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Introduotion

In this part, we give a detailed disaussion of the

Mthod of Links for determining the coefficients in the

expansion of a ciroulant permanent. Although this method

will prove satisfactory for many types of terms in such

an expansion, there will be many others for which the use

of links would involve a prohibitive amount of work by

hand. Other methods may be usedl two of these are dis-

cussed briefly in the last sections.

It should be noted that any given method is best

suitd for a certain kind of term.

The use of a machine would be desirable at certain

points in the calculations. These places have been

pointed out.

6 In the summary, there is gathered together a large

number of formulas for coefficients of various kinds.

These represent, in general, the cases where the idea of

links can be used to advantage.

Jack Levine

Charles L. Carroll, Jr.

North Carolina State College

February, 1954
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PART II.

Circulant Permanents

I. InrdctgL

In this Part we consider in greater detail the problem

of obtaining the expansion of a circulant permanent. (See

Part I, Chapter 2, section 5).

We give first a brief reViev of the previous discussion

(of Part I).

A circular permanent is defined by

a. a1  a2 ... an-l

an-i ao  aI1  " an-2

(.) Cn * *

(i 1). . '..

a2  a3  a14 a1

al a2  a3  " o

If any term in the expansion of Cn be denoted by

(1.2) AaeOaelae2... aen
0 1 2 n-11

then its weight w -- o (mod n), i.e.

(1.3) w = el+ 2e 2 + 3e 3-- . (n-1)en. I i 0 (mood n).

The exponents ei must also satisfy the relation

(1.4) eo  -el e2  .. t en. I  n.

Two basic properties of' the terms ares

e o  e ..PI en l
(1) Aao a1  an1 is term of Cn then so also is

___, I '



2.
e l

eo  e1  en- 1l

Aapeo ap 1 . ap. 1  for all values of p.

(Cyclic permutation of subscripts)
e. el en- I

(2) If Aao  a, ... an.1  is a term of Cn then so also is

e 0e e2  enl
Aao am a2m ... a(nl)m where m is prime to n. (Subscripts takentake

mod n).

We know that C is the coefficient of xXlX2 ... X 1 in the

expansion of

n-1
(1.5) TT (an-h Xo+ an-h+l X+ . + an-h-lxn-l)

h~o

If liii 2 ... be a permutation of 0,1,2, ...,(n-1), then a

term of the above product-expansion is

i ~aioail jai2_ of* ain -nl Xil -.. Xin_

01- 2-2 n-l o 1nIx 0 * Xn-l

where xi comes fran the (p + 1)t factor.

P
e0 e1  enl

One method to obtain the coefficient A of Aao a1  ... an. 1

is as follows:

Let ko, kl, k2, ... , kn~lbe a permutation of the n numbers
(the subscripts of the term) o . 0 1. 1,2

1 2

•..,ij-l ,n-i and consider the oongruences

en-l

(1.6) io a ko, i1- k1 , i2-2_ --k2 , ..., in.(n.1)_kn.1'

(mod n).

If (1.6) has a solution i 0  , 1 1 inI which is a nermutation

of Q. A 2, .. :-l then these values of the i's will give a term
eo el en-l
a0 21 ... an.1  M~ose coefficient A will eaual the number of ditinct

n-

1



3.

solutions of (1.6).

Note also that the particular permutation ioil ... i
* o12 n-I

gives the order in picking out the elements from Cn. Thus, the
solution (ioi1 ... in-1) means to pick a. from row 1, ai 1  from

row 2, etc.

The correspondence between the kok I oo kn.I and i0il... in.1 is

conveniently represented by the form:

N: 0 1 2 '... n-i = normal order).

ka ko  k1  k ... kn-I ( k-permutation).
i 0 i 12 . -i i-permutation),

and from (1.6) we have

(1.7) it-= t -j kt ,(t = i .,n-l1

We define an i-permutation as any permutation of 0, 1, 2, ...,

n-i, and a k-ermutation as a permutation k kl.. k which produces
anOr n-i h rdue

an i-permutation by (1.7).

Three important properties of k-permutations are3

(1) Any cyclic permutation of a k-permutation will also be a k-permu-

tation (but the associated i-permutation may not be distinct from that

of the given k-permutation).

(2) If kok1k2  .. kn is a k-permutation then so also is (ko + x)

(kl + x)... (kn_1 - x) for x. q 1, ... , n-l.

(3) !f kok.., knI is a k-permutation then so also is (mko)(mkl) ..

(mkn.i) where m is prime to n provided the elements mki are rearranged

according to the order determined by mN : 0, m, 2m,

To illustrate this last property consider



..

N: 1 2 3 4 5 6 7 8 9

k: 1282830790
i: 1' 3 0 5 2 8 6 4 7 9

with m - 3:

inN: 0 3 6 9 2 5 8 1 4 7
mik 36464901 70

(mk)'1 3 1 4 6 7 9 4 0 0 6 - mk rearranged)
(mi)'s 3 2 6 9 1 4 0 7 8 5

Their proofs are evident.

Suppose we wish to determine the coefficient A of the term a
2a2
o2

of a C4. Here there are four subscripts 0, 0, 2, 2 from which the

k-permutations are to be constructed. Due to property (i) we may take

k0 =0, giving 3 possibilities%

N: 0123 0123 01 2 3
k: 0022 0202 0220
is 01 01 0321 0303

Hence 0202 is a k-permutation with 0321 its associated i-permutation.

Only 2 of the four cyclic permutations of 0202 give distinct i-permuta-

tionsa

N: Ol 23 01 2 3
k. 0292 2020
i: 0321 2103 

It follows that the coefficient A = 2.

It should be kept in mind that a k-permutation is composed of

the n subscripts of any garticular term and the associated i-permuta-

tion determines the manner of picking that term from the rows of Cn.kn

2. Links and Chains.

One method for the calculation of the coefficients A of terms of

Cn is based on the idea of a ; . We give a discussion of this

idea here.

A'4



1 5. ,

Consider the terM a a aaa aoa oa aa C and the following
, 1. , .7 a o 10.

four assoctated k- and i-permutationst

(C) (b) (c) (d)

N: 0123456789 01:23456789 0123456789 0123456789

k: 1282830790 3681802297. 1207392880 1972288003
it 1305286479 - 31'428976. :1320748569 1095634782

write":ti'"'ei-permutatio'ns in cycle form (omitting 1-cycles).

This gies..i

i ' ' )": -f --=(013-58742). . . .... . .
b) 1 (0342)(6879)

c) i =(013)(475)(68)
(d) i (01)(29)(35)(46)

Now rearrange the N and i rows in the order determined by the

cycles. For case (c) this gives:

N: 013 475 68.
k: 12 7 3 8 9 2 8"

it 1 3.0 7 5 4 8 6

The resulting sequences in the k-row: (1, 2, 7), (3, 8, 9),

(2, 8) are called k%s. Every i-permutation can thus be put in

correspondence with a set of links. For the above four examples we

obtain the links:

(a) (1, 2, 2, 3, 9, 7; 8, 8)

(b) (3, 1, 8, 8)(2, 9, 2, 7)
(c) (1, 2, 7)(3, 8, 9)(2,8)
(d) (1, 9)(2, 8)(2, 8)(3, 7)

Each such sequence of links will be called a chain. The

number of links in' a-'cha'in will equal the number of cycles (omitting

one-cycles) of the corresponding i-permutation. The length of a

link equals that of its corresponding cycle.' A chain o.f t links

is callda t:-Iink chain-ot, a t-chain for. s.hort. ,..,,,inoe, a k-permuta-

tion gives rise to an i-'p ermutatioh we may .peak,.of-a k-permutation

as being a 1-chain, or a 2-chain case, etc.

I>



6.

The above four examples are respectively 1-chain, 2-chain, 3-

chain, and 4-chain. (Note that 0 never occurs as an element of a

link).

Corresponding to a particular term of Cn we have ai.variety of

i-permutations to each of which we associate some t-chain. It is

evident that all these various t-chains ar comoosed of the same

elemenis, these elements beina in fact the non-zero subscriots of

the term. For the term mentioned above (of a C10 ) the elements

would be 1, 2, 2, 3, 7, 8, 8, 9. The value of t may of course

vary from one i-permutation to another for a given term (as illus-

trated by the 4 cases of our example).

To obtain the characteristic properties of a link we take a

general cycle of an i-permutation (SoSlS2 ... sj.1

Nt so S S2 ... Sj-l

k3 P1 P2 P3 .'" Pj

is s1 s2 s3  so
The link is (p1, p2, P3, ... , Pj)' and s so- Pi' s l-P2'

. s o = sj-l+ pj. Hence Pl = Sl so, P2 s2- Sl. ...

pj - s o - Sj.1, so that

(2.1) P1 i" P2 f- . . pj E OF (mod n)

(2.2) Pr+ Prt I t.. Ps5  0

(for all r, s except r 1, s j; r < s).

This gives us the definitions

A link (mod ni is an ordered seguence of numbers (Pt P2' P31

... , pj) such that,

(1) =pi 0(mod n) (no piO)
_ __ __ __ A" J

i4



7.
s

(2) = pi 0 (mod n), (r < s; exclude r w1, s j)
I=r
We have seen that the coefficient A of any term. of C is equal

n

to the number of k-permutations producing distinct i-permutations.

Recall that a k-permutation is some permutation of the (non-zero)

subscripts of a term. Since to every i-permutation there corres-

ponds some t-link chain and every link is composed of (non-zero)

subscripts, the totality of links containing all such subscripts,

it follows that to obtain all oossible k-oermutations it is suffi-

cient to use only those subscript permutations which can be decom-

oosed into links. Such subscript-permutations will be called link-

To a given t-chain there may correspond. several i-permutations.

Take for example the. case (b). above with the 2-link chain (3, 1,

8, 8)(2, 9, 2, 7). Place the first link starting at 0 of N:

N. 0123456789

k: 3 818

is 3 042

After placing the first link there are 6 available places

left to start the second link. Suppose we start at position i of

Ns

N: a a*+ 2 a -t-1 a +3
ka 2 9 2 7
it a + 2 a+l at3 a

Therefore A must satisfy the conditions a 0,3,4,2; a.- 2

0,3,4,2; a +- 1 0,3,4,2; a+ 3 0,3,4,2,

and the only solutions are a -5, a 6, giving:

_'_' _ _/



Nz 0123456789 0123456789
ki 3081822970 3081802297
is 3104278659 31 042 5897 6

Each of the 2 resulting k-permutations can be permuted cyclically

for 10 positions and this will produce 20 i-permutations. Hence the

chain (3. 1. 8. 8)(2, 9 2. 7) would give a 9ontribution of 20 to the

coefficient of the term (aoala2a 3a7a8a9 of CIO).

The above discussion shows that the problem of determining the

0oefficient A of any given term of Cn may be reduced to two steps:
•M

i) eterination of all link-permutations of the (non-zero) subscripts

of the term, (this will give the ch-ains).

(2) Determination of the numbeZ of all distinct i-oermutations corres-

pondinq to each chain of step (1).

To simplify the calculations in these steps some general proper-

ties of t-link chains are needed. These are proved in the next section.

J. Properties of Links and Chains. We have seen that a given chain

produces a set of k-permutations. We now determine what transforma-

tions on the links 'of a chain will leave this set of k-permutations

invariant. Two chains so related (producing the same set of k-permu-

tations) will be called eauivale t.

We see first that any cyclic permutation of the elements of a

link gives another link. This follows from the definition.

Consider now a general t-link chain

(3.1) (xl, x2, ., xp)(Y1  Y29 ...2 , yq)(zll z2, "'t 'r) ...

where there are t sets of parentheses.- In the N, k, i' form (3.1) i5

represented by



9.

No SoSO .''S p.1  totlsetq.1 Uoul***ur. 1....

(32) ka XlX2""xp YlY2""yq ZlZ 2 ""zr  **0

it SlS 2.,'so  tlt 2...to ulu 2 **uo

and Xh+l z Shl' Sh' Yh-l th+lth' etc.

The starting point so (in N-row) of the first chain is arbitrary,

but to, u0, ... must be chosen properly.

A convenient equivalent form to (3.2) is given by

(3.2) P - 0 0 1 50+ x 1 +x2 " so+ x141 *4 xp _j a afyj a+y +y2 1

xi 2 x3  "' Y2  Y3

(the i-cycle is i - (so  so-x so+xl+x 2 ...)(a a+yl ".)(b b zrl ..)..)

where the top row of P represents the N-row elements and the bottom

row the link-elements or k-row elements. (The i-row is omitted).

Here a, b, ... are a set of pAameters which must satisfy the condi-

tions.

a + (Y I 2 +
''' yh) so +(x X+ x2t *""Xg)

b + (z, + + zf) o + (xl + "
g)

(3.) b -(z, + -1- z~ a + (yi. + + Yh)
etc.

and h 0 p 1, 2p ... ,p q-1; g = O U p ,1 ... ,p p-1; f 1, .. ,r-1; . .

(YI +
" "' +y h " = Ofor h 1*0, etc.).

The conditions (3.3) must be satisfied since all the N-row

numbers must be distinct.:

Each system of values of a, b, "'" satisfying (3.3) when placed



10.

in (3.2) gives a k-permutation. And each of the n cyclic permutations

of each such k-permutation is also one (although all the associated i-

permutations may not be distinct). We shall call these cyclic permu-

tations slides of the given k-permutation. The. totality of k-permuta-

tions (including their slides) will be called the set determined by the

chain (and a particular starting point for the first link, as so above).0i

We prove the theorem:

Theorem 3.1 The two sets of k-oerr:litations determined by starting the

first link (xIx 2 ".) at two different starting points are the same.

Consider starting point so of P given by (3.2) and starting point

so  of P' given by

(34 f9 so. 1  .... [a I a' I-y + b b' + z,

Lxi x 2  p ~ y z z 2

If S indicates the operation of sliding a k-permutation by the
4o

amount of I step (to the right), then

(3.5) SXP 0 
+ x So x + x I  j + x a +x +yl.j

Xi x2 Yl Y2 •

i z2
fNow choose

(3.6) x So sot a' a + (So - So), b' b + (so' - so)

Then we will have SXp P' as is evident by inspection.

j It must further be shown that the ne parameters a', b',

defirned 'in ,(3.6) satisfy conditions (3.3) with so' replacing s and

'0 0
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and a', b', replacin4,a,.b,, .

From (,i3.3) ve 'have

a -t(so' -o) + y ,S (SO' so) E Ex,

or a'+ Y +S' - x, etc.

(Note thai the k-p6imutation zeros of P tran's-form-i.nto' those....

of P'. -These. zeros can be consideredas links of length 1.)

There is thus no loss of generality in starting the first chain

at value 0 of N..

Theorem 3.2. Tvyd t-chains are enuivalent if the links of one are

cyclic Dermutations of the other.

The following proof -for t 3 is sufficient to llustrate the

general situation.

Let

0 X ;Xa a t y 1 .*," t ylt bb

LX xY2l Y"2 yh z2 z2 ""

1 xl+ x2 * L + 1*
xIM 1 2  3 - h Yh4-1 

2~ .l

If now we choose a' a + (yl . 'Yh-) *b' b, then P'

reduce-o p' . ....

Td*1 i' 'h6', b""'satt fy the '(3.3).,conditlons we have, for

example,

a t (y1' ""Yh-1 t (yh+" Yhrl t' o. =a, (y1 + Y2+" ..... ) x×2.t...

b 4(Z 1  z 2  .. "): a +o; -" """Yh'yt Yh-l ' " 4
or

I'"
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a' + (y h  Yh+l + ')+ Xl x 2 +

b' + (z1 + z2 ' .. ) a + Yh + Yhtl + .).

As an illustration we have that chairs (1, 2, 7)(3, 8, 9)(2, 8)

and (7, 1, 2)(8, 9, 3)(8, 2) are equivalent.

Theorem 3.3. Any nermutation of the links of a t-chain aives an

eouivalent t-chain.

It is sufficient to prove for an interchange of adjacent links.

Let

i I 1 [a 
i[

• x I +y[ , Ic.+,l r lz
1 x2 i Y2 "u hl u2 zI '

j We have (b z irZx a- + y,
(3.7) Lc i+ zu *-Zx, a+ Zy, b+ Zz,

(3.8) Sc'i-Zu * x, a'r y

Lb.' "+ Z z -2x, a' + Zy, c' + _,u

Choose a' a, b'-= b, c' = c and (3.8) reduces to (3.7),

Thorm .4. Two chains are eguivalent if at least one k-oermutation

produced by one is identical (to within a slide) to a k-permutation

produced by the other.

Let the chains be P, Q. Their links may be arranged so they start

= (p, X1, x2 , ""9, Xg)('")., Q (p ,1 y 2 '' Yh) (' )

______________________ I
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or .Pppy~o. .0: p ptyl
p-[

Yl Y2

In this form the k-permutations in question will be identical

without sliding. It fol-lows that in this k-permutation

interval from p to xI  interval from p to YI. "" X,= y1 9

interval from x to x2 ' interval from Yl to Y2, • X2=y2$

etc.

Now if g < h we would get

0 -sX "" + Xg (pyl+ . +yg) ± (Yg+i+ .+ x-)

so that Yg+l + " Yh = o, a contradiction. If g 7 h we get a

like contradiction. Hence g = h, and the two first links of P and

Q are the same.

A continuation of this argument will show that the links of P

and Q are identical in pairs (to within cyclic permutations within

links) and hence P and Q are equivalent.

This theorem shows that any two non-equivalent chains must

always produce non-equivalent k-permutations. However as will be

seen below a given chain can produce equivalent k-permutations.

4. ExamPles.

In this section we determine the coefficients of. some terms

so as to illustrate in some detail the two steps outlined at the

end of section 2. Properties of links and chains proved in section

3 are used without special comment.

(1) Find the coefficient A of the term aoaa 2 a3of C9 .
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The non-zero subscripts are 1, 2, 3, 3, 3, 6. Tb find all thei

link-permutations we write down all 5!/3! 2v 20 permutations keeping

one element (say 1) fixed. These 20 are

123336 133236 136323
123363 133263 136332
123633 133326. 162333
126333 133362 163233
132336 133623 163323
132363 133632 163332
132633 136233

By inspection we obtain the seven 2-link chains

(1,2,3,3)(3,6) (1,3,2,3)(6,3) (1,3,3,2)(6,3)

(1,2,3,3)(6,3) (1,3,3,2)(3,6) (1,2,6)(3,3,3)

(1,6,2)(3,3,3)

There are no 1-link chains as is seen by direct test.

Of the seven 2-chains we select the five distinct (non-equiva-

lent) 2-chainst

(a) (1,2,3,3)(3,6) (b)(l,3,2,3)(3,6) (c) (1,3,3,2)(3,6)

(d) (1,2,6)(3,3,3) (e) (1,6,2)(3,3,3)

V The cases (a), (b), (c) will be denoted by the single notation

J 2 3 j [3 6) where the bracket indicates an unordered secuence

all permutations of which will give links. Likewise cases (d) and

(e) can be combined into [ 2 C 3 .

We next find the k-permutations determined by each case.

Case (a) gives in a former notation

and parameter

a 3 0, 1, 3, 6

a+ 3 # 09,1,3p694
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giving a 2, 4, 5, 8. These give four k-permutationss

01 2 3 4 5 7 8 N

at 4'12 *3 3 *3 6
8 1 :2 6 3

The zeros are denoted by a dot. The underlined 3 is started at

the value of a. Thus the k-permutation corresponding to a = 2 is

123306300, etc.

Case (b) gives parametera = 2, 5, 8 and the three k-permutations

0 1 2 3 4 5 6 7 8
5 1 3 2 3 - 6

8136 2 3 3

Case (c) gives a = 2, 39 5, 8

0 1 2',32 4 5 6 7 82 1 3 3 ! 3 6 - 2 i

3 1 °3 3 62
513 3 2 6

5136 3 23

Case (d) is

2 6 3 3

with a, aa+3, a+6 + 0, 1, 3. Hence a .2, 5, 8.

We then obtain

0 1 2 3 4 5 6 7 8

21 2 6 3 3
5Si 23- 1  3
81 2 3 6 33

Instead of 3 distinct k-pemutations we here have only one.

Case (e) gives

216. 3 3 2 3

8163 3 2 3

. . ........................ .. ..



16.

Again there is only one distinct k-permutation.

We now count a total of 4 j 3 +4 +1 t 1 13 distinct k-permu-

tations produced by the five 2-chains, and each of these 13 can be slid

through the complete set of 9 positions thus giving the value (9)(13) =117

as the value of A the coefficient. This term is what we would call a A

2-chain term since that is the maximum number of links present.
3 2 2 C9

(2) Find the coefficient A of the term a a aa2 a in C

There are 30 permutations of the non-zero subscripts l, 2, 2, 7, 7, 8

(keeping element 1 fixed.) (If an element occurring more than once as 7

were kept fixed we would get 60 permutations but half of these would be

slides of the other half and could be neglected. We can avoid this

duplication by keeping fixed an element occurring only once if such is

present.)

Of these 30 there are 10 link-permutations indicated by

(1,8)(2,7)(2,7) (1,2,8,7)(2,7) (1,2,2,8,7,7)

(1,8)(2,7)(7,2) (1,2,8,7)(7,2) (1,7,7,8,2,2)

(1,8)(7,2)(2,7) (1,7,,2)(7,2)

(1,8)(7,2)(7,2)

giving 5 non-equivalent link-permutatiQns

(a) (1,2,2,8,7,7) (b) (1,7,7,8,2,2) (c) (i,2,8,7)(2,7)

(d) (1,7,8,2)(2,7) (e) (1,8)(2,7)(2,7)

Cases (a) and (b) are 1-chains giving the respective distinct

k-pe-mutations.

1 2 3 -4 56 7 8

(a) 1 2 7 2 7 8

(b) 1 7 " 2 8 2 7
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Cases (c) and (d) are 2-chains with respective parameter values

a -4, 5, 6 and a 2 2, 4. These give 6 distinct k-permutationss

S0 12 3 4 5 6 7 8
4 1 2 7 8 2 * 7 • o

(c) 5 1 2 7 8 *2 o 7 •
6 1 2 7 8 *2 7

1 2. 34 ,672 1 7 2 0 7 •.2 8

(d) 3 1 7 "2 7 2 8
4 1 7 " o 2 * 7 2 8

Case (e) will be more involved since it contains two parameters.

We have

.ra a. b b 2]10 81 L2 7 1 [2 7 2

with a O* 0, 1, 7, 8 and b O 0, 1, 7, 8; a, aj-2, at7.

This gives 14 pairs of solutions (a,.b)t

0 12 34 5 67 8
(2,3) 1 8 2 2 7 7 - - "
(2,5) 1 8 2 - 7 2 - 7 •
(2,6) 1 8' 2 • 7 • 2 • 7
(3,2) 1 8 2 2 7 7 • • •
(3,4) 1 8 • 2 2 7 7 • •
(3,6) 1 8 " 2 - 7 2 - 7
(4,3) 1 8 - 2 2 7 7 - •
(4,5) 1 8 " - 2 2 7 7 •
(5,2) 1 8 2 7 2' 7
(5,4) 1 8 - 2 2 7 7
(5,6) 1 8 ' - 2 2 7 7
(6,2) 1 8 2 • 7 * 2 • 7
(6,3) 1 8 • 2 ° 7 2 - 7

(6,5) 1 8 . . . 2 2 7 7

By inspection we see that (ab) and(b,a) give identical k-

permutations, thus reducing the number of distinct k-permutations

for case.(e) to 7.

There are thus a totalof 2 + 6 -7 = 15 distinct k-permutations

each of which can be slid through all 9 positions. Hence the coeffi-

_ _ __ _ _
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cient is (9)(15) -135.

This term would be called a -c.

Note also that the two 2-lihk"chain""&ases (c)and(d) are made up

by combining two of the 3 links of the 3-link chain case (e).

We shall speak of the total (9)(2) = 18 determined by the 1-chains

(cases (a), (b)) as the coniutio of the !-chains to the total

coefficient, and the totals of (9)(6) =54 (cases (c), (d)), and

(9)(7) = 63 (case (e)) as the 2-chain and 3-chain contributions.

5. Szpecial links and chains.

A. Cyclic 1-link chains. There are certain types of chains for

which the associated set of k-permutations will contain duplicates.

Some of the examples above show this property. We consider this

property in this section.

Duplicate k-permutations will result if a given k-permutation has

a cyclic character so that in sliding it through a cycle-interval we

obtain the identical k-permutation again.

Consider first the 1-link chains with this property, and an

example: in finding the coefficient of a4 a4 a4(n = 12), the 1-chains

(a) (7, 7, , 7, 7,. 8, .)- (b) 7, 8, 7, 8, 7, 8, 7, 8) 01
give respectively k-permutations -

7(a') 7 8 0 8 0 7 7 8 0 8.0, (b") 7 8 0 7 8 0 7 8 0 7 8 0

Here (a') consists of two cycles of length 6, and (b') consists

of four cycles of length 3. Hence we could slide (a') through 6

Note also that the chains (a), (b) themselves are cyclic. We F'

now show this situation always holds, i.e. a cyclic 1-chain always

gives a cyclic k-permutation.

We take the general cyclic 1-chain
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(5.1) PlOp1  P2 9 "'I Pmt 'Pit P2 , Pm, 0") P11i 29-,P)

containing c cycles of length m,. .Write P in the foim

(5.2) Pm~

where

(5.3) pM

Hence cs 0 and c is the minimum value (0 satisfying this congru-

ence.

From (5.2) it follows that

(5.4) SsP S2 sp~ = * 00 =Scs =p

where

s s sp , - 2s 2s~pl ...@ 3s

LpP2 0.P1 P2 .. P1 ..

or

(5.5) S5K = S2 sK ScsK .K,

where K denotes the k-permutation...

Now if we put d = (s,n).it will follow that

(5.6) n =1cd,

(5.7) cis -- d, (c, 4 c).

Hence from (5.5) and (5.7) we have

(5.8) SdK - K,

so that K must have the form

(5.9) K =k k .. kdlkokl** kd_.l ... kok1 ...kd

containing c z.n/d cycles of length di.
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The chain P and therefore K contains exactly c of each Pi. Hence

each cycle of K must contain P1 9 P2 9 *00, pm once each (remainder of k's

in a cycle are zeros), i.e. each cycle of K consists of zeros and the

cycle. of P in some order (d-m Zeros), A non-cyclic 1-chain corresponds

to c = 1 or d = n, and K is non-cyclic also. We state the above results

in the theorem:

Theorem 5.1. A cyclic 1-link chain P of c cycles produces a cyclic

k-yermutation K of c cycles each of lenath d z-n/_c. The cycle of K

consists of the cycle of P and zeros in some order.

We can obtain a formula for the contribution A1 to the coefficient

A of any term due to the 1-link chains associated with the term

Let Pc be the number of distinct 1-chains each containing c cycles

with length of cycle equal d. Then dPc will equal the number of k-per- s

mutations derived from these Pc 1-chains. Hence

Al d Pt nPc/c

where the sum is over all divisors c of n.

Now let Kc = kokI ... kd. I be the cycle of one of the k-perIu-

tations K, where k. is always used as the (first) element of all

the chains and suppose ko occurs nc times in Kc6 Then ml:= cnc, where

ml is the total number of ko's in any K (or 1-chain).

Hence

c ml (Pcnc)

But Z ncPc is precisely the gjo number N of !-link nermu-
C

tations beginning with ko (each set of ncPc such permutations gives

only Pc distinct 1-chains).
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Then N = 'ncP c and finally-

(5.10) A- nN
m
1

N can be determined by counting the number of 1-link permuta-

tions all starting with ko.

To illustrate the above reasoning we calculate A1 for the term

a~a~ag (n= 12). The total set of 1-link permutations is given by

77788788 77878788 78778788 78778878

77887887 78787887 77878878 778878

78878877 78788778 78788787 78878787

78877788 78877878 78878778 78787788

77887788 78787878

78877887-.

Here k0 = 7; c 1 1, 2, 4. P1 = 4, P2  i, P4 = 1; n1 = 4,

n2 =2, n4  1; nlP 1 = 16, n2P2 =2, n4P4  1; ml =4.

Also

Nz Z ncP c = 16 -2 - 1 19,

Pc 4 l -tl=. 6 a number of distinct 1-chains,

and

(12)(i9) 57
4

Note that A1 is always an integer (but not necessarily a

multiple of n.)

It is now easy to find the complete coefficient A( - A,)

of any term which is a -c tr For let such a term be

n mo h I-(5.11) Aa "  aml a2 mh , jmi
w tPi aP 2 o fnh m a =.r

e "where the pi are distinct. To find N we form all permutations of
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the set of pl, P2, Ph keeping p1 fixed (in first position say).

Then

(mi-1): M2: ... mh '

Hence by (5.10) we have

(5.12) A = Al ~N~ Tr-
fyml-- m2  .. mh,

For example the 1-chain term

Aa4  2 of a C12 has

(12)(7!) =105
4! 4!

That this is a 1-chain term follows since its (non-zero) sub-

scripts 1, 1, 1, 1, 2, 2, 2, 2, have a sum of 12. It will be recalled j
that any term as (5.11) is said to be a 1-chain term i evgrvsubset

of its r n e ._oj bscris has a sum no nut to zero.moL.n

In particular any term of weight n is a 1-chain term (as a0a1a2 above)

but of course terms of weight greater than n can be such also.

B. Cyclic -,iVk chains.

The following discussion will be treated in a simplified and more

general form in the next section but it is given here as it will be of

value in a later problem.

Consider then a general 2-link chain PQ given by (assume P not

identical to Q) 4

""PQ (P'19 P29 '""s Pro' "' P19, P21- 6"t' Pm )( ql , c129 ' qj' ..." ql,

• -. , qj) containing c cycles in P and c' cycles in Q. Put

Ss-pl-t ." pm, sl' q+ -..-o+ qj, so cs O, c's' O and c, c'

I
_______ F
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are the minimum (non-zero) values satisfying these respective con-

gruences. Put also

Fop s [a a+ q1  e a+,s' o'.at2s'.'1 P~L P2 "*" Ole" PI q2- " q

Then (Ss, S2s, *.. Scs) P = P, (Ss ' .S ts '  Ss)Q Qa

If d = (s, n), d' = (s', n) we will have n cd c'd' and also

that

sdp P, Sd'Qa-Q a

If e l.c.in. '(d, d') then

SeXa Se(pQa) =PQa X

Hence

(5.13) SeK(a) = K(a)

where K(a) is the k-permutation correspondin9 to the parameter

value a. From (5.13) it follows that a slide of e duplicates K(a),

so we can write

K(a) = kok, k k k ... k .. ko o.. k 1
ok e-I o e-i e-l

If we put h -(c, c') then we will have n- he, so every K(a)

consists of h cycles of length e.

Now

ats us ats ius 1 [~' ** a'+s'
Su a " 1Qa

L q qli" q ql

where a'= aus, and it can be shown that a' is an allowable parameter

value if a is. But us=d for some u, so that

Sd~a
~a a+,d

or
(5.14) sdK K(

(a) (a:d)
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i.e. a slide of d on K(a) produces K(atd). (Note that (5.14) and

also (5.13) hold for all allowable values of parameter a.)

It follows that the allowable a-values split into sets

a,, a,+ d, al+ 2d, ..., a,+ (c-l)d

a2 , a2+d, a2 +2d, ". a2+ (c-1)d

ax, athadt 6-0-1 ax (c-l)d

such that all K(ai+ud) are equivalent (by sliding) (i 1, 2, ".', x;
u v , , "0.', c-l).

If then Na be the total number of allowable a-values, i.e. such

that a + (qlt +'' qi) # (pl + ""+ pt) +" ud,

q:poz 0; i Z1, -I in-i;
1i, "", u -o 0, I9..., c-i , we will have

(5.16) Na = cx

We know Qa~vd' = Qa, and it can be shown a~vd' is an allowable

parameter value with a. Hence X ,avdt Xa (v = o, 1, c-l), or

(5.17) K(a~yd,) = K()

Hence again the a-values can be split into sets

it, a' d', al,2d', ' ai+( c'-l)d '

(5.18)

aa'y, a ,2d', .. . 'ld
y y y

so that 
&

(5.19) Na . C'y cx
Cosdr etS d K (a From (5.14) we haveConsider next asd)K

(a't Ko K((a' +d)

t .t
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Now a\+d must. occur in one of. the rows of (5.18):

(1) if it occurs in the a't Tow,

-d ' ' and
.. .: I . 1

(5.20) sdK(, K K K(at)

so a slide of d on K(at) reproduces it.

(2) if a't d occurs in the a'w row (w *t),

(5.21) sdK(a = K(at+d) K K( =

It is then seen from (5.20), (5.21) that every K(at),O (i.e.

every K(a)) can be slid only d distinct steps. We have then that

the contribution to the coefficient of the term due to the 2-link

chain PQ is

N nNa
(s. 2) dy = d c4

Finally we have the situation in which P and Q are identical.

For this case the formula (5.22) will be changed by a factor. Now

s . S' d = d' = e, c c', and Xa PP a

It can be shown that if a is an allowable value then so also is

a where a+ a - n. We will have SXa = X- ora a
aa

(5.23) SK -K

As before Na = cx, and there are y= x values of as al, a2,...,

a whose k-permutations are not identical (see 5.18).x

Suppose there are x1 values of a,, ..-, ax such that

ai + ud (see 5.15). These x1 values occur in complementary

pairs (ai, Ti ) and for each of these there will be d distinct slides

of K Hence this set of xl values contribute the amount (d)(-)
(ai) c

to the coefficient.
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Let x2 ( x-x 1 ) be the remainder of the xa's for which aitud -- ai -

Hence 2ai+ud -0, and since a i *vd (by its definition) we

must have a (n-u) d, and n-u must be odd; so we can write

ai- tdf t
2"

Also

aitud ai
S iK(ai) = K(ii) K (ai+ud) (ai) (ai) S a)

Hence, std+d/2K(a = S4KC = K , i.e. there are only 4 dis-(ai (ai  (a ) - ,

tinct slides possible for these latter x2 cases. Hence we obtain

a contribution of x2 to the coefficient.

We finally have a total of

as the cemplete contribution. Note that this is j the previous amount,

(5.22).

In the cases above considered it is possible to obtain some

information about the size of N , We state without proof the follow-

ing:

Nan h

where z in an integer such that 1 "z <-mj. In particular if n cc'/h

we must have z- l and N8 -0.

4In the case where P is identical to Q we have

Na = n - zc, m !z.Am 2 - m +1.

The precise value of z will depend on the relations between the

p's and q's, the elements of the two links. We determine ther exact

value of N. for a variety of situations in later sections.
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6. A general Formula for coefficients.

In thissection'we give a formula for the coefficientof .any

term, this formula being derived from the types of links and .chains

associated with the term. First we find a formula for the contribu-

tion to the coefficient of any particular t-lkhk chain. We illustrate

the general proof by means of a 4-link chain:

(PlP2.'" "Pm': I' "..Pm) (PI'P2 "" "Pm" ""P "Pm )

(6.1)

(qlq2'" g j" qloqj ) ( qlq2 " " qj'as'ql* oqj )  PPQQ

where the first two chains P, P are identical with c1 cycles of

length m, and the second two Q, Q are identical with c2 cycles of

length j.

To gain the advantage of symmetry we start the first chain at

a general position a1 instead of at 0 as heretofore. We write then

(6.1) as

* [ alal p 1.. ea l4 s7 . .alf2s l . a2*0 a2+sl . t3* .a3+ S2 ..

P1  2 ... P1 'a' 1' ...J L P, p1  a q,

(6.2)

4 .. 2 Pa Pa Qa3Qa
~q~e so* .. 1 2 3 4

where sI = p1 + "" + 'p v . 2 -= ql "+ " + qj

Let M (al, a2 , a3, a4 )equal the total number allowable parameter-

values of (a1 , a2, a3 , a4 ), and let K(al, a2, a3, a4) be the k-

permutation derived from theparameter-valugs (a1, a2 , a3, a4). 4,

We will then have the relations

(6.3) K(al, a2 , a3, a4) K(a2, a1, a3, a4)=K(a1 , a2, a4, a3),

3 '4 2 a
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(6.4) K(ai, a , a4 )= K(a +uldlq a- 2dl ', a +vld 2 , a4tv2d '

(6.5) ShK(al, a2, a3 , a4) = K(alf-h, a~th, a3rh, a4+h)..

In (6.4), di- (si, n), n: cidi, ui= 0, 1, ,

V=: OP 19 *..-, cl-, and relations (6.5) hold for all h. *We then

have for the contribution C due to the particular ch'ain (6.1)''

(6.6) C 2!2! M
/\ 1 2

The first facto in C is due to the relations (6.3),
\, 2 1 '2 -.

and the second factor 4. . is due to the relations (6.4).
12

Now we have

M(a1, a, a 4). rM(0, a2, a3 , a4).

Put M(O, a, b, c) N so that N gives the total number of
abc .abc gvstettlnm'ro

parameter values (a, b, c) when the first chain is started at 0. We

rewrite (6.6) then as
C n

2! 21 C7T7 ala 2 a3

6hanging the notation to start parameter a1 with the second link).

Coming now to the general t-link chain PIP 2...P.4. consisting of

n, identical links of c1 cycles each, n2 identical links of c2 cycles

each, . nr identical links of cr cycles each we will obtain for its

contribution C,

6.)C n 2 nr  Nala2..ot~(.)n I ' n2" .. r.= c  22 n . cr  a-

(t ni n +  +. nr)
The sum of all these contributions (6.7) due to all possible

(distinct) t-link chains Xt P1P 2...pt is called At where

K- r .. ....
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nNa o~ (xt)tlw

A t ">/ . nI  n ,

(6.8) nl "' nr 4 Cl "0 ¢ ral.a .. .

and N (Xt) is the value of N a corresponding to a

particular t-chain Xt, and the sum is over all such Xt.

To obtain the actual coefficient we must sum over all At

values, i.e.

(6.9) A z A + A2  A3  +. - Am

where the highest order chain associated with the term is an

m-link chain.

To illustrate the formula consider the term a°
2a2a a2
o 3 6 9

(n 18). There are no 1-link chains, so A1  0, and no 3-

link chains or higher (since the term's weight is 2(18), m :52).

For the 2-link chains we have

i

~ L4

(3,3,6,6)(9,9) 12

12

(3.6,9)(3,6,9) 12 12
210

(3,9,6)(3,6,9) 13 13

(3,9,6)(3,9,6) 12 2..!2

so that

2 = A 18 1 1U) -U 13 4- 1 621
2: -17)2- 2 2~ .

For values of m 7- 4 the calculations in determining the At

may become very involved. In the following sections we give

some methods to reduce these calculations. The use of a machine
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for most nf the calculations would still remain a necessity however. We

also give later the various operptions of such a machine.

7. Somqe Coefficients for general n. In Part 1 the coefficients of

all terms of the form an'4a a a a were found (pi may be equal).
0 pl P2 P3 P4

These results have been extended to cover the a'a ...a and
0 P P5

an'6 a ...a cases (see Summary). We give here the analysis for
o P1  P6

one of the an-6 cases an'6 a a a2 a2 . The methods used are general
0 0 Pl P2 P3 P4

and will apply to any term of an-r type though for larger r the number
0

of poisibilities increases very rapidly.

Consider the term

an- 6a a a2 a2  (PI, P2, P3 ' P .
p1 lP 2 p3 P4'

The weight condition is

(7.1) Pl 4- P2 + 2P3 4- 2P4 = 0 (mod n).

The first. step is to classify all possible types of chains obtain-

able from the six subscripts h1, P2, P3 9 P3P P4, P4. A 3-link chain

is the maximum since a link contains at least 2 elements.

Use (7.1) and decompose it in all possible ways to give 2 sets

or 3 sets of sums each congruent to zero. Each such sum is a link.

For example, we may have

(7.2) pi 4 P2 S* O, 2P3- 2P4 0

giving the 2-link chains (P' P2N(P 3
' P3 ' P4 9 P4 )$ (P19 P2 )

(P3, P4 ' P3 ' P4)
"  (here we are assuming P1 PA 0). We

would indicate both these chains by the notation C12j 3344i wh:ee

the subscripts on the Pi are used instead of the pi themselves. A



31

bracket expression as 334j is regarded as an unodered j.

Another possible decomposition of'-(7.1) "is P1 - P3" 0,

P2 F 'P3 r P4_ 41 r234] . Note here that[251'-1344

r .l:A r233TI would be regarded as not'distinct from kI1 3411

We find there are 11 distinct chain-types of the above nature

obtainable from (7.1). These are

C -243

34 [1g 23344 3C13 , 3 3 _241

fiJL341 " 344jL1 ,j 1241

L132 L24j 33 4 4 , 1 fI4j L3
12 C1j34454 3 1 F 202] 3 1-234 .113 .41.l2 3[ 1

Of course, in addition, we have the 1-chain type jl23344j..

A type in the as .'344 L 2] , Ci r24.. means both

2P3 2P4: Pl9 P21 t 0  ..

and
p1 + 2P3 O, P2 + 2P4 0

Consider next, for example, the type 3344J U We must

find all the =ink-permutations associated with it. Write out all

the 5!/2!2! = 30 permutations of 1, 2, 3, 3, 4, 4 (keeping element

I fixed):.

123344 2 132344 1 134234 1. 142334 1 143542 X
123434 2 132434 1 134243 1 142343 1 143423 1
123443 2 132443 1- 134324 '1: 142433 _1 143432 X
124334 2 133244 :'1 134342 X 143234 1 144233 1
124343 2 133424 1 134423 1 143243 1 144323' 1
124433 2 133442 X 134432 X 143324 1 144332 X

The number at the side of each permutation..ndicates the number'

of links it .decomposes .into. An X indicates no chain is possible,

Of the six 2-link chains, two are distinct'

(a) (3, 3, 4, 4)(1, 2)
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(b) (3, 4, 3, 4)(1, 2),

and there are 18 distinct 1-link chains.

For case (a) we have
h

0 P3  2p3  2P3.~p 8  a- 1

3 "P3 P 4  P4  I 1 P2 .

with a O, P3' 2P3, 2P3 +P 4 ; a- P#Of' P3, 
2P3 , 

2P3
4-P4  or

a-O, P3, 2P3, 2P3 + P4; P21 P2 4- P3, P2 *" 2P3* P2 .2P3 'f ' P4

(Note " P And these 8 values are inconaruent. to each other

since any contrary assumption like P1 r 2 P3-+ P4-; P3 leads to

P -' P3 +.- P4 -- , a contradiction since .j34 12 is assumed here as

the only decomposition of our 6 pi. It follows then that Ni - n-8.

For case (b) we also find N a n-8. The value of A2 the 2-link chains

contribution is then

A2(n) - n (n-8) +- +(n-S)'z 4 n (n-8)

(The * is due to the cycle in the first link of case (b)).

The 18 1-link chains contribute

Hence A

-A,1  A n2 t 3n

t ' ~ ~~~n-6 2 2 whnhesbcit
is the coefficient of the term a°  aP a P2a Pa P4when the subscripts

pi are of type i-34-i i12-

4 2 2
An example of such a term is aaIa9 a2a3  (n A.1) with A =l80.

A similar analysis is carried out for each of the other types.

A study of the example worked out in the previous section will

show that no use was made of the particular numerical values of the
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subscripts .pinobtaningA1, A2, and A.which, are polynomials in n.

It can be shown in fact that this is generally true, I.e. the functions

At(n) arising from a t-chain will be polyniiials in n of'degree 't

with coefficients whose values depend only on the n and

not on the particular subscript numerical values. The same must then

be true of-A the complete coefficient. For example consider the term

a a c d and 2 2 haveaaa0aI923 considered above, and 0 a3 a7 aa 4  both the same

chain-type' 3341 123 Hence they must both have the same coeffi-

cient, 180.

The above facts can be used to advantage in the more difficult

cases of.chains of three'or more links. For example, to find A3(n)

for the ter.an-6a a aP a a a if the pi (all unequal) are0 Pl P2 P3 P4 P5 P6

of the chain-type fp.p P 3pj 2j(o, ). 134].. L ).

We use a-specific set of pi's of this type:

(1, n-l)(2,'n-2)(4, n-4).

We have

11 [- a t 2 bb.+4
n-l n -2 n.

with a 0,,,l, n-2, n-l; b O',l, n-4, n-3.a, a.f 2, a-4, a-2.

Hence if ,a = 2, 3, 4, 5, n-3, n-4, n-5, n-6, b assumes (n-7) values.

For-the remaining (n-12) allowable a-values b takes on (n-8) values.,'

Hence

A3 (n) =43n-12)(n-8) +-8(n-:4jnn 3 - 12n 2 -40n

A second method is to use several specific values of ii, evalua'e.

At(n) directly for these values and then find the coefficients In'the

general At(n) by the method of undetermined coefficients.

an-8 " a8a1P ) ; i

For example, to find A4(n) for the term ana a 'a (,all pj .
PI P.2 8
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when its chain-type is 'PlPil (i3P4j ' 5P6] [07P8' * Assume A4(n)=

fon4- fin + f2n + f3n (there can be no constant term in At(n)),

and take n -- 17, 18, 19, 20. For n z 17 we can use the chain

(1, 16)(2, 15)(4, 13)(8, 9)

From

Fo 1 a[a + 2 1r 4F [1

L 161]L 15 4  j 13 8
sea have

a.O, i, 15, 16; b=.O, 1, 13, 14; a, a 4-2, a-4, a-2;.
I

(8.1)
c 0, 1,9, 10; a, a 4. 2, a-8, a-6; b, b t4, b-8, b-4

From the form of the 4-chain and (6.8) we see that we can write

na 3  fln2  (n)

A4 (n): n n f 2n -f 3 ) where abc is the number of

solutions (a, b, c) of (8.1). (Also the f' are integerso:-;Three

values of n are now sufficient) :

17). Construct three narameter-v glue Tables TabTao. Tbc. These

are rectangular Tables. In the Tab Table list vertically along the.

side all allowable values of parameter a (these are the integers from

0 through 16 excluding 0, I, 15t 16 by (8.1)). Along the top of Tab

list all 17 integers 0 through 16. These are the b-values. For

any particular value of a say a. cross out, in the ao row of Tab all

values of b not allowed as given by (8.1), If a .2 we cross out

0, 1, 13, 14, 2, 4, 15, etc.

To construct T we proceed in a similar manner except'we dis-ac

regard the b-values b, b " 4, b - 8, b - 4 in obtaining the excluded

1~ (
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c-values for a given a-value. *So for a0 , 2 we would cross out for

cl O, 1, 9, 10, 2, 4, 11, 13.

To construct the T Table we disregard the a, a t 2, a - 4s
bc

a - 2 in listing the possible b-values (we would merely exclude

b O, 1 13, 14) and disregard the a, a *- 2, a - 8, a - 6 in list-

ing possible c-values.

Portions of these Tables are given belows

T ab 0 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 b

2'X X X 5 X 7 7 6 7 8 7 66 X X X 5

9x X x x X x x

as 14 X X X X X X

X X X X X X X

Tac 0 1 2 3 4 5 6 7 8 9 10 11 12 1.3 14 15 16 c

2XXX X X X

3XX X X X X X X

a: 4XX X X X X X X

5X X X X X X X X

Tbc 0 ] 2 3 4 5 6 7 8 9 10 1 12 _13 14 15 16 c

2XXX X X X

3X X X X X X X X

b: 4XX X X X X X

5X x X X X X

Now corresponding to a 'given allowable (a, b) pair, say

(2, 3), found in TabI find in Tac the a=2, row and in Tbc the

b = 3 row. The comnon values of c in these two rows give all

allowable (2, 3, c) triples. Here they would be (2, 3, 5),
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(2, 3, 6), (2, 3, 8), (2, 3, 14), (2, 3, 15), a total of 5 which can be

recorded conveniently in the (2, 3) cell of Tab (the first row of Tab

is shown thus recorded).

Continuing in this way we obtain a total of 841 for the number of

(a, b, c) allowable-values, i.1e. Nabc(17) z 841z 173 f 1 172 *f2 17+f 3 .

Next we find N abc(18), N abc(19) from which we solve for f1 1 f2,

f3, which then determine A4 (n).

The above procedure can be extended to calculate any At(n).

If t = 5 we would need to find N(n) for vorious values of n and forabcd

each chain which contributes to the Ab(n). (In the above example there

was only one chain so contributing). We would construct Tabless

b C d

a a! a

b

c

(1) Start with any pair (a, b) from Tab,

(2) Find all (a, b, c) u'sing Tac Tbc'

(3) For qach (a, b, c) find all (a, b, c, d) by Tad Tb, Tcd.

By hand this process would become impractical for large t and n.

However it is clear how a suitable machine can carry out the proce-

dure which is essentially one of counting.
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9. The use of Ore's formula. We have seen that the coefficient

A of any term of a circulant permanent is expressible as a sum

(6.9) A r A1 +A + .•. Am .

where A is the contribution due to the t-chains. In this section
t

we show how A can be calculated by evaluating only half of these

Ai's, specifically the set (A1 +- A3 + A5 - -) or the set

(A2 + A4-*A 6 4- .. )•

This will depend on the formula given by Ore (Some studies on

cyclic determinants, 0. Ore, Duke Mathematical Journal v. 18, 1951,

pp. 343-354) for the expansion of a circulant determinant. We give

here a description of the use of his formula.

Suppose then we wish to evaluate the coefficient B of a term

(9.1) an'ra a " a
0 P1 P2 Pr

of a circulant determinant (B will always be used to designate such

a coefficient). The subscripts Pi may take equal values. Put

I (9.2) P = pl p20.+p O

Now form all partitions of rs [rl, r2, °', rg1where ri >1, so

- g 2: [r - 2, 23,[r- 3, 3], r - 4, 47 ,""

g 3: Fr - 4, 2, 2] , E- 5, 2, 3] , . etc.

For each such partition divide the sum P into.g parts

P P- P24 "" + Pg,

where

P1 Pl P2 + " Px length xl,

P2 P:Px+ 1 "f + +2 length x2,

Pg + Pr :length xg,
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and each P- 0 (mod n). In forming the Pj consider all the p's as

formally different, and P is to be thus partitioned as rPi in all

possible ways.

If now the term (9.1) be written in the equivalent form
............................... .. •...

n-r mM2 ,, mn-1 .
a0  a1 a2  an-l

then
(9.3) B : , _ ,(.)r-g( xl-'):(x2.1)-..,(xg.1)!ng,

ml' m2 - mnl

where the sum covers all partitions of P as above described.

An example will make the procedure clears To find B of the

term Ba4a2a2a4 (n 12).

Here p1 z P2 = 2, P3 : P4 -=6, p5 = P6 : P7  p8 : 4, r : 8

We then have

g-l: [8] : (P14 P2 4- P3 + P4 + P5 -f P6 "+ P7 +
' P8)

'  x1 - 8

g:2, 16, 23 , (Pl+ P2+ P5+ P6 -P7 + P8 ) +(p 3t P4 )
' xlI= 6,

x2 = 2

[5, 3]: (P3 + P4"f- P6+'P7+ P8)" :(Pl+ P2"t P5), x 5,

., , for all

(P3
" P4 + P5", P7 P8) (Pl P2 + P6 ) ' . ,J

(P3 + P4 + P5 + P6 + P8) 
+ (Pl + P2 + P7)

(P3 4- P4 + P5-* P6+ P7) +. (P1 1-P2 f P8 )

(PI t P2 + P3 + P4 P8 ) (P5 t P6 - P7 )
(Pl + P2 + P P4 P5 p+ P6 + P8)

(Pl+ P2+ P3+'P4  P6) 4 (P5+ P7 *P 8 )

(Pl + P2+ P3 + P4-4 P5) " (P6+ P7"I- P8)
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4, i (pl r P3 P5 ,P6) (p 2 - P4 - P7 p8 ),xl - 4, X2 =4

(P l 
+ P3 + P5 P) (P2 P4 P6 + P8 ) for all4, 41

(Pl P3 - P5 4- P8 )  (P2 t P4+ P6 I- P7)

(Pl + P3-+ P6 F-P7) (P2 t- P4 5i- Ps' 8 )

(Pl 4- P3 P6 + P8) (P2- P4 P5 P)

(Pl- P3  P7 4P8) (P 2 1- P4 .P 5 P 6 )

(PI + P4 fP 5 ±-P6) (P2+ P3 P7 +'P8)

(P 1 4 P4 4- P5 p7 ) (P2 t- P3 t P6 - P8)
(PI 11 P4 +P5 i-P8.)  (P2 +- P3 P6 + P7)

(Pl+ P4 4- P6 I-P7 ) -(P 2 t P3 P5 f P8 )

(Pl -P4 + P6 iP 8 ) i, (P2-- P3 -P5f P)
(Pl + P4 -,-P7 + P8 ) -4 (P2 - P3 +- P5 P6 )

g--3[3,3,:2j (PIt-P2 + P5 ) f-(p 6
+- P7 

f -p8 )4(p 34 P4) Xl=3'
x2=3,

(P l -f P2+ P6 ) '4 (P5 t P7 f P8) + (P3 + P4) x3 --2.

(Pl -- P2 + P7) + ( P 5 + P6 f P8 ) I- ( P 3 - P4 )

(p1 4- P2 +- P8) + (P5- P6 + p7) + (P 3 4 P4 )

Then

B- I -81(7)(12) + (_1)82i'5: + 8(2'4')+ 12(3!3.1 122

+ (-1)8 ((1!2!2)(12)3_3

A second example involving a general value of n: Find B of the

term Ba aap2 ap3  pi s ) where the pi satisfy the con-

ditions

(9.4) + P2 * P3 + P4  P5 + P6  0 0, p 1 -p 3 +p 5  P2  P4 +P6- 0 -

We haves

g =(Pl 4 P2 - P3 + P4 t"P 5 - P6 ), x, 6
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g 21 (PI + P2 ) 4-(p 3 + P4 + PS+ PO), X, 2, x2 = 4

(P3 f P4 ) 4-1'l -t P2 t- P 5 r P6O

(P5 t P6) *" (PI + P2 + P3 t- P4)

(P1 P3 + P5) 4-(P21-P4 +P6)

g :3t (P1 I P2) 4- (P 3  4-P ) + (P 5 -tP 6 ) ' X1 x2 x3 --2'

Hence

B (-l)6 -15 ! n - (-l)6 - 2 3(6) f 2(2)7 n2  -(-1) 6 -3n3

B -120 n , 22n2 _ n3

There is a certain similarity between Ore's formula for determinant

coefficients and (6.9) the formula for permanent coefficients, the par-

titioning in the determinant case being related to the links of the

permanent case. It should be noted that Ore's formula for B is rela-

tively simple to evaluate, but even this would become impractical

for larger values of n and most terms.

If a circulant permanent be expressed as la.j. then any one of

its n! terms a a na is an even (odd) permutathn term if

ali 2 3k ** nM
ijk m is an even (odd) permutation of 123 "'" n. And a like state-

ment is of course true for a circulant determinant Laij .

We can thus write

(9.5) a P - NP- P + N

where P, N represent respectively all even and odd permutation terms.

The coefficient B of any particular term T in the determinant can

be represented by

B '-7 C -D

where C, D represent the respective contributions from the even and

odd permutations giving T. Now the corresponding term T in .the

permanent must have the coefficient
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A C 4 D

It has been previously seen that any one of the n! terms in

the permanent expansion is akoak. ak in the product

(ako ak a kn-)(Xioxil... xin-

Also if ioi. 000n 1  is an even (odd) permutation of O, 1, 0, n-1
ol n-i

then the associated ak "" ak  is an even (odd) permutation term

o n-l

of the expansion.

But if ioi 1 "'' in.1 in cycle form be-represented by

LlCl2c2  . nCn7 , (i.e. cj. cycles of length j), then (Lederman,

Introduction to the Theory of-.Finite Groups)

i0i1 -.-.inl-* even permutation if n - r is even,

i0i 1 ... in-.= odd permutation if n - r is odd,

where r c1,-. c2 + -- + cn.

Furthemore it has been shown in section 2 that the cycle repre-

sentation of the i-permutation is in. I - 1 correspondence with the

link permutation of the term ak ak ak (C2 links of length 2,

C3 of length 3, so*, and cI  exponent of a0 ). Hence c2 - c3+ *'cirn

equals the number of links in the. link-permutation.

It follows that the odd-subscript A's, A1 , A3, A,,"" contribute
entirely

/to either the even or odd permutation part of A, and A2, A4 , A6, "'"

entirely to the opposite type of permutation, i.e.

(9.6) A (A1 + A3 + A5 + ) ±(A 2 4 A4 + A 6 4 +-C + D,

and

S 1  A AAt-A A + A- C,

S2 A2j A4 + A6 4- *oo D,
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or S D1 , S2  C.

If now T = nao aa 0" is a term of the permanent, then r (n-m)t

(c2 + c3 + "'" + cn), n - r = m - (c2 4- c3 4 4- cn ) . Hence, if

m is even, S2  C, S I  D, if

m is odd, S2 - D, S : C,

If B m m 1  " is the corresponding term in the determinant, then

we can write

B C - D . (-l)m (S2 - S09

A C +D - S2 'i S1

Or

(9.7) A = 2Si+ (-i)'%,

(9.8) A = 2S2 - (-l)mB. I

This means that to determine the permanent coefficient A it is

sufficient to find the determinant coefficient B and either S1 or S2 .

Example. Find A in Aan -6aplap2  .. a (P#), where the chain-

type of the term is

' .;"plP2j" P3P4] I'P5P6j [PP 3P5(,p2P4P6, "

Direct calculation gives
2 3 2

(9.9) Ai:14n, A2 =lOn 
2  68n, A3. n - 12n 2+ 38n

A = A1 i A2 I.A3  n3 - 2n2.- 16n,

k The- evaluation of B was performed above as a previous example with

B -n3 +- 22n2 - 120n. We need now to calculate only S2= A2 = lOn
2 

- 68n

to find A 2S2 - (-l) 6B 2(lOn2 - 68n) - (-n3 + 22n2 - 120n)

A- n3 -2n 2 -l6n

as before.
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As a check we have S A1 - A3 -n3 ..l2n2: - 52n, and"

A. 2S1 f- (-1)
6B.

The direct calculation in (9.9) of A1 and A3 is much longer and

more difficult than that of A2. By this method here explained we can

avoid these difficulties by deriving only A2 , a fairly easy problem.

•Further use of this method will be found in the following sec-

tions where it is applied to more complicated types of terms from

the link-viewpoint.

10. 1-chain and 2-chain terms. General frmulas.

The general formula for any 1-chain term has been obtained in

section 5 (formula (5.12)). It is derived here again in a simple

manner by use of (9.7). If the general 1-chain term be called

n-m ml . mh

ao  ap1  "" aph, so that its chain-type is

p ml m2 .'mh "PIP2 h0" Ph

then by (9.3)

(10.1) B ()ml (m-l) n

and by (9.7)

(10o2) A - A,--= Sl -(-l)mB -  n(m-l)!

ml ~m2 ! ... Mh!
which is the same as given by (5.12)2

An example of such a term is a 9a a a a a a (n 26) in which

A = (26)(360).

Consider next the 2-chain type terms. The simplest case of

this type is
-ml m2, pmg] q n o nQh(10.3), .Pl" p g 11q 2. qh p QP ",

associated with the term am oam .. amaq ..- anh

0 P1 pg q qh

2~ _
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in which no pi subscript equals a qj subscript.

Since now A = A1 4- A2 it is sufficient to calculate either A1 or A2.
following

A convenient way to obtain A1 is based on the/familiar Lemma (Uspensky

and Heaslet, Elementary Number Theory, McGraw Hill, N.Y., 1939, p. 105).

Suppose we have a collection of objects which may or may not possess

one or more of the characteristics C1, C2, *** Cnt to find how many

of the objects do not possess any of the characteristics C1 , C2, "", Cns

Let N be the total number of objects in the collection, N1 (Ci) the num-

ber of objects possessing a given character Ci 9 N2(Ci, Cj) the number of

objects possessing two given characters Cit Cj, etc. &Mma. The number

of objects not possessing any of the characters C1, C2 , ""0 Cn is

(10.4) .N - N1 (Ci)+ _ N2 (Ci, C.) -{N 3(Ci, Ck) .

_(_,)nN (Cl, C2 , 0°°, Ca)

where the summations are extended over all combinations of the 'subscripts

1, 2, "'', n in groups of ono two three,.

For our present case (10.3) let C1 represent any permutation of the. ml m2 mg
1  " m elements m2 P Pg9  comprising the first link

(called the P-link), and C2 represent any permutation of the second

link elements, called the Q-link. Then by the Lemma

(10.5) NI( 2 ) =N- (NI(C 1) 4- N2(C2) ) N2(C1, C2)

will equal the total number of 1-link permutations. We find

N L! Nl: (L2  + ):7 : p 7TQ ' (2 TIp 71q '

(10.6) L2) : (1 -): N2(CiC2)= 2 I+ 1I!

1C2)- ITQ TT p I 2(C
where ...
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(10.7)
TP) ml'm 2 " mg.,. 'Q -nl.'n2":'" nh'

Hence

(10.8)N1(~j) = -~--- LjL-1)-L 1 :L 2 ]
(lO.2 T7p TrQ 2.

Next, to find A1, relabel the p and q subscripts as xl, x2 ,

• Xg+ h and let fi be the exponent of xi in the term. Also,

let Xi be the number of 1-link permutations beginning with xj. Then
T = XI -  2  ' + Xgh

and from (5.10) we see that A1  n Hence Xi =  fi, so that

T f A fi  LAI/n. Using this in (10.8) gives finally

(10.9) Ai TTp TQ-LL 2 -

The cceffi.ient B of (9.3) is easily found to be

1 .)L.-I(L_!) ;n
= T P TFQ L-

k ('i)L'2 L-) (L2-1 )'n2 ) ,

whence from (10.9) and(9.7), (S1 = AI), the coefficient A is given by

(10.10) A =i Ll-l)(L 2-) 'n + (L-l):-2L1 'L2 "4TP1JTQ

We state this as

Theorem 10.1. The coefficient A of the term amoaml l" amgan ...anh

of chain-type (10.3) in which-no::p- j qi_ is given by (10.10) (and

L10.7)).

Examples of such terms would be a ala 3a4aal7 , (n 20), with

type [12472] P 17 and a1 2 a2galla222a 5 * (n20) with type[ 242s 17.

It is of interest to calculate A2 directly for the term of
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Theorem 10.1. First we have from (9.7) that A2  A1 + (-1)LB or

(10.11) A2= n(Ll - 1): (L2- 1) (n - LL 2 ).
ITP1TQ

Now let T(cl, c2 ) be the number of distinct 2-link chains each begin-

ning (pl, - )(ql, ') and containing cl, c2 cycles respectively in

each link. Let nc (n'c ) be the number of times pl(ql) occurs in a cy-

cle. Then

(cl)(ncl) m1 = number of pl's in the chain

(c2 )(n' )=n1  number of qj's in the chain.

It can further be shown that Na (X2 ) (see (6.8)) is given by

(10.12) Na I(X2 ) = n - LIL 2

Hence by (6.8) we have

n(n-LlL2)
A2- c T(cl, c2 )(n - LIL 2 ) mn 1  tncI n c2 " (c l ' 

c 2 )

But this last summation is precisely the total number of 2-link chains

beginning (Pl, "")(ql, "") (they will not all be distinct necessarily),

and this number is

(L1. - )! (L2 -

Hence

A2 n(n-LlI)(LI-l )(2-l)! n(n-LjL2 )(L-1)(L 21-lmlnl (Mr7. TrPTTQ

agreeing with (10.11).

We come now to the 2-link chain-type terms with a common element P
(subscript) in the two links. Such a term is denoted by

ui4-VI ml mgni nh
(10 1 .13)ar a .sa a sa(1.13) r  Pl pg ql qh

.4I
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with the chain-type

(10.14) Lr Pu I ' Mi Pg11 r q n, '" q hT= _u Vi

(First assume P and Q not both vacuous, i.e. assume at least one

mi > o or one ni> o. We indicate this condition by (P or 0 not

both. 0).

It can be shown that now

S=Ul + mil
(10.15) NaI(X 2 ) = n - (LIL 2 - Ul4)'qL2 - Vl+ ni)

and by an argument similar to that used above'we find

(10.16) A I1:q% n L[)L-)n-(L L2-l)1TP TQ

The value of coefficient B turns out as

(-1l)Ln Cu -VA 1  )!(
(u1 + \'l): TTP1TQ1

(L L1 +L2).

from which and (10.16) we easily find

(10.17) A u I IQ n2 pQ Ul+q)

Theorem 10.2 The cojfficient A of the term (10.13Lof-chain-type

(10.14), (P,.Q.not both 0 and no Pi = qj) is given by (10.17).:

In (10.17), LI= uI + Fm, L2 = v1 + ni, L = LI+ L2.,

The value of A1 can also be obtained directly by means of

the Lemma and then A found from it, but the method.here used is
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simpler.

Example of this type is a2 la~a4 a a~aea2 4 , (n 30), with type

L32 4 57 8] [32 24J . = (30)(1800).

In case P Q = 0 the term must be of the form amOar1, with theoo
chain type r, (so ru1  0). In this case Na1  fl,

A1 = 0, A2 = (-1) LB, and there results

(10.18) A n (n-u l )

2.

This type term is also considered in a later section. The term

al 5 alO, (n = 25), illustrates this type, A = 10.o 5

11. 2-chain terms, continued. In this section we give a formula

for the coefficient A of the most general chain-type [U] IV]

where U and V can involve any number of common elements (case of one

commom element given by (10.17)). The situation with two common

elements is described first, and then the general case is given.

Since a long and involved analysis is required only an outline

of the various steps involved will be set down.

Consider then a term with the chain type

(11.1) [U [VIsrul su2pl .. pm [ Vqnj

where again no pi = qj" Assume first the links are not identical,

I (i.e. exclude the case P Q = O, u1  vl, u2 =v 2 ).

The detemination of Nal for any particular link-permutations 
is

now more difficult since N.l will in general vary from one such

permutation to another.(Note that in (10.12) and (10.15), Nal is

independent of the link-permutation X2  P1 P2 ).

- _______________ _______



49

Let YIY 2 "" Yu be any permutation of elements r and s selected

from U and zlz 2 ... zu be such a permutation selected from V. Then

if

(11.2) Yl Zl, yly 2 + Zlz2,
" ' , YlY2 ... Yu-1# 1Z2 "'" zu-1

but

(11.3) YlY2 "'" Yu = ZlZ 2 "' Zu

the relation (11.3) is called an identitv-seauence, o.

For example (ssrsrrrsssrr, rrsrsssrrrss) is not an identity

sequence since ssrsrr = rrsrss although s * r, ss rr, ssr rrs,

ssrs *rrsr, ssrsr +rrsrs.

However, (ssrsrssrrsrr, rrsrsrrssrss) is an identiy-sequence of

length 12. The inequality Y1Y2 ... Y,+zZ 2 ... z, means the

number of r's in the two permutations yl"" Yw and zl"" zw is

different (and of course for s's also). The equality (11.3) means

both permutations have the same number of r's and s's."

Now it can be shown that the value of Nal for any particular

link-permutation obtainable from (11.1) is given by

(11.4) Na1 = n-(LlL2 - E ti)

where ti is the total number of identity-sequences of length i,

the first half of the sequence contained in the first link, and

the second half in the second link,,and the link elements are

considered cyclically in this count.

Thus in the link-permutation

r, r, r, s, r, Pl, i)(L, r, r, s, ql, .1)

we find t1 : (2)(l)+ (5)(3)= 17,

t2 = 3, t3 = 1, t4 = 1

For t we count the (rssr) composed of the underlined elements

I ] _ _ _ _ _ _ - - -~ - - ---
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considered cyclical.ly.

Hence Na -n - [(8)(6)- (17 +'3,+ 1 + )J. n- '26.

It is next shown that A2 is expressible as

(11.5) A n T

1U2

where T- To + T1 T2 + "", and the Ti are obtained 'as follows:

Let I(*1 , i2 ) be. the numbe .of different JXM of identity-

sequences of a given length x = 1,l+ 1i29 where il, i2 are the

respecti-ve-number. of r's and s's in each half of a sequence.;

Thus,

1 (1, 0) 1(0, 1) 1 ((r, r), (s, s)

I (1, 1) =2, ((rs, sr)-, (sr, r$))

I (2, 1)=.2, ((rrs, srr), (srr, rrs)), etc.

It is shown that

iI  2 - 1 1 +l 12-2 l l+ i -2).. 12- 1'

Then Tx is given by

(11.7) Tx: ulv 2  I (il, 12) I i , (x--l)

where

(L1 - (il+ i 2 ))!(L 2 - (i1 + 12))*

1 2= Wr-p T (ul - 1 1 ) !(u 2 - t2)'!li - tl)'-,,2 -' '

(all ii, 12).

(11.)(n L1L2 )(L1 - )'L 2 - 1)!
0(1.9) To 7T PTrQ tU1  i.u.' - 'lv I V2 -1)"

rL

tA
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Finally by (11.5), (11.7), and T £Tx, we have

- ?(L1  .l)( 1):+ . -- Ii1, i2) Milj 2 ,
(11.10) A2  n i 1+12 "-°

where 'Trui u2 : Vlr V2 :Tp TIQ, i(o, 0): -1, I(o, 1)- I(1, 0)=i.

The summation in A2 proceeds: (I(O, 0) MOO) +

(1(0, I)MOI + I(l, O)M1 0 )+(I(l, I)Ml) + (1(2, )M21 + I(l, 2)M12)

+ till a zero term is reached.

Tx represents the number of all x-length identity-sequences

obtainable from all link-permutations starting (r. ...)(s, ")

(x70).

The expression ulv 2Mi l represents the number of times each
1 2

identity-sequence of given length x = i1 + i2 (each half containing

ilr's, i2s's)appears in III link-permutations starting (r, 0")(s, ).

Finally the coefficient B is found as

(11.11) B- U V)(~v).-~ ("l) L-1 (L'I):n

+(-)L'2 (UlVl) (u2 v 2)72]

_,L- 2 v) (LIll'(L2"I)!n2
ul U2

The value of coefficient is given in theTheorem below.

Theorem 11.1. The coefficient A of the term

amOaul.+ vlau2 4 v2am1 ... arganl ... anh

or s P1 Pg ql qh

of chain-type (11.1), (with Pi;qj and excluding the case P Q-O,

ul = v1, u2  v2 ) is given by
A (L1 - 1)!(L 2 -1) n2

ui'u2 'vl .v2 .' Tp 7Q

(. "(ul+vl)u2):2T . Q +2 i I(i 1 i2 )Mi]i 2



52

where I(il, i2 ) is defined by (11.6) with 1(0, 0)= -i, I(i,0) = I(O, I)

Sl and Mi1l 2 by (11.8), (L= u4l + u2 + ,mi, L = Vl + v2 + Zni,

L = L1 4- L2 ).

The exceptional case P Q = 0, ul vI, u2  v2 gives the chain-type

[X u15 u23 CrulsU2J. It can be shown now that A1  0 (no 1-link permu-

tation possible). Hence we find easily

(11.13) A = A2 = ( 1  2  (u+U)n ( 1 1~,(2] 2u)n

Illustrations of these types are

13 33 ( 322 1~ 2 ~ aa a2 a3 a 6 a8 a 1 5 (n = 22), with chain-type 226 8 3[32 , 1 nd3'

a14 6 4 [2 [23
a oa10a15  (n 24), with chain-type a2l -a5J.

We come now to the general 2-chain type term having any number

of common elements in each link. Such a term is represented by the

4chain-type

(. Ulu2 rum vIr r(1 1 [ 2 m 1 2

where P, Q have the same meanings as in (11.1).

An expression is first found for A2 analogous to (11.10) where

m = 2. The functions corresponding to I(il, i2 ) will be given in

terms of a difference equation (recurrent formula).

First define a function Jx(ilq i2, .... ' im; j1 9 '" im) " Let

(YIY 2 '"Yx zlz 2 ... zx) be a pair of permutations consistihg res-.

pectively of kjrl's,i 2 r 2 ' s, -imrm's and A rl's,'9. J-m-m'S With

i J x. The function Jx(il, I *s im; J1 ' im) equals 1

the number of pairs of such permutations with the property

(11.15) '1# z1, y•Y2  zlz 2 9 Y y2 Y3 tzz2 zS, Y!

Yly**Yx zlz2 *SZx.
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Exampleo (rlrlr3r 2 , r 2 rlr3 r 2 ),(x -4, m 3, i 1  2, 12 = 13 = 1;

Jl = :3 = 1, J2 = 2).

Then a simple analysis shows that

m(11.16) Jx+l(tl, 12s ... , ira; Jl, "", Jm)= JE 1 Jx(ilO 0.0t

with the conditions Ei t j = x 4- 1. Also
3 (t ,  ,".
x+l " '" Ir; ii' ' im) = 0.

Now define a function Ix-+. l(il' 12, "", im; r, ,), (CA ,

by the conditions

-x + 1(il, i2* -, i;.21, '0 )-the number of pairs of permutations

(YIY2 *so Yxr4:K, ZlZ2 ... zxr) such that

Y, *+ zl, YIy2 0 20z2, "0", yl @of yx :# l'"Zx , "Y O zl:'x .. z1'xrs

where Y... Yxr, and z1 ... zxr both consist of ilrl's,i 2 r 2 's,

gi, rm's, ( = x+ 1).

Example: (rlr 3r3r2 .a, r2rlr 3rl
r ) as one pair for 15(2, 1, 2; rlr 3)-

Note that Ix + I is a generalization of I(il, t2 ) of the case

m =2.

It will then follow that

(11.17) Ix + l(il, ""*, ira; r& , r,)= Jx(il, "",o ix -1, i-101J\ ., .. l**j-9 -91fo., it Mrx+

Next put

(Lh en( 2 -,i)..(11.18) M(il, i2,-' im)_- 7 (lir,.(u~mlvli).. .)

Then



54(L-)(-):n

(11.19) A2  -

where I(O, ., o)= -1, r(0, a@*, 0, 1, 0 '..., O)= zl (no ra, rg

present), and th* summation coeh6 all. posible values of i 1, 12 , "

i. and 6 , with J Note the index x+ 1 on the I function

Is 4+*re unnecessary due to the summation.
In addition

-T = U ' um! V ! Vm ' TP T Q, L1  Zuij-Lmi, L2  = vi+ fni,

L-= L1 + L2 '

The coefficient B is found without difficulty and finally the

coefficient A is obtained as

(11.20) A- n2+ 1(-1:+ (2 )) ..._(_______._ _ __T_

1 m

The exceptional case u i  vi , P Q = 0 with chain-type

... rum l. r u ml gives the value for A as

A- lfu*** urn, (2u) ... (2u m )

t! I
Tc e (.) a 1 e i for te facr ik/..k ith

I(il_2 , im ; r_ _,  r ) i "'" n.

Uk igwi; , ,'

I • (L = 'vu).,

where the subscript k in the second summation term can have any of the

.), values 1, 29 so@, m but must of course be kept fixed throughout the , '

To convert (11.21) to a symmetric form the factor ik/uk trithe
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second summation can be replaced by (i1 + '+ im)/L, though the

given form is easier to use,

Several identities connecting the I functions together with

a large number of its numerical values are given in the Summary

where also are included some worked out formulas for A.

12. 2-chain terms (concluded). In this section some formulas are

given for coefficients of terms whose chain-types involve two or

more Uoa of 2-chains. The simplest such case is represented by

the chain-type

(12.) ~ 1G [ 3G4] , GG3] G2 G4

where
m m nI  nh u u

(12.2) G P ... pg 9 G2  ql " qh , G3 : rl "'" ri ,
vi vj

G4  $1 s .

and there are no common elements between any two G's.

The value of coefficient A is

- 1( 1-l),(L 2-), +. (M1-.),(M2-1),. n2

(12.3)

+ TrG \(L-I)' -2LI ' L -2M M2'

+4gl' 92! 93! 94!] n

in which

91 ml +- 4- ng, 92 = nl . + nh,

g3  U j- "" +ui' 94 = v, + "+ vj

(12.4) L1 - g1  g2 0 L2'-- g3 +g 4 P 1 g4-g3' 2  g2 4- g4,

T G 0 ( -" ' mg )(nl" "" nh ')(Ul .. '\{ -' " vj:)

An illustration is a6a 2 3a 4a a , (n 12)

1 1- 2 3 4 5
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Here the type is [ 24 5j 9 3I [i 2 9] [4 5 3j , = 1 2,

G2 = 4 5, G3  9, G4 = 3,

1 = g2 = 2, g3 g4 = 1, L1 = 4, L2 =2, M1  M23, M2 = 3, L =6, and

A = (L2)(88).

The next type is one with three pairs of 2-chains

(12.5) f@G1G2G3] L'G4G5 p L\G1G3G41 2G5j, @2G3G41&lG s1j
The first four G's given by (12.2) and G5 by

G tWl t? ... t k

G5  t'1t2

Again we assume no common elements between any two of the G's.

The formula for A turns out to be

(12.6) A +
7TG+ (NI.1) j(N2-1 ) ]  n2

in which

E = gl!"! g "g g2 4- g 3  + 4
E<g /1  g g3 )

(12.7) g5 : wl + + wk, L1 =g 1 + g2 
+ g3 i L2 g4 + g, Ml=g 1 g 3+g 4,

M2 : g4 +g 5 9 N1 = g2 9-g3 1g 4 ? N2 .: 1 + g5 , L = L,+ L2 ,

ard -TG is defined as in (12.4) with the additional factors

(wlI " .. wk'. ).
Example: al3a a a a aa a (n 20), type

o 1 28 91 14 ~ 2050yp

SG 1 : 1 8, G2 = 9, G3 : 29 G4 = 14 15, G5 z 11.

When common elements are present in the various links the calcula-

*10# tions are more difficult. We give the simplest such type only%
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(12.8) G2 r  G3G4] W3 W G2G4

with the G's as in (12.2) and possessing no common element

between themselves.

The value of A is
"(LI-')!(2-)-2" """(MI'I)'(M2"I" ... !

A -.-- 7w3+( w) w .w n2

7TG (wl + w2 )(w 3 4- w4 )!(w 1 4- Ws)(w 2 + W4 T1
i )" -2 -- 2 -lM!M2l.

Li , (wli-w2 ),(w 3 +w 4 )! (wl+ w3 ),(w2+ w4 )!(12.9) TrG

(LI-l):(L2-1)' (_I-I)_:_( __2-i)_'

+2+ 2 (~l'ww)4 " " .." -"(w l + w 2 - 1 ) I ( w 3 w 4 l ) # w14 l -w 3 - 1 ) !:( W 2 4 w 4 - l ) !

44 .-- ,E(x) n
x:OJ

and -

E~x =9!9293!4!x4- g x +w4 -w 1 -94) - 1+g 1 +wwlg
E(x)gl9 2 : 3 : 4 :( 1  -294 94

(12.10)

2+g 2 +w4 -wl +94q V 1 4w 2 - x+ t-w3-x4-g3 jgl g) 4 9 2 93

(12.1)El = Wl +w2+g+9 2 2 =w3 + -w 34- 9+.4 9 M1= wIl- 3 4-g19,

M2 :. w2 w4 +g 2 -9 4 , L = L1 + L2 , Ww.wl+w 2 '+w 3- w4

Also the notation is chosen so that w1  _.:w 4 -

Example: a7 a a (n =20), with type F3 2 15]{4l6],22 1I 5 1

xmpea 0 1 a2 15 6  k 75)

Here wl1  2, w2 rl, w3:O, w4s4; G1  2, G2 -15, G3 16, G4 - 0.

13. 3-link and 4-link chain terms.

The simplest 3-link chain type without common elements between

11_r& is represented by

(13.1) Gl] [ 2j 131
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still using the notation of (12.2) for the elements of the links. It

is instructive to calculate A in two wayst first by finding A1 and A3

giving S1 = A1 + A3, and second by finding A2 =S 2 -

To find A1 we use the Lemma.

Let Gi ! any permutation of elements of link (Gi),

Gij: any permutation of theelements of the combined links

(G), (GJ),

Li gi, g, ml - *'m, g2  n, *4- +nh, g3 = u14- " ui."

Then

(13.2) NI(Gi) = TTLi .... mltm2 ! m . !, etc.,

L L1  L2  L3

(Lk+# 1):nij

(13.3) N,(Gij ) L k (i, j, k = 1, 2, 3 in any order),

where

(13.4) nij ' TFG Li + Lj) - (Li + Lj)L

gives the total number of 1-link-permutations made up from the ele-

ments of links (Gi) and (Gj) combined, i.e. nij is the subset of all

the permutations Gij which are 1-chains (first element not kept fixed

I in this count to give nij).

Further, LiLj(L k + 2)!

(13.5) N2(Gi, u kT , (TFo - T10 ,G2 %3),

2 !Li!njk
li (13.6) N2(Gi, GJk): TTrGi

(13.7) N3(G1, G3) 3 .Ii2G
3T G
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Hence the total number of 1-link chains (not keeping first

element fixed) is

(13.8) n1 3  N 2L[Nl (Gi) N, N(Gij ]+ Z~N(i Gj) + N2(Gj, Gjl

- N3(G1 , G2,.G3 ),

or

(13.9) n123: - 1 B 1 + (L 1)L :L 2 ! L 3 ! L:Z(j

It follows then that

(13.10) A1 = n (n12 3 )

Next A3 is found. Let

(13.11) (PP2" ", P1 )(q, ....,q2 )(r , , r,3 )

be any particular 3-link chain, and put

si P' + P' + +pj, t{ = + qjf -

(13.12)

u!= r0 + r ri (p : q' -ro' 0.

(see, e.g., (3.3)).

The parameter-values a, b must satisfy

(13.13) a Sj - bs!- u! b* at (t;- u' ),(all i,j,k,,p).

There are (n-L L ) allowable a-values and a minamum of n-(LIL 3 L2 )
allowable b-values ioi each a-value. For a
given a-value the excluded b's may not all be distinct. There will be

duplicate b's whenever

(13.14) a + (t - um) -=(s! - u!)

In (13.14) if i - m there results a- s! tk contradicting

(13.13). If itm we write 4

(13.15) a -(si - U)+_" (um - tk).

This latter equation always has'a solutionfior parameter-value

a for all values of i, J, k, m, (i m). Because if not we would have
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(13.16) (st -iu)t (um - ti)- se - t# (for some e, f)

or

(13.17) (sj - s;) + (t3 - t ) + (um - uj)-O o,

which contradicts the assumption of chain-type (13.1)

The number of duplicate b-values will therefore equal the number

of a-solutions to (13.14), (i m). The number of choices for (s! u!)

is L1 L3 and then for (tk - u') the number is L2 (L3-1), or a total of

L1L2L3(L3-1 ).

The value of Nab is then

(13.18) Nab = (n-LIL 2 )(n-(LIL 3 + L2L3 ))4-LIL 2L3(L3-1),

and this value remains the same for any 3-chain (13.11). The value

of A3 must thus be

(13.19) A3  n (Ll),(L2-l),(L 3-)! Nab

(See the discussion following (10.11)).

The value of A is then determined after finding coefficient B.

* (A is given in the Summary).

Next, to find A2. To form a 2-link chain two of the three links

(GI), (G2 )
' (G3 ) must be combined to form a single link. The number of

1-link chains thus obtainable from links (Gi) , (Gj) is nij of (13.4).

Denote the corresponding 2-link chain by (G-j)(Gk. The value of Na

for this 2-chain is n-Lk(Li - Lj), so that

(13.20) A2 = n(L i (Lk- ):

(13.21) A2 Ij bn2 Zk Lj!)L~i

-n~k! (Li f-a 2( L2 L3.j

In the summations k 1, 2, 3 with respective values of ij =2 3, 3 1,

12.
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The coefficients for the chain-type

u1 " [-u 2  L iU3G
(13.22) trlG rG 2]j ~UG,

and

(13.23){LGlG] CG3G4] [ 5G11 , [GlG3Gq 1 G2 G4G6D

have also been worked out, and the results will be found in

the Summary.

The simplest case of a 4-chain type

will also be found in the Sutmmary.

14. Application of Muir's Theorem. One of Muir's theorems is use-

ful for finding the coefficients of certain types of terms (T.

Muir, Question 6001 Educ. Times lxv (1912), p..139). We state this

theorem here without proof.

Theorem 14.1. In the expansion of the product ulu 2 ... un

where ui  ailx1 + ai2x2  - ". + ainxn, the coefficient of
e i e 2  en.X1 x 2  X n is given by the permanent

+ 1
all'''all a12  al2 "Inaln 'al

a2 1 "a 21 a22  "a22 *"'a2n*"a2n

a31 " a31 a32 ""a32""a3n "a3n

(14.1)

elI2 ... en!

a nl. 'anl a n2**a n29ann $*a n
el--9 --- e2---) • I-6---iP

where there are e, identical columns alia 2i" ani, (ei z n).
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Note that if all ei  1 we have the definition of a permanent laij.

Suppose now the aij are the elements of a general circulant perma-

nent Cn(O, 1, , n-i). Then Theorem 14.1 states that the coefficient A

of the term
eo e, en.1

Aao a, anl

in the expansion of Cn is given by

A coefficient of (aoa" an. 1) in
4-F

ao .. a0a, . ala 2  .. a2 " an .. n-

a, ala 2  a2a3  a3 **. ao  .. ao

a2  a2a3  a3a4  a4 *" a1  a1
( 1 4 .2 ) ...

eo~eI .  . en. I .

anl"' an-lao'''aoal - a1 . an_2- an.2ee
0 n-

(In the Theorem the roles of a and x have been interchanged)

(A) Two-factor terms. This latter result is now applied to obtain

the coefficient of any term.

n-r r
(14.3) Aan ape

Such a term is called a two-factor term (factors ao, ap).

'From the above result we will have then that

A coefficient of (aoal " an,..) in
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a " a a a p

al aI  +l"•• ap+l

1 or

(n-r) .,. .r

(14.4) .

a n-i ' a- ap -i

- r- r -

A coefficient of (aoa I ... an. 1 ) in+

a0  a 0

1 1 p ... a
a oa 1 ",an_ 1  a, a,

( n -r ) ' r ! a a l ...a n -l D ,

(14.5) (n-r) r:

1 -'- 1 
8p_ ..

an. 1  an-1

-n-r-- r -

where D is the permanent thus defined.

Hence

(14.6) A= .. - (constant term of D).
(n-r)' r:

Expand D by Laplace's expansion using the first (n-r)

columns against the last r columns. All first (n-r)-column

cofactors are,

• - (n-r):

n-Tr

The last r-column cofactors are of type
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ai .. ai
ai-p aj-p

(14.7) a "" (a---'
aj~ aj-p J--p aj-p _

ak  ak
ak-p ak-p

r

where ij *. k is any combination of r numbers selected from 0, 1,

Sn-1, and Tij-' k is defined as shown.

It is evident then that

A = the number of T *j ... k which are constant (and therefore

equal to 1).

From the form of D it follows that an equivalent formulation of

the problem of finding A is thiss

A = the number of ways of selectina r of the n fractions

(14.8) ap 8+1+ ap.2 .,ap-1
ao  al a2  an-l

so their product eauals 1.

Now the only way such a product of r factors can equal I is for

this product to factor into sets of the formii *. . ..43  ai____
m ai ai-p aiir2p ai (m-1)p

where mp 0 (mod n). "

Put

d (n, p), n n1d.

V

SI i
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Then from pr 0 (mod n), (weight condition) we must have r r1n,

(r, some integer).

Now if mp 0 the minimum value of m (- 0) is m = nI . The

number of products such as Pm in the set (14.8) is thus n/n1 = d,

and we must pick r/nI = r1 such Pm products from the set of d. This

can be done in r ways.

This gives the result

Theorem 14.2 The coefficient A of the aeneral two-factor term

n-r r
0  p

(14.9) A ( (n,( p)

where d.- (n, p), r1  rn/d.

The coefficient can also be easily obtained by the chain method

since the chain-type must be

[pn l] -p l • p l [ nl r l

i.e., r 1 chains all alike.

All the Ai= 0 except the one of highest order Ar1 . Hence A= iBI,

and the value of B can be obtained without difficulty.

This also shows that the term a nr ar in the permanent and deter-o p

mined have the same numerical value. And further that a comparison

of the. two formulas for A, (14.9) and its value as IBt leads to an

interesting identity. (See also Ore's paper in this connection).

We shall obtain other instances of such identities whenever

a coefficient A is obtained by use of Muir's Theorem, which will

express A in terms of the binomial coefficient numbers, and by use

of the coefficient B.

Using A as given by (14.9) it is evident that
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ao a o

'a" ap
pnrl nlid

(14.10) 0  a

* . a p

* . a

a.

p.. ,, ." 'o

where the permanent consists of an ao, mpn diagonal and n a off-

set diagonal, all other elements being zeros.

(b) 1hree-factor ms. The general form of such terms is

(14.11) Aa0  a p aq , (none of e . ep ,eq - ).
(1.1 0 ep q., ,e=o)e o e I e2

The simplest case is Aa e 1a2 . Here the weight w elt-2e 2

= e I  e2) + e2 Z. n + e2 ( 2n, i.e. we must have w n, and hence

this is a 1-link chain-type term, so Ihat

(14.12) A n el +- eI )

Since eo+ el +0,L = n =e +.2e2 : o =e, and the ;:urm c,.n be

e2 e1
expressed as A(aoa 2) a1  with

(14.13) A = (--e)
I n -02  e2 /

Note that here again A= E where B is the coefficient of the

corresponding circulant-determinant.

We can now write

It
________________
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a 0 al a2  *

• a a I a2  *

• ao a, . . ++' n nx x n-2x

(14.14) ao- a2 ; - n- aoa2) a1•• a2 4 - n-x

a2 ~ a2 fX

a2  a1

a1 a2 ....... ao

(Compare with Ore's expansion of the corresponding determinant).

Consider next the general term (14.11) in which one of p, q

is prime to n, say (p, n). =1. Thea. an equivalent term (same coeffi-

cient) can be obtained in which p--- 1 by use of the multiplier opera-

tion (section 1). The term can then be taken as

eo el eq
Aa a1 a

Hence, by Muir's Theorem

A = coefficient of (aoa1 ... an. 1) in4. 4-

ao • ao ao

aoa I •..an.1

e !e !e
01 q

1 .. 9.. a6 . aq. i
" n. in-1 an-1 an-1

eo----(-

Call the above permanent D We require the constant term in D.

Expand D by its first eo columns. Each

jeo.
fee" eo
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and its cofactor can be represented by

- ~ ~ ~ a +I ~ ajj a.. __

ai  ai  ai  af

aj + . aj 4 1  a i + q ...

aj aj aj aj

Dij...k

ak+l ak *1 ak,-q ak+q

ak ak ak ak"

el- eq

where ij k is a selection of (el - eq) numbers from O, 1, 2,

•*, o n-1.

Expand Dij ... k by its first el columns. A typical term is

eI " eq Ti.J,...kU-ijN,..k,

where
a * ai'.l a ak' I ..,=,,== ===== o. .. . .

Tij...k '= ail aj, aki ,

(e factors)

Si"J" ai, aj, akl

j (e. factors)

k s s c n numbers

and i'j' k' is a selection of el/from ii k, and i"j" k"

is the remainder eq of elements from ij '*- k.

It follows that

A s the number of roducts (Tiej,...k,)(Uin""'k") 1"

A may also be represented by qieans of'the following forms equi-

valent to the abovet
117

I?
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() (2)

0 1 2 n-2 3 0i "" n-T
1 2 3 0

q 2g, 2  q-1
0 l" 2

q q+l q+*" q-1

In (2) we must pick el fractions from the top row, say ti,

t 2 , ... , tel , and eq fractions from the bottom row, say bl, b2,

•., be such that

1q

Also no t and b fraction it-n the same column. The num-

ber of such choices is A.

In (1) we must pick eo numbers from row 1, el from row 2, and

eq from row q, (e0 4- el 4- eq - n), so that there is one and only one

number chosen from each column. The number of such choices is A.

(In this connection sez papers by J. Singer, Partitions and Latin

Squares, and "K (n) and k (n)")
r,s r s

Illustrations Find A in Aaoala2(n 7).

0 1 3 4 _ 3 4 6
03123456

. 2 34 56 0
S34 5 6 0 1 2

3 __ 5 6 0 1 2 0 1- 2 3 . 5 6

By advancing the shown choices cyclically we obtain 7 possible

selections, so A = 7, (The (2) method gives a unique choice in the

bottom row for each choice in the top row).

In the Summary will be found a variety of coefficients eva-

luated for certain three-factor terms using the methods just des-

cribed.

.9.
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15. Use of Differentiation. Another method which is sometimes useful

for evaluating coefficients A is one based on differentiation of the

permanent.

Consider first the general circulant-permanent Cn given by (1.1).

We can write
e o e 1  en.

(15.1) Cn  "'- Aao a, .. an 1 +

We first form

ao:O

then

n ( el)
ale : 0

The final differentiation will give the value of A. It appears

best to pick the ai with a minimum exponent ei for the first series

of differentiations and work up to the exponents of larger values.

It would not be necessary to carry out the complete set of diff-

erentiations as indicated above since the several permanents of rela-

tively small size which are eventually reached could be evaluated direct-

ly.

The use of a machine to carry out the various steps outlined above

would naturally be desirable.

It should be recalled that aCnVaa i produces n permanents of

order (n-l) and all of the same value. (See Theorem C?.5.4 of Part I).

A second way using differentiation is based on Muir's Theorem of

the previous section.

If we put

p
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ao *** a. a, a, an..1 *,an.1

Dn •

an..l'fan.1  ao ao " an 2 ..an.2

-- e,,--- --- e---" • en---

then to find the coefficient of (aoa, an. I) we form

D" _ , etc.Dn 0 @ ao -aoO n a, 0

For cxample in finding the coefficient of a4a2a2 8), we

have D_ -

D6 =  o = 00

a, a, a, a2 a2 a4 a4  0 0 0 0 a, a3 a3

a2 a2 a2 a3 a3 a5 a5  aa, al al a2 a4 a4

4 a3 a3 a3 a4 a4 a6 a6 +2 a2 a2 a2 a2 a3 a5 a5  +-

a4 a4 a4 a5 a5 a7 a7  a3 a3 a3 a3 a4 a6 a6

a5 a5 a5 a6 a6 0 0 a4 a4 a4 a4 a5 a7 a7

a6 a6 a6 a7 a7 a1 a1  a5 a5 a5 a5 a6 0 0

a7 a7 a7 0 0 a2 a2  a6 a6 a6 a6 a7 a, a,

4- +

0 0 0 0 a, a1 a3

a, a, a, a, a2 a2 84

a2 a2 a2 a2 a3 a3 a5

42 a3 a3 a3 a3 a4 a4 a6

a4 a4 a44 a 5 a5 a7

a6 a6 a6 a6 a7 a7 a

a7 a7 a7 a7 0 0 a2
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using column-differehti~ation.

Here again the use of some machine method would be a necessity for

large values of n.
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SUMIMARY

1. Outline of Procedure. We give here in a rather general

form an outline of the various steps to be followed in evalu-

ating-coefficients by the method of links and chains.

First steP- Let T be the given term. Find an equiva-

lent tera to T which has the simplest possible chain decompo-

sition. y equivaient is meant a term obtainable from T by

the operation of adding a constant amount to all of its sub-

scripts (Property (1) of sectioL 1). Equivalent terms will

of course have the same coefficients. (Note that multiply-

ing all the subscripts of T by the same constant m (prime to

n) does not change its chain decomposition).

A simple illustration of this step is given by the term

To=aaa laa(a a a

This is a 4-link chain term as seen for example by the chain~(10,18,10,i7) (10,11,10,14) (10,10,10)(10,10,10)

Now an equivalent term is

T'= a°oa a a a a

obtained by adding 5 to the subscripts of T. But T/ is a

1-chain term of type 1 2 3 4 5] whose coefficient is imme-

diately found by the formula for this type. To find this co-

efficient using T would be an involved problem.

Im general the simplest equivalent .term to T is a t-link

chain term where t is a minimum. , good plan is to try the

terms with the exponent of ao a maximum.
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Consider for example

T = aa a a a a a a aa ,(n=15))
0 1 Z 4 5 6 7 6 9 12

a ratner difficult case. There are 10 equivalent terms

containing a zero subscript. Of these, eight are 5-link

chain terms and two are 4-link chain terms, these lat-

ter being

T' a s a0 13 3 4 5 a 7 10 13 1

= aa 3a aa,Oa,a,aa 1

We would choose T to work with since it has a large a
0

exponent.

Second step. -Determine all the independent unordered

links possible in tne chiosen equivalent term.

An independent unordered link is an unordered

link such that it cannot be decomposed into two or

more unordered links. Thus, for the term T" above,

[2 4 4 11, 13 12] is such an independent unordered

link, while (1 2 3 10 143 is a dependent (unordered)

link since it can be split into [l 141 .2 3 10] .

An independent unordered link is thus one such

that every permutation of its elements is a link,

while for the dependent type certain of its permuta-

tions will be links.

The term T" contains the following such indepen-

dent links4

I',
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(1 141 [1 2 123 [1 3 4 7] 8L 3 7 10 10] £3 4 4 11 l3 121

7, 12] [ 1 (111 i 1  0 13] 'a7 4 7 143 [2 4 7 10 10 12]

C4 1l [1 4 10J [2 7 11 14] [2 7 10 12 14]

L2 3 10] L2 4 10 14] [3 7 10 11 143
[4 4 7] C2 4 12 12] [4 7 10 10 14j

L7 11 12] P2 7 10 11]

(3 710 o0
[4 4 102]

(7 12 12 14]

l0 10 11 141

Lb 11 12 12]

Trstep. Use these independent links to build up all

possible unordered chains. This gives what was previously

called the chaIn-type of the term.

For T" a partial list of such chains is

[2 4 7 10 10123 [1 14] 3 12] 74 lll

(2 7 10 12143 [1 4103 , L1J 2j 4 11)

1011 12 12J CS 7 10] [4 4 7J ~1 143]

8 7 4 714J [10 111ii 12itlj ~10]O

[1 7 10 123 [2 3 11 14J (4I"4 10 12J

(No 3-link or .1-link chains of this nature epossible for

T" ).

From this4list of idEpendent chains we then form all

unordered deindent chains, i.e. chains whose links may be

dependent. A
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Thus, from the partial list above we. hve

r 2 4 4 7 10 10 11 12 12] C1 143,

t 2 4 4 7 10 10 11 1]2 [1 7 12 14]

3 4 11 12 143  [2 4 7 10 10 12] )
2 7 10 12 14] [ 4 11 12] [1 4 10]

as examples of such dependent unordered oains.

Fourth step. Divide all the unordered chains into

two sets, those of an even number of links md those

of an odd number of links. Choose one set or the

other, and then evaluate S1 or S. , i.e.

A, + A3 + A5 + ... or A 2+ A4  + As+...

To find the contribution of any particular

unordered chain it is necessary to know all of its

link-permutations. In the case of an independent

link all permutations of its elements are allowable.

Thus in the chain

the first link is independent and gives rise to

5 V /. link-permutations (keeping, e.g., the P

fixed). The second link is dependent. For such

a link of short length its link-permutation can

be obtained by selecting them from all possible

permutations. Here we would have 5 ! such permu-

tations to select from (one element fixed). How-

ever, for longer links this is not practictl. by

hand. The following method appears convenient for

machine use.
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Suppose we have the dependent link x x... Xml, to

find all its link-permutations. Form all the length-two se-

quences x x.xx, ... , xXm '(exclude xx if x +x --O).
3 1 1 1

For each of these form all allowable length-three sequences

XA x x8, x xxx 4 , ... , XiXmXm_i. A sequence xixjxk is ex-

cluded if xi + xj + Xk = 0 or xj + xk =_ O. Continue in.

this way till all allowable length-m sequences are obtained.

These will be the required link-permutations. (At the

dt
(r-1) step a length-r sequence x x x ".xr is excluded if

Xj * 1 + 61, + xr 0 for any i - 1).

For every particular 6idered chain (of t-links) (i.e.,

a chain each of whose links is a definite link-permutation)

we must find the value of Naa,. ( Xt). (See (6.8)).

This is used to evaluate At. A method for this is described

in section 8.

After finding S (or S ) we find the coefficient B of
1

the airculant-determinant (Ore's formula) and then evaluate

A with its aid.

Note that the first three steps outlined above are es-

sentially the ones used to obtain the value of B.

Various types of simplifications of the above procedures

will no doubt be suggested oft further study.

2. List of general formulas.

The following formulas are those derived in the previous

sections plus some additional ones.

.-chain terms

Chain-type.. m

[Gi [0 m vama ... m !4g
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Coeffioients
n (L-I)

A I I 1 m9 L + . g

2- ohain terms

'Chain-type

[riG LviiSl ] q h

9 monl all ij.
A. i N ( - (L) -2 +( -) - 21,11 L} n

A G "G 2

Gl l: m2.I .. mg" , rGj nlj ,,nh

L p In + . + m O= n, + .+ nh  L AL b + L

Chain-Type

It vyi11 be assumed hereafter that GlI, G 2 are def ined as above with

Pi +qj for all i.,J.

i~~ I "( ) L2.1 A
A GNG nl. 2 l

2un

typeain-type _ I____

• .r~sU r s G G

Ir d,
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G (-)GIa) (u r +-)

A. 1- 1. 1  u1 v)(+al

I2i V1)

(L1-i1 * 2~ ' (~~ 1 i)2 ;- (al ',l)

2O a)- (isG-IlOi2)(i+2.) ii

1 4, 1 j '*2 7i+'V24Zfi. L L1 4L2

ruujl 2
Exceptional cases chain-type Lr hJ

2(ul 1_2) (uu) 2(ul+U2) (2u: *

U 2 Ud v, .
Lr1Ur,.% 0.0 rd 01] [r1' r2 . r d23

(the gciner.1 ?-chain type)

A n

TrGi ffG0 f l @@0ud.v1 .. d

(L .

u~v. , ... )~ d~

I d .(

see (11.16), (11.17) for~definition of I function,
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Exceptional oases

r 1  ul 2u2 Urd i r u1 r . rU udi
r 2  +.rA dr)r ..

(2 V Jd;aPemi.

2 u 11000ud.,(2U 1 )... (ud)

Ukd

where k is fixed but may equal 1,2,..., or d.

Special oases of general 2-ohain type3

Type[r Ul s lIGljJ [r a G23

n___ (L -1)!1
A ~.G~ 2 [L-X(t1~ + (u +)v+j) -2L3I

+ 2 (u +V1)L-).( 2 i. + 4u~v1 (Li-2)J(L2,-2)2]

~~2r! [rlG] [r 2s G,]

Uljvl'Tf~f~z12'(u 1+2)(u 1+l)(v 1 +l)

+ (2u +V,)(L1 -1)'(L2-l)' +4u~v,(L,2)( 2 -.2)j

+ 4(u +1)u v (L -3).(T., 3)1

S[rulu2GI] [r ar

A-(L 1-1).' (L2 -1) j 2 n* (L-1)J L)

4ul.ju2a'IG TrGz ff G V2 Lu I+2)!(u2+2).' 2u12uzj

(u 1 +U 2 ) (L1-1)(4 2-1). 4(L 1.-2)1 (1,2-2)j

S 13 u2 . (u 1-1)j(u-)

+ 4 (u 1+6-2) (rL..3)!(r4 .3)j + 12 ( 1 h~I-)



(L1-1) 1(14-1JF_____

6u ITGWGj'(u1 3 ~u~)

+ (4u 1 2ua2 ) (-)(1-) +2(4u -2)Jg2)

(u *(u -2(um1)1

+ 24 (L1-5)! (L-a-5)J 1
(u1-3)J (u,-2)jJ

7fr [rulu 2Gj [r 3 3G2]

A 4- -__I______+_n L - 1 L2 J
36 ulU21TylfG G ff Q1 G2 fu-1 +3).'(u2 +I): i1uluj

+ U IL - ) ( L - ) + ( L 1-2 ) j ( L 2- 2 ) ' +0 _ _ _ _ _ _ _ _ _ _ _ _ _ .' L 2 - ) .

+ 2 (u1-)( -)+U21:(U -2+6u'1 j _z_:

A / ~~(ui1(u1)

+2(1i 2 L) ( 1 S'L-) 80 (L -6)!(14-6)J 1
Ily(u .2).'(U 2 P)l (ulu3)J(uf3)jJ



TI {r a lsU l [fjvl G2i]

A-( 1 )(L-) n2 + ___ I-)-2

u1 li2lfUfIG TG2  ;IGTtGz (u1+v1X',(Iu2+lfl u ivllu,

Lp frl. 2 r 3 jrlrpr 33

A - 2n^ - un

Tipe [r 1 Zr2 3 Lrl~r2r3J

A -. (9n2 - 73n)

~~ [r1UlU 2 U3G] LurG2j

An (L'(~) -2L JL4
A lu G~G n u+ T1)" (2+1) (U3+1)1

+ 2(u +u +u3 ) (I, 41!L~) (uu 2+u U3+U2U.4)(L -2)'(LZ-2)j

+ 36 UiSU .4)'(,-3.

r e {r. r 2 r3 G.l tr r r3721

U~u 3 1 2 1 1 21(31

+2(2 uule2uIU3 i- U,2U3 ) (L,-2X'(L3 -2)t

+ 4 z U(u-1) (u +u 9L3 ()2+ 8 uj

ii 3 23.)(
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r ro U2 r3U3 GJ ~ 2 rz 2r3G21

4u Ju Iu32TT ?Ii u'G I G GG2  GZ )Iu+2.U+)' 2uJu2I3-

(2u +Pu +u 223)+U
1 L-)1L-) 2 2) (uu +U+ 2U3 ) (L1-2 .(Lz-2 ) '

2u u~.u I I) ~U3~

+(36u U.3+2uiui(ul11)+2u~U3(u1)+uu(u..1)+uu(u2 -I) u (ulu I(2 -)
12 3*

+ 516 (L___5______2-5 1
(u -2)JI(u 2 -1(U 3-1)1

Er 1u 1 r.Ur3 U3G [r, r2 r3 G2

A (2j) 3 U Iu jU 3 T f 1' IT 2

(u 1+2)(u 1+1)(u,+2)(u 2+1)(u 3+2)(u3 +1) - LL 2

+ 4(u 1 +uZ+U3)(L 1 -I)2I.a-I)i + 16(u 1 UI+U u3+U2u)(L 1-2) i.~-)

0 (16 (u ) (yu +u3 *~u-)( 3  )+u3 (-)( 1 u)

+ 288 u IU2U3) (L 1 3).(Lg-3).'

+ 8{'88U1 Za ~ 3 (U+U 2 +U3 -3) +3(uu l(ul-i)(U 2 -1) + UlUa(u -1)(u 3 -1)

+ u2 U3(uz 1)(U3-1)) (L 1 -10JLJ-is).

+ 8(516)u U2U3  (u 1 )(U ..1)+(u 1- 1)(u -1)+(ue1)-(u-1)1 (L 1 )(L-)

+ 8(4,596) u, uZu 3 (U -1)(U. 2 -1)(U 3 -1)(L 1 -6).1(4-6)J I
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u 12 U3 a-

r r r u 4
122

[ r1r 2 3 r4 G 'I rrI rr3r4

2-' 14 GGL (u +) (u p+(3+1)(u +1

2L 1 21 +)2 (u 
1)(uu3)

* 2(Uj2u+2Uu +2 u U+U 2%+U3 u )(L -2)j ,-

* 6( 23+uiu4ulJ1+(2Uu4)Lu l3 J2u -1 43u)J' 4 ,3i~~)

* 624 u u(u u +~) A 62144 j ~ ~ 3~ (T.4)),.-4)L.

+-p 3,0 u(1) u2 3 ur4 4GL1 ]~ r J~ G

A n th(Lwrg ozala-01

aj j + 2u+u+

0 '~ ~2 3+US

+ (ul,2 =,2 ul XZ **X 3 , u -U+3 )(L y 2 . (2-
tw4 4' seaO~~ r~~.m1* +

+~~ ~ ~ 4u2 ~ 1~** h1(,+.+ 4 )g 82 uu+ui~42l.u
3 -d Ll3)(--)

+ loulul1) uu4 U3% UO +62 Ui.,U"4 L-:).*1-
+ 3-2o u 

-u11)u2U



Tye 1 Gr,] [G3GU1 G f'1Gr-3j EG' p_ 4] } ,

A { (Ll ) (I~. I) + (MJ1a.1(m 2..1)Jl 3
e L11-2 L 2 -2 MI 1J 2  + 4,9'3'4

L 91 2Y L2 '--I3 +g M gl+ 93  9 LoLj

Typ G. [G G3Jf4G.1_ LGlG3G4) GG~], G2G3G]r GlGSI

A 0 ... (c 1 1)j (L2 -1)j + (M1-1X'(M2 -l).l (Nl 1Xi(N2 i)i n's

+[L-l1)j -(lk + M 'M' + N,!21 + 2E n

[ (1j+9 3  +( g+ 9 3 ' I + 93 -

L1, = +g2 +g 3 , L 9 + l- 1+3+g4 M2 g4 + g

N - 92+93 +9 4 , NZ m g,+ 95 L -L, + L

lYG as above with n added.

(~bl+bGG1 [b3+bhGG 4 rbl+b3G1 3  [b2+bhGj 34
A {(L 1 )l 1) noM- )~ i - )

TiGL(b, +b2)-I(b3+b4) (b +b3).i("b2 ~Q

L 1~ IL2 12  2 2 M

Tr (bl+b 3b). (b +b 11(b 0(b+b-bQJb+bO

2(M 1-i) .'(1 2-1). + 5x)1

(b +b3 Pl)2(b 2+b4 ). X=oJ

(X)g I[ ~g)+b4 - J9 xgl-) x~b4 b +94
(1.)(*41 g)(1) 1 g

___b__ b,+___ b +9 -
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L- b,1 +b2 +g1 +g2 , L - b3 +b4+k3 *-j, Ml bl+b3 +g1+g3 ,

M2 - 2b49+4* L -L+2.9 b - b 1+b2 +b 3+b 4

3-ohain terms

Tye. ~G11 G2] [G 3)

+ (.-)( 1 L-)- (L-1)L n2 +)(L- )J (L2+L -1)+(' L ) 'ILL n1)
2T G 2 3 -3±2) I

L~~ing 1 ,L L 2 g 2

A(-).- (L(L+ I

1 L I~).L3-i)+ Ll L3  + (L,+3) -I,1)4(k-)2(L3 ) 1IL."3

-2 1 .L2 L. 27u(-~

A (Li-1i)"!(L3 2 / L1L 3L

3 1  U /'

HereuiI u 1 +uu2+u 3 , I,,"u3

1 .1 L2.1.L1

4 Two 3 Exep ional aae

(u3' +j I u) n(iu.)

+ ~u) -1)J 2 L3.1 ) L-

ru 33

(L __ _ __4
1 (L3-1). n +1 'f(L 3+u -') - 1 (31 *- -- (---- n-



r 3

I n

A = 3 (n-ul) (n-2u,)

_T {LGlGqIG% [GlGG 3G5J [G2GhG

G

+ (L.-lX'(L-Li- 1).' -TL-)l .1J. + (M,1-1' (M2 -1). ] n2

+f LL+LZ+L 1 .I L3.1 + (L- 1) -2M1JM.' M,2Z' (L -L.

+ mlliAi (P) + 2(2L.-4M+ n 9g 1 g..i]r3

L, 9,+9 2 1 LZ 93+ g4 La g5+g 6  M1- 91+g3 +g5 M- g2 +9 4+g6

L L + L2 +L311 r.*f

M2 + 2.+ 1.

5gg
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TPype [G [ij [G~G3] [G4]

0
+ L ( -1).'(L"-l)2'(L +L4- 1).1+2ll,, L-* (L+% 1

(4&) (2)

0 01
-2 f'(L 1)J (L -1).' L IL2 - 27kL -1) (n -43 '

()(2) ~4

+ [L-)(L L 3 L-12 (+Li) ( 2 l1) +L4~-1)'!(IL2 +L3 -1)2l

4
+ (

-2Z~(L 1 -1)2I(I-2-)J (I3.r4-l)n-L2I.J4* L -) (L1LSCL1

(4)
0

2 ).1 / % (L +~J -)..TL 2)(Ll,3+(L+L 3(L+L4) 2jn

(2) 4
+ [(12 L .1K-.10!2L+(3

(4)

~~~2 LL2L3 t ((L2+(L1+ (.61 UJL )L 4

(2) (4)

+ 2(L+l) E~ (L +L3 )2'L-2I'
(2) L

- 2((L7 )( 3+L4).' +(L,+L3 ).*(L,+L 4)2' .(Ll+tQ2.(L +L3 )2)

1*- 2(L+1)(L+2)L 12L22L32L12

L=9, 1L - ELi . The/ means a cyclic sun obtained by advancing

the subscripts on the L's cne unit at a tim to include only distinct

terms so derived. Numb*er of such distinct terms is indicated in parentheses
0

Y]under the sin
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Two-faotor and three-faotor terms

n-r r
sre ao a (general 2-ftaotor term)

0 p

A whiere d (n~p),.f r1 rd/A

Three-faotor ter=s

Typ [ruSV ]3

3u).(3~ 3vub(L u)1/3n

-(3uu) (3v)(2.7) (L1-l).' n2 + (L-1)!

L, U+Vj L -3,~-

A (4u).,(4~v)., f, (j)L)L)()()/2v) ( 3

+T[3lu Q~L.('v 1 ~)~ (hu); (2L L.-1J n

+G~ ~u) ) (L1-i> 3L1 ),]
1 1

1 4 'l(4
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T [rusv5

-~ {~u~h " 3dTvF4  (2u).' (2v).'~

/ 3)!(v~+ J *

2.1 71-v ___ (2Lfl M7 C3Lrl)1 I + (Su)JU(SV.,

A 1 ( 1 -)6,i (2 kj-1)J (L-)4 5~
U2V, I (2u).'(2v)J I~J

1[ 3. + ()(41 2 + /(L 1 14 2

3.1(30100.1) u.'v)2121r~(v2 (2u))'((2v)J

- n

[rus]m

Am2I (l) 2m-i+l ((Ll1)2' ((2Lr1~j 42 (jL,-l)J' " m-j+1
J-1 . .0 1 . .(u. (2 /. (jU) .iV) o

Where 4Zis takcen over all partitions 1 ..j o m suoh

that o1+02+...+oj- m-j+1
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Term 
a 0 a1

o n 2
n-e •

0 3
Term a a1  a3-- 0

A n ( +e3), if weight w e + 3e 3  a
e I +. e3 e /

Term a a$*: aF
1 0 1

ne

e " e1  e 4
Term a a a

1 +p

--... i) , i4w-1e)+ e = (p-1) n

0n-e e-2 IP-2

e0 e1
Term a a1 ap

A~n

Term ao a 1  a

0p

Tem (e+) 0 a el a 2p = ,-
n

A - (el +1) w e. + 2p =n ,
2 1

n
SA =" (e o +1) ,w =2n

2
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i0Is ele

Term a a1  ao q

A= n el+ 3w n
A 3 3 "

A- l(u+l)n2 (u+v+2)(u+v+1) + (u+l)(u-2v)Jn

w~wre w 0 2nj u m n-q j v n-2q.

1i

A 4 ( ) e.1)3 n _ e1) (2e + 1).(ej)n2 + (el+2).? n).

where w - 3n, e M 3e

Term ae a e a eq
Ter 1  aq and w = en

This term must be of type [1n-qjqe q, and for.iula for

[rUsV] m can be applied.
eo ak

Term a a a
- o p q

A 4 d-l

where d (njq), n m nhd, m greatest int3ger i: k
ni

The only possible chain-type must be [pqbJ[q n j m

Term a o  a a k

There are five possible chain-typess

(a) F~o] [q d (n,q), n n1d.

(o ) [ q]: l] m

(d) fp 2q b] [ q nlj m j.pq 2 [qfl jr~*

ooofficiente for these five oasest

A ___ ___
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n,<-\ . d-2!

A d-2) +n -b-

()A T fvi2b-1) ( +~ (nn

d) i. <3+,>;c + (<-'°"Q iI
+ Ad-r.1) (d(ed A ~ )

C)A *rQ')+ (d-2

3. Coefficients of termli involving r-r with r z 6.
0

Term Typ Coefficient

n1
0

, n - 2,a a q]pq n
o pq
n-2 ,,

n-3. a apqr] 2
o. pqr
n-3 2an3 a a q p- q n
a0 apaq

n-3 3a0 a

a n4a a aa pqrs 6o p q r 9L 4
pq.] Cr s,) n(n-2)

a ' app aq a3no p, qr Epir3]
Ap2)qrj n(n-2)

M q4 a3a Cpiq n

Lp~qfJ -n(n-3).

n-4a 4 [p41 i
ao aop(n.2)
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Term

0o pq r a

Type Coeffioient

f-pqr at3 24jn
In]or ~ytJ 2 0

a0 aaqar a

Cp~qrs1 12n'
as]~ pqr] 2n(n4.4)

an-5 3
a0 aaa

p 3qy

r 3~ qrj n2/3

a 5a a.-a2?
0 pq r

lpqrlJ 6
rqrzj. [q n(n-&)

rjq~jFrPF,1

qP J 2n

(p2qJ £ca2j 1n/
2n(n.-4)

an-5 aa

p3 j3pq] 1
p j 1 - n(n.-3)

n-6

CPI.P2P3 P4 P5 P6],: £1234563 P123PPP 120n

cppp~~~~ £712) 346 6n (n+4)
[ 412 ( 1561 4m(n+12)

C1 1~hr6( n(n2- 6n+24)
,r1,3.6 [134) C256]3 n ( On-32)

([1231 [456J [14 fij25J [363) ±(r2-2n-16)
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Term
n- 6  

2
a ILa

Type peff icient

E 12345S-J 6an
( 12] [3452J 3n(n+4)
c153 (2416n(n-4j)
r123 ,3 W5J 3n(n+h)
(125.) [345] 4n(n-i)
(152) 23J 2n(a+12)
C12) 34] [5L .) (n2-6n+24)

([125] [345) , l33 [.235*j} n(7n-36)
i(159j (234] , C12) 345'1 n(5n-16)(1 58) (234] C253 (1345]} 4n(2n- i')
([125- (345] (123 4C 5")) n(7n-36)j ( 123 f3. (52 [3 (3 [ 245 1 12- n(n;2 2n-4O)

n-6
o Pl P2 P3 P4

[12343] 20n

L1234 L 4An(3n-i6)
C124*1 [34] n (3n- 16)
1 i3] [231 n(n+h)[12)3 [43j 2

1 n(n+12)

[i 4) [234 2n (n-h)
I C1241)3 C343. C123] L43] - (11n-6o)

4[1433.C 23J [24s] r1343} n(3n-16)

n-6 4
a a a a
SPI P2 P3

* [12)1 f3J - (n+4)

(12] 33J (2-9
126 a32 2(n-2)(n-4)
n-6
0 Pl P2'-[125) n

[121. L2" -" (n-4)
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n-6 6

6 n/6[13' n
T8 (n,-3)

£ J ' 8(n- 2)(n-4)

a a a a2 a2

0 PP2 P3 P4
( 12344'3 30n

L12i -3 (3n+12)

[ 123.L340., 2,(,-1)S1341 24A] , .,(,,+12) ,

nI (5n-16)
1[ 13)[23142j , 123J(3241j f(5n-.2 8)

{(13)23 J P14 2 3 (230" 2n(2n-11)

(L12421 32 ..1 31r4 IOn-6
2

f[12]1 ( 3] 2 .. n3,n,,,2423 j E2n-6 a:?a

, o Pl. P2 P3 -

C12,3 3] 0iOn

( C123(23!1n (n-34)

[13) (3.j n(,.).

[~2-l [133] n~ (n+14)

f32J[122J . I (n-16)

(19[1 n (n4.)

C 12Jf(23PJ,[223i E1323I n)-
{r131t22323 (123.)(.33J} 2n n-0)

7 ~ a n6a2 aga 2 .
0

Li32~3'J15n 1

[123)' n(2a-li)'
(12 3' 3(43i

(12] r23]J (n-3)(n-4)

[(1-?1 (232 13 (lin-60)
[9[2 0.C 12*'3C132]} n
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an-6 2aa

a0 a1 a2

(1224jn
~12 2 ] 2 (-

12 [2 2 [ 2 5 2~n(n-4~)

a 8,3 a3
0 P1 P2

Li 3 23j10

{12) *( 13j( J 18n (3n16)

4&. Some data on I and .J functions of general 2-chain terms

(See section 11).

Identities of the J-functions,

(0i) J(il.,i2.,im;l,i2-,..im -

where (i4,.,~ is any permutation of (ij.P.**~im)i and

(J'4, j ")is the same_ perimutation of (jiiie, m)

04() J, 1,..imjj ... O;) xO...,,,..., 0) 1

The two 119 must be in different positions.

(A J +1Gt,i , ,,. ,, , Q x),,...,a) 1xI
Where ( ,...,J") is any permutation of ~i**~)

4P ____
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Some I function identities.

(n) I(il,...,i,,r, ) $r i(ir)...,im, ryr).

(12) I(ii,...,ip,...iq,...,9i00 1r ) - I(i,...,iq, )..,i. .. ,imVra, ),

if pt a,O, and ql a,,

(W3) I(ie,...,irr) 4~r. ,i ,

where (i',...,il) is any permutation of (ll... 4 ) that

leaves i. and i unchanged.

M1) i(il,...,ia,...,ic,,...,imr a,r)oIi..i,.,j., r,)

( amay =,R

(15) I(ii,...,imjr,, 0 if either i ( or i,# o

where ( j., is any permutation of .i''"' (I

(I7) ,1,I(aa,...,a;r cr ) ) 3 2
' j .m 2).

Because of the symmetry properties listed above it is not

necessary to compute all I's. The following list is su.ffioient

for certain of the simpler cases for m 3 and m 4.,

! L
__ _ _ _ _ _ _ _ _ _ _ _ _ _
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Values of I p (il,12,...imircr )

m 3, E_

(ii)1'3 (1,2) (13) (2,3) (r,,r)

(2.,0,0) 0 0 o0 o .
k, 1, e.1., I O 2 0

mm3 apr 3

I (1,2L _ (l,3) (20..
T5 -0100 0 1

(2 1,o) 1 1 0 0
3 3 3

m-3, p -- 4 m p 5

1(1,2 ) (1,3) 1(2 , 3 ) (1,2) j(1,3 .(2,3

(4,0,0) 0o (5,0,o) 0 0 0
(311,o) 1 0 0 (4,o) 1 0 0(3)0.,l) 0 1 0 (4,o.,i) 0 1 0
(1,3,0) 1 0 0 (1,0,4) 0 1 0
(1,0,3) 0 1 0 (1,4,0) 1 0 0
(o,1,3) 0 0 1 (0,1,4) o 0 1
(0,3,1) 0 0 1 (o,4,1) 0 0 1
(2,1,1) 10 10 2 (0,2,3) 0 0 6
(1,2,1) 10 2 10 (0,3,2) 0 0 6
(1,1,2) 2 2 2 (2,0,3) 0 6 0
(2,2,0) 3 0 0 (2,3,0) 6 0 0
(2,0,2) 0 3 o (3,0,2) 0 6 o
(0,2,2) 0 0 3 (3,2,o) 6 0 0

(2,2,1) 65 32 32
(2,1,2) 32 65 32
(1,2,2) 32 32 65

m 3 p 6

_ (1,2) (1,3) (2,3)

(6,0,0) o 0 0
(5,1,o) 1 0 0
(4,2,0) 10 0 0
(3,3,0) 34 0 0

(4,1,1) 27 27 1
(3,2,1) 225 117 72
(2,2,2) 383 383 383

1' ;
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1(1,2) I (1,3) j(1,4) (2,3) (2,4) (,4)

(1,,0,0) 0 0 0 0 0
(1,1,1,0)1 3 3 0 3 0 0
(I,1)1,1) 26 26 26 26 26 26
(2,1,0,0) i1 0 0 0 0 0
(2,1,1,0) i10 10 0 5 0 0
(2,1,1,1)1 178 178 178 89 89 89

U 4

__ - _ _ _ _ _


