0g6 + 208% -

582 + 5>Fh + (5635 + 64ph 4 1182 . ] % 1:5(23“

2162 + 21)F, - 15(p2 + 7)F, + 1608%, - (11268 + 5666 -

(Equation continued on next page)

[ « .
.
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= = 17 =\6
Wt & 762 - 5)Fg + (19288 + 2326° + Mgt - 562 + 1) Fé](ﬁ-) -

2x5(My + L3 + 2xoly) (30¢)

My, = 13 {-8[-3@1 + (2;32 + l)?‘;] + 13*-[:(2;3“ - B2 + l)f‘g - 6;3“'}__‘3 +
nf“k

B%(58? + 3)@(%) " %E(ﬂe + 7)Fp + 5(8% - ug* + 362 - 3)F, -
= = =\l =
90a%F, + 25(288? + 19) FE] (ﬁ) + —5(715[% (2% + 2782 + 33)F, -

(g2 + 9)F), + 7(2688 - 880 + 65" - 562 + 5)Fg - 224p%F; +

86 (1532 + 11)?'?] (ﬁ-) - 2xo(M2 + 1) + 2xoLa) (304) o

where ?‘n (n=1,2, .. .9), given in appendix A, is F, evaluated

at x = 1. For any section between the point where the Mach line inter-
sects the tralling edge and the midspan, or where l/ B<<ysg A/2,

L = X E b2 + 5(5)2 + 8g* + 282 + 21@)1‘ -

6upd + h3og* + 79282 + 429 m\® |
L i
322560 M/ (51a)

2 2 B N 2 ~\6
! 1YE\" |, 4% + (B _ 88 + 3682 + 33(% ‘
2= |t - E(E> * 1 (M) 11520 \M)_J (322) .- |

* A‘ : - : ~¥
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Makel:a T L_i(_)

by 3532 + 35/a>> -

\M

]m

_hph 4 4op2 4 65/w>

2880 M

+ 891* + 2882 + 21(% b

560 \ﬁ—)

L3 =
880 + 1noph + 35782 + 251/<»
80640
Iy =
by 1351( 21|- (M)
888 + 180p* + 56182 + l*29/‘”)
322560 W) |~ #ote
2 2
o - _LE i esm
3|3 15

6upd + Lz2p" + 79282 + hﬂ%ﬂ - 2xoly

181440

o 4 5

sl B
gM2k2

8a5 + 1iop* + 357p2 + 231(5 )P

46080 M

T(884 + 3682 + 33)

L6080

L B+ 3582 + 35f5

576 M

)“-

)J - 2x5(M1 + Lz + 2xoL1)

19

(31c)

(314)

(32a)

9)6] - 2x0Lp

(32v)

(32c)
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A (Mp2-1), B2+ 5/9;_)2 _upt 4 uop? 4 65@_)“ N

My = k| 3 15 \o 1680 \M
880 + 1808" + 56182 + 429w 6
i (M--> - 2xo(Mp + Iy, + 2xolyp) (324)

Case 2 (see fig. 3(b)): For any section between the tip y' = 0
and the point where the Mach line from the tip at y' = 2s intersects

the trailing edge (?r vhere 0< y< A - %) the components of the sec~

tion force and moment coefficients are given by equations (29) and (30),

respectively. For any section between the point where the Mach line
from the tip at y' = 2s intersects the trailing edge and the midspan

(or where A - % <y < A/2) the components of the section force and

moment coefficients, respectively, are obtained by first adding to equa-
tions (29) and (30) the results of substituting A -y for y in these
equations and then substracting equations (31) and (32) from the result.

For example, the term of L, that does not contain @ 1is given by

L, = -J-‘-g -hﬁeﬁ‘l(y) + f‘l(A - y] + h(262 + l) Eﬁ'e(y) + ?2(A - y}] - ‘—3]-'5

(33)

Total forces and moments.- Expressions for the total forces and
moments can be derived by considering only case 1 of the previous sec~
tion. It can be shown that case 2, although more cumbersome to handle,

leads to the same expressions. Therefore the total force, positive
downward, may be written as

5 hbfl/B() K A/g(
= 4b P dy + bu/\ P), dy 3
0 T1 1/B N (5
and the total moment, positive leading edge up, about the axis x = Xo
as
_ 1/p A/2
Mg = hbJ[ dy + hbe
. (M“)Tl e (My),; o (35)

S
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In equations (34) and (35) the quantities (P)Tl and (Ma,)Tl are the

section force and moment, respectively, whose components are given in
equations (29) and (30), and (P)y and (My)y are the section force

and moment, respectively, whose components are given in equations (31)
and (32).

Upon performing the integrations indicated in equations (34) and
(35) with the aid of the relation

fl/ﬁ'i gy < 2n+2)
0 n &= n(n + 1) 8p

the results can be written as

s
P = -8ob2y2xk2peint E_;)_(fl + 152) + %(53 + ifhﬂ
% (36)
M, = -apb5v2k2Ae1“’tE€i(ﬁl + 1) + ag(ffs + iﬁ;\]
where J

AR N §)2+8B“+2852+21/§_)h_
g3 b \M 960 e

64g6 + h3opk + 79282 + hoofm\® | 1 Ea s Bt+8824+8 8(.01)2 +
322560 M/ 3ap| 20 M

86 + 183% 4+ 48p2 4+ 32/9;)1* 88 4 3086 + 1608 + 25652 + 128@_)6:]
840 M 60480 W

(372)

R

e Y
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__) 4p2 1(&)” _ 8% + 3682 + 33/m 6 X .
‘( 192 11520 \M> 2AB‘_

B2 + 4<M> by 12

;32 * 16/03) 86 4 2hg* + 8082 + 6h/m)°
\W

\M 20160

1 .2 2 4 4 bt + 3582 + 35/
L, = —=— 1.
57 a2 P 12 <M> 960 \M)

886 + 140p% + 35782 + 251@)6 - _LE?- +1- 28

80640

5% + 2082 + 16@_)
360 \M

L)@ _1,.82+5

2AB

786 + 5684 + 11282 + 64T
20160 \M

(m)a ugh 4 u9;32 ¥ 63/_)
M

(370)
o @
2228
5]} - et
(37c)

886 + 18084 + 56182 + 429 /u)) 1 [ 82 + 2/w\2

322560

3k 4+ 1682 + 16/§
420 \M

3AB 2

6 + 104 + 2up2 + 16/w
7560

* .

} 2xolp  (37d)

B G
3
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‘ 2
ﬁl=_L E-&ﬁ?—.ﬂ(@) +

g3 |3 15 WM

6485 + h32p" + 79282 + 429/3 6

181440

8a* + 2882 4 g__l_(«_g}b' } f

E2+2-

-

2AB

+ 184 + 48p2 + 32(B 4 _

23 @

Bt + 882 + 8/@)2 . 88
18

88 + 3266 + 1608" + 25662 + 126(m 6 -
&) |-

50400

€

i, = LJ1 - 38
M2 Bkl B(M

5 WM

12_52+w92+&
\AB

4p2 4 (@

) gt

+ 1282 4 16/

\M)

2xoL) (38a)

)“ _ legt

J36 + 2&131“ + 80p° + 6&(

7560

2

8

888 + 1uop + 35762 + 231/

46080

st

140 \M

2xo(ﬁl + f5 + 2xof1>

140

.)2 .
§ -

ugt 4 3582 435G\

4%“ ]

W

)f] - 2xoT2

+ 36p° + 33 )@6 -
L6080

(38b)

576

5Ap

k) -2

5

+ 2082 4 16/(13,)h - 18

. :}“

6 4 s6a% + 11262 & 6h/@>6]
7560 |

(38c)
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M = L M+M@2-Wzéh+
YTk 3 15 \M 1680

. ‘
888 + 1808" + 56182 + 429(3 +13_32+g@_2+
181440 3AB 3

zpd 4 1682 + .16/(_13))1L } 86 + 108% + 242 4 16/;‘_:)1 ;
200 \

240 M 4
2xo (M + Ty + 2x5Tp) (384)

SOME PROPERTIES OF FORCES AND MOMENTS

Examination of some of the properties of the extended section and
total forces and moments of the present paper may be of interest. For
this purpose consider, first, the conventional coefficients for section
1lift ¢, and section pitching moment cp that may be obtained from

equations (28) as

2
ey = - p_b'\-l;E = hEik(Ll + ilp)ay + ke(L3 + iLu)a]
> (39)
= .é-‘;%gv—z = =2 Eik(Ml + ng)a.h + ka(M5 + :I.Mu_)a J

vwhere aqp = n/V 1is the angle of attack due to vertical translation.

From equations (39) the section 1lift- and moment-curve slopes (complex
derivatives) associated with vertical translation and pitching are,
respectively,

= -1kk(Ly + 1Lp)

3

géhz'- = 12k(My + 1Mp) (40a)

b
»
/
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and
| %21 = hk@ (L3 + 1Lh) g-;i“l = -21:2(145 + mu) (40b) 3

The coefficients c¢; and cp, and their associated slopes reduce to

well-known results in the steady case (k = 0). For example, substitu-
-‘ tion of the components given in equations (31) into equations (39) yields
? the result c; = ba/p (Ackeret's result) for a nonoscillating two-

dimensional wing. Equations (39) and (4O) have the additional feature
that multiplying the components 1Li and My (L = 1 and 2) associated

i
, with vertical translation by k and the components Lj and My i
(1 = 3 and 4) associated with pitching by k° makes these quantities }

more uniform in magnitude and therefore more suitable for plotting.

Now consider the coefficlents for total 1ift C;, and total moment
Cp that may be obtained from equations (36) as

~
— P _ T T 2= bl '
: Cy, = --——-1’—--2 bzva- hEik(Ll+ ﬂ.g)ah-l-k (L5+ iLh)a P
o ’ > ) |
T .?
i Cp = —a - -2Eik(Ml + M)y + K2(Fs + :th)a:\ {
ﬂ hpbiva J ;
From equations (41) the total 1lift- and moment-curve slopes (complex
‘ derivatives) associated with vertical translation and pitching are,
E respectively,
3 acy, dac
/ L= LT, 4+ 1T —2 _ 1ok(i i,
f = KLy + 15,) o 12kl + 1) (42a)
\ ; and +
S dc - - ac _ -
~ bt PR R~ —B - _2x2
—= = by (T5 + 1T, ) —B - (M3 + 1)) (42b)

f Equations (40) may be used to illustrate the extent to which the
b, approximate expressions of the present paper for the section force and
moment on a finite rectangular wing may be useful. A comparison, based

b
£
s’
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on these equations, is made in figure L of some exact and approximate
calculations for a two-dimensional wing vertically translating and
pitching about its midchord position. Results for a two-dimensional .
wing are chosen because in this case approximate and exact results can

be compared and the extent of convergence determined. The two~dimensional

case is a legitimate standard in the absence of exact results for the

finite wing since consideration of equation (16) will show that this

equation is at least as convergent when expanded to a certain power of

® for a finite wing as when expanded to the same power of & for a
two-dimensional wing. In filgure 4 the components of the section moment-

curve slopes defined in equations (40) are plotted against & for

M= 10/9 and x5 = 0.5. 'The three dashed-line curves appearing in each

of the four parts of figure L represent approximate results obtained by
substituting the components given in equations (32) into the appropriate
expressions of equations (40) and retaining terms involving & wup to
the third, fifth, and seventh powers. The solid-line curves represent
exact results obtained by using the moment coefficients tabulated in
reference 3. Curves of the components of the section lift-curve slope
are not included because they show essentially the same convergence
tendencies.

As may be noted in figure L4, the value of & at which a particular N
approximation departs from the exact theory is essentially the same
regardless of the moment component considered. By extending the
results of reference 1 (represented by the curves in fig. 4 labeled

"expansion to &)," except that in the present paper an & ‘term has
been added to the component 2kM1) to @ and to &7, the value of ®

at which the approximation and the exact theory depart at M = 10/9

has been increased from 0.8 to 1.3 and 2.0, respectively. Further inves-
tigation will show that these values of ® remain essentially the same
regardless of the Mach number involved. The ranges of reduced frequency k

P ‘
(equal to ‘5‘”—4——5—-3;) in which the various approximations adequately rep-
M

resent the exact theory may therefore be expressed as follows:

For expansion to &5,

for expansion to &5,

»
’



X

1
|

NACA TN 3076 27

NN S fhaat

and for expansion to &,

0< kg LolM® - 2

MR

{ From these expressions it is readily seen that expanding to & rather

than & more than doubles the allowable k range. For example, at
M= 10/9 the limiting value of k is increased from 0.076, which is
too small, to 0.19 which is sufficiently large to include most flutter
cases that would likely be encountered at this Mach number.

In order to study the effect of aspect ratio on the forces and
moments, consideration is given to the spanwise variation of section
1ift and moment coefficients. The curves in figures 5 and 6 serve as
; illustrations. In figure 5 the magnitudes of the slopes obtained by
; substituting equations (29) to (32) into equations (40) are plotted
| against the spanwise variable 1 - { for the conditions M = 1.3,

; A=L4, x,=0.413, and @ = 0.544. The quantity ¢ is the previously
‘ used variable y divided by A/2. The phase angles associated with

e e ety e

g . the magnitudes of the slopes shown iIn figure 5 are plotted in figure 6;
for example, the phase angle associated with the magnitude

i de

N 'aa;l = hkz\/L32 + Lha is 6y = tan‘l L%/L3. The portions of the curves

in these figures in the range 0 1 - { < 0.4 (1/B< y < A/2) also
apply to a two-~dimensional wing under the conditions listed. The effect
of aspect ratio may be noted in the tip region 0.4 < 1 - §{ £ 1.0

(0 y<1/p).

The phase angles 6, and Oy, in figure 6 are of particular inter-

est. In keeping with the fact that a component of the force due to h
in phase with the velocity h or a component of the moment due to a
in phase with the angular velocity & would be destabilizing, values
of 8, between 90° and 270° and values of 6y between 0° and 180°

would indicate possible dynamic instability in pure bending and pure
torsion, respectively. The coefficient L,, however, is always positive

so that 6, 1s between ~90° and 90°; this agrees with the well~known

fact that pure bending oscillations are always damped, at least in poten-
tial flow. The phase angle 64y, on the other hand, is less than 180°

in the two-dimensional region and corresponds to undamped or unstable
conditions; whereas in most of the region affected by the wing tip the
phase angle 6y, is greater than 1809, which corresponds to damped or

!
I
!
§
¢
3
e
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stable conditions. The main feature of figure 6, therefore, is that
aspect ratio has a stabilizing effect with regard to the motion a.

This result seems to indicate that a flutter analysis which takes into
account the spanwise variation of aerodynamic forces would yield a higher
flutter-speed coefficient than one based on two-dimensional aerodynamic
forces.

Upon substituting equations (37) and (38) into equations (L42), the
overall effect of aspect ratio on the total 1ift- and moment-curve slopes
can be calculated for particular values of the parameters M, &, xq,

and A. Although the effect of aspect ratio A may change considerably
with small changes in one or more of the other parameters, some Insight
into the overall effect may be gained from calculations in which, together
with A, one of the parameters &, xp, or M 1s varied while the other

two remein fixed. Figures 7 and 8 show the effect on d.CL/da, and %/da

of varying A and & while keeping M and x, fixed, and figure 9
shows the effect on dCp/da of varying A and xo while keeping M

and ® fixed. The effect on the total lift- and moment-curve slopes

of varying A and M can be extracted from figures 4 and 5 of refer-
ence 1.

In figure 7 the magnitudes and in figure 8 the associated phase
angles of the slopes dCL/da.‘ and de/da. are plotted against @ for

M=1.3, x4=0.5 and several values of A. In figure 9 the limiting
value as & —» O of the slope dcm/da. is plotted against x, for

M = 1.3 and three values of A. The curves in figures 7, 8, and 9
labeled A = l/ B apply to the least value of A permitted by the fore-
going analysls in that they represent calculations for the combination
of aspect ratio and Mach number that causes the Mach line from one wing
tip to intersect the opposite tip at the trailing edge.

As illustrated in figure 7(a), a decrease in aspect ratio for a
given value of ® produces a decrease in the magnitude of the total
lift-curve slope. This trend is in general true for the range of
considered and is not affected by a change in x, or M (see fig. &

of ref. 1). 1In the case of the magnitude of the total moment-curve
slope, however, the trend with aspect ratio is greatly dependent on x,.

As may be seen from figures T(b) and 9 (see also fig. 5 of ref. 1), the
magnitude may increase, decrease, or perhaps not vary at all (as is the
case in fig. 9 at xo = 0.67) with a decrease in aspect ratio, depending

on the value of x, under consideration. This seemingly anomalous
behavior of the total moment-~curve slope is associated with the change
in center of pressure, for prescribed motions of the wing, with change
in aspect ratio. Also note in figures 7 and 9 that the departure from
the two-dimensional (A = w) results is rather large for aspect ratios
less than about 4.
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From figure 9 for A = o the followlng phase angles are obtained:
Oam = 180° for x,< 0.5 and Opy = 0° for xo > 0.5. The phase i
angle of 90° shown in figure 8(b) for A=, @& =0, and xo = 0.5,
although associasted with a slope of zero magnitude and not really signif-
icant, is therefore a transitional value. Note in figure 8(b) that 6py

is less than 0° for A 1less than 6; this result also indicates that
aspect ratio is stabilizing.

APPLICATION OF FORCES AND MOMENTS TO FLUTITER

Method of Flutter Analysis

For the purpose of applying the foregoing results, a flutter
analysis of the Rayleigh type for uniform cantilever wings 1s now con-
sidered. Such an analysis Involves the selection of a set of modal func-
tions to approximate the flutter mode, the formation of the flutter deter-
minant, and the solution of this determinant for the flutter condition.
y (Although the use of the force and moment coefficients derived herein
‘ for the undistorted rectangular wing results, in certain cases, in a big
4 improvement in accuracy over the use of two-dimensional flow coefficlents,
“ perhaps a more accurate but much more cumbersome procedure would be to
use coefficients derived for a distorted wing.) |

[T U v — OEE

The flutter mode of the uniform cantilever wing is assumed to be
adequately represented by proper combination of the uncoupled first
bending and first torsion mode shapes of the wing. The flutter deter-
minant based on these two modes has the form

g ©

ool

Ayn Apy,
=0 ( 1&3)
.»‘ Aan A .

\ f where the determinant elements are given by (see fig. 10 for coordinate )
.~ 2 1 1

1 2
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i 0

1 ‘ 1
Am = xa\‘/‘o tha dag -‘;l% Kv/; (L5 + iLu) thd. at (llJl-b) ’ v
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(4k4c)

Ay = raaE- (‘%—ﬂ/;l Zuadg -%nﬁl (M3+ iMh)Zaadg (4ha)

and vhere w 1s the flutter frequency. In the event that two-dimensional

air forces and moments are used, the force and moment coefficients appear
as constants in the integrals and can be factored from under the integral

signs, and the determinant elements become

o [-(%)2]-%~<L1+“2>}fol

%=[M'%“(L5+uhﬂﬂl%%dg

- 1
Agp = xa-:-:.n(mlwumélfo ZoZn At

L

"
Aga, = rfE - (%)fl - % k(M5 + mu)}fol Zoat

-~

Zh2 at

>

~/

(It may be noted that eqs. (4U4) and (45) are not restricted to any

particular Mach number range if Ly and My (i =1, 2, 3, and 4) defined

(45)

in accordance with eq. (28) are taken to apply at either subsonic or

supersonic speed.) The uncoupled first bending mode shape 2 and the

first torsion mode shape Z, needed for the evaluation of the aero-

dynamic integrals of equations (44) are plotted against 1 - ¢{ in fige

ure 11. The mode-shape integrals of equations (44) and (45) are given

by

1
f 7,24t = 0.25
0
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1
j; ZnZqy 4t = 0.337

1
f Zg2dt = 0.50
0

The flutter condition is determined from the nontrivial solution
of equation (43). This solution may be obtained by various means (see
ch. XIII of ref. 7). In the present paper equation (43) was solved for
the unknown wh/mm. For a particular wing and Mach number, for which

values of M, k, x5, Xq, ra?, and ay/a, &are specified, the reduced
frequency k was varied until the ratio “h/@u determined from equa-
tion (31) matched that of the wing. In this manner the values of k
and uh/m at flutter and consequently the flutter-speed coefficient
Vfugx were determined for the wing at the selected value of M.

Flutter Calculations

The foregoing method of analysis was used to obtain flutter char-
acteristics in the Mach number range 10/9 S M £ 10/6 for a rectangular

wing with the following properties: A = k.53, 1/k = 95.3, x5 = 0.341,
Xgq = 0.350, ra? = 0.39, and “h/“h,= 0.583. Calculations were made on

the basis of the components of the section force and moment coefficients
given in equations (29) to (32). A numerical method for evaluating the

aerodynamic integrals resulting from the use of these components (for

1
example,dﬂ; CLl + 112)zh2d§ in eq. (hha)) is outlined in appendix B.

For comparison, calculations were also made by using force and moment
coefficients for a two-dimensional wing (strip theory). In this latter
case the determinant elements are of the form given in equations (45)
wherein the components IL; and My are obtained from either reference 3

or equations (31) and (32) of the present paper. In figure 12 the two
curves resulting from these calculations are plotted in the form of
flutter-speed coefficient Y/bmm against Mach number M. As may be

noted in the figure, the curves are well-separated at M = 10/9 but
tend to converge as the Mach number is increased. At M = 10/9 the
flutter speed obtained by using coefficlents for a two-dimensional wing
is about 62 percent of that obtained by using coefficients for a rectan-
gular wing, whereas at M = 10/6 it is about 95 percent.
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CONCLUDING REMARKS

The linearized theory for compressible unsteady flow has been used
to derive expressions to the seventh power of the freguency of oscilla-
tion for the wvelocity potential and section and total forces and moments
for a thin rectangular wing harmonically oscillating in pitch and wvertical
translation and moving at supersonic speed. These expressions are exten-
sions, although obtained by a different method, of similar expressions

derived to the third power of the frequency of oscillation in NACA

Report 1028. As a result of this extension the largest value of reduced
frequency for which the theory is sufficiently exact has been increased

2 2
from k = O'l*. M 5 =L/ o k= M—--‘;'_)—1, where M 1s the Mach number.
M M

For example, at M = 10/9 expansion to the third power of the frequency
is accurate up to about k = 0.08, whereas expansion to the seventh power
is accurate up to k = 0,2, The first of these values for k is too
small but the second is probably large enough to include most rectangular-

wing flutter cases likely to occur at M = 10/9.

Flutter calculations were made in the Mach number range from 10/9 -
to 10/6 for a rectangular wing of aspect ratio 4.53 by using the section
force and moment coefficients for a rectangular wing derived in the pres-
ent paper and the force and moment coefficients for a two-dimensional .
wing given in NACA Report 846. Comparison of the two curves of flutter
speed indicated, as may be expected, that the use of finite-wing coef-
ficients 1s very influential at Mach numbers near unity but becomes less
so as the Mach number is increased. At M = 10/9 for the particular
ving analyzed, the flutter speed obtained by using the section coeffi-
cients for a two-dimensional wing is about 62 percent of that obtained
by using coefficients for a rectangular wing; whereas at M = 10/6 it
is about 95 percent. Since flutter speeds calculated on the basis of

two-dimensional-wing coefficients are generally very conservative in

the low supersonic speed range, it would seem that flutter speeds obtained
by using the section coefficients for rectangular wings of the present

paper may compare more favorably with experiment.

Langley Aeronautical Laborsatory,
National Advisory Committee for Aeronautics,
Langley Field, Va., January 14, 195k,
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APPENDIX A

¢ SOME INTEGRATED VALUES OF F,, AND

From equation (19) the values of the functions
tion (22) are as follows:
™ ¥y = \/Brix - By) + x sta™ Ry/x

x + 2 x@ -l
Fp = REERY \5Gy) + X st v/

o

2 2. -
r,- W\ﬁm—. )+ 552 s Vv

2 2,
y, - 22 fonC s B0 003 T T + B ot ik

rﬁ.5k“+@w5+'ﬁ2ﬁ;:+6%’vh+;2_&i‘ﬁm,a;.wl 7

4 2 2 6 . -
'6’625*192& + 80223 + 963y3x +m%&+2‘éﬁ5m+%',nl v

4158

21021

=i

Fa

.
. 231x6 4 2528yx5 + 26082y2xh + 3203y3x3 + 3Bupliyu? 4 512p5y5x + 1024p6y6 By(x = B7) + ;71 st~ \fay/x

33

needed in equa-

v < 120xT + Meoaay v SOMSE22 o boxtedyd ¢ Guoxatyt 4 768285 o 100uxa®y + ouceTy? VT + ;BQ wn \5Ta

- 8 1480

ry- 6u35x8 + 686axToy + 7392x6p2y2 + B06Mx5py> + B60x4B'yt » 102u0n3p5yD + 12288620646 + 163BuxaTyT + 32768068 Ve T8 + %9, a0l oy /x

98555

g e

The functions Fl to F5

repeated here for the sake of completeness.

The values of ?n

preceding values of F,. That is,

S L AT i AN

in = Fn(liy)

- e

were given previously in reference 1 but are

needed in equations (29) and (30) are obtained
by substituting the value of x at the trailing edge (x = 1) into the

SIS -
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NUMERICAL METHOD OF EVALUATING AERODYNAMIC

INTEGRALS IN FLUITER DETERMINANT

APPENDIX B

NACA TN 3076

A numerical method of integration for evaluating the aerodynamic
integrals of equations (U44) is now outlined.
the two cases discussed after equation (28) and depicted in figure 3.

Case 1 (see fig. 3(a)):

The outline is based on

The spanwise stations at which values for

the components of the section force and moment coefficients given in
equations (29) to (32) are to be found are shown in figure 10.

equations (29) and (30) reduce, respectively, to equations (31) and (32)
for § 2 2/AB, the values of f‘n needed to obtain the components of the

Since

section force and moment coefficients at the various stations are as

follows:

statiocn| ¢ |y [\B¥(T - ) sm'lvaj N Fa 5% , Fs ¥ E By §9
o [o |o 0 o o o o o 0
1 | g s | B x/6 | 95661 .37005] .21763| .15332| .11833 | 09640 | .08137] .o700| .06204
2 2xg|3/28 1/2 xfb  11.28540| .55937] .33958| .23921| .18343 | 14846 | 12464 | .2072| .094kO
EN AR x/5 [1.48021| .70k02] 45010 | .32598[ .25329 | .20601| .17304[ .14562] .13046

4, 5, 6[Ungl21/p 0 x/2  [1.57080] 78540 .52360 | .30270| .32416] 26180 ] 22840} (19635 | 17453

Note that these values of ?‘n do not vary with A and B so long as
AB > 2. From the expressions for L, and L2 in equation (29), the

preceding table of values of l?‘n, the curve for Zh in figure 11, and
the flutter parameters

k = 0.10
B = 0.8%07
Xo = O-h}l

Ag =

1

= 0.1505

2A8

1
= 0.5 « = = 0.1990
=05 - 99

4
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the following sample integration table based on Simpson's parabolic
integrating rule may be devised:

Station, n g Zh2 Iy + 1L, In = (Ll + iLg) Zh2
0 0 1.0000 | 0 ‘ 0
1 - .1505 | .6273 | 4549 + T.16841 2854 + 4.49651
2 .3010 | .3469 | .9335 + 9.59321 | .3238 + 3.32811 |

4515 | .1584 | 1.3839 + 10.99391 «2192 + 1.74151 ‘

6020 | .0520 |1.6646 + 11.6236i 0865 + 60421

8010 | .00k1 |1.6646 + 11.62361 .0068 + .0L4761

O\ |\ Eol N |

1.0000 | 0 1.6646 + 11.62361 | o)

pl
A (Ll + 11,2) Zh2d§ ?-‘55-(10 + 4Ty + 2 + Iz + Il;) + %(Iu + bI5 + 16)

0.1456 + 1.66851

where I, denotes the value of the integrand at station n. In a

similar manner the remaining aerodynemic integrals of equations (4%) can !
be evaluated. i

Case 2 (see fig. 3(b)): In this case, as illustrated by equation (33)
the components of the force and moment coefficients_for the wing sections
passing through region T3 contain the functions Fn(A - ¥y) in addi-

tion to the functions f‘n(y) . As a result, there is no arrangement of
spanwise stations which will yield values of F, that do not vary with

A and B. For this reason, it seems advisable simply to choose statlons
at even lncrements along the span for the numerical integration.

i
™ RPN SR
;
EA
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Figure 1l.- Sketch illustrating chosen coordinate system for semi-infinite
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(b) Section y'=y, (xz -plane).

Figure 2.~ Sketch illustrating coordinate system for finite rectangular
wing with two degrees of freedom o and h,
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(a) Case I.- Mach lines from tips do not intersect on
wing (AB> 2),
A
0 —>Y
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N e
e
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(1,0) e
/(l A- 'L) ("_L)
v B B N
X
(b) Case2.- Mach lines from tips intersect on wing
but not ahead of midchord (1SABS 2),
Figure 3.- Sketch based on nondimensional coordinates x and y
illustrating different Mach line locations accounted for in
analysis.
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2k M,

0

-2

(o) Real part of moment-curve slope associated with vertical
translation of wing.
1.6
e ==~ — Expansion to @> /
- ——-—— Expansion to @5 ,

2| Ut Expansion to @ | /)

' Exact (ref.3) /
-2k Mp //

8 | | ==L

/,’;:/
// \
Id N
4 / // e
/
—
0 4 8 1.2 16 2.0 24
W
(b) Imaginary part of moment-curve slope associated with vertical

tronslation of wing,

Figure 4.~ Comparison of two-dimensional moment-curve slopes based on

exact and approximate theory as a function of frequency parameter o

for M =10/9 and xg = 0.5.
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(c) Real part of moment-curve slope associated with
pitching of wing.
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(d) imaginary part of moment-curve slope associated with j -
pitching of wing. TR
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(a) Phase angle between total-lift vector and ongular-displacement
vector a.
. ‘ L
Figure 8.- Phase angles for pitching rectangulaer wing as functions of & -
for M = 1.3, x5 = 0.5, and various values of A, ‘ ‘*’
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(b) Phase angle between total-moment vector and angular-displacement

Figure 8.~ Concluded.

= R o

vy

v




-

50

NACA TN 3076

3¢
A/
QO, P
2t //L‘
‘ 14/
VA
¢ 4 _ P /|/B
!
(dcm)m o :
da -0 JE -
L - /
-l £
)%
/7
7
, /
-2
'30 2 8 1.0

Figure 9,- Total moment-curve slope associated with pitching as a function

of x5 for M= 1.3,

® =0, and three values of A.
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Figure 1l.- Uncoupled first bending mode shape Z, and first torsion
mode shape 2%, for a uniform cantilever wing.
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Figure 12.- Flutter-speed coefficients plotted against Mach number calcu-
lated from rectangular-wing aserodynamic coefficients and from two- "
#

dimensional aerodynamic coefficients for A = 4,53, l/K = 95.3,
Xo = 0.341, x, = 0.350, rg® = 0.39, and wn/a, = 0.583.
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