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Introduction

In this part, we give a detailed discussion of the
mmwofmﬂsmraummmgWe@dﬁuwuinme
expansion of a cireulant permanent, Although this method
will prove satisfactory for many types of terms in such
an expansion, there will be many others for which the use
of links would involve a prohibitive amount of work by
hand, Other methods may be used; two of these are dis-
cussed briefly in the last ssctions,

It should be noted that any given method is best
suited for a certain kind of term,

The use of a machine would be desirable at certain
points in the calculations, These places have been
pointed out,

In the summary, there is gatherad together a large
number of formulas for coefficients of various kinds,
These represent, in gensral, the cases where the idea of

links oan be used to advantage,

Jack Levine

Charles L, Carroll, Jr,

North Carolina State College

Februaery, 1954
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PART II,

LCircylant Permanents
I. Introdyction. ‘

In this Part we consider in greater detail the problem
of obtaining the expansion pf a circulant permanent.' (See
Part I, Chapter 2, section 5).

We give first a brief review of the previous discussion

(of Part I).
A circular permanent is defined by

+
+

C = . . . .
SV I .
an ag fg b a

If any term in the expansion of C, be denoted by

e 61.82." e_l
(1.2) Aa oarla, . atns

then its weight w 0 (mod n), i.e.
(1.3) w=e + 2,4 3eg+ -+ (n-1)e_; & 0 (mod n).

The exponents e; must also satisfy the relation

(104) ‘ eo T el ﬁ". 62 + -"' *— en-l = N

Two basic properties of the terms are:

) e, el . €nal Sl
(1) If Aag a;” *** ap.]  is a term of C, then so also is




€& € ®n-1
Aap ap?,l LN ap_l (o] vVa e .

(Cyclic permutation of subscripts)
€ € en-1 .
(2) If Aa, 3" ... a,.; 1is a term of Cp then so also is

e e, e e .1 - _ .
Ay ap” apy ees 3(p.])y Where m is prime to n. (Sypscripts taken

mod n).

We know that C, is the coefficient of XX Xy eoe Xy in the

expansion of

[

n-

(1.5) | (anon %o+ Anonpl X 4 eer F2nanog¥ne))

f

If 11,15 ... i _;be a permutation of 0,1,2, ...,(n~1), then a

term of the above product-expansion is
a; 85 _1835 _n see @ a(n=1)%3 X3 eoe X3
i °1)=1%1y-2 in-l (n-1) 1,7, i

where x; comes from the (p + 1)2 factor.
p

e e e

One method to obtain the coefficient A of Aaooal n-1

LR B an-l

is as followss

Let k,, kis Koy eeay kn_lbe a permutation of the n numbers

(the subscripts of the term) ©, ..., 0y (1 ly, 2...2,
' [ d L.L“‘. e | J ’ LN ] ’
' 1 2

0

...,\Q;l,~§<;! n-1, and consider the congruences

€n-1

(1.6) 162 koy 11-1F kyy 122 Kpy eesy i p-(n-1) =k,

(mod n).
If (1.6) has a solution 15s 13y ooy i, which is 3 permutatiop
of Qp1, 2, ;.05 0= then these values of the i's will give a term

€ €} en-1

358 eer A whose coefficient A will ggual the number of distinct
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- i i ot - A+ vy

3.
tj f 6).
Note also that the particular permutation i i 12 ces 1n 1
gives the order in picking out the elements from C,. Thus, the
solution (i.j ... i,.1) means to pick éiofrom Tow 1, ail__l from
row 2, etc, '

The correspondence between the k: oKy e k,.p and i olpeee i is

n-1
conveniently represented by the form: - -

N 0 1 2 “wee n-1 { = normal order)-
o ki ké: oo kyy (= k-permutation)
L S Iy eeedl ( = i-permutation),

and from (1.6) we have

(1.7) y=t+ke, (t=3g1, ..., n-l)

We define an 1-ge£mutat;og as any permutat1on of 0, 1, 2, ...,
n-1, and a k-qg;mptatlon as a permutation kakl... kn-l which produces
an i-permutation by (1.7).

Three important properties of k-permutations ares
(1) Any cyclic permutation of a kaermytation will also be a k-permu-
tation (but the associated i-pérmutation may not be distinct from that

of the given k-permutation)

(2) If k k 1% pee koo -1 is a k-permutat1on then so also is (k + x)

.(kl-p X) ves (kn 1 +x)forx= g1, ooy n-l.

(3) 1f kokyeee ko) is a k-permutation then so also is (mko Ymky) =e
(mkn—l) where m is prime to n provided the elements mki are rearranged
according to the order determined by mN = O, my 2m, ...

To illustrate this last property consider
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N: 12345676869

ks 128283927929

i 1305286479

withm = 3:

mN: 0369258147

mks 3646490170
(mk)'s 3146794006 (= mk rearranged)
(mi)'s 3269140785

Their proofs are evident,
Suppose we wish to determine the coefficient A of the term aiag
of a C;. Here there are four subscripts O, O, 2, 2 from which the

k-permutations are to be constructed. Due to property (1) we may take

ko =0, giving 3 possibilitiess

Ns 0123 0123 0123
ks 0022 0202 0220
is 0101 0321 603¢C3

Hence 0202 is a k-permutation with 0321 its associated i-permutation.

Only 2 of the four cyclic permutations of 0202 give distinct i-permuta-

tions:
N: 0123 2123
ks 0222 202090
i: 0321 2103

It follows that the coefficient A =2,
It should be kept in mind that a k-permutation is composea of

the n_gubscripts of anpy particu;ar'tgrm and the associated i-permuta-

tion determines the manner of picking that term from the rows of Cpe

2. Lipks and Chains.
One method for the calculation of the coefficients A of terms of

» C, is based on the idea of a Jink. We give a discussion of this

idea here,

L w—

, we b
R
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’ ' 1Y
S22 2. el
Consi@g;lthg tgr? ag8132?3373839 of a Clo gnd thewfollowing
four associatgq_k-vang i-permutationss

()  (p) (¢)° ' ' (d)
Ns: 0123456789 0123456789 0123456789 0123456789
ki 1282830790 . 3081802297 . 1207392880 1972288003
1: 1305286479 3104258976, 1320748569 1095634782

Write“thé?i-pérmutatidhs in cycle form (omitting l-cycles).

This givess ™ =~ <= = ‘
F 0 Xa) 47=«01358742). . ... )
Eb) i = (0342)(6879)
“(e¢) 1= (013)(475)(68)
(d) 1 =(01)(29)(35)(46)

New rearrange the N and i rows in the order determined by the

cycles. For case (c) this gives:

NN 013 475 68
ke 127 389 28
i+ 130 754

8 6 ;
The resulting sequences in the k-row: (1, 2, 7), (3, 8, 9),
(2, 8) are called:links. Every i-permutation can thus be put in

correspondence with a set of links. For the above four examples we

obtain the links:

(a) (1, 2,2, 3,9, 7 8, 8) 5
(b) (3, 1, 8, 8)(2, 9,27) ’
(c) (1, 2, 7)(3 8. 9,(2,8)
(d) . (1, 9)(2 8)(2 8)(3, 7)

D)

Each such sequence of lxnks w111 be called a chain., The

number of links in‘a‘chain will equal the number of cycles (omitting
one-cycles) of the corresponding i-permutation. The length of a
link equals that of its corresponding.-cycle,' A chain of t links

is calleéd a t-link chamn ot a t-chaln fon short.,.Since a k-permuta-

tion gives rise to an i-perﬁdtéfioh‘We=maywﬁpeakwof»a k-permutation .
' ' ' BT PR .

as being a l-chain, or a 2-chain case, etc.

EETH

i




6.

The above four examples are respectively l-chain, 2-chain, 3-
chain, and 4-chain, (Note tﬁat O never occurs as an element of a
link).

Corresponding to a partigular term ‘of C, we have a variety of

i-permutations to each of which we associate some t-chain. It is

evident that all these various t-chains are _composed of the same

slements, these elements bejna in fact the non-zere subscripts of
the term. For the term mentioned above (of a C),) the elements

would be 1, 2, 2, 3, 7, 8, 8, 9. The value of t may of course
vary from one i-permutation to another for a given term (as illus-
trated by the 4 cases of our example).
To obtain the characteristic properties of a link we take a
general cycle of an i-permutation (sgs)sp ... sj-l)‘
N‘ 80 sl 52 see sj-l
ks Pl P2 P3 e+ Pj
is S| Sp S3 eee S,
The link is (pl, Pps Pgs ooy pj), and SJ.. So+ P1s» So2= S)+ P
seey so = Sj_l"’ pjo Hence pl = 51- So, p2’ 52" 51, esey
Pj= S5 = Sj.1» SO that

(2.1) Pl P2 + ++o 4 PjEC (mod n)

(202) pr+ pr* 1+ *°° + ps* 0

(for all r, s except r= 1, s= j; r< s).
This gives us the definition:
Aliok (mod n) is an ordered sequence of numbers (py» P2» P3s

ceey pi) such that
(1) iJ—‘ Py = O0(mod n) (no p;=0)

A

- s




5
(2) Z:' pi* O(mod n), (r< s; exclude r =1, s = j)
ler

¥e havé~se'en that the coefficient A of any term. of Cn is equal
to the number of k-permutations plroducing distinct i~-permutations.
Recall that a k-permutation is some permutation of the (non-zero)
subscripts of a term., Since to every i-permutation there corres-
ponds .some t-link chain and every link is composed of (non-zero)

subscripts, the totality of links containiﬁg all such subscripts,

it follows that t i si - tati it is suffi-

cient n t io whi can decom~

into links. Such subscript-permutations will be called link-
pexmytations.
To a given.t-chain there may correspond several i-permutations,
Take for example .the.case (b) above with the 2-link chain (3, 1,
8, 8)(2, 9, 2, 7). Place the first link starting at O of N:
N: 0123456789
ks 3 818
is 3 042
After placing the first link there are 6 available pl"a'ées" )

left to start the second link. Suppose we start at positic;n a of

Ns
N: a a+t 2 a4l a4 3
ki 2 9 2 7 .
it a2 a+41 a43 a

Therefore 3 must satisfy the conditlons a% 0,3,4 2, a -}- 2#

&

0542;a+1#0342,a+3%0342,

. {.
and the only solutions are a =5, a= 6 glvmgt




a =95 a=6b
NN 0123456789 N1234567609 !
kt 3081822979 3081802297 * E
is 3104278659 3104258976, !
L
Each of the 2 resulting k-permutations can be permuted cyclically £
‘ tor 19 positions and this will produce 20 i-permutations., Hence the
chain (3, 1, 8, 8)(2, 9, 2, 7) would agive 3 contribution of 20 to the
. 2, 2. .2
coefficient of the term (aoalaza3a7a839 of Cip).
| §
The above discussion shows that the problem of determining the
coefficient A of any given term of C, may be reduced to two steps: g

(1) Determination of all link-permutations of the (non-ze subscripts

f the t this wi ive the chains).
(2) Determination of the number of all distinct i-permutations corres-
onding to each chain of ste . '

To simplify the calculations in these steps some general proper- !?

ties of t-link chains are needed. These are proved in the nekt section, ?5

i
. .
; s, Properties_of Links and Chains. e have seen that a given chain-
%{ produces a set of k-permutations, We now determine what transforma-

| tions on the links ‘of a chain will leave this set of k-permutations
invariant. Two chains so related (producing the same set of k-permu-
tations) will be called gquivalent.

We see first that any cyclic permutation of the elements of a

link gives another link. This follows from the definition.

] Consider now a general t-link chain
: (3.1) (x1, Xpy °*°% xp)(yl’ Y2 **cy Yq)(219 Zyy *tty Lp) e .
"i h where there are t sets of parentheses.- In the N, k, i form (3.1) is

represented by -




e -

e

9.

N3 $051°°°Sp-1 totyeotg UgU]p ***upaj***
(3.2) k] xlx2."xp yly2oocyq zlz2-.czr L]
1t 5189705, tit et upuptttug ot

and Xpal = She1™Sh? Yhel = thel=the etc,

The starting point s, (in N-row) of the first chain is arbitrary,
but tg,, uy, ... must be chosen properly.

A convenient equivalent form to (3.2) is given by

(3.2) p= (SoSot X1 Sot "1""‘2"' Sot+ xrt....yxp_ﬂ fa aty); a+yl+y2'°°
-:_‘1 X5 X3 e Xp L).'l Yo Y3 ven

b b "‘Zl".

zl 22 LR )

(the i-cycle is i = (s, so¥X) sgtxj+xpe+)(a ady;***)(b btzye)eer)
where the top row of P represents the N-row elements and the bottom
row the link-elements or k-row elements. (The i-row is omitted).

Here a, b, *++ are a set of parameters which must satisfy the condi-

tions.
a4+ (Yl +Y2+-.-+yh)¥s° +(x1 + X2+ ...+xg)
b+’(zl+'oo+ Z{)#a +(yl+oo. + Yh)

etc.
and h=0, 1, 2, voey q-15 3= 0, 1, cuey p=l; 2= Q 1, ceey T~1; ...
(y1 # oo +yy = Ofor h 20, etc.).
The conditions (3.3) must be satisfied since all the N-row
numbers must be distinct.:

Each system of values of a, b, °** satisfying (3.3) when placed

5




10,

in (3.2) gives a k-permutation. And each of the n cyclic permutations

of each such k-permutation is also one (although all the associated i-

permdtations may not be distinct). We shall call these cyclic permu-

tations gligggnéf the given k-permutation, The. totality of k-permuta-

tions (includiﬁg theii slides) will be called the set determined by the

chain (and a pérticular starting point for the first link, as So above).
We prove the theorem:

Theorem 3,1 The two sets of k-pe;mqtgfigns ggﬁg;mingg by starting the

first link (xlx?*-') at two different starting points are the same.

p Consider starting point So of P given by (3.2) and starting point

so' of P' given by
‘(344) ’ (-50' so' A xp rro fat Aty ot Y' b' +z) }
- ¢ P’f R . vee LN ]
[* X2 "Xl Y1 Y2 21 %2

If S indicates the operation of sliding a k-permutation by the

amount of 1 step (to the right), then

s, +xs ¥ x+txy ol fatxa+xfypree
(3.5) s = |° ° !

. xl X2 . ) y1 y2 Ry

} _ | L.

. EB+x b+x+z”1

%‘ L N
w . 2y ood

oy
i

Now choose

(3.6) x = 85" = 8oy a'= a + (s - 50), b' = b +(so' = sg), **°

e e

Then we will have S*P = P' as is evident by inspection.

It must further be shown that the new parameters a‘', b', *°°

defined 'in (3.6) satisfy conditions (3.3) with s ' replacing s  and

LAY

Y N




i~

and a', b', <+ replacing 'a, b, eee '
. From (3 3) we have . ' ;
“a ¥ (5" -.o)+2y¥so+(so -so)*- Ex,
or a'+ Zy#s ¥ Zx, etc.

AR, “rea g

(Note that the k-permutatmn 2eros of P transforml into those..

."\
W R

f
gl . ‘;. SV

of P', These zeros can be con51dered as links of length 1 ) I
There is thus no loss of generality in starting the first chain

at value O of N, .

B
. LI

Theorem 3.2. JIwo t-chains gx;,g equivalent if the linpks of one 3re

clic ations o ther,

The following proof for t = 3 is sufficient to illustrate the

general situation.

Let
oL 0 +x e ‘ 1' Yl"-a A} Yﬁ’"‘-\'yh_ ‘] b btz ‘"-}
L—xl xz x Ly y2 -:o \ yh ' ese 2 z2 ":j'
o ) . oy ’ see
o 0 x; ;% xp ‘s fat.at +yy ...{ b' k.’bxf.:+ z
x1x2 x oo.‘ yh yh+1 ..j zl 22 cee

.,.u....,

If now we choose a'= a + (y;+ ***%vy,_,), b' = b, then P’

reduce‘e.’ to 'P . \
e e s : : o

“To " efibWta , b sattSfy the (3 d) eondltions we have, for

example,

a < (yl+ ooo+yh-l) + (yh‘kyh-rl .'. ooe)\___a )+ (yl+ y2+ 000 éxl-o- x2+ o-c’

b +(z1 ¥ z2-|- )* a gyt e Fyn i Yhel + oo,

or

s o+ e e s

g ot »h
\




9:,"%'.‘,
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12.
al +(yh *yh'.'l 4+ coo)* xl +x2+ vee,
b' 4 (z) + 2p4 =)k a' +(yy+¥pet o)

As an illustration we have that chairs (1, 2, 7)(3, 8, 9)(2, 8)

and (7, 1, 2)(8, 9, 3)(8, 2) are equivalent.

Theorem 3,3. Any pemmutation of the links of 3 t-chain aives an

sgudvalent t-chajn.

It is sufficient to prove for an interchange of adjacent links.

Let

c cwl ede

p. o x) o] Ja ary; «e5] [b bizy ---}‘ I 3

={_"1 ) ] Ll Y2 } 2y %22 I)’l u2 } ’

o 0 xp *F a' a'ty; “-] c' c'ty --] [b' b'tzy --]
} X X :) Y, Yy Ctf Ll uy eeed Lz, oz, eed

We hav;
(-3.7) (b".-?:z grx a+ Ty,

Lc:*' Zu ézx’ at Xy, bt Z‘;z’
(3.8) (c'+Zu gIx a' ¢ Iy

b'-rZz#Zx, a'+ Ly, ¢'+ Su

Choose a' =a, b' = b, ¢' = ¢ and (3.8) reduces to (3.7),

Iheorem J.4. Imo. chalips are egquivalent if 3t least one k-permutatiop

L Ut

eroduced by the gther.

Let the chains be P, Q. Their links may be arranged so they start

P=(p, X)» Xp» **% xg)('--)n-, Q = (p, Yyr Yputos yp)(eee)eee,




o e e

12

or

el
I\

jo e »Mxl“"] e s

le S S R

In this form the k-permutations in question will be identical
without sliding. It follows that in this k-permutation

interval from p to x| = interval from p to Yy e X|= Yy

interval from X to x5, = interval from y; to yp, o Xo =Ygy

etc.

Now if g < h we would get

OF phxpt oo xg = (pyyt oot Hyg) + (y ¥ oor +w),
so that yg+l 4+ ¢** 4yy, =0, a contradiction, If g> h we get a
like contradiction. Hence g= h, and the two first links of P and
Q are the same.

A continuation of this argument will show that the links of P

13,

and Q are identical in pairs (to within cyclic permutations within-

links) and hence P and Q are equivalent.
This theorem shows that any two non-equivalent chains must
alwaYs produce non-eguivalent k—permutatiohs. However as will be

seen below a'given chain can produce equivalent k-permutations,

4. Ex es.

In this section we determine the coefficients of some terms
s0 as to illustrate in some detail the two steps outlined at the
end of section 2, Properties of links and chains proved in section
3 are used without special comment,

(1) Find the coefficient A of the term aga1a2ag%>of Cye




14,

The non-zero subscripts are 1, 2, 3, 3, 3, 6.

To find all their

link-permutations we write down all 8!/3! = 20 permutations keeping

one element (say 1) fixed. These 20 are

123336 | 133236
123363 133263
123633 133326
126333 133362
132336 133623
132363 133632
132633 136233

By inspection we obtain the seven 2-link chains

(1,2,3,3)(3,6) (1,3,2,3)(6,3)

(1,2,3,3)(6,3) (1,3,3,2)(3,6) (1,2,6)(3,3,3)

There are no 1-link chains as is seen by direct test.

136323

136332

162333
163233
163323
163332

(1,3,3,2)(6,3)

(1,6,2)(3,3,3)

Of the seven 2-chains we select the five distinct (non-equiva-

lent) 2-chainst

(a) (1,2,3,3)(3,6) (b)(1,3,2,3)(3,6) (c) (1,3,3,2)(3,6)

(d) (1,2,6)(3,3,3) (e) (1,6,2)(3,3,3)

The cases (a), (b), (c) will be denoted by the single motation

1 233 36 where the bracket indicates an ynordered sequence
all permutations of which will give links. Likewise cases (d) and

(e) can be cAombined into 124 B33 .

We next find the k-permutations determined by each case.

Case (a) gives in a former notation
[b 136 a +—fT
L123d{s o

a%0,1,3,6
a+ 3% 0,1, 3, 6,

and parameter

e . e
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giving a = 2, 4, 5, 8. These give four k-permutations:

at

10
11
1
1

OUCAEN

1

ISESENT S &

o. olw-aA
e O\KN
o o O o

ON o Ile
okg

Wwwwlw
Wwwwion
wo - olm

The zeros are denoted by a dot. . The underlined 3 is started at

the value of a.

123306300, etc.

Thus the k-permutation corresponding to a= 2 is

Case (b) gives parameter.a = 2, 5, 8 and the three k-permutations

{0 1 2 3 4.5 6 7 8
211 3 3 * 2 6 3 ¢+ -
51 3 * * 2 3 3 +« 6
g8f{1 3 6 * 2 * 3 + 3

Case (c) gives a = 2, 3, 5, 8

(0 1 223 4 5 6 7 8

21 33 « 36 « 2 -

3{1°3 * 33 ¢« 6 2 -

5/]1 3 « ¢« 33 ¢ 2 6

811 3 6 «+ 3 + « 2 3
Case (d) is

[bl B a+3a+q
1 2

)

(e (dl
—

)

w

w

.

with a, a+3, a6 3 3, 1, 3. Hence a =2, S, 8.

We then obtain

0 1 2 3 4 5 6 7 8

211 2 3 6 « 3 = + 3

511 2 36 * 3 - « 3

811 2 3 6 « 3 « « 3
Instead of 3 distinct k-permutations we here have only one.

Case (e) gives

2
5
8

lo
1
1
1

(e 0o We ¥ of

e o oo
s o 1IN

e o o O

[SENENY N
jw o:coLn

Wi wle
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Again there is only one distinct k-permutation.

We now count a total of 4+ 3 44 41 41 =13 distinct k-permu-
tations produced by the five 2-chains, and each of these 13 can be slid
through the complete set of 9 positions thus giving the value (9)(13) =117

as the value of A the coefficient. This term is what we would call a !

~cha ) t t a ] nt.
‘ 3, 2.2
(2) Find the coefficient A of the term 3 a 35353, in 99.

There are 30 permutations of the non-zero subscripts 1, 2, 2, 7, 7, 8
(keeping element 1 fixed.) (If an element occurring more than once as 7
were kept fixed we would get 60 permutations but ﬁalf of these would be
slides of the other half and could be neglected, We can avoid this
duplication by keeping fixed an element occurring only once if éuch is
present.)

Of these 30 there are 10 link-permutations indicated by
(1,8)(2,7)(2,7)‘ (1,2,8,7)(2,7)  (1,2,2,8,7,7)
(1,8)(2,7)(7,2)  (1,2,8,7)(7,2)  (1,7,7,8,2,2)
(1,8)(7,2)(2,7)  (1,7,8,2)(7,2)
(1,8)(7,2)(7,2) o

giving 5 non-equivalent link-permutatidns- -
(a) (1,2,2,8,7,7) (b) (1,7,7,8,2,2) (c) (i,2,8,7)(2,7)
(a) (1,7,8,2)(2,7) (e) (1,8)(2,7)(2,7)

Cases (a) and (b) are 1l-chains giving the respective distinct

k-permutations.. o ‘;“ _ b
0122345678 i
(a)1 2 7 2 78 ¢ * *

(b)1 7 = * * 2 8 2 7
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Cases (c) and (d) are 2-chains with respective parameter values

a= 4,5 6and a =2, 3, 4. These give 6 distinct k-permutationsi

.0 1.2 3 4. 5 6 7.8

41 2 78 2 ¢ 7 ¢+
(¢c) 5/ 1 2 7 8 * 2 « 7 »
611 2 7 8 * « 2 ¢ 7
101 23 45 678
211 7 2 ¢« 7 « .« 2 8
(d) 3] 1 7 =2 « 7 « 2 8
411 7 ¢« ¢« 2 * 7 2 8

Case (e) will be more involved since it contains two parameters.

I

with 20, 1, 7, 8 and b_ér 0, 1, 7, 8; a, a+2, a47.

We have

This gives 14 pairs of solutions (a, b)s

"

) e e NN J e e e ¢ 8 ) ol

- w w w w W v w v e

NPT LN LN N NN N NN N S
OO OODEWWWNNON
-
FLUNOCBNORRDPDNNOROW
bt bt e s bt o o b b b e kO
.o'\)o-w.oo-MNM?\‘)N
e N) o o 0o 2 s NNNN o o Nk
e o ~d s N NINN o NN NS
Nd e NNININ e DN
NN e s e e~ e o =] ¢ ojO

-

TN s N J e N e e

By inspection we see that (a,b) and(b,a) give identical k-
permutations, thus reducing the number of distinct k-permutations
for case.(e) to 7.

There are thus a totalof 24 64 7 = 15 distinct k-permutations

each of which can be slid through all 9 bositioné. Hence the coeffi-
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clent is (9)(15) =135,
This term would be called a 3-chain tesm.
Note also that the two .2’-'-1i.'hk""cha'in"“'é%se's (c¢) and (d) are made up
by combining two of the 3 links of the 3-1ink chain case (e).
We shall speak of the total (9)(2) = 18 determined by the l-chains ‘
(cases (a), (b)) as the gontribytjon of the l-chains to the total ?'
. coefficient, and the totals of (9)(6) =54 (cases (c), (d)), and

(9)(7) =63 (case (e)) as the 2-chain and 3-chain contributions,

S. Specjal links and chains.
A. Cyclic 1-1igk chajns. There are certain types of chains for

which the associated set of k-permutations will contain duplicates.

Some of the examples above show this property. We consider this

s
i

property in this section. s

Duplicate k-permutations will ?g§u}§ if a given k-permutation has
a cyclic character so that in sliding it through a cyéle-interval we
obtain the identical k-permutation aéain. |

Consider first the l-link chains with this property, and an

" S

examplet in finding the coefficient of a:agag(n.z 12), the l-chains

{

give respectively k-permutations
(a')77808077890 8.0, (53 780780780780

(a) (7, 7.8, 8, 7, 7,.8,. 8) (b) 7, 8,7, 8, 7, 8, 7, 8)

Here (a') consists of two cycles of length 6, and (b') consists

of four cycles of length 3, Hence we could slide (a') through 6

positions only and (b' ) through 3 positions (lengths of the cycles).
Note also that the chains (a), (b) themselves are cyclic. We

. 4 now show this situation always holds, i.e. a cyclic l-chain always
; gives a cyclic k-permutation. | |

We take the general cyclic l=chain

Lisedisa

b
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(5.1) P= (pls Pos **°s Py P19 Pos coey Pps **°» P1s P2 ‘“’Pm)'
containing ¢ cycles of length m. .Write P in the form

TO Py Py#pysepy*er4ppy s s+ppete(o=l)s¥py¥ss Py
P.

(5.2) ’ see ‘ se

Py Po P3 Pm Py Py P
where
(5.3) s = pl+ pzf‘n-o o pm'

Hence cs = 0Qand ¢ is the minimum value (4=o) satisfying this congru-
ence,

From (5.2) it follows that

(5.4) §5p = 525p = e+ =5"°P =P,
where
s s srp) °°° 25 2s#p) eco 35 oee
STP=
Bl p2 LN pl p2 LR ) pl [N ]
or
(5.5) $5K = 525K = e+ = §OSK =K,

where K denotes the k-permutation,..
Now if we put d = (s,n) it will follow that
(5.6) n =cd,
(5.7) ¢'s =d, (c'«c).
Hence from (5.5) and (5.7) we have
(5.8) sdk =K,

so that K must have the form

(5.9) K= kokyoor kyojkgkyoee kgop oo koky coe kg 1s

containing ¢ = n/d cycles of length d.
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The chain P and therefore K contains exactly ¢ of each Py Hence
each cycle of K must contain P1» Pps °**y Pp once each (remainder of k's
in a cycle are zeros), i.e. ga £ onsist d the
¢vcle of P in some order (d-m zergs). A non-cyclic' 1-chain corresponds
toc=1o0rd=n, and K is non-cyclic also, We state the above results
in the theorem:
Iheorem 5,1. A.cvelic l-link chain P of ¢ cvcles produces a cyclic
k-permutation K of ¢ gxples each of lepath d ==n/c, The cycle of K
consists of the cycle of P and zeros in some order.

We can obtain a formula for the contribution A; to the coefficient
A of any term due to the l-link chains associated with the term:

Let P. be the number of djstinct l-chains each containing ¢ cycles
with length of cycle equal d. Then dP. will equal the number of k-per-
mutations derived from these P, l-chains. Hence

A= 3 dR = CZ nP./c

where the sum is over all divisors ¢ of n,
Now let K. = k k; °<° ky_; be the cycle of one of the k-permu-
tations K, where k, is always used as the fixed (first) element of all

the chains and suppose k, occurs n, times in K.. Then my = cn., where

m) is the total number of k,'s in any K (or l-chain).

Hence
(]
M= Li e (Pen,)
c 1
But ‘Ej n.P. is precisely the total number N of l-link permu-

¢
tations beginning with k, (each set of neP. such permutations gives

only P, distinct l-chains),
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Then N = Encpc and finally "~

(5.10) A= N
1

N can be determined by .c.c;,t;nging,_t};e 'm.l;né_)er.c;f 1-1ink permuta-"
tions all starting _With koo |

To illustrate ‘fh-emébov.e. reasc.)})i'n.gwu;e‘jc.a‘ic.t‘.xl”;at.e .Al for the term
aga%aé (n = 12). The total set of 1-link permutations is given by

77788788 77878788 78778788 78778878

77887887 78787887 77878878 7"7-887~878

76678677 78788778 78788787 78878787
78877788 78877878 78878778 78787788
77887788 78787878 .

. 78877887

Here kO::. 73 c=1, 2, 45 Pl=4~, P2 =:<l, P,=1; n =4,

4 1

np = 2, n4a ':‘_l; nlpl = 16, néP2 = 2, n4P4 =13 m = 4,
Also
N= S nPe= 16 +2 41 =19,
Z P. = 4414126 = number of distinct l-chains,

and

Al = 3__2&___112 19 = 57

4

Note that A, is always an integer (but not necessarily a

multiple of n.)

It is now easy to find the gomplete coefficient A( =A,)
of any term which is a ‘;-Qﬁain term. For let such a term be
(5.11) Aag T anl at2 ... a';,‘h , (Zimy = 1),

P, %,

where the p;j are distinct. To find N we form all permutations of

t',.x\
!
-




Pl

-

¥
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the set of p), pp, ++ey P keeping p fixed (in first position say).

Then

N = (r-1)!
(my=1)1 mpl e my!

Hence by (5.10) we have

n_ . . n{r-1)}
(5.12) A=A =-EI N = myémoe *°° myl

For example the l-chain term
Aaga?ag of a C;p has

Az 12)(7: =105
4} 43

That this is a l-chain term follows since its (non-zero) sub-
scripts 1, 1, 1, 1, 2, 2, 2, 2, have a sum of 12, It will be recalled

that any term as (5.11) is said to be a l-chain term if_every subset

of _its r (non-zero) subscrirts has a sum incongruent to zero (mod n).

In particular any term of weight n is a l-chain term (as aéa?ag above)

but of course terms of weight greater than n can be such als».

B, Cyclic 2-1ink chains.

The following discussion will be treated in a simplified and more
general form'in the next section but it is given here as it will be of
value in a later problem.

Con;ider then a genefal 2=1ink chain PQ given by‘(assume P not
identical to Q) - . |
PQ =(E519 Pos ***s Pps coes P1y Pos * ¢y bm)(qu Qps eees G5y >°°y d)»
Aps **°» qj) containing ¢ cycles in P and ¢' cycles in Q. Put

sEp Tt Py 5T q1+"'+'qj, socs 0, ¢'s' 20 and c, ¢'

[P U— - R —— e e m -

I
Yoo

ey

o

o TR T st

st

e Sl
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are the minimum (non-zero) values satisfying these respective con-
gruences., Put also

0 pl se0 ' g oo s oo][a a+ql e a+5' ""8?25"'°}

pl p2 see ploo- pl voef

X32 =PQ,

ql qé"'o(.' ql see ql cose

.' teat
Then (S%, §2%, +v, %) P= P, (s, §2°', «.0, 5°°%)Q, = Q,.

Ifd = (s, n), d' = (s', n) we will have n= cd = c'd' and also

that
dp _ a'
Ssp =P, S Qa"Qa
If e = l.c.n. (d, d') then -
ey . o€ - -
$°X,= S (PQa) = PQ, =X,
Hence
‘ e
. ) .‘—'K
(5.13) S57K(4) (a)
where K(a) is the k-permutation corresponding to the parameter
value a. From (5.13) it follows that a slide of e duplicates K(a)’
sO we can write
K(a)= ko].(l."‘t ke-l,ko see kE"'l cve .kO oee ke_l
f we put h = (c, ¢') then we will have n = he, so every K(a)

consists of h cycles of length e.

Now . .
a*us eae a*s’*us eoe a' ee e a'+sl P al+2é'!‘.
Qa= E 1 = 1. 5Q3|

ql eoe ql"-oo ' ql P ql ces ql ese

where a‘ = arus, and it can be shown that a' is an allowable parameter

value if a is, But us =d for some u, so that
sdg = = '
57Qp = Qur = Qquyo

or

(5.14) SdK(a)"‘— K(ard)®

—— < = B

W
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i.e. a slide of d on K,y produces K(, ). (Note that (5.14) and
also (5.13) hold for all allowable values of parameter a.)
‘.It foilows that the allowable a-values split intg sets
21 a1+ d, ayt+2d, eee, aj+ (c-1)d
35, a2*ﬂd’ aijgd, *evy ayt (c-1)d

ayy aytd, *eccc, ay+ (c-1)d ,

such that all K( are equivalent (by sliding) (i =1, 2, *°**, x;

ai+ud)
u=0, 1, **+, c-1).
If then Na be the total number of allowable a-va;ues, i.e. such

that a +(q+ *+ 4 qi)$ (py+ *+o <+ py)+ ud,

oz Po=0; 1 =1, *+, m1;
tsl, °**y j=l3uz0, 1, *¢¢, c-1), we will have

(5.16) N, = cx

We know Qtvgt = Q;, and it can be shown atvd' is an allowable

parameter value with a, Hence Xafvd’ z X, (vzo0,1, **+, c'=1), or

(5.17) Klapvdt) = X(2)

Hence again the a-values can be split into sets

af, aj#d’, ajt2d', ***, al#(c'-1)d’

(5.18) . . - S

a', a;+d', a

y '42d', oo, a;+{c'-l)d'

Y

so that

(5.19) ‘ N, = ¢'y =cx

Consider next SdK(a, ) From (5.14) we have
t
d
SKiv y= Koy
(a', )= (a'4d)

e ety o e

= L . T
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Now a'\hj-d must. occur 4n one of. the1 rows of (5:.18)3
(1) 1f it occurs in the a'  row,

a't-f-d 53'-1:"’ vd',' and

d
(5.20) S K(a, )

P = K =Ny,

so a slide of d on K(a' ) reproduces it.
t

(2) if a'y+d occurs in the a', row (w#t),

(%.21) gd

..

K(a't) =K(a't+d)’ K(a‘wf-vd')= k(a'.w)

It is then seen from (5.20), (5.21) that every K(a' s (i.e..

t)
every K(a)) can be slid only d distinct steps. We have then that
the contribution to the coefficient of the term due to the 2-link

chain PQ is

(5.52) dy = d\:ji' = n—i}
Finally we have the situation in which P and Q are identical,
For this case the formula (5.22) will be changed by a factor. Now
s=s', d=d =ze, c=c¢', and X, = PP_.
It can be shown that if a is an allowable value then so also is

2 where a+d ; = n. We will have eraf- X'E or

(5.23 sk, =K.
) (a) = %)

As before N, = ¢cx, and there are y = x values of as )y 3ys000y
a  whose k-permutations are not identical (see 5.18).

Suppose there are X, values of a3y ‘% a'x such that

ay + ud ?31 (see 5.15). These xl values occur in complementary

pairs (ay, ¥;) and for each of these there will be d distinct slides

x
of K( Hence this set of x, values contribute the amount (d)(j)

a;)° 1

to the coefficient.




R
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Let x2( = x-xl) be the remainder of the xa's for which a, + ud =3y,
Hence 2a;+ ud =0, and since a; ivd (by its definition) we
must have y= (n-u) %, and n-u must be odd; so we can write
- d
ai = td + 2'
Also

ai+ud ay

a3 _ _
° K(ai) - K('a'i) = K(ai_+ucl) = K(ai)z S K(ai) =S K(ai)

tdtd/2, = _ -
Hence, S K(ai) = S K(ai) K(ai),

tinct slides possible for these latter X5 cases. Hence we obtain

i.e. there are only % dis-

a contribution of % Xy to the coefficient.

—

We finally have a total of

d(%)+(%) Xo = % dx = 4}5‘:‘-3
as the complete contribution. Note that this is % the previous amount,
(5.22).

In the cases above considered it is possible to obtain some
information about the size of K. We state without proof the follow-
ing:

Na=n - 22'%:'
where z in an integer such that 1 £z %nj, In particular if n = cc'/h
we must have z=1 and N, =0.

In the case where P is identical to Q we have

Ny = n - zc, mEz&md - m+1.

The precise value of z will depend on the relations between the

p's and q's, the elements of the two links. We determine the exact

value of Ny for a variety of situations in later sections.

ot
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6. A geperal Fo;mﬁla for ggé{figign& .

In this:section we give'a‘fofmhia for éhe coefficiethof_any
term, this formula being derived from the types‘of links and .chains
associated with the term. First we finé a formula for the contribu-
tion to the coefficient of any particular t-link chain, We illustraté

the general proof by means of a 4-link chain:
(6 l) '(plpzo,ovpmogiplcoop‘m)(plpzouopmoo-p.loo.?m)
(qlq2oo-qjoo.ql.o.qj)(ql‘qzoo-qja-.qlo.oqj) = PPQQ
where the first two chains P, P are identical with ¢ cycles of
length m, and the second two Q, Q are identical with ¢, cycles of
length j.
To gain the advantage of symmetry we start the first chain at

a general position ay instead of at O as heretofore. We write then

(6.1) as

[:alal+pl...alfsl...alf2sl;-o 3210-32+Slooo 83-0033"'520.-}
pl p2 oeve pl oo pl soe "pl... pl eve laoo ql seo

(6.2)
A, 0003 4eG o000
! v = Py Py Q Qq
qlnoo ql XX 1 2 3 4

where s) = py+ ccetppy . Sy= gt ottt g

Let M (al, a,, a

values of (al, a2; 33, a4), and let K(al, 3y 35y @

3 a4)equal the total number allowable parameter-
4) be the k-
permutation derived from tle parameter-values (), a5y a3y 34).

We will then have the relations

(6-3)‘ K(al’ 32’ aaa 34) = K(a2’ al’ 339 34)=K(a]_’ 32’ 34, 33)!
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(6.4) K(ai, 3y 33, 3,) = K(al+u1d1, agund, 5 a3+vld2, a4+v2d2),
(6.5)  S™(a), ay, a3, a,) = K(agh, agrh, agrh, agh).

In (6.4)’ di‘." (Si, n)’ ne= cidi, ui= o, l" ...’ cl"lr,
Vi= 0y 1, ¢+, ¢)-1, and relations (6.5) hold for all h. We then

have for the contribution C due to the particular chain (6.1)

(6.6) c={-mhr) i) »
' FN T T2

4 N

S '.

The first factor{ ) in C is due to the relations (6.3),

]
2L 2% J
and the second factor(-u-é—»ﬁ is due to the relations (6.4).
€1 ¢ ¢ '

Now we have
M(al, 3, a3y a,)= nM(O, 3y 83y 3,).
Put M(O’, .af, b, c)'='- Nabc s0 that .Nabc gives the tpta'l number qf
parameter values (a, b, c) when the first chain is started at O, We

rewrite (6.6) then as

Cz -l 0 Na.ana
: 2
21 2 Cl c2 192<3

thanging the notation to start parameter aj with the second link).
Coming now to the general t-link chain P1P2.--‘Pt consisting of

n identical links of €, cycles each, ny identical links of €y cycles

each, *°-, n, identical links of €. cycles each we will obtain for its

contribution C,

C = n S
(6.7) nl: nzi ces nrs cnl cn2 ces cnr ala2°"at-1
1 2 T
(t= N+ eee ¢ n)
The sum of all these contributions (6.7) due to all possible

(distinct) t-1ink chains X, = P1P2"'Pt is called A, where

~ BT o

T C L o e

i

W

Atk -
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< n Nal"’aéff)
At:: Lo ¢ ' T nr ’
(6.8) nl. (XN ] nr. cl (XN ] cr
an& N, ,,,a(xt) is the value of N, b at 1 corrésponding to a
1 te) .. Y '

particular techain Xt, and the sum 1s over all such Xt
* To obtain the actual coefficient we must sum over all At
values, i.e.

(6.9) A - All+ A2 'é Aa - es e ,‘_ Am

where the highest order chain associated with the term is an

m=1ink chain.

122,22

, 3%
(n = 18). There are no l=-link chains, so Ay = O, and no 3~

To illustrate the formula consider the term a

link chains or higher (since the term's weight is 2(18), m 22),

For the 2=1ink chains we have .

Y | ©
(3,6,3,6,)(9,9) 14 24‘2)
(3,3,6,6)(9,9) 12 _}g_
(3,6,9)(3,6,9) 12 __;?_
(3,9,6)(3,6,9) 13 13
(3,9,6)(3,9,6) 12 _;_?_
so that
= A, = 18{(;745)‘*_ % ‘f'é% . 5y %%: .

For values of m > 4 the calculations in.determining the At

may become very involved. In the following sections we give

some methods to reduce these calculations., The use of a machine

H
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(7.2) P14 Pp = 0,

30

[T . e e

for most of the calculations would still remain a.necpssity however, We

also give later the various operations of such a machine.

-

7. Some Coefficients for general n, In Part I the coefficients of

11 t f the form a™* -found '(py may'be "
a erms o e form a aplapzapaap4were found (Pi may ' be ‘equal ).

These results have been extended to cover the ag'sa essd and

1. Ps

ag'bap "tea, cases (see Summary). We give here the analysis for
1 6

6

one of the ag' cases ag'éa a_ a2 al

. The methods used are general
P1 P2 P3 P4 - .

and will apply to any term of ag'r type though for larger r the number
of possibilities increases very rapidly.

Consider the term

n-6 2.2 &
R A, (Pys Pys P3s P4

The weight condition is

(7.1) Py+ Pof 3+ 2py = O {mod n).

The first step is to classify all possible types of chains obtain-
able from the six subscripts Dys Pps P3s P3s Pgr Py A 3~link chain
is the maximum since a link contains at least 2 elements.
Use (7.1) and decompose it in all possible ways to give 2 sets
or 3 sets of sﬁms each congruent to zero, E;ch such sum is a link.
For example, we may have
P34 P4 2 0
giving the 2-link chains (pys Py)(Pgs P3s Pgs Pgls (Pys Py)
(P3s P4y P3s Pg)e (he;e we are assuming pa4 'pa 3% 0)." We
would indicate both these thains by the notation - Elg}l§34{i where

the subscripts on the p; are used instead of the Py themselves, A

g




bracket expression as {?354} is ‘regarded as an ynordered link.

Another possible decomposition ofi{(7.1) is p) + p3 = 0,

Po + P34+ p4+p4§‘0 or }-157 !'2344]

Note here that [23] {1344]

31

or lﬂ r2333" would be regarded as not distinct from I3 L2344 .

We find there are 11 distinct chain-types of the above nature

obtamable

from (7.1).
Bsed) [12
3ed (1

Hoedii3d =~

(123) [344
133 [243
(12 3433

These are

L(_‘s34§] (121 3 [13@

5@344\!131 , (1241

;;2344) (15, (143

{ﬁzw ("33'1 , 1123
:ﬁaaj 244 , 13 [33 D'B\

e}
i334){

2

‘344]

Of course, in addition, we have the l-chain type tl23344_)

A type in the{} as [3oedj (12

and

234 29,4 0, P+ P= 0

PL+ 235

Oy p +2p,Z0

Consider next, for example, the type ‘534{] {iij .

find all the link-p ;mgtationg associated with it.

the 5!/2!2! = 30 permutations of 1, 2, 3 3 4, 4 (keeping element

1 fixed)s,

123344
123434
123443

124334 -
124343

124433

The number at the side of each permutation indicates. the number"

132344
132434
132443
133244
133424
133442

NNDNDNONN

S b= b b

of links it decomposes .inta,

134234
134243
134324
134342

134423 -
134432

[

><>—-><f-‘-an-ov—a

142343
142433
143234
143243
143324

Of the six 2-link chains, two are distincts

(a) (3’ 3, 4, 4)(1’ 2)

e o e s a2

it

142334 -

[ N S o

, 1133) @4@ means both

We must

Write out all

143342
143423

. 143432

144233
144323 °
144332

3

‘An X indicates no chain is possible,

X
1
X
1
1
X
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(b) (3, 4, 3, 4)(, 2),
and there are 18 distinct l-link chains.,

For case (a) we have

e e+

P3+prd {3 3aip

w

s

with a i Oy P3s 2Py 2P3 + P43' at P]_#:'-Op P3s 2P3s 2p3 + pyy oOF

P3 P4 " Pg Py - Py . S

a4 0; P3s 2P3, 2P3 4 P45 P2» P2 + P3s P27+ 2P3s P2 + 2p3 t+ Pse
(Note -p; = pp)e

since any contrary assumption like p; r 2p3-¢+ p4!§_p3 leads to
P| - P3 ~ P4 S0, a contradiction since 3344, :12' is assumed here as
the only decomposition of our 6 pj. It follows then that N, _ n-8.
For case (b) we also find N, = n-8. The value of A, the 2-1ink chains
contribution is then

A2(n) = n :;(n-S) + }(n-B}%: % n (n.-8)

(The # is due to the cycle in the first link of case (b)).

P

The 18 1-1ink chains contribute
Al(n).: 18n ' ' } J
Hence

A=Alr A 4-_-%n2+.'3n Y

i .ot N v oaa-s I

n=6 2 2
a 3 a a
°© Py Py P3Py

is the coefficient of the term a when the subscripts

o o A =

p; are of type {3344; 127 .,

An example of such a term is a%a a 2222 (n :=10) with A = 180.

01923 )
A similar analysis is carried out for each of the other types.

5
i)
{

8. gJome special metheds.
A study of the example worked out in the previous section will

show that no use was made of the particular numerical values of the
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subscttpte.pivin¢obtaining-51, A2, aqd}ﬁ,which_are polynomials in n. N
It can be shown in fact that this is geoerally true, i.e. the functions
t(") arising from a t-chain w111 be polynomials inn of degree t
with coefficien;s wﬁose values depend only on the chain-tvge and
not on the particular subscript numerical values. The samé must then
be true of A the complete coefficient. For example consider the term
aoala9 gaz rconsidered above, and a4aaa7a§a4 have both the same
chain-type" [3344] \;2] Hencé they must both have the same coeffi-
cient, 180.

N H ' . g.‘,. .
The above facts can be used to advantage in the more difficult

cases of .chains of three or more links. For example, to find A3(n)
n-6

° aplapzapaap4apsap6
of the chain-type |p;py! /,:P:;pg Espé:;(or 12 T34 (6 ).

for the term .a if the p; (all unequal) are

We use a_specific set of p;'s of this type:
(1, n=1)(2, n=2)(4, n-4).

- P -
;O 1 a
X . =
S PR
L

with a * 0,/ 1, n-2, n=l; b‘# 0,1, n-4, n-3; a, a-+ 2, a-4, a-2.

We have

Hence if a = 2, 3, 4, 5, n=3, n~4, h-S,'n-6, b assumes (n-7) values. -
For ‘the remaining (n-12) allowable a~values b takes on (n=-8) values.: ' -
Hence
A3(n) - [(n-lZ)(n-B) +-8(n-:73ng nd - .‘L2n21l~ 40n
A second method is to yse several specifig values of f, evaluate-

At(n) directly for these values and then find the coefficients in ‘the *

general At(n) by the method of undetermined coefficients.

[N

8

For example, to find A4(n) for the term ag' 3. 3p.* " *3p (al11 p1$:)
’ ! Lo ' . Pg T <. .

Py P
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when its chain-type is ,: p?j l‘apa '\'pspé] [b-,pe'] . Assume Ag(n)=

f n? fln 4 f2n2.+.f3n (there can be no constant term in A (n)),
and take n =17, 18, 19, 20, For n = 17 we can use the chain

(1, 16)(2, 15)(4, 13)(8, 9)

3

From .
o 1] a+2]b §+4H§‘c+9
i_i 6l e 15 ] |a 13 s 9 |
%@ have J .
a:{.éo, 1, '15, 16; b;'éo, 1, 13, 145 a, a +2, a=4, a=2;
(8.1)

c:t0,1, 9, 10; 3, a + 2, a-8, a-6; b, b 1 4, b-8, b-4
!

From the form of the 4-chain and (6.8) we see that we can write

Aa(n) nN gbz ( fln 4= fon "fa) where Ngbz is the number of

solutions (a, b, c) of (8.1). (Also the f; are integers...Three

values of n are now sufficient)

The following is a convenient method to evaluate Nggz. (We use n =
17). Construct three ng;gmgjg;_xglgg __plgg; Tab' ac? fbc‘ These
are rectanguiar Tables. In the T, Table list vertically along the -
side all allowable values of parameter a (these are the integers from
O through 16 excluding O, 1, 15, 16 by (8.1)). Along the top of T,
list all 17 integers O through 16. These are the b-values., For
any particularAvalug of a say a, cross out . in the a, row of Tab all
values of b not allowed as given by ‘8:{): If a, = 2 we cross out
0, 1, 13, 14, 2, '4, i;;, etc - . C e
To construct Tac we p;oqeed in a- similar manner except' we dis- o

regard the b-values b, b 4, b -~ 8, b = 4 in obtaining the excluded

- ¢ . - T.
A - R R I




c-values for

a given a-value. So for a
Casa R -'~,"‘ ,‘ B o

o,

N
PR B

o

c1 0,1, 9, 10, 2, 4, 11, 13,

To construct the T

bc
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=~ 2 we would cross out for

Table we disregard the a, a+ 2, a - 4,

a~-2in listing the possible b-values (we would merely exclude

b =0, 1, 13, 14) and disregard the a, a + 2, a = 8, a = 6 in list=

ing possible c-values.

Portions of these

Tables are given below:

Tablo 3 2 3 45 6 7 8 9 10 1112 13 14 15 16=b
2'XXX5X7767.-‘876"6XXX5
i-sxx X X | X X X
as 4|X X X X X X

5(x x X X X X X

Tac |0 1 2 3 4 5 6 7.8 9 10 11 12 13 14 15 16 = ¢
olx x x X X X X

3ix x X X X X X X

a:s 41X X X X X X X

5x x X X X X X X
e o 3 2 3 5 6 7 8 9 10 11 12 13 14 15 16=c
2[x x x X X X X X
alx x x X X X X X
b: 4{X X X X X X

s|x X X X X X

Now corresponding to a‘'given allowable (a, b) péir, say

(2, 3), found in T,p» find in T, the a=2.row and in Ty, the

b= 3 row, The common values of ¢ in these fwo'rdws give all

allowable (2, 3, c) triples. Here they would be (2, 3, 5),
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& (AR
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(2, 3, 6), (2, 3, 8), (2, 3, 14), (2, 3, 15), a total of 5 which can be
recorded conveniently in the (2, 3) cell of Tp (the first row of T,
is shown thus recorded).
Continuing in this way we obtain a total of 841 for the number of
(a, b, c) allowable-values, i.e. Ny ' (17)= 841 =- 173+f1'172-‘42017+f3.
Next we find Nabc(IB), Nabc(19) from which we solve for f,, f,,
f, which then determine A4(n).
The above procedure can be extended to calculate anyjAt(n).
If t = 5 we would need to find Néggd for various values of n and for

each chain which contributes to the Ag(n). (In the above example there

was only one chain so contributing).. Wg;would const;uct Tabless

—b —_— S B
a ! a al
A ] L
8 i a S d .
. v
b %
rese ;,g e - 1
! VS
T d
c
(1) Start with any pair (a, b) from Tab,

(2) Find all (a, b, c) using T,e Tbc, _
(3) For gach (a, b, ¢) find all (a, b, c, d} by Toa? Tha? Teq®

By hand this process would become impractical for large t and n,
However it is clear how a suitable machine can carry out the proce-

dure which is essentially one of counting.

b LY
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9. Ihe u f Ore'! ula. We have seen that the coefficient
A of any term of a circulant permanent is expressible as a sum
(6.9) A:H+5?L-n+%‘
where At is the contribution due to the t-chains. In this section
we show how A can be calculated by evaluating only half of these
A;'s, specifically the set (Al+' Ay + Ag t ***) or the set
(Ay+ Ay + Ag+ ). ‘ |

,Ih1§ will depend‘on the formula given by Ore (Some studies on
cyclic determinaéfs, 0. 6re, DuE;;MéfﬂeméffEa; Journal v. 18, 1951,
pp. 343-354) for the expansion of a circulant determinant. We give

here a description of the use of his formula.

Suppose then we wish to evaluate the coefficient B of a term

(9.1) a"Ta a  eeva
- o ‘P2 Pr

of a circulant determinant (B will always be used to designate such

a coefficient). The subscripts py may take equal values, Put

(9.2) Pz=p,+pyt+ o+ p=0
Now form all parfitions of rz[rrl, Ty e r;]where ry >1, so
g=11 [r]
g=21 [r=-22],[r-3,3],[r-4, 4] oot
9=31 [r-4,2,2],F-5,2,3, -, et
For each such partition divide the sum P into g parts
Pz=P + Pyt cer + Pg,
where

PI: P, + p2+‘ A pxl = length X)s

- +  eee -
Py = le+l px1 +xy T length X5y

.
theeoe

length Xgs

= A e g ey - N
*




i
|
t
Y
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and each Py = 0 (mod n). In forming the P; consider all the p's as

formally different, and P is to be thus partitioned as 2?1 in all
possible ways.

If now the term (9.1) be written in the equivalent form

m -1 o '.‘.|.' ‘e '.“'2' .-.V:‘.'
qnel”

an"r aTl 322 s0 e

0
then

(9.3) B =

1 r-g;”
(=1)7 ¥ (x)=1) 2xp=1) s e o(x,=1) ",
mydmol **t my 3t Z 2 9

where the sum covers all partitions of P as above“described.

An example will make the procedure clears To find B of the

term Baga%agag (n=12).
Here py = pp =2, p3= P4g= 6, P5g= Pg= P7= Pg =4, r =8
We then have
Qzl'[e_]'(P]_"- P + P3+ Py + Pg + Pg+ p7+'P8)’ x; = 8
9221 [6, 2] ¢ (py+ Py + Py + Pg+ Pyt Pg) T (pgtp,)y % = g,
X =

Oy

E‘). 3]: (p3+ pP4g+ Pe+'P7+ Pg) + (pL+ P2+ P5lsx) = S
: X -

2
. for all

(Ps;f‘ Pq + Ps:f P7 ¢ Pg) ‘f (Plf"l"é“f' P6)‘E'51'3]"

(P34 P4 + P5 + Pg + Pg) + (P14 Py 4 P7)
(P3 + P4+ Ps + P+ P7) + (Py + P2 + Pg)
(py + Py + P3+ Py +Pg) + (pg+ Pg + Py)
(P + P2+ P3 + Pg + 1) + (P54 Pg + Pg)
(py+ P2+ P3+ P4 + Pg) + (Ps+ P7 + Pg)

(Py +.P2 + P3 + Pg'+ Pg) + (P6.+ P7 + Pg)

*
- gl 0
AR
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[4, 4]:! (py + P3 Pg ~Pg) * (py - Pg- P7 -+ Pghx=4, x2.::4

(b, + Py + Pg+ P7) - (Py+ Py + Pg+ Pg) for SEECH 4]

(Py+ P3.i P54 Pg) 7 P+ Py + Pg+ Pp)

(py + P34+ Pg +P7) + (Py P, + Pg + Pg)

(py + p3 + P + Pg) + (P2 + Pa + P5 + P7)

(Py+ Py + P7 +Pg) + (Py Py + Py +-.p6)

(Pl 4+ Pg + Ps +Pg) (P2+ P3 + P7 +vlpg)

(P, + Py + Py +P;) = (P, + Py + Py + Pg)

(Py -+ P4 4 Pg +Pg) + (Py + Py + Pg + Pq)

(Py + P4 + Pg 1-P7) ~ (Py+ Pyt Pg + Pg)

(Py +Pg +Pg +-Pg) + (Py+ P3 + P + Pp)

(py + Py +-P7 +Pg) + (Py+ P34+ Pg + Pg)

g =32 [3’3’2.;’ -(Pl + Pp + Ps)f' (P6 + P7 + Pa)'\t (p3 + P4) X = 3
(py + pp+ pg)t (Ps+ P7 + Pg) + (p3 + Pg) x3-2.
(py + Py + P7) +{pg+ Pg + Pg) +(P3 4+ Py)

(py + Py + pPg) t (Pg + Pg + P7)+ (p3 + Py)

B = __;__ {(_1) 8-l70)(12) + (-1)8‘2[1151 + 8(241)+ 12(3;‘3!)j‘ 12

¥ (-1)8’3(1:2:2:)(12)?}L

A second example involving a general value of n: Find B of the

n=6
term Bao aplap2ap3qp4ap5ap6

ditions

(py's # ) where the p; satisfy the con-

(9.4)  py+ Py P3+ Py = Py + Pg = Oy Py+ P+ Py PpaPy4Pg = O

We haves

g =1s (Py + Py + P3 +Pg+ Pg + Pgly X = 6

2




H
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9 = 2 (pr+ pp) +(P3g+ Pa+Ps+Pely X= 2 =4
(p3 + P4) +(Py + P2 - P5 + Pg)
(ps+ Pe) + (Py + P2 + P3 + Pg)
(py + P3+ Ps) + (P2 + P4 +Pg)
g = 3 (P + P2) + (P53 +P4) + (Ps+Pgls X = %) =x3 =2
Hence

B = (-1)8 51 n + (10872 3(6) + 2(2) [n? + (1033

B = -120n + 22n° - n3

There is a certain similarity between Ore's formula for determinant
coefficients and (6.9) the formula for permanent coefficients, the par-
titioning in the determinant case being related to the links of the
permanent case. It should be noted that Ore's formula for B is rela-
tively simple to evaluate, hut even this would become impractical
for larger values of n and most terms.
E i

If a circulant permanent be expressed as ‘aij‘ then any one of

is an even (odd) permutatbn term if

' [N N ]
its n! terms alia2ja3k 3m

ijk *°* m is an even (odd) permutation of 123 *** n, And a like state-
ment is of course true for a circulant determinant !aijs .

We can thus write

+ 1

(9.5) |aij) =P-N, }aij‘ =P+ N
where P, N represent respectively all even and odd permutation terms.

The coefficient B of any particular term T in the determinant can
be represented by

B*C=-D

where C, D represent the respective contributions from the even and
odd permutations giving T. Now the corresponding term T in the

permanent must have the coefficient
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A=C+D N
It has been previously seeﬁ that any one of the ni terms in
the permanent expansion is akoékl"‘ akn-l in thg prodpcﬁ
(akoakl"‘ akn_l)(xioxil... xin-l{
Also if i1, *°* i _, is an even (odd) permutation of O, 1, ***, n-1

then the associated a, *** ap is an even (odd) permutation term
0 n=l-

1

of the expansion.

But if ijiy *** i, in cycle form be-represented by
(:lcl2c2 oo nc“] s (i.e. ¢; cycles of length j), then (Lederman,
Introduction to the Theory of.Finite Groups )

i,i) =+= 1 _, = even permutation if n - rliseven,
igi) *** i ;= odd permutation if n - r isodd,

where r = ¢) 4 Cp ¥ *** + c,
Furthermore it has been shown .in section 2 that the cycle repre-
sentation of the i-permutation is inl - 1 correspondence with the

link permutation of the term akoak soe akn-l (c2 links. of length 2,

1
c3 of length 3, °***, and c) = exponent of ag). Hence cy+ cy+°***¥cy

equals the numbher of links in the link-permutation,

_ It follows that the odd-subscript A's, A;, A, Ag,”** contribute
entirely

/to either the even or odd permutatl on part of A, and A2, A4, A6’ soe

"entirely to the opposite type of permutation, i.e.

+ A tees ) =C+D,

(9.6) - A=(A1+‘ Ay + A5+---)+(A2+ Ay

6

and
S1E Aj A+ Ay + =G,

Spm Ay+ By + AgF ' = D,

Fry . e et Ee e

¥
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or s, =D, S,= C,

If now T = Aag-maTl *** {s a term of the permanent, then r = (n-m)3

(c2-+ cgt *** + ¢)y n-r=m- (cz-p Cy # *** + c,) . Hence, if

n
m is even, S,= C, 5, =D, if

C.’

il

mis odd, S,= D, S -

If‘Bag'maTl *<* is the corresponding term in the determinant, then

we can write

o
3
Q
[}
[w/

= (‘l)m (32 = sl)y

Or
(9.7) A =251 (-1)”3:}
(9.8) A= 28, - (-1)". !

This means that to determine the permanent coefficient A it is

sufficient to find the determinant coefficient B and either Sl or 52.

e

Example. Find A in A0 2 e R (pi ;é), where the chain-
°© P P2 Pe

Rt ud

type of the term is

-

- - a7 - ,---' - ) )
{Z.Plpzj[?sp4}hpqujy [Plpaps(fpzpapsf}'
3 Direct calculation gives v

(9.9) Ay = 14n, A2::10n2 - 68n, A3.= n3 - l2n24- 38n,,

' Az A +Ay b Ay =n° - 2n% = lén.
’?q The' evaluation of B was performed above as a previous example with
; B= -nd + 22n? - 120n. We need now to calculate only 82== Ay = lOn2 - 68n
X to find A = 25, = (-1)°8 = 2(10n2 - 68n) = (-n3 + 22n2 - 120n)
' A=n® - 2n% - 16n | | '
) t, as before.
v

~
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As a check we have Sivi‘Ai + Ag = n3 = 12n%+ 52n, and

A =25 + (-1)%B.

The direct calculation in (9.9) of A1 and A3 is much longer and
more difficult than that of Are By this method here explained we can
avoid these difficulties by deriving only Ay, a fairly easy problem.

- Further use of this method will be found in the following sec-
tions where it is applied to more complicated types of terms from

the link-viewpoint.

10, l=chain and 2-chaip terms. General formulas.

The general formula for any l=-chain term his been obtained in
section 5 (formula (5.12)). It is derived here again in a simple
manner by use of (9.7). If the general l-chain term be called

n-m_m
a a 1

oo mh 3 -
o p . aPh’ so that its ch§1nlﬁype is'

"ml mp N ]
Lpl p2 00 ph
then by (9.3)

(10.1) B —"‘15;%"‘ (- 1)™Hm-1)t n
and by (9.7)
(10.2) A=A =158,= -(-1)"8 - n(m=1)?

my Mol see myl
which is the same as given by (5.12). - ;o

19a a.3.a,a%a (n = 26) in which

An example of such a term is a 192°%3%4%5%

A = (26)(360).
Consider next the 2-chain type terms. The simplest case of

this type is

Go.0) - [t oo [ahiaeres ] = (1

+

-

associated with the temm a Mo, 1 see amga 1 saegmh ’

0P Pg 91 1N

Yy
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in which no py subscript equals a qj subscript.

Since now A ='A1—+ A, it is sufficient tzoiii::igte either A, or A,.
A convenient way to obtain A, is based on the/familiar Lemma (Uspensky
and Heaslet, Elementary Number Theory, McGraw Hill, N,Y., 1939, p. 105).

Suppose we have a collection of objects which may or may not possess
one or more of the characteristics Cl’ Cos "'; C,s» to find how many
of the objects do not possess any of the characteristics C;, Cp, **°, C, %
Let N be the total number of objects in the collection, Nl(Ci) the num-
ber of objects possessing a given character Cy , N2(Ci, Cj) the number of
objects possessing two given characters Ci» Cj, etc, Lemma. The“numbgr

of objects not possessirg any of the characters Cy, Cy, °***, C, is

Y Ay
(10.4) . N = 2 Ny (C)+ 2 Np (Cjy C5) =% Ng(Cyy G, C) + o0
i i3 {3k

n
1 ("1) Nn(cls C29 % Cn)

where the summations are exterded over all combinations of the ‘subscripts

1, 2, ***, n in groups of onc, two, three, °°°,

For our present case (10.3) let C1 represent any permutation of the .
LI::;S m; elements pTI, pgz, oo, pgg comprising the first link
(called the P-link), and C, represent any permutation of the second

2 2nY .

link elements, called the Q-link. Then by the Lemma

(10.5) N (EC,) 2N = (N (G)) + Ny(Cp) ) 4 N,y(Cy, Cp)

will equal the total number of 1-1link permutations. We find

- ' _o Ly (Ip+1)8 '
T M T T

(10.6) R L 7 7Y
N(Cy)z =t —mppem s M(Cy; C) =2 Trp'%q

where

s e

.~




g
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(10.7)

'n'p = mllm2! vee ., “TQ ..nl.nz' e nh!
Hence
(10.8) Ny (T7C5) = —T%P—-T—ra BL—I)!f’LII Ly]

Next, to find Al’ relabel the p and g subscripts as X1y X0
seey Xg + h? .and let f; be the exponent of x; in the term. Also,
let X; be the number of 1-link permutations beginning with X3+ Then

T2X+ X%+ 0 + X,

i A
and from (5.10) we see that A} = n é{i. Hence X = FL f;, so that
[ 51

T-= 2_1_2 fi = LAl/n. Using this in (10.8) gives finally

(10.9) A=l T [(L-1)t -1y21p1]

The cceffirient B of (9.3) is easily found to be

L-l, _,
TrP TTa {( % (L-t)in .l
¥ (-1t (L.l-l)o(Lz-l)!n%) ,

whence from (10.9) and (9.7), (Sl = Al)’ the coefficient A is given by

- e -1 )¢ REY RETH 73\
(10.10) | A = —= ELI 1)4(Ly 1)n+ (L-1)! 2L1.L2?J

We state this as

Theorem 10,1, The coefficient A of the term ag’°agi coe agga"] sseaNh
- 9

of chain-type (10.3) in which- n'o:‘:."pi‘ 'i-‘_';“qi is given by (10.10) (and

(10.7)).
13,2 2
Examples of such terms would be aj 313334373175 (n = 20), with
type [1%47°][3 17) and aézagagauafzafs, (n 320), with type (124223 17
It is of interest to calculate A2 directly for the term of
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Theorem 10.1. First we have from (9.,7) that A2 :'Al-+ (-I)LB or

(10.11 _onlhy - 1)f (o= M8 pp),
) A TTP"T]'Q (n 1 2)

Now let T(c,, c,) be the number of distinct 2-1ink chains each begin-

ning (py, *** ){(qy, **°) and containing cj, cp cycles respectively in

each link, Let ncl(n'cz) be the number of times pl(ql) occurs in a cy-
cle. Then ' _
| (cl)(ncl) = m) = number of p;'s in the chain

gcz)(n'c2);rn_: number of q,'s in the chain.
It can further be shown that Nal(X2) (see (6.8)) is given by
(10.12) Nal(XQ) =n - Ll

Hence by (6.8) we have

n n(n-LyLp)
A, = ——n T(c c )(n - L ): e i n- n' T(c co)
2 Z.’clc2 1s €2 12 mrny Z: c,M'e,TicLy 2

But this last summation is precisely the total number of 2-link chains
beginning (py, *-*)(qy, ***) (they will not all be distinct necessarily),

and this number is

(L. -1 ): (L, - 1):

_ (=L Ly (L)1)} (Lp-1)!

- n{n=LiLo )(L;-R)$(Lo-1)}
mn, T I =
1_'1 (?IE—Q- "‘1“1) e Tiq

agreeing with (10.11).

Hence

We come now to the 2-link chain-type terms with a common element

(subscript) in the two links. Such a term is denoted by

Mg Uj4vy m mg ny " np

(10.13) o ap

R e

_,1\4‘\;&




with the chain-type

uy m m vy n Y _[uldfv
(10.14) [r 1ot -~--'p99] [r Lot e qhh]: l_r 1p] {_-r 1Q].

(First assume P and Q not both vacuous, i.e. assume at least one

mi > 0 or one ny> o. We indicate this condition by (P_or Q not
both 0).

It can be shown that now

1'.1": u; + Z_'.mi ‘
! L2: V1+ Z:ni

(10.15) Nal(xz) =n =~ (Lly - Ul‘\!‘/’S)

and by aﬁ argument similar to tﬁat uséd above we find

(10.16) A= Uth@nTrp o (Ll-}‘_)‘:(Lz-;)!_ {n-(Lng-uld'z)] .

The value of coefficient B turns out as

_ ) I\ RV AN
. B= (ul + Vl)! TTPTTQ ( Ul >(L1'l)~(Lq_'l)-h'(L-l). ’

(L= L1+L2).

from which and (10.16) we easily find

) (Ll-l)!(Lé-l)! 2 4+ | [g.;_l_ L Ll
(10.17) Af,ulig: o Tﬁ.%ﬁ (u1+l;§7§ g
(Ly-1)8(Lp-1)1]

gy "

- Theorem 10.2 The coefficient A of the term (10.13) of chain-type

(10.14), (P,.Q not both @ and no pj = qj) is given by (10.17)..

In (10.17), Ly= w4+ Zmyy Lp= vy + 30y, L = L1+ Lo,

The value of A can also be obtained directly by means of

the Lemma and then A found from it, but the method here used is

47
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simpler,
. 2.4 -
i Example of this type s a_ a3a,aga;agisgs (n = 30), with type
(3% 5 7 € [32 24). » = (30)(1800).

In case P= Q = O the term must be of the form agoéfﬁl, with the

chain type Lru],] [rully (so ry = 0). In this case Nal = n =uj,

A= 0, Ap = (-l)LB, and there results

(10.18) A= -72~z (n-ul)
2. u;

This type term is also considered in a later section, The term

aésaéo, (n=25), illustrates this type, A = 10.

11. 2-¢hain terms, continued. In this section we give a formula
for the coefficient A of the most general chain-type [U] [V]

where U and V can involve any number of common elements (case of one
commom element given by (10.17)). The situation with two common
elements is described first, and then the general case is given.

Since a long and involved analysis is required only an outline
of the various steps involved will be set down.

Consider then a term with the chain type
(11.1) [U] [\q = [_r”l su2pf{ll veo p';\g] [rvl sv2q'f1 ves qgh]

- [r“15“2 8 [r'15Y2q)

where again no p; = g+ Assume first the links are not identical,
(i.e. exclude the case P =Q = 0, uj = V], Uy =V2).

The detemmination of Nal for any particular link-permutations is
now more difficult since Nal will in general vary from one such

permutation to another.(Note that in (10.12) and (10.15), N, is

a
independent of the link-permutation X, = P;P,).

T

B e e

r—
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Let Y1Y2°°" Yu be any permutation of elements r and s selected
from U and 2z, *°* 2z, be such a permutation selected from V., Then
if _

(112) vy 20 VYo F Zi2p0cee s V)Yp oor Vo1 F 2122000 )
but

(11.3)  yyvp **" vy = 2129 °*° 7y

the relation (11,3) is called an jdentity-sequence, of lenath u.
For example (ssrsrrrsssrr, rrsrsssrrrss) is not an identity
sequence since ssrsrr = rrsrss although s # T, ss* rr, ssr# rrs,
ssrs % ITST, SSIST  ITSTS.

However, (ssrsrssrrsrr; r;srsrrssrss) is an identiy-sequence of
length 12, The inequality y)y; oo \&#2122 *** z,, means the
number of r's in the two permutations y;*** yy and z;°*** z, is
diffepent (and of course for s's also). The equality (11.3) meang
both permutations have the same number of r's and s's.

Now it can be shown that the v&lue of Nal for any particular

link-permutation obtainable from (11.1) is given by

(11.4) Na, = n=(LiLy = I ty)
where t; is the total number of identity-sequences of length i,
the first half of the sequence contained in the first link, and
the second half in the second link, .and 1_:he 1%nk elements are
considered cyclically in this count,

Thus in the link-perr;iﬁ{atioh

(sy ry 1y vy 5, 1, Py, 2N, 7, 7, s, qll,'_s_)'
we find t; = (2)(1) + (5)(3)= 17,

to= 3, t3 21, t,= 1

For t, we count the (rs,sr) composed of the underlined elements

Lt
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considered cyclically.
Hence N, = n - [(8)6) = (17 +34 1+ 1)] = n"= 26,
It is next shown that A, is expressible as
(11.8) " Ay 3 =T
U1va
where T = To'+ T1-+ Tz-r ***y and the T; are obtained as followss
Let I(i), 1,) be. the number of different types of identity-
sequences of a given length x = Al~+ 1y where 1), i, are the

respective number of r's and s's in each half of a sequence.:

Thus,
I (1' 0) = I(O, 1) =1 ((rn r), (5, s))
I (1, 1) ='2, ('(IS. 5’)'. (S!', rS))
I1(2,1)=.2, ((rrs, srr), (srr, rrs)), etc.
It is shown that o , -
. S O DY IS W PR Y 11+‘12-2>
(11.6 (1, ir) = I(i,, i) = 2 =g - - ’
) it i2) 20 41) i, i )(11 1 )
(1) + 1,2 2, 1,1, 0)..
Then T, is given by
(11.7) Tx_ ‘u1v2 Z:: I (4, 12i My 4 o, (xZ1)
. . il+ 12»)( N e ERTE
where
(11.8) " (L = (434 15))8(1p - (4; + 12))
] hWh= Ty (y - il) (u2 - 12) G - 40, - 5t
(a1l 1), i),
(n = L)L - 138(L, = 1) ,
(11.9) Ty = S 200 )IQ ..)

PSRN S
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Finally by (11. 5), (11.7), and T = Z'.Tx, we have

Tt (L -1)iL; - 1)'
(11.10)  Ap= it e 2 1%;,Icl(il, i2) M iy
oz

© where TT=zuj! uyt vii vp!TTp i 1(0, 0)= -1, I(0, 1) = I(1, 0)=1.

The summation in A, proceeds: (1(0, 0) MOO) +

(100, 1)Mg + I(1, OMy o)+ (I(1, 1)Myy) + (I(2, 1My, + I(1, 2)M),)
+ +e¢ till a zero term is reached.l

T, represents the number of all x-length identity-sequences
obtainable from all link-permutatlons starting (r, ---)(s, see),
(x70)

The expression ulsziliz represents the number of times each
identity-sequence of given length x = L+ i, (each half containing
ijr's, ips's)appears in _gl_),_ link-bermu:tations starting (r, ***)(s, **°).

Finally the coefficient B is found as

- 1 RS 20
(11.11) B= (“1*"1)3(“2”2)‘ TTp’lTQ [( 1)" “(L-1)!n

- fuievy) fupev
+(-1)~I.‘ 2 (1u1 1) (2: 2)(L1_1) (Lp-1)? n]

The value of coefficient is given in the Theorem below.
Theorem 11.1. The coefficient A of the term
amoagl.f V1a:2 +V25M ... afgall ... 5th

o P Pg a1
of chain-type (11.1), (with pj 2 qj and excluding the case P = Q = 0,

U] = V)], Uy =Vp) is given by
(L - 1)i(Ly - 1)} 2
ul .U2.V1 oV2 -rrp -TTQ

(11.12) ( \s
+ ) L-1)! .
(U1+V1) r2+V2) Te T(Q il+ 1,70 (i, 12)M1'112 n

e et o it NN

ey
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where I(i), i) is defined by (11.6) with I(0, 0)= -1, I(1,0) = I(0, 1)

= 1 and My 4, by (11.8), (L) =u + u2+2m1,‘ L=vi+ vy + 2.0,
L=1,+1Ly).

The exceptional case P= Q= 0, uy = v, up = vy gives the chain-type
Lrulsu2] [:rulsu2]. It can be shown now that Ay = O (no l-link permu-

tation possible). Hence we find easily

2 .
Ui+ U 2u, + 2u
(1113) | A=ay = =—2— [ 1 2) n2 0 —2— 12 2\
2(u,+u,) uy 2(u; + uy) u

Illuétrations of these types are

13.3.3 :
ag aa33¢3ga)s (n = 22), with chain-type (3%2 6 3 2215] , and

. . "2, A 1.2,3
ag4a(l’oa?5 (n = 24), with chain-type \_3 2%1_3 2 ].

We come now to the general 2-chain type temm having any number

of common elements in each link. Such a term is represented by the -
chain-type

U1pU2,,, fUm g [pV1rY2 ... pVm
(11.14) [rl 5 r- lj[rl 4 T % .

where P, Q have the same meanings as in (11.1),

An expression is first found for A, analogous to (11.10) where
m = 2, The functions corresponding to I(il, 12) will be given in
terms of a difference equation (recurrent formula),

First define a function J, (i}, 15, ***, ig; jl,v veey Jp)e Let
(y1vp »e- Yxs 2122 o+ z,) be a pair of permutation§ cb‘ns‘i’§tih'g'reé-
pectively of § r)'s, 5 rp's, ¢¢, i 's and § rl-'s‘,‘ Weuy j';ﬁ}’fm's,.\w;.fzh
Zi = 2.3 = x. The function Jldys eoey ips jl; --'-, jm') equals

the number of pairs of such permutations with the property

(11.19) w1 215 viv2 3 21220 V1V2¥3 F 212023y S 4%y Yii e fe rrr,

Y1 peo oYy F 2122 o0 Zxe

e e S IR P

T A

. = W PR
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Example:r (r)r rir,, rzrlrlarz),(x =4, m=3, i1 = 2, i, = i3= 13
J1=33=1, Jp=2)
Then a simple analysis shows that

m
(11016) Jx+l(1l' 12’ LN imi jl' vee, jm): Z Jx(il’ see,
d‘,ﬂzl

be1r 331 gy 0 7 dni 10ttt S g -l jpgl. j,8+1’ **tyim)

with the conditions 21 = 2 j = x+ 1. Also
JX-O-l(il' ey dgs by, eeey ip) =0

Now define a function I, (ij, igy **<, ip; T, s rﬂ), (A #ﬁ )s
by the conditions

I s 1(13s doy =oey dips 1y, rg J=the number of pairs of permutations

(Y!VQ eoe YuTg 9 2120 zxré) such that

Yl#" 21y Y1Y2?€zlz2' LIRS TR Vx#"zl'"zx' Y1 YxTa T 21723 TE
where 1 AR 2% 7Y and z; s°- z"f&’ both consist of iyry "5,12_r2's,

i Tp'sy (21 = x4 1),

Example: (r1r3r3r2ﬂ, r2r1r3r12) as one pair for Is(2, 1, 2; r),r3).

Note that I, , | is a generalization of I(1,, 1,) of the case
m= 2,

It will then follow that
(11.17) Ix+ l(il’ *evy ipi Tovo rﬁ) = Jx(il, ety iA'l’ i;l,
Ly prr o0 dgs ppeeenig gp dnl, By esy 1), (Zd =2 x + 1),
3+1 1 Fg 1 ] patl m

Next put
(L = T 1)Ly =Z4)¢

(11.18)  M{iy, ip, =, 1m)=“pTrQ(ur11 )1 (upmi) vy =1y ) oo Vn fad

Then

e e i - Ly

-
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54 (Ly-1)¢(Lp-1)!
(11.19) Ay = - .n,( 2 n

+[21(11, ipy °% im;ra\, rﬁ)M(ilp 12y °°°y i’m)} n
Where I(o' 00.’ O): -1' I(o. s, o' l’ O’ ‘ooo' O) - l‘, (no..ré." rﬁ

present), and the summation covere all possihle values of 1),

12’

i, and & ,'5 with & %ﬂ . Note the index x + 1 on the I function

1s here unnecessary due to the summation.

In 3ddition
A § K

'ﬂ':—. ull oo um! vl! 20 Voo WPTTQ, Ly =Zui+Zmi, L= Zvi.f. Z"i'

L= Ll + L2.
The coefficient B is found without difficulty and finally

coefficient A is obtained as

the

R Y
(11.?0) Az — T'__.z n2+[ . (L-1)}

""_'&-22?(11,129""1111;1‘& 'rﬂ)M(il’... ’ im)'n

(ug4vp)d oo (um+vm) e Mg

The exceptional case u, = vy, P=Q=0with chain-type

l—_;"l’l cen r;m] [r‘il " r:m] gives the value for A as

"A‘__ 5[“ -1)} ]2 2+ l (oL - 1)

Luy e U (2u))! eee (2u)0

(11.21)

*21(119 igy eoey ips ra rﬁ M(iy, *o*y im)

ik

Uy L1, yips T ? rﬁ)M(ip'"ni-

(L= Zu).

)jm

where the subscript k in the second summation term can have any of. the

values 1, 2, ***, m but must of course be kept fixed throughout the

eh

‘w‘ "oy ’.ilo:‘n..;:..:" .; MY er . - . ’ .

To convert (11.21) to a symmetric form the factor 1k/uk ir the

!_ﬂlﬁ"ﬁg« -

e e




second summation can be replaced by (i; + ces ¥ im)/L, though the

given form is easier to use,
Several identities connecting the I functions together with
a large number of its numerical values are given in the Summary

where also are included some worked out formulas for A,

12, 2-chajn terms (congluded). In this section some formulas are

given for coefficients of terms whose chain-types involve two or

55

more pairs of 2-chains., The simplest such case is represented by

the chain-type

(12.1) {[6152] [G3G4_] , [G1G3] [GQG4D

where
m m n n u u
(12.2) Gl = pll cee pgg’ 62 = qll eee qhh, G3= rll cee rii’
Vl VJ'
G4 - Sl coe Sj
and there are no common elements between anv two G's.

The value of coefficient A is

A== (L)) HImD)t + Ony-1)2(pr1) ] o2
(12.3) _
+ —%T_—E |10t -2nyt 1yt -2y iyt
+ 491! 95! g3t 941] n
in which

gu=m + o +mg, gp=nd eee + npy

Gy= Uy + °°¢ +uy, g4=vl+ see 4+ vj,

«

(12.4) L,

e

9) + 923 Lo= g3+ 945 M) =9) + 935 My = 95+ 9y,

3

(m:l!". mgl)(n]_!"‘ nh!)(ull'" ui!‘)‘(vl!"' Vj!)

¢ ‘
An illustration is 373)35343 3230, (n = 12)

b
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Here the type is {[1 2‘45‘][9 3], [1 29] [4531}4, G

Gy =45,G3=09, G4 = 3,

g1 =92 =2, Q93 g4 =1, Ly =4, =2, My =3, Mp= 3, L =6, and
A=z (12°)(88).

The next type is one with three pairs of 2-chains
(12.5) @16263] (G4Ss] » @1G3G‘;1EZG.:£( , @2636,;1@165]}
The first four G's given by (12.2) and Gg by
G = PR e K
Again we assume po common elements between any two of the G's.

The formula for A turns out to be

(12,6) | A= _'IEI'-E {K_Ll-l) (L2-1)' + (Mp-1)!(Ng-1)!
£ (N1 N 1)) 2

+ .[(L"l)! "_2~(L1:'L2: + ML:M2! +N1!N2!)+ QE] n »}

in which . R - :
91 + 93\ ['92+ 93\ [93+ 94
E = 9,19,05%9,%950 |{° +( +
9)92:93+94+95 < 9 ) 9, 93 ’
(12.7) g5 = wy + *** + wey Ly = 9) + 92+ 935 L = 94+ 955 M =9y 493+ 94»

May= 94495 Ny = 92 +93 +94p N2 = 9] +95 L= L1t Lo,
and‘TTG is defined as in (12.4) with the additional factors
(wl: see wk:).

. -
Example: 3 %a,a,35303),3) 43,59 (n= 20), type

ﬁ_189?][1415 nj , 821419 puj, [_2‘14 15][1811]}

Gy= 18,Gyy= 9, G3= 2, Gy = 14 15, Gg = 11,
When common elements are present in the various links the calcula-

tions are more difficult, Ve give the simplest such type onlys

e = i e - . ¢ Y e e e i o = e =

a seesbmna S

[ > W O
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Wy + W, Wa 4 W "Wy W Wod W
1w 3+ Wy 1+ "3 24 ¥g

(12.8){[r GlG?][r 63G4] ’if GIG;}% 62G4]}

with the G's as in (12.2) and possessing no common element
between themselves.

The value of A is

o L "(Ly-1) ¢ (Ly-1) (Mp-1)2(Mp-1) ¢ R - T
- TTe Wl + sz!(w3 + W4): (Wl + ng:(WQ-F W4)£
) [.(_IT’.L 2 (leng)( - (MlSle —
: wy+ wo ) i(wg 4wy )l wy 4 w3) {{wo+wy)l
(Ll-l) (L-1)! 2“\"‘1-1)3(“2-1)1
(wl+w2-l) (w3+w4-1) (TVI+W3'1):(W2+ W4"1)1
S '
+4 /,._r'E(x)‘ n
- Xz 0
and -
X+ 91\ /x twa-w + g4 x=14+ g1\x=1+ wy-wy +g
E(x):gllgzlgalg4! - .
g 94 9 : 94
(12.10)
" x-2+gl)(x-2+w4-wl +94 K«}'wrx +9§Cl+w3 x+-g3 )
9
(2.q1) LT MHv2#91F9 2= Mok uataaros, M= Wi +014%»

My = WodkWs 495494y L= Ly + Loy, Wemwibwyewat+wy,

Also the notation is chosen so that w; f_?‘%.
Examples a(l)anaQama6 (n =20), with type @32 15][141'6],‘5.22 1@.@.515]}.
Herew Wl_-_' 2, W2 ‘»l, w3.—0, W4’4; Gl = 2, G2$ 15, G3:l6, G4 = Q,

13, 3-lipk and 4-link chain terms.
The simplest 3-1ink chain type without common elements between

links is represented by K

(13.1) (o1] (2] [l
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still using the notation of (12.2) for the elements of the links, It

is instructive to calculate A in two ways: first by finding A} and A

giving §; = A} + A3, and second by finding Ay, = Sy,

To find Al we use the Lemma.

Let Gy = any permutation of elements of link (Gy),

Gyj=any permutation of theelements of the combined links

(Gi)~’ (Gj )’

Ly 295y 9y =m + "°+mg, gp =Ny + **° tnp, 937 ¥ "'*'ui,

Then

(13.2)

(13.3)
where

(13.4)

N1 (G3) = Tio, s,

nij:

Lys(L-L; +1)2

W

myemye **° mg!, etc.,

L

L+ 1, +1ig

(Lk‘ﬁ’ 1):1’11'

Nl(Gij):'--*Tjigz"l s (i, j, k= 1, 2, 3 in any order),

1

(Ly 4+ Li)t = (Lsy 4 Ly)Ls il
TrGiTrGj[i ’ ' JlJ]

gives the tota} number of l-link-permutations made up from the ele-

ments of links (G;) and (Gj) combined, i.e. njj is the subset of all

the permutations Gij which are l-chains (first element not kept fixed

in this count to give “ij)'

Further,

(13.5)

(13.6)

(13.7)

Ly fLs (L +2)! —
Ny(Gy, G5) = L ;]ﬁ_er ’ (TrG = llg “GQTIEﬁ,

2!'L. !n
[ io k
N2(Gi, Gjk) = e L
TGy
3L, 1Ly tL,!
N3(Gy, Gpy Gg) = “"%r‘é'""

"

T

1

e e - o o <
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Hence the total number of l-link chains (not keeping first

element fixed) is

(13.8) nyjp3= N - ZE\Il(Gi) + Nl(cijﬂ+ Z[Nz(ei, Gy) + Np(Gy, ij]
- N3(Gla G2’~G3))

or

—L
(13.9)  nypq° #E [(L-l):—f- (L+1)LiLylly - ;:Ze (%i)l

It follows then that

(13.10) A = -E (n123)

Next Az is found. Let

(13.11) (pl',pz", ey, pil)(Q£’ "')q]z? )(rl'v "% r]_;)

be any particular 3-link chain, and put
si=py+ P+ o +pl t{ = +af+ v+l
(13.12)
ui = rgkri +** +r{ , (pé: sy = T =20).
(see, e.g., (3.3)).
The parameter-values a, b must satisfy
(13.13) a:,"Es{ - tl’< , b~$53 - ui' , b$ a+t (tl: - u"'1 ), (a1l i,3,kym).
There are (n-L,L,) allowable a-values and a mpinipum of n=(L,L3+Loly)
allowable b-values }o gach a-value. For a N
given a~-value the excluded b's may not all be distinct., There will be

duplicate b's whenever

(13.14) a4 (tg - up) =.(s§ -.u}) .

In (13,14) if i = m there results a= sj - ty contradicting
(13.13). If i:Fm we write

(13.15) aa—:(sj' - uj)+ (u[;l‘- te)e

This latter equation alwgys has a solution’ for parameter=-value

a for all values of i, i, k, m, (1=,= m). Because if not we would have
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(13.16) (sj -iud)t Cup - tf)= sy - t} (for some e, f)
or

(13.17) (s = sg) + (t] - tp) + (up - u}) =0,

which contradicts the assumption of chain-type (13.1)

The number of duplicate b-values will therefore equal the number §
of a=solutions to (13.14), (i #=m). The number of choices for (53 - ui)
is Lilzand then for (tf = utl) the number is Lo(L3-1), or a total of
LyLoLz(L3-1).

The value of N, is then

(13.18) Nap = (n=LjLp)(n=(LjL3+ LoL3))+L,L,La(Ls-1),

and this value remains the same for any 3-chain (13.11). The value

P

of A3 must thus be

(13.19) Az = —l‘Tr—G (L)-1)3(Lo-1)(Lg=1)! Ny

(See the discussion following (10.11)). ‘
The value of A is then determined after finding coefficient B. F
(A is given in the Summary).

Next, to find Ap. To form a 2-link chain two of the three links

(Gl), (Gz), (GS) must be combined to form a single link. The number of

1-1ink chains thus obtainable from links (Gi)’ (Gj) is nyj of (13.4).

Denote the corresponding 2-link chain by (GiGj)(Gk)‘ The value of N,

for this 2-chain is n-Lk(Li-+-Lj), so that

- (Ly=1)s
(13.20) A, = r£ LlnfTJ\} lfrer [n-r.k(Li+ ij,

. |
8
3
?
g

(13.21) A2=-ﬁé’ t# Z(Lk-l): {(Li+ Lj-l):-Li:Lj—E] . g

-n [2 Ls (Ly +Lj5)i -2L(L12L2:L3:)]} i‘
In the summations k= 1, 2, 3 with respective values of ij =2 3, 3 1,

12,

g e - - . e e s = —em - - - C e
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The coefficients for the chain-type

| (13.225 [rulcin}u%é] \:ru%a ],

and
(13.23) {:@152] {6364:, [65%6]» @16355’ [G2G4G6]}
have also been worked out, and the results will be found in
the Summary.
The simplest case of a 4-chain type’

(13.28) [o]] (5] [c3) [oa)

will also be found in the Summary.

61

14, Appli Muir' m. One of Muir's theorems is use-

ful for finding the coefficients of certain types of terms (T.

Muir, Question 6001 Educ. Times lxv (1912), p..139). We state this

theorem here without proof.

Theorem 14,1. In the expansion of the product uju, ces Up

where uj = ajy1x; +ajoxp -+ *** <+ aypxy, the coefficient of

X)"Xp" tet x N is given by the permanent

1311777311 310"ty p At tay

ag)'"tap) agp*ttagyttragyttragy
a3l.00a31 a32000a32tioaanoooaan
(l4ul) [y . . . . .

l‘ - L L] * L L .

e1!e2! *eren

a l..a a2000a 2...3 .“a

nl nl "n n nn nn

e Ty E—er—s

where there are gikidentical columns aj;84°*° a3, CEei = n),
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+ +

Note that if all e; = 1 we have the definition of a permanent |a

ij

Suppose now the a,. are the elements of a general circulant perma-

1)
nent C (0, 1, ***, n-1). Then Theorem 14.1 states that the coefficient A
of the term

e_ e e

Aa Sl o=l
| 3n-1

in the expansion of C, is given by

A = coefficient of (aoal e an_l)in

4
+

Ay " 8g3) "t ajap *ttagttt any A
al L ala2 LI a233 LN ] 33... ao LN ] ao

ay """ anag *** aga, *tt gyttt a) Ty

(14.2) L] L] L L] L] L * L]

l L] L L . . L] . L]

ege€ye °°° en-1-

S B R T N
E ) 7€ °1 EéeQ > e en-l?

(In the Theorem the roles of a and x have been interchanged)

(A) Iwo-factor termg. This latter result is now applied to obtain

the coefficient of any term.

n-r_r
(14.3) Aa 3.
Such a term is called a two-factor term (factors a,, ap).

From the above result we will have then that

= coefficient of (aja; **° ap.1) in

.
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ao LN ) ao ap L ap

al L] al %+l... ap+l

1 . SN
oyt =t |, .. oF
(14.4) . .. .

3.1 o131 3l
€&—n-r—>&-r—>

A = coefficient of (ajay; *** a,.)) in

+

% ... %
l [N} l— . .a._
aO o]
a a
+1
l se l _p——oo- _Eﬂ'.
a_a, "**a 4 4
o1l n=1
n-r : r: . . . . .
( ) - 3531 3h-1 D,
(14 5) * * ¢ ¢ -(n'r)! r.
a -1 a -]
l a0 e l _p I..al-
an-1 n-1
Enr—e—r—>

where D is the permanent thus defined,

Hence
(14.6) A= -*“—l———-(constant term of D).

Expand D by Laplace's expansion using the first (n-r)
columns against the last r columns. All first (n-r)-column

cofactors.arg + +

1-001




ai ai
3ep  ep
a a a as a
(14.7) - J ves a_i zr:<a—_.i ;-‘-L- oooa—-%rzrlj...‘k
J=p 3=p i=p “3-p k=p
%k-p k-p

T
where 1j **+ k is any combination of r numbers selected from O, 1,
***y n=1, and Tjj°** g 1is defined as shown.

It is evident then that

A = the number of Tij cos which are constant (and therefore
equal to 1).
From the form of D it follows that an equivalent formulation of

the problem of finding A is this:

A= i £ cti
(16.8) B 4152, %)

’ % 8 a2 .1
so their product equals 1.

Now the only way such a product of r factors can equal 1 is for

this product to factor into sets of the form

P - _a_L.‘J . m . ai+3n s e ai+!!n

-

m- a4 3iyp 4r2p 3+ (m=1)p

where mp= 0 (mod n).
Put

d = (n, p), nznld.

OV’ NS G
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Then from pr = O (mod n), (weight condition) we must have r = r;ny
(r; some integer).
Now if mp = O the minimum value of m (+ 0) is m = nj. The
number of products such as P, in the set (14.8) is thus n/nl = d,
and we must pick r/nl:= r, such P, products from the set of d. This

can be done in (‘,’.1) ways.,

This gives the result

Theorem 14,2 Ihe coefficient A of the general two-factor term
ner_r . '
a, ap is
. {(n, p)
(14.9) A=(d \:
1) | £(n,p)

where d = (n, p), ) = rn/d.

The coefficient can also be easily obtzined by the chain method

since the chain-type must be

- !
PPIp"] b= b
1
i.e., r; chains all alike.

'All the A;= O except the one of highest order Arl. Hence A= |BI,
and the value of B can be obtained without difficulty.

This also shows that the term a:'ra; in the permanent and deter~
mined have the same numerical value. And further that a comparison
of the. two formulas for A, (14.9) and its value as \B‘ leads to an
interesting identity. (See also Ore's paper in this connection).

We shall obtain other instances of such identities whenever
a coefficient A is obtained by use of Muir's Theorem, which will
express A in terms of the binomial coefficient numbers, and by use
of the coefficient B.

Using A as given by (14.9) it is evident that
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1
(14.10) e e e = (3, +ap )

a .
.p.\

coveeB. iy L RF]
P

O o o T

where the permancnt conéists of an a, me'n diagonal and 'n ap off-
set diagonal, all other elements being zeros.

(b) Ihree-factor terms. The general form of such terms is

' e, e. e
(14.11) Aaooappa‘qq » (none of e. epr €q = 0).
€ 1 €2 ‘ '
The simplest case is Aa. a a,”. Here the weight w = ey t2e,

= (e;+ e3) + ep < n+ ep £ 2n, i.e., we must have w = n, and hence -

this is a l~link chain-type term, so ‘hat

e + e,
(14.12) A = =D (i 17 "2}

el + 92 el
Since e+ €. 4@,z N = & +.2e2, & = ez and the ‘.rm c.n be

e e
expressed as A(ajap) “a;” with

n -e
(14.13) A= =R 2
< n "02 9‘2

Note that here again A=x 'BL where B 1s the coefficient of the
corresponding circulant-determinant,

We can now write :

.
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[
o
»
| ]
1]
N
.
.
3

. <,
o ao al . .. “n ..n-' ’;‘i, .. nN=X' X n=2x
(14.14) ‘ zagrazxt 2 : — 2032) 3
,:

al 32 seeesse ao

(Compare with Ore's expansion of the corresponding determinant).
Consider next the general term (14.1Y) in which onejof Py g
is prime to n, say (p, n) =1, Then an equivalent term (same coeffi-

cient) can be obtained in which p =1 by use of the multiplier opera-

tion (section 1). The term can then be taken as

e, €y e
0_°1_%q
Aao a1 aq .

Hence, by Muir's Theorem

- t f XX $
coefficient of (aja; an.1) in

+
) El .e 2'1' ‘ig cee a9
1eee 13, 3 3 EE
aoal.‘.an.l [y . N []
[] 1] .
eoceloeqo . "
100’. l‘-—..‘. ‘E i’l“ € .. o
%n=l e tha Fh-l
le-e e a—er—y

Call the above permanent D, We require the constant term in D. ™

Expand D by its first e, columns. Each
S .....:.L...*,.; RN * . o

e
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and its cofactor can be represented by

+ R
S . - o ai+_L ..'o L +1 ——w ‘ane —-Sai'f
| LAy Lay ay ay
33+1 . %+1 3+qg .., 2+g
aj aj aj ,aj
Dij...k - L ] L ] . L ]
v . . . .

%41 . %+l 3qkyq .., Zkrg
ay ap ag g

“ ey ‘?‘4—-——-—ea——‘—-—3"
where ij *** k is a selection of (ej + eq) numbers from 0, 1, 2,
oa-, n-l'

Expand Djj...x by its first e, columns. A typical term is

91: eq: Ti"j""k'ui‘f"j"'"k" e

where : ) )
coArel '+, 2kt

Ti'j""k';: ags aj' apt T o

(e, factors] & ' !

- _ . ..
é a'iw!'.‘l'-l' Pajugl ',.'.",a..k"*"l .
Ui"j""’k"§:' ———

Aain ' é‘jvi akn ‘
(eq factors)

numbers
and 1'j' *** k' is a selection of e}/from ij °*** k, and i"j" e+ k"

is tHe remainder e, of elements from ij "+ k. =
It follows that ©
A= the punber of preducks (Tyvjreeek!HUpn...yv) phich =1.
A may also be represented by means of " the folﬁowing forms equi-
. 5 c- *

valent to the above:

* PR

RS e e o S AT S
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(1) (2)
O 1 2 [N ) n_l % % %IOQ %
b2 ° g gtlgr2,, al
0 1 2 n~-1

In (2) we must pick e) fractions from the top row, say t;,

toy ***y to., and e, fractions from the bottom row, say b,, by,

el q

+++, b, such that

®q
(tpees te Mbyere be )= 1.
1 el) 1 eq)
Also no t and b fraction must be in the same column. The num-

ber of such choices is A,

In (1) we must pick e, numbers from row 1, ey from row 2, and

o]

eq from row q, (eo-k e] + eq = n), so that there is one and only one
number chosen from each column. The number of such choices is A,
(In this connection se: papers by J. Singer, Partitions and Latin

we (n (n)w
Squares, and Krgs) and k'3 )

Illustrations Find A in Aagaja3(n = 7).

0123 4356 — 2 3 4 5 60
01 234756
123456 0
3436012
2. 4.5 6 Q1 2 01.2335%

By advancing the shown choices cyclically we obtain 7 possible
selections, so A= 7, (The (2) method gives a unique choice in the
bottom row for each choice in the top row).

In the Summary will be found a variety of coefficients eva-
luated for certain three-factor terms using the methods just des-

cribed.
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15, Use of Differentiation. Another method which is sometimes useful

for evaluating coefficients A is one based on differentiation of the

permanent.,

Consider first the general circulant-permanent C, given by (1.1).

We can write
(15.1)

We first form

then

e
o1
Ch= *tt4 Aaga) e ap

e-
n1+ se 0

, etc,

The final differentiation will give the value of A, It appears

best to pick the a; with a minimum exponent e for the first series

of differentiations and work up to the exponents of larger values.

It would not be necessary to carry out the complete set of diff-

erentiations as indicated above since the several permanents of rela-

tively small size which are eventually reached could be evaluated direct-

ly.

The use of a machine to carry out the various stens outlined above

would naturally be desirable.

It should be recalled that 90,./8ai produces n permanents of

order (n~1) and all of the same value. (See Theorem {2.5.4) of Part I).

A second way using differentiation is based on Muir's Theorem of

the previous section.

If we put

L

P S —

e e

e

T




+
ao [N 3 ao al e e al [ X ] an-l .'.an-l
. . [ . . .
Dn- » » ] o . L]
8p-1'"*3n-1 35 7T 35 "°7 app’ttapj.
) e ' Tt —

then to find the coefficient of (aoal oue an-l) we form

2 Dq

D! =
n 8 a,

a = 0

For examnle in finding the coefficient of a

have .
[ — é?DB
D8 - 280 ag = 0

32 an ap ag ag a

86 36 36 87 a7 d

37 a7 37 0 0O a

x2

ag ag ag ag ag 0 0

3o

‘a3

36

a7

a5

% |42

a

a2

00

a2 ap

83 a3

36 86

az ay

g

40,
s T s etc.
7 3
a) = o]
4 .22
0193
0 0 0 O a; ag aj
al al al a)] ap ag 34
a2 32 32 32 33 35 35
33 33 33 33 34 ¥
34 34 34 34 a5 87 37
35 85 85 as 36 (O]
36 86 36 36 az al al
+
0 aj aj ag
al 32 32 34
ay a3 33 3y
33 84 34 86
36 37 37 al
a7 0 0 aj

(n = 8), we
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using column-differentiation.

Here again the use of some machine method would

large values of n,

be

7%

a neCessity for
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SUMMARY

1. Qutline of Procedure, We give here in a rather general
form gn ocutline of the various steps to be followed in evalu-

ating-coefficients by the method of links and chalns.

First step., Let T be the given term. Find an equiva-

lent term to T which has the simplest possible chain decompo-
sition. By equivalent is meant a term obtainable from T by

the operation of adding a constant amount to gll of its sub-
scripts (¥roperty (1) of sectiom 1). Equivalent terms will
of course have the same coefficlents., (Note that multlply-
ing all the subscripts of T by the same constant m (prime to
n) does not change its chain decomposition).
A simple illustration of this step is given by the term
T

1]

10 ' n=15
8,808,,2,,8,,8,,, (n=15).

This is a 4-link chain term as seen for example by the chain
(10,12,10,17)(10,11,10,14)(10,10,10)(10,10,10)
Now an equivalent term is |
i 10

T = a,°a,8,8,8, a,

obtained by adding 5 to the subscripts of T. But 77 is a
l-chain term of type [l 22 4 5] whose coefficient 1is imme-

diately found by the formulg for this type. To find this co-
efficient using T would be an involved problem.

Im general the simplest equivalent .term to T is a t-link

chaln term where t 18 a minimum. . A good plan is to try the

terms with the exponent of a, a maximum.




4.

Conaider for example

T = a%a a%a a%a a a a®a , (n=15);
01 3 4 5 8 78 9% 13

a ratner difficult'case. There are 10 equivalent terms
contalning a zero subscript. Of these, eight are 5-1ink
chain terms gnd two are 4-1ink chain terms, these lat-

ter being
- 3 3 a 3
T 8,8,858,8,8,878, .87 8,
N = 3 3 3 3
T 808,8,;838,8,8, 02112158,

We would choose T" to work with since it has a largar"ao

exponent.

Second step. - Determine all the independent unordered

links possible in tne chosen equivalent term.

An independent unordered link is an unordered
link such that it cannot be decomposed into two or
more unordered links. Thus, for the term T" above,

(24411123 13] is such an independent unordered
link, while (1 2 3 10 14 ] is a dependent (unordered)

link since 1t can be split into [1 14] [3 3 10] .

An independent unordered link 1is thus one such
that every permutation of its elements 1is a link,
while for the dependent type certain of its permuta-
. tions will be links.

The term T" contalns the following such indepen-

dent linksg

X e e e




5.

[114) [1313] [1347)] [1371010] [344111213]
[212) [1211] p171013][324714] [34 71010 13]
[411] [1410] [271114] (271013 14]
[2 310] [24 1014] [3 71011 14]
(¢ 47] (2421212][4 71010 124]
(7 1113] (3710 11])
(3 710 10]
[4 4 10 12]

{7 1313 14]
[10 10 11 14
{10 11 12 12]

Third step. Use these ;pdependent links to build up all

possible unordered chains. Thls gives what was previouely
called the chagin-type of the term.

For T" a partial list of such chains 1is

(4 7101013] [114] [313) [411];

(37101214 [1410] [313] [411],

[101112138] [2210] [¢47) [114],

[324714] [r0111313 [141q],
[171013] (231114 [4%1012]

(No 3-1ink or 1l-1link chains of this nature swmepossible for
T").

From thisﬁiiét of independent chains we then form all

unordered dependent chains, 1.e. chalns whose links may be

dependent.
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Thus, from the partial list gbove we have

(2244721201011 1312] (1147,
[344710101113] [131314],

[124111314] [34 7 10 1013],
[37101214] [341113] (14 10]

as examples of such dependent unordered ocdmins,

Fourth step. Divide gll thé unordered chains into

two sets, those of an even number of links md those

of an odd number of links. Choose one set or the

other, and then evaluate S, or 5, , 1i.e.

A1+A3+A5+ooo OI'A2+ A4 +As 4o e

To find the contribution of any particular

unordered chain 1t 1s necessary to know all of its
link-permutations, 1In the case of an independent
1ink all permutations of its elements are allowable.
Thus in the chain

[347101012] [124111214]
the first link 1s independent and gives rise to
5 Y231 link-permutations (keeping, e.g., the 2
fixed). The second link 1is dependent. For such
a link of short length its link-permutatioms can
be obtained by selecting them from gll possible

permutations. Here we would have 5! such permu-
tations to select from (one element fixed). How-

ever, for longer links this is not practiocéll by
hand. The following method appears convenient for
machine use. '

o A N

11




7.
Suppose we have the dependent link [xlxa... Xp 1 to
find all its link-permutations, Form all the length-two se-

: . R - . - VAN /=
quences X XX, X , '+rv, X,Xp '(exclude x x{ 1if x +x| = 0).
For each of these form all gllowagble length-three sequences

X XqXgs X XX 5 ooy xlxmxm;i. A sequence Xx;XjyXy 18 ex-

cluded if x; + xy + Xg = O or xy + x¢ s 0. Continue in
this way till all allowable length-m éequences are obtained.

These will be thé required link-permutations. (At the
(r-—l)St step a length-r sequence xlxaxa...xr 15 excluded if

Xy ¥ Zyqt ose * X, T O for any it = 1).

by

For every particular étdered chain (of t-links) (i,e.,
a chain each of whose links is a definite link-permutation)
Wwe must find the value of Ny . .. (x¢). (see (6.8) ).
This is used to evaluate Ay A method for this 1s described
in section 8. \

After finding Sx (or Sa) we find the coefficient B of i
the adrculant-determinant, (Ore's formula) and then evaluate }
A with its ald. S - | ?

Note that the fi;st three steps outlined above are es-
sentially the ones used to obtain the value of B.

Various types of simplificationg of the gbove procedurss i

will no doubt be suggested on further study.
2. List of general formulas.

The following formulas are those derived in the previous
sections plus some additional ones.

l-chain terms

Chain-types ..
m m m i

. a3 . N I
[G:.] =[p1 1 B ¥ 6] B I

— e e e ——— S e
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Coefficients
n(L-1)!
b= U HETRE W ’ L=m +m teedmy
2« chain terms
‘.éhain-‘t_rng
m. m n
[ 1-][ 2] [pl 8 pg J [ql -Oiq,h 9 (pi:tq-j, all i’j).

m 1 < s ; L2

A ;‘______ N (.-'1 - 1)-' (1‘3 - l)j no4 [(L‘l),’ - 2I'1°' L_,zu'] n
. Gy "Gz
T, = LSRR P mls Mgy =myl voemy !

Lﬂm +‘..+m - .«
1 1 g’ Ly Dy + .., tn L=1Ly+ Ly

ul 7 'Vl
[

It will be essumed hereafisr that G,, G2 are defined as above with

Chain-Typse

Py#a, for all 4,4,

. DV (Laor) 2 | (L) L} Ll
st (e {-@?v—y.,— P Ul
o 1w Gat T i 1 "‘1'-. vlo
Gl Gz ( v 19 1-
L, (1 (s !
(uy-130 (v-1)! n)
Ly =uyy 4y L, = v)tlny , LoL o+ 1,

Exceptional oase: m; =On, =0, (indicsted by G, =g, = Q),

vy 2
ulavl, or*;ypg[rl]n'

A = e (p -
2u1' (n ul)

- u u - . v
1 "2 1 V2
I-r s GIJ Lr C

Chain-type

-y

N

!
{




A=

1 ((14-1)d(La2)2

o () ey,

"61"03( u;.' ugd vr' 'Ino"

11-0-12 0

F o [ (L=1)!

+2 ZI(I,iz)M ]ng
1 2

Azﬁl 150(u2+72) .

1)

11iz

i
I(il’l ) = 2

1(0,0)- = =1,

1(1,0)= 1(:01) = 1,

ul'il)J(uz-iz):(vl-il)q(Yz-?z)J

Ll = u1+uz+£mi ’ L; .-.- vlﬂzﬂ-Zni. s L= Ll .-!-Lz.

. ul Ug 2
Exceptional case; chain-type Lr 8

1
A =

2 (u1+u2)

Chain-“m:go .

2 A
u,tug 1 2u_+2
() e (0

“1 2(u1+u3) \ - 2u

(the gunersl 2-chain type)

A e 1

(L,-1)¢ (1p=1)!

,ul. us ud N 4 Vg ; v
Fy Pa .ee Ty G 1 d
[ 1 d 1] rl Ty oo rd Gz]

2

ﬂG "

1 %2

(L ~1):

1 1) L ]
ulo oe.udlv10 LN v .

‘(u1+v1).‘ oo

=2 u+ln,

i i

n " [N X ] i =
(‘1, 1 d)

See (11,16),

(uﬂ--l--vd )}

P 0 2

(L=(1 4ot ) (Lz-(if.:.ﬂ )

1

’ (all il’iz)"

1*'1;3-1 ( 1+13-2 . 11+1g.g iy+is >2,
D ’ >
s iyl 11"1 itz 3o

.

+ 2):1(11"’13""’%",'5”_‘,'5 )M(il,.'..‘;id)~

(u -11).... ug=ty)d(v, - 1)....(v -id).'

(11,17) for .definition of I funotion.
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8o,

Exoeptional oase:

1y uz V3 u, up Y4
rl rz -..rd t'l 1‘3 X} rd

2
i3l (I~1)! 2. (21~1)! +ZI(11,...,id;ra,r,)u(il,...
2 ul.'...ud.' (2u1)o'oco(2ud)0'
ik .
-Z Uk I(il’...’id,rﬂ.’rﬁ)u(ll"'.,id) ] n

where k 1s fixed but may equal 1,2,,.., or d.

Speoial oases of general 2-chain typo

Type [:“13 'lGlJ [+ Gz]

A ow ——B (L -1)!
= 1)1 (12-1)? —_—
ul',vl.'"G "Gz [(Ll 1).(142 1).n + (“1+1)(vl+1) 2 Ll.' IQ-'

1
+ 2 (u +v )(L -1).’(L2- )+ bu v (L -2).'(L2-2).']

111
r s Gl][rsG
(L~1)!

A= - <1)! - 1 {
ul.'vl.’ﬂclnG [2 A v ooy [ oy B U

+ (2u 4 )(L=1)H(L,-1)! v, (1,-2) 8 (L,-2)!
+ u(ulu)ulvl(z.l-s).'(L,-3).']

Type [rulauzel] [ r's 202:]

. (Ll-l).'(La-l).' 2, ® (1-1)! oLt L
h“l"“”""GI"Gz "GlﬂGz (u +2)! (ug+2)! 2u) duz!
(u+uz) (L) =1)(Lp=1)!

. h(L1-2).' (12-2).'
ul.' u,! (ul-l).’ (ugs=1)!

+

+ Ui (u3+a3=2) (Ly=b) ! (La=k)!
— (L=3)!(La=3)! + 12 -
(“1-1)0'(“2'17" Ll ) (u1-2 ).'(u2-2j.'

’id)

o,

|
!
‘?
|
|
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15!22 [rulsuaGl] [rBszG;]

(Ly=1)¢(12=1)! n (L-1)2 L} Ly!
A= Toa : : nz + z ( +3 '( +2)' - 1 e .
1°¥2°"g "G, 6,765 | (u)*3)1{uzt2)! Bu, Jus!
, (3upv2u2) ()i » 2T
6u11u21 | . : (ul-l)l(uz-l)l
(bu, +2ug=6 2uz-20
L Dtat) (L3 (1gea)s o d2020) (Lyzh) ! (1g-h)2
(u 1) (up=1)! (w,<2)!(uz-1)!
+ 2,4 (LI-S)" (IQ‘S)o'
(ul"B)o' (u2-2)c'

Type [rulauzh] [rB_SBGz]
(Ly=1)(L=2)8 n [ (-1 L,!La!
A » n? + , -1
3% u Jakng v, {m 18u, Jual
MR )i (Lael)! L (1g=2)d(L=2)! 2(uy+ug=2) (L, ~3)J (L,=3)!
+ ' 1=417. * 4 . + . . A
Uy foa! (uy=2)i(uz=1)F"  (uy=1)!(u,~1)¢
(L,=b)! ('.L,-h).!
(ul-l).' (up=1)!

My
6,76,

+ 2 ((ul-l) (u1-2 )+ (ug=1)(ug=2)+8 (u'li;i) (ﬁg-{)>

2L <l ]
, 2bayruseb) (L,5) 1 (1a): +80(L1-6).'(Ia-6).:,

(u =2} (ug=2)! -~ (u 3)4(u=3)!




(Ly-1)(La=1)! s, P [(bl)l , Lila!

A = n
] “
ul.vl.'uz.'ﬂGlﬂgz YfGlTTGz (ul"'vl)-' (uz 'l)z

Type [rulsuaGJ [rvla Gz]

+

2 (uyvy*uz) L = (Ly=1-1)3(L;-1-1)!
MR () (L) e F : = h}
4

uq v, du,id (u_=1)! - iy <3 )
1 1 2 2 ) i‘-"l (“1 l)o(vl 1).

Type {rlz'erJ [rlrerJ
A =2n° - 1ln

[ ]
A= (9n~ - 73n)

us

ul uz - )
Iype [rl ‘ry r3 Gl] Lr-lraracz J

oL
uyTugus G,'G

+ Z(ulmsma)(lll‘l)}(Lz“l)!+ h(uluz‘*u U3f‘\12u3)(Ll-2)!(L2“2):

1l
+ 36 uluz\la(Ll'3)-'(L2'3)'-'] '

u; Uz ua 2
yge [rl r, ra Gl‘] [rlr GzJ

.. P [; (LD a (1)
| ) - =
u1.u2.u3.ﬂG1ﬂG . . (u1+2)(u1+1);(u2+1)(u3+1)
! ! ’ P e
} - Ll.'Lz.' + (2u1+u2-5u5“-)'(Ll'-I)f(liz-,-'.l).' :
! “ ﬁ ¥ 212 uiuaji-Zulua*- uzus)‘(L1-2)J(L2-2)!

g1

T g

+ h(9“1“z“3f"u1.(“1'1)(“z*“a))‘(‘l:l'”" (2a=3)8 + 881'u1-ﬁ3u3(u1-1)]

.

n - (L -1)1 =21, L1
A= C [(Ll 1"(Lz-1)' R CRC RIes) 1 cevsy i M
2 -




Y Yz us | 2 2
Type (1’1 rz Ta Gy Iyrllrz ran} .
Lo el g [ (1-1)! L

hul-'“z-"‘a-'" (u1+2).’62+2)}(;23+1)o' 2u1.'u

"
Gl Gz "GlﬂGz zJu3J

(2u 1+2u2+u3) 2.(2u1ua+u1ua+u2u3)

- “1)H(Lo=1)! +
2u, tugtug! (1-1)(12-1) u, fugluy!

(Ly=2)i(L2=2)!

+

(L) =3)¢(L,-3)!

)
e — e —— e e

+<36u1u2u3+2u1u3(u1-1 J*2uzu, (u2-1)+hulu2(u1-1)+hu1uz(uz-l)> -

u Ju_tu_!
1 2
(L 4) (170

1 1 1
ul.uz.us.

+<88ulugu3(ul+uz-2)+12u1uz (ul-l ) (uz-l))

(u1-2).'(‘uz-1).'(u3-1).'

Us U3

u, 2 2 2 7
TIype {rl r, r, Gl‘} {rl r, ry GZJ

n
" (21)3u._ !
( )ulu

A L.=1)(L,=1)! n +
.'us.'ﬂﬂ%l) 2"1)
G, G

1 2

2

+ 8(L~1)! - 2L !L,!
(u1+2)(u1+1)(u2+2)(u2+l)(u3+2)(u3+1) !

+ h(ul+uz+u3)(L1-1):L,-1): + 16(u1u3+u u3+u2u3)(L1-2)2(L2-2)3

1
+_216Q11(u 1-1)(uz+u3)mz(uz-l)(ua'ml)ma(ua-l)(ulwz))

+ 288 “1“2‘13} (L1-3)3(Lg~3).'

+ 8{88uluzu3(u1+u2+u3-3) +3(u1u2(u1-1)(u2-1) + ulua(ul-l)(ua-l)

+ u2u3(uz-1)(u3-19}2 (Ll-h).t fL,-l)}

* B(5160uuzus { (u1-1)<uz-1)+<u1-1><ua-1>+(uz>-1)‘<u;-1)} (£,75)(15-5)!

+ 8(L,5%) ulu2u3(u1-1)(uz-1)(ua-l)(Ll-é).'(Lg'é).' ‘

-

‘ij




au,
Us u3z u

u
Iype [rl 1!'3 T3 T Gl] [rlr,rarbcz]

a0 [ 1) agm)ta » e
u]..'u:!.'u3 .'uh.'ﬂGIﬂG.z k ‘ .(u1+1)(uz+l)(u3+1)(uh+1)

= 2LJL + 2(u1+u2+u3+uh).(Ll-1).'(Lz-l).'
+ h(ulu3fu1u3+u1uh-@uzu3+uzuh+u3uh)(L1-2).'(Lz-2).‘
* 36a;uu3% u ey g g, ) (L =3)1 (1e-3).

+ 621y u,u, 3\1,4(1.. -b)l(h'h)&

Uy uz uz oy

‘ 2
TV, ps [rl lrz rs X'L‘ Gl] [1‘1 rzrarh(}z]

n 1 : . ‘ (L-ln).'

ulo'..-uh-'" 1"62 ’2'(L1-1).'(1.2-1).'n * (u102)<ul+1)(uz+1)(u;+1)(uh+1)

A n

= LML+ (2u1+u2+u3+ub)(1.1-1).'(Lz-l)‘.‘

+ 2(2u u,+2u % +2u uh*’uzuaﬁzzuhﬂlauh)(L -2)1(L ,=2)!

{hu (u -1)(uz+u3+uh) + 18(2u u3u3+2u1uzuh+2u usuh*uzuauh)}(l. ~3)3(L,-3)!
{lOOul(u1 1)(uzuh*u3uh+uzu3) + 624 u 1U2Ust, } (L <L)} (b—-h)‘ |

+ 3,204 u, (u,-1) uauauh(Ll-'S)..' (LQ-S.).'] .

In the following formlas e . S
0.1 az ai . ,(1 ,52 Aj '
G3 = tl t3 ...ti [ Gu coowj . ’
Y Ty

Vi ]
Gs = xl xz ‘..,xk k > G6 - }'1. )5;_2--# Ygf 3

and no two G's hawe a common element. - )

Aleo
61 - ml +, 00t ms s 82 = n1+...+ nh » 83 = ai teoot O.i N
sb =/61 XX ﬂJ ] 85 ﬂr +.03+K » ‘6 ﬂsl"’oo.""gr

TN rse e el . e
=

e

e e




gm_{[oeﬂ[%%J [Gmﬂ[%%]}

A= [0»1-1) (La=1)! + (=1)} (Mp=1)! ] '
L(H).’ =2 L) La! -2 My M) ¢ hgl.'sz.'ss.'sh;']l n‘J )

. ‘ ) . - - : ' ‘= + - ’
L 1" Gl"' By Ly =gy +gh ’ M]_ 51-+ &3 » 'Mz ; gz+gh » b Ll I:‘z ’

n = MWy My W, W
G 6,"6;"65" 6,

M.{'Gecjshes] [GGG][ 5] GGC ]}

{[(u =1)} (L,-1)! + (M -1)'(14,,-1)l + (N -1) (No=1)! J n?
"G

g CEURKCENERNTNER E O zE] n}

[ +53 GQ + 83 g + g3 ‘|
E = gl’g- sec gs fl + )"' h { 9

L= € ‘e "8 Ly =g Y o M =g tesg s Y B, * & 2

b ———

Ny=ex*ea*tg, s Na=gy+teg » L=1L) *L

"G as above with n added,

G

bq+b ba+b b,tb b,*b
Type { [r 1 2G1G3‘! [r L‘GSG,-J’ [r 1 .351(}3] [r 2 )4(; GL;] }
-]

(Ly=1) 3 (Lz=1)? (M,=1)2 (Mz=1)!
A=1[1)2)+1)Mz)]

8.

(b‘1+b3).’ (b3+bh)" (b1+b3)j (b2+bh)°'
1 (_I_,-_I_H .2 Ll.'Lg.' o Ml.'Mz‘z.' 2(1,1-1) (Lg-l)'
e [ b! (b,+b5) 1 (by+d) ) i (b,+03) 1 (by+b) )! (b *ba=1)!(by*b)-1)!
. 2(M _1)|(M2_1), . 4‘. e () .
(v +b3-1) (bz"bh"l)' x=0

_ x+g +bh°b +8h x+g1-1 'x+bh-b1*gh-l
x*$1'2 x+b 'b "'Eh"?) <bl"‘bz+Sz'X) (b1+b3+83-x)
8y . 8a ‘ g3 ’
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Ly = bytbpteyters Lo = bathytazteys My < Brtbyeytes
M, = by+b) +g,+g) s L = L+l b = by+bytbath)

3=chain terms

e [o] (o] (o]

A= %; [FLI-I)J(Lz-l)J(LB-l): n? + {(Ll-l)J(1?+L3-1)j+(12-1)3(13+11_1)1

* (1-3-1).'(L1+L2-1).'-2(L1-1).‘(L2-1).'(Ls-l).'(LJ,S*-LsLl*rLiLz)} n

+(1,-1).'-21r (-L1+1;2).'L3.’+(L2+L3).'L1.’+(L1+L3)'.‘I.é}+h(L1+L2+L3)L1.'IQ_.'L31 ] '
=& s Lo"gs L3783 5 TG "6 "G, e,

Type [ru161] [ ru2G2J [ru'B G3]

A = L{(Ll-l)z(ltz-i).'(Lg--l_).' .
uyd wy ! ugd

&
3 ¢ : T
Zj (1-13-1)3(L-1)!  Lilipllad 1 2(La-1)1(1p-1)}(13-1)! 1 | 1o
1=1 (u"ui)" ugd ul.'u2.'u3.' Li (ul-l).'(uz-l).'('uB-l).' uy

+

o o7 (121 (g1

+

u 1 (ueuy )yl {(“'“i)“i - (L~L1)L{]

_ h Llclea'Ljo' Z’ ui(u_ui)
ul.'u23u3.' i L;

L,~1)1(L,=1)1(L,=1)] ‘LL
(r, )"(.Lz '<3 ) {;LILBLBL . u) .
A;'(ul-l)J(Fz'l)i(UB'l)) u1u2u3 R

Here u = ul-"uz'd-u3 3 L‘. = ui*'gi
Two Exceptional casesg
u u u
1 [ 1 [‘ 3,
r r r G
Iype [ J ‘] 3J

L {(13-1).' i -[(L3+u1-1).' IR (1ymuy) - (L3-v1_).':| .
3

TTG §u1 1.13.l 1 .(u1+u3)°, u3" 2u3’
1)! *ua=l),s -
[ (- i | -2(L3-u3)((L3 31! (Lgr1) (1y05) ] ] ‘
(2uy+us)] u1+u3)' u3g

s 4 bt i Cm e e B e

ES




uy, 72 RSN T
- [
n

(n-ul)(n-2u ) ‘

A=
3’u

{ G Gz] [GaGh] [ 66J [G Gy 5] LGth 6] 1

pa {(x, D) )t o

3 .
+[2,_, (L -1)(L-1,-2)! - ZZL -1)!L, IR (M1 -1)1(Mz-1)¢ | n?
i=1

+[h(L1+L2+L3)L1.'Lz.'L3.' +(1~1)! -2u ! -2ZLi.'(L -L, )!

+ hMIIIJIE,‘ (P) + 2<2L-M1M2+ (glgz-kgagh-*gsgé’) - 119 g,'820%. 8! J n}

L, = 8,820 La = 83%g) » La= 8c*8g» W)™ €,%83%65s Mo~ B276) T

L= Ll + Lyt 13, ", " “Glu."%

1‘.'11 2 MZ
/g%‘r‘. : A AP
. ; %} 8), ES ‘56

87,
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§

88,
4 - ghain term

e (o] [of [o] [3]

A-:G { -1)'(1.-1) (Ly=1)M(L -1)' 3

"‘[i‘: (L -1)!} (_. -1) (L +Lh- 1)} s-Z(L -1)) (L -1) (L ﬂ').; 1)!

W - (2)

- ZZ(L -1)(L -1)' 'L ) - 27(L -1)! (L -1 L uhl :l n3

(L) (2)

+ [(L1+L2-1 ) (1,3+LJ4 -1)! +(L1+L3-1)3 (L2+Lb'-1-).'+(L1+Lh-1)‘.' (L, *+Ly=1)!

)
4

E ( AR
+ (Li"l).' (L-.ul-_l.jg

PR}
134

- 22(141-1).'(1.-,;1).' ((L3+l.h-l)'-Lq ! ) (L L,\L "'Le)(L-ﬂ’.h))
(u)

-2/ (L ~1)(L,-15¢ ((u +LL 1)1-L ,‘Lh)(LL+(L +L_)(L, o *L ))]m

(2)

L
[(.,-1)' 22 L, HI-L -1) ”Zﬂ‘ 'L, ((L +Lh-1)'-L 'Lh)(L +L )(1~1)

(L)
+ 2ZL Lot [(LytL =1) ek, 4B Y (Lt )(b1)+2(L+l)f(L +L )L, 0L
7° 3-( 2 )_L‘-*)“'fr'gt'hh'/»' 2 Lh 1 “alc 3=l’_‘°
(2) (L)
+ 2(1#1) Z' (L, *Ly) !, 1
(2)

2 ((L1+L2).' (L3+LL)‘.' +(L1+L3).’ (L2+I74).' +(L1+11‘)1 (Lz+L3).')

2(L+1)(L+2)L1.'L3.'L3.'Lh.'] 2
g...
L, =g+ L "ELi . “he /  means & oyclic sum obtained by advancing

the subsoripts on the L's cne unit at a time to include only distinot

terms so derived, Number of such distinct terms is indicated in parentheses

)
under the Z' sign,

L T R A M A b L mw — e o o

-

) R .
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Two=faotor and three-factor terms

Iype & a (general 2-faotor term)

), where d = (n,p), ry = rd/n
1

o
)
—
Y

Thrée.-faotox‘. terms |
Type [rusv ..Ja .
g C)CICI) [ ]
- <32> (33) (2L,-1)¢ (L=1)! n? + (1-1): n}

Ll = u+v, L = 3{u+v)

ype %7

- b (LRI (o

E [3(b3) (:) (33) (33) (‘(Ll-l,)}? (2L1-1)¢] n?
+ ;T[Q“:) Q";)(Ll..l).'.(B:,l-l).' +(g§) (lzl‘;) ((2L1_1)3> 2

{
N

tl’
:
:
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¥
%

90,

[
A=n { o nu_l_((rq-l)-' C ey
3

‘(i) ulv! (2u)!(2v)!

(1)-1)!\® (319-1)! (219-1)! ) (y-1)! |},
+[‘217 (W— (WT ( 2v)d ulvl i

{(1.1-1).'(&1.1-1).' . (2L~1)103L, 1) ] Yy, ]

n

Cudvi(bu)i(he)!  (2u)i(2v)d(3u)d(3v)¢ (5u)(5v)¢

L = 5L,

1ype [rusv ] 6

AB%T( (L,-1) 6.1 @ LDl \bog
Nwwid b Guyien \ TR

{1_ (3L,-1)! ((Ll-l).'\% L1 ( (21,-1)! \ ((Ll-l)) |n“
212!

3 (Gu)iGw)r \ wiv! ] u)ie)l | \ wivi™ ) ]

'1 y-2)! ey -w)z (4y-)ie 010! {(le-n.r ﬂns
3!

20 (W)IWw)I\ wive | Ser(2e) 1 (20)0 (3a): (3v)? ‘. (2u)!(2v)2

(11-1)3(5L1-1)2 X (217-1)(4Ly-2)} + 1 [L-1)1 \?|
ulv!(5u)l(5v)! (2u)?(2v) ! () ! (Lv)! 2_.'-(23115.'.(317).') "

(L~1)4
r———— T
(bu)i(6v)!?

Type [ ]m
m 2m-J+1 % % i 0J

("1 ( 291 ‘ -1)! ‘ -1)3 m=j+
2P e Lol = )",4@.11) Vi

31 olecogd\ wvl f| (2u)!(2v)! T (3u)!(gv);

°1 %

< J
Where [_‘1 is taken over all partitions |1 2 ,,.j of m such

that o)top*...to4= m-j+l ,

%
-

w3




e e, e,
Term a  a; &,
A n n-ez )
n-e,, oz
e e e :
' 3
Term aoo 9‘11 83
n el+ €3
A = " ,ifweightw=el+393=n,
n ne-e
A = 3\ s if w=2n
n - e, 91 /
e. e, e
o) 1 °4
Term ao al ah
n e.+e
A = lu>,w=el+hehn n,
e, te e
1 L 1
1
xéér.(eh- )
A= a "“2‘1' n+x-26h-1 eh-2x-1
i = 2n
- 2_4 n-2e, =1 20, =1 )2 ¥
n 29h o L n eh 1l ]
A= 2 4\, w=13n
n-eh el
89 e e
Term a & 1 a P
—_— o) 1 7p
A= B ne-e
Py , ifw=oe +pep = (p=1l) n
n=- ep el
°y 93
Term ao al ap
A=n
e -] 2
o 1
Term ao &) ap
A= — (o) +1) , w=e,+2p =n,
A w = 2n

v!": :

)

91,

f‘g.




o e -

TLeI.

w

-] -} 3
Term aoala
o 1 q

A=L_<el+3), w=n .
el+3 3 W~

-

A= %(u+1)n3 +[% (utw+2) (utv+l) + (u+1)(u-2v)J n

where w t 2n, u = n-q , v = n=2q ,

' ‘3?{(1)(2) ) 2 - {52) (2o + 2Genen + (o) "}‘

where w = 3n , o, = 3e
eo 91 q
Tern 8 %1 aq and w = e n

q
=q Tleq
This term must be of type | 1 q| , and foraula for

[rusv] ™ can be applied,

e
Term a % a ak

° P q
(%)
A = n

where 4 = (n,q), n = nJd, m = gre&test intasger ing

1 1
. . b nl m
The only possible chain-type must be [pq ][9."1]
© 2
o I <
Term a,” a p aq

There are five possible chain-types:

@ [*][@YY™ , a-(mq, =n-=ngd,
®) [e%® ()",

(o) [qu] "y,

(@) {[qubl [anJ n i;pchz [qn:l]r}

AT L W] [T

coofficients for these five cases;s
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w
d=2 )
(a) A";( \‘* (n-l)(dejj
(r) A= 21 (h+1{ ;o* (n--b-l (d )
2 T~
() 4 =2f (oym20-1) ( ) ‘ Goony) (-2\]
a-1)
(@) ¢ = [(bﬂ)k + (n-nl) 'n-])
s d=-1

(¢) A = rt( ) + (!“!‘ ) \m-l]

3. Ccafficients of terus involving QZ'r. with r £ 6,

Term : Type Coefficient

a® - 2

o
az-zapaq [pa] -~ n

n=2 , "
s.o a"p . [p”] n/2

az-?apaqar . [pqrj’ 2p *
axol-aa;aq .[:pqu n
‘3-3“3, o [#*] n/3

ao- B Ag8es, [pqrs:] 6én

[ pd] [rs} n(r-2)

an—LIaJ a‘ Epzqr] qn

o p gqr rpz]cqu fn(n-?)

aﬁ-ha; &y [p q] n

a2l 2 .2 p%2°] % n

°© "3 g L '

. (PaJ* 7 n(n-3).
alol-haph ' [ph] : D/h
['12] 2 g n(n=2) ;




9k,

Term
-5
ag apaqaéa'at
Iype
[(parst]
f_qu [ret
az-sa;aqaras
[p%are] |
[rel. por.
£r7s} [a
fars) sz
n—Sa%a a
Ebaqr o par
p:rj [rq
P7] rarjy
bl
n‘5 -~
R o apaaaﬁ
[(pa3r3
qr?) Ep
Cpa®] £r)
an'5a3a3
o P q
gp;’ﬂ
a®) %)
(p*a) (a%)
aﬁ'Sagaq
[P
[**1[*a)
an°5a 5
[o]
[*] —
n=6
ao aplap23p3ﬂph5p5ap6

(P1P2P3PYPsPg) = [123U56]
(Pypo)lp3pypopg] = (12) (3l56]
(323} (Ls6)
Ltgi% 455162 '{ 35) £256)}
{C123 135) (2

{[123) (s6)", ‘(1] 257 (363

Coeffioient
2ln

2n®

2n
n?/6

% n(n=-l)

% n(ne3)

n/S

120n

6n(n+l)
ln(n+12)
n(n2- én+2l)

n(10n=32)
n(n%-2n-16)

Pyl

-
D VI




Term
an- A a_ &_ &4 & 2
°© Py P2 P3P, Py

Type
C123us2]
C 12] Eausw
Ul 5
1251 [3L5)
(153 (234]
€12) [3L) (5%)
{C125] (3u5] , [13) [as®) }
¢ (1527 [23u] , (12] [ 3us?]}
{(15%] (234] , (25] (135]}
{[125)C3L5] , (1234 (53})
{{12] {36] ¢52), (135) [2u8)}

n-6 3

a a a a8 &
° pl P2 P3 Pb

[12343)

{1234) [ L42]

(1242]) (34 ]

£163] (23]

[123J (L]

RUSIEEY)
§ (2L 3h], (123) (4°))
{[w3) (23], (2u*] (23]}

n=6 L
a a a a
L} Pl Py P3

[ 1234]

[12] [*]

[13) [23*)

(123] {3°]

(12] (32} 2
an-6a &5

° Py P

[12°)
[12) [21‘:1

-
-
-
S

Qoefficient
60n
3n(n+h)
6n(n=l)
3n(n+h§
Ln(n-1

2n(m+12)
S (n®-6n+2L)

2
n(7n-36)
n(5n-16)
In(2n-131)
n(7n=36)

% n(n?+2n-40)

20n
n(3n~16)
n(3n-16)
n{n+lL)
% n(n+12)
2n(n=k)
3 (111-60)
n(3n-16)

Sn

£ (a+l)
n(n-5)

g (2n-9)
% (n=2)(n-L)

n

I (n=L)
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b, 6
. °"‘"P] .
: 0 PER n/6 .
LISJ 3 .. : ‘ %8 (n-3) N .. ,
[1)° o B (a2)(nek)
n=6 o

a & a a? a? o :
@ P) PPy P , s ;

[13E) | son

[ 12] [3%L2] : | . ,;: (3ne12)
[12’4’] [3=J o : . ;?;(3n+i2 )R
[123][3u2) .- . on(ne1)
(139)[ 243] . ... n(o¥e)’
(2jeauye SR (e3)(aeb)
L12](3%2] , [132] (2421} A 2 2 (5016)
{013 3(23u2] , [ (3215 n(5n-28)
{(133(2362] , pak2 (2302} 2n(2n-11)

{[1243) [33) , [123](342]}
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[12'33:( 10n (
{12] [233.] n(n=y)
[13] (2232] 5 (3n-16)
[22] [13%] g (n+h)
(3%] [1233] .2% (n-16) |
(] 2] § o2) |
(139 (223].. a(acly)
{(12](23°3, (2233137 } 2n(5-5)
{(13_].[233_3] » (129) (33} 2 (11n-60)
| T an-éaa ad ad
o Py Pp P3 ;
(_132!333 — 15n ‘ |
(123} a(2a-11)
(123] [133] - n(ne1)
(123(23) ® E (n=3)(n-L)
[(12) (28327, [123] 2} 3 (11n-60) .

{(1%)[23] % , [122](132] } B (aeb)(en)e
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Some data on I and .J funotions of general 2-chain terms

See section 11),

Idéntitiéa of the J-funotioms, v
Ip(1y15ns0eesipsiysingeeasiy) =0
Jp(iysinseesadpsdyigsenisdysdysecesdpsdppyseeesdp)
= Jx(il,...,ikﬂ‘,ik,..g.,im,"jl,...,jk,,l,:)k;...,‘jm) ‘
Jx(i]_:---:imijlx---’f)m) = Jx(i{:---:i;ﬂ{:nu.j;)’ '

e (i)5...,1]) 1s any permutation of (il,...,im), and R

...,jn:) is the same permutation of (;jl,...,jm).

Jx(illoo O)imijl’totijm) = Jx(jl’OOO ’Jm3 il’oo . ,im)

Jx+1(x’0’-n0: 1,05...0; x,O,...,O,l,O,,.,,O) =1
The two 1's must be in different positions,

Jx+1(x,-0,...,0,1,0,...,9;(1*1),0,...,0) =]
Jvl(x-l,O,...,0,2,0,.,.,o;(x‘*l),O‘,...,O) =x

s /
Jx(a)a)-.-)aljl,ooo}d l!? = Jx(a, oo-’aljl’oo-,Jm)

Where (j;,...,jx;) is any permutation of (Jl,...,Jm).

- » e e e+ - - [ ——

e R TR

e i
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Some I function identities,

(Il) I(il)ooc,im,ra’r/) = I(il,an. ,im' ;‘z’rﬂ).

(12) I(il’oooiip,oo -’iq’o. c,imjroj'f) = I(il’. . .,iq"i. .,ip.).-..,im;'ra,rﬁ),

if pt a, 4, and q#a,ﬁ .
7/
(13) I(il,...,imira,rﬁ) = I(il,.. .,i;r'yr a,!‘/ )
where (ii,...,il’n) is any permutation of (11,...,im) that

leaves 1, and i/9 unchanged.

(I’-l) I(il,oao)ia,ono,i ﬂ,... ,imir ajr/) = I(il,-.o’ia’.oo,iu,ooo,jmsra,r/)o
(amy=4£).

(15) I(il""’im;ra’rﬂ ) =0 if either ia or i/’ =@

(16) Z I(i]_""’im;ra’l;! ) = vl(ii,,..,i;;ra ’rﬁ‘ )
(1’ % a” ¢
where (ii’“"ix;) is any permutation of (11,...,1m)

(17) Z I(&,a,...,agl‘a,l‘ﬁ ) z(g}i(a’ooo,a]rl’rz)
L a’ﬁ M-~y

Because of the symmetry properties listed above it is not
neoessary to compute all I's, | The following list is sulfioient

for ocertain of the himplerlcases form=3and m = U4,

. - - ¢ e

o

)
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Values of Ip (11,12)000 ,im’ru ’rﬁ )

nx3» p=2
tptpdy | (12) | (L3) | @) = mp)
gz,o,og "‘ 0 o o o
.\l)-l-JOi { 1 0 ‘ 0 s ©.Bes 12(1,1’0;1,2),,1'
m= 3, D = 3
(1,2) | (1,3) 1 (2,3)
{3.0,0) 0 ! 0 { o
(2;«1:0) 1 0 ! o |
(1,1,1) 3 3 l 3 l
m~3, p =l m=3 p=5
12,2 )1 (1,3)  {(2,3) (1,2) (3,3} (2,3).
(by0,0) | © 0 0 (5,0,0) Y ot o
(3,1,0) 1 0 0 (L,1,0) 1 o o
(3,0,1) 0 1 0 (Ly0,1) 0 1 0
(1,3,0) 1 0 0 (1,0,L4) o [ 1}{ o
(1,0,3) | © 1 0 (1,4,0) 1 o} o
(0,1,3) 0 0 1 (0,1,4) G ) 1
(0,3,1) 0 0 1 (0,4,1) 0 0 1
(2,1,1; 10 10 2 (0,2,3) 0 of 6
(1,2,1 10 2 10 (0,3,2) 0 0 6
(1,1,2° ) | 2 2 2 (2,0,3) 0 6| o
(2,2,0) 3 0 0 (2,3,0) 6 0 0
(2,0,2) | © 3 0 (3,0,2) 0 6] o
(0,2,2) 0 0 3 (3,2,0) 6 0 0
’ (2,2,51) 65 32| 32
(2,1,2) 32 65 | 32
(1,2,2) 32 321 65
m= 3 p=06
l (1:2) ' (1:3) ‘ (2:3)
(6,0,0)] o 0 0
(5,1,0) 1 0 Y
(4,2,0) 10 0 0
(3,3,0) 34 0 0
(L,1,1)] 27 27 1
(3,2,1){ 225 117 172
(2,2,2)} 383 383 .383

o

- o e o i e = = M
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100,

m=)

1(1:2) | (1,3) (1,4) (2,3) | (2,b) (3,4)
(1,1,0,0; 1 0 0 0 0 0
(1:1:1,0 3 3 0 3 0 0
(1,1,1,1) | 26 26 26 26 26 26
(2,1,0,0) | 1 0 0 0 0 0
(2,1,1,0){ 10 10 0 5 0 0
(251,1,1) | 178 178 178 89 89 89
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